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FOREWORD

In 1993, Professors Fredlund and Rahardjo published the first textbook solely concerned with the behavior of unsaturated
soils: Soil Mechanics for Unsaturated Soils . That volume maintained the framework of classical soil mechanics, but extended
it to incorporate the soil suction phenomenon as an independent variable that is amenable to measurement and calculation. It
marked a major milestone in the evolution of unsaturated soil mechanics.

Professors Fredlund and Rahardjo have now collaborated with Murray Fredlund to publish their successor volume, Unsat-
urated Soil Mechanics in Engineering Practice. Murray Fredlund adds computational skills to the team and, in the view of
the authors, these are essential to meet their objectives of presenting a volume that not only covers our present knowledge of
unsaturated soil behavior, but also provides guidance on the manner in which practical problems involving unsaturated soil
behavior are formulated and solved. Many flux-related problems in unsaturated soil behavior require the solution of nonlinear
partial differential equations with associated boundary conditions and the volume adds guidance on these computational issues
as applied to the formulation of water, air, and heat flow through unsaturated soils. Separate chapters concentrate on the shear
strength of unsaturated soils and its application to earth pressure, bearing capacity, and stability problems, as well as the
formulation of stress-deformation behavior and its application to heave- and stiffness-related problems.

A fundamental distinction between saturated and unsaturated soil behavior is the need to express the relationship in the latter
between water content and soil suction, that is, the soil-water characteristic curve. Since 1993, there has been an explosion of
studies into the measurement of soil suction and the development of soil-water characteristic curves. A particular effort has
been made here to synthesize these developments in a manner that facilitates applications.

While most readers will concentrate on the technical contents of this book, I urge students of the subject to also reflect on
the contents of Chapter 1 related to the emergence of unsaturated soil mechanics in a coherent form and the assessment of
challenges to its implementation. The guiding spirit of this welcome volume is to give the reader confidence that all of these
challenges can be addressed in a consistent and rational manner.

Understandably, given current research efforts in the field of unsaturated soil mechanics, not all researchers and practitioners
will accept the total contents of this book in an uncritical manner. Science is the search for truth, predominantly by hypothetico-
deductive methods, which drive its progression. However, engineering is the pursuit of functionality and it progresses by
incremental improvements to enhance intended function. It is particularly in the latter context that the authors have made an
important contribution to geotechnical engineering. I expect that Unsaturated Soil Mechanics in Engineering Practice will
remain an essential reference for educators, researchers, and practitioners for a long time to come.

N.R. Morgenstern
Distinguished University Professor (Emeritus)
of Civil Engineering

and

Past President, International Society of Soil
Mechanics and Geotechnical Engineering (1989–1994)

University of Alberta
August, 2011
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PREFACE

Soil mechanics is a relatively young applied science. Karl Terzaghi published his English version of Theoretical Soil Mechanics
in 1943. The book provided a science-based context for analyzing the physical behavior of saturated soils.

Geotechnical engineering has changed in many ways since the 1940s. The procedures for performing subsurface investi-
gations have undergone some changes, but the investigative procedures remain quite similar. Boreholes are still drilled with
disturbed and undisturbed soil samples taken at intervals for later laboratory testing. However, the manner in which we obtain
our geotechnical engineering solutions has changed dramatically. Terzaghi and his contemporaries assembled the context for
soil mechanics at a time when the tools for solving mathematical problems were significantly different from the tools that are
available today.

In the 1940s, the writers of soil mechanics textbooks attempted to take complex three-dimensional, real-world problems
and reduce them to simplified, closed-form solutions. Flownets provided a graphical solution for the movement of water
through an isotropic, homogeneous, two-dimensional porous continuum. Methods of (vertical) slices provided a solution
for calculating the factor of safety of a two-dimensional slope. Methods of (horizontal) layers provided a solution for the
calculation of settlement of a one-dimensional, compressible clay soil. The soil mechanics world contained a series of soil
property constants (e.g., k, c′, and φ′), and those soil properties that were not constants were converted to a linear form to be
represented as constants (e.g., Cc and Cs).

It became clear in the 1960s and 1970s that unsaturated soil properties would need to be defined as nonlinear unsaturated
soil property functions (USPFs). Unsaturated soil mechanics became a vibrant area of geotechnical research, and it was
apparent that we were entering a new era that required a new paradigm for solving saturated-unsaturated soil mechanics
problems. If unsaturated soil mechanics was to find its way into geotechnical engineering practice there needed to be reliable
methodologies for obtaining the unsaturated soil property functions at reasonable cost and effort. Consequently, a wide variety
of estimation procedures emerged from research in many countries. The estimation procedures relied heavily on the saturated
soil properties and an understanding of the soil-water characteristic curve (SWCC), that is, the relationship between water
content and soil suction.

The 1960s and 1970s were decades that witnessed rapid growth in our ability to solve complex mathematical formulations.
The computer could be used to solve new mathematical formulations that described the physical behavior of saturated-
unsaturated soil mechanics problems. Numerical methods of solution emerged for all areas of material behavior, areas that
spanned well beyond classical soil mechanics. Soil mechanics problems were visualized as boundary value problems with
the following conditions defined: (i) geometry and stratigraphy, (ii) initial conditions and boundary conditions, (iii) soil
properties, and (iv) solution techniques. The physics of soil behavior was defined for a referential elemental volume (REV)
of the saturated-unsaturated soil continuum and the mathematical formulation describing the physics of soil behavior took on
the form of a partial differential equation (PDE). Generally the PDEs were found to be nonlinear because of the nonlinear
unsaturated soil property functions required as part of the formulation. The type of equations that many of us disliked as
undergraduate students became the heart of unsaturated soil problem solving. Fortunately, we were able to hide the PDE
solver in advanced computer software tools.

Geotechnical engineers have benefited from research undertaken in two primary areas: (i) soil physics and agronomy and
(ii) computer technology and mathematics. In particular, it was the rapid growth in computing capability (i.e., computer
hardware and software) that made the solution of unsaturated soil problems possible. The stage was set for solving saturated-
unsaturated soil mechanics problems within a boundary value context through use of numerical modeling techniques.

xv



xvi preface

It is an understatement to say that the digital computer has revolutionized the way that soil mechanics is now implemented
in engineering practice. It is safe to say that it would not be possible to model and solve saturated-unsaturated soil mechanics
problems within a science framework without the power of the digital computer. Geotechnical engineering has moved into
a new paradigm , a problem-solving environment involving SWCCs, USPFs, and PDEs. It is a world in which the challenge
becomes the convergence and the uniqueness of the soil mechanics solution. It is a world in which computer software is no
longer a luxury but a necessity for sound engineering practice.

During the course of writing this book, numerous example problems were analyzed using the SVOffice geotechnical software
suite. The examples in this book are freely distributed as resources related to the learning process associated with unsaturated
soil mechanics. Instructions for obtaining these examples may be found at www.soilvision.com/usmep. The examples include
seepage (SVFLUX™), slope stability (SVSLOPE®), freeze/thaw (SVHEAT™), and stress/deformation (SVSOLID™) finite
element numerical models for which the setup and solution information can be examined.

Eduardo Alonso and Antonio Gens (2011) put it well in the Preface to the Fifth International Conference on Unsaturated
Soils, Barcelona, Spain, when they wrote, “The development of unsaturated soil mechanics in recent decades has been
remarkable and it has resulted in momentous advances in fundamental knowledge, testing methods, computational procedures,
prediction methodologies and geotechnical practice.” As authors, we trust that the book Unsaturated Soil Mechanics in
Engineering Practice will further advance the usage of the science of unsaturated soil behavior in engineering practice.

Unsaturated Soil Mechanics in Engineering Practice constitutes a substantial addition and reorganization of information
from what was synthesized in the book Soil Mechanics for Unsaturated Soils by D. G. Fredlund and H. Rahardjo. Unsaturated
Soil Mechanics in Engineering Practice more thoroughly covers our present knowledge of unsaturated soil behavior and better
reflects the manner in which practical unsaturated soil engineering problems are solved. The fundamental physics of unsaturated
soil behavior presented in Soil Mechanics for Unsaturated Soils has been retained in the present edition while greater emphasis
has been placed on the importance of using the SWCC when solving engineering problems. Greater emphasis has also been
placed on the quantification of thermal and moisture boundary conditions based on the use of weather data. In the end, the
reader should find Unsaturated Soil Mechanics in Engineering Practice to be a practical book leading geotechnical engineers
through to the implementation of unsaturated soil mechanics into engineering practice.

Delwyn G. Fredlund
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CHAPTER 1

Theory to Practice of Unsaturated Soil Mechanics

1.1 INTRODUCTION

Soil mechanics involves a combination of engineering
mechanics, soil behavior, and the properties of soils. This
description is broad and can encompass a wide range of soil
types. These soils could either be saturated with water or
have other fluids in the voids (e.g., air). The development of
classical soil mechanics has led to an emphasis on particular
types of soils. The common soil types are saturated sands,
silts and clays, and dry sands. These materials have formed
the primary emphasis in numerous soil mechanics textbooks.
More and more, it is realized that attention must be given to
a broader spectrum of soil materials.

There are numerous soil materials encountered in engi-
neering practice whose behavior is not consistent with the
principles and concepts of classical, saturated soil mechan-
ics. The presence of more than one fluid phase, for example,
results in material behavior that is challenging to engineer-
ing practice. Soils that are unsaturated (i.e., water and air in
the voids) form the largest category of soils which do not
adhere in behavior to classical saturated soil mechanics.

The general field of soil mechanics can be subdivided
into the portion dealing with saturated soils and the portion
dealing with unsaturated soils. The differentiation between
saturated soils and unsaturated soils becomes necessary due
to basic differences in the material nature and engineering
response. An unsaturated soil has more than two phases,
and the pore-water pressure is negative relative to pore-air
pressure. Any soil near the ground surface, present in an
environment where the water table is below the ground sur-
face, will be subjected to negative pore-water pressures and
possible reduction in degree of saturation.

The process of excavating, remolding, and compacting a
soil requires that the material be unsaturated. It has been
difficult to predict the behavior of compacted soils within
the framework of classical soil mechanics.

Natural surficial deposits of soil are found to have rela-
tively low water contents over a large portion of the earth.
Highly plastic clays subjected to a changing environment
have produced the category of materials known as swelling

or expansive soils. The shrinkage of these soils may pose an
equally severe situation. Loose silt soils often undergo col-
lapse when subjected to wetting and possibly a change in
the loading environment. The pore-water pressures in both
of the above-mentioned cases are initially negative, and vol-
ume changes occur as a result of increases in the pore-water
pressure. Residual soils have also been of particular con-
cern since their engineering behavior appears to deviate from
classical soil mechanics principles. Once again, the primary
factor contributing to the unusual behavior of residual soils
is negative pore-water pressures.

Unsaturated soil mechanics is herein presented in the
context of having a limited number of physical areas of
application, namely, water flow (and storage), air flow (stor-
age and compressibility), heat flow (and storage), shear
strength, and volume-mass change (including swelling and
collapse). The unsaturated soil theories are applied to real-
world problems and solutions are illustrated in the con-
text of a “boundary value problem.” The physical behavior
of unsaturated soil is formulated as a partial differential
equation(s) that must be solved using a numerical technique.
The partial differential equations are generally slightly too
highly nonlinear in character and as a result computer anal-
yses play an important role in solving practical engineering
problems.

1.1.1 Application of Unsaturated Soil Mechanics
in Engineering Practice

The content of this book takes into consideration the history
of classical soil mechanics and the significant impact that
the computer has had on the practice of geotechnical engi-
neering. It is fair to say that the computer has resulted in a
paradigm shift in how geotechnical engineering problems in
general and specifically unsaturated soils problems are ana-
lyzed. The significant role that the computer has played has
also been taken into consideration in assembling the con-
tent for this book. The nature of unsaturated soil problems
makes it essentially imperative to use numerical methods
when solving geotechnical engineering problems.

1Unsaturated Soil Mechanics in Engineering Practice   D. G. Fredlund, H. Rahardjo and M. D. Fredlund
Copyright © 2012 John Wiley & Sons, Inc.



2 1 theory to practice of unsaturated soil mechanics

Terzaghi (1943) contributed significantly toward our
understanding of unsaturated soil behavior in two chapters
of his textbook Theoretical Soil Mechanics . Chapter 14
on “Capillary Forces” and Chapter 15 on “Mechanics
of Drainage” (with special attention to drainage by
desiccation) illustrate the importance of unsaturated soils.
These chapters emphasize the importance of the unsaturated
portion of the soil profile and in particular provide insight
into the fundamental nature and importance of the air-water
interface [i.e., the contractile skin (Fredlund and Rahardjo,
1993a)]. Considerable discussion was directed toward
soils with negative pore-water pressures. Figure 1.1 shows
an earth dam illustrating the manner in which water
flows above the phreatic line through the capillary zone
(Terzaghi, 1943). The contributions of Karl Terzaghi toward
unsaturated soil behavior were truly commendable and are
still worthy of consideration.

Terzaghi (1943) stated that “the theories of soil mechanics
provide us only with the working hypothesis, because our
knowledge of the average physical soil properties of the
subsoil and the orientation of the boundaries between the
individual strata is always incomplete and often utterly
inadequate.” Terzaghi emphasized the importance of
clearly stating all assumptions upon which the theories
were based and pointed out that “almost every alleged
contradiction between theory and practice can be traced
back to some misconception regarding the conditions for
the validity of the theory.” Terzaghi’s advice from the
early days of soil mechanics is extremely relevant as the
theories for unsaturated soil behavior are being brought to
the “implementation” stage in geotechnical engineering.
With such an early emphasis on unsaturated soil behavior,
one might ask the question, “Why did unsaturated soil
mechanics not emerge simultaneously with saturated soil
mechanics?” Pondering this question leads to the realization

Zone of Capillary
saturation

ΔH

(a)

Zone of capillary
saturation

Theoretical
line of

saturation

(b)

hc

Figure 1.1 An earth dam shown by Terzaghi (1943) illustrating
the flow of water above the phreatic line through the capillary
zone. (a) Water siphoning over the core of the dam. (b) Water flow
across the phreatic line.

that there were several theoretical and practical challenges
associated with unsaturated soil behavior that needed
further research before unsaturated soil mechanics could be
implemented into engineering practice. In fact, unsaturated
soil mechanics would need to wait several decades before
it would take on the character of a science that could be
used in routine geotechnical engineering practice.

Research within the agriculture-related disciplines strongly
influenced the physical and hydraulic models that would later
need to be brought into unsaturated soil mechanics (Baver,
1940). With time, numerous significant contributions have
come from the agriculture-related disciplines (i.e., soil sci-
ence, soil physics, and agronomy) into geotechnical engi-
neering. It can be said that historically geotechnical engineers
tended to test soils by applying total stresses to soils through
the use of an oedometer or triaxial cell. On the other hand,
agriculture-related counterparts tended to apply stresses to
the water phase (i.e., tensions) through the use of pressure
plate cells. Eventually, geotechnical engineers would realize
that the information accumulated in agriculture-related disci-
plines was what was needed in geotechnical engineering with
unsaturated soils. Careful consideration needed to be given
to each of the test procedures and testing techniques when
transferring the technology from agriculture into geotechnical
engineering.

1.1.2 Scope of the Book

The scope of this book is limited to the field of unsaturated
soil mechanics. An attempt is made to cover all aspects
normally associated with soil mechanics. When the term
“unsaturated soil mechanics” is used, the authors are refer-
ring to soils which have negative pore-water pressures.

The aspects of interest to geotechnical engineering fall
into three main categories. These can be listed as problems
related to (1) flow of fluids (i.e., air and water in liquid and
vapor form) through porous media, (2) shear strength, and
(3) volume-mass change behavior of unsaturated soils. An
entire chapter is devoted to understanding the soil-water char-
acteristic curve. A chapter is also devoted to heat flow through
soils and another chapter is devoted to the establishment of
boundary conditions. In particular, emphasis is placed on the
quantification of the ground surface moisture flux bound-
ary condition. Either moisture is falling to the ground, for
example, in the form of rain or snow, or moisture is mov-
ing upward through evaporation and evapotranspiration. The
quantification of both downward and upward moisture flow
is pivotal to solving unsaturated soil mechanics problems.
While this topic was largely absent from classical saturated
soil mechanics, it has become an essential component related
to solving unsaturated soil problems.

No attempt is made to duplicate or redevelop information
already available in classical saturated soil mechanics books.
This book should be used to assist the geotechnical engineer
in understanding soil mechanics concepts unique to unsat-
urated soils. At the same time, these concepts have been
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developed and organized to appear as logical and relatively
simple extensions of classical saturated soil mechanics con-
cepts. Subjects such as clay mineralogy and physicochemi-
cal properties of soils are vitally important to understanding
why soils behave in a certain manner. However, the read-
ers are referred to other references for coverage of these
subjects (Mitchell, 1993).

Most soil mechanics problems can be linked to a few
key soil properties that are related to important processes.
These properties relate to (1) the ease of flow through the
multiphase material (e.g., liquid water, air, and heat), (2)
the ability of the material to store (e.g., water storage, air
storage and compression, and heat storage), (3) the shear
strength characteristics, and (4) the volume-mass change soil
properties (i.e., including the soil-water characteristic curve).
The chapters in this book describe (1) theory related to each
process and relevant soil properties, (2) measurement of each
soil property, (3) estimation of each soil property (and soil
property functions), and (4) application of the theory and
soil properties to one or more soil mechanics problems.

The main objective of this book is to synthesize theories
associated with the behavior of unsaturated soils and show
how the theories can be applied in geotechnical engineering
practice. The theoretical derivations are presented in consid-
erable detail because unsaturated soil behavior is a relatively
new area of study and many of the derivations are not read-
ily available to engineers in a familiar context. The theory,
measurement, and estimation of the soil-water characteristic
curve are pivotal to the implementation of unsaturated soil
mechanics. For this reason, they have been given special
attention throughout the book. There is ongoing need for
case histories, and it is anticipated that these will become
more commonly reported in future decades. Hopefully, as
the analyses illustrated in this book are put into engineering
practice, case histories will emerge that verify the consistent
theoretical context provided within this book.

1.1.3 Gradual Emergence of Unsaturated
Soil Mechanics

Unsaturated soil mechanics did not emerge simultaneously
with saturated soil mechanics. Rather, there were a number
of important experimental findings and theoretical develop-
ments that led to the gradual emergence of a science for
unsaturated soil mechanics. These developments took place
over a period of several decades, and by the late 1970s it
became clear that unsaturated soil mechanics would take
the form of a natural extension of saturated soil mechan-
ics. A few key findings that contributed significantly to the
emergence of unsaturated soil mechanics are listed below.

Experimental laboratory studies in the late 1950s (Bishop
et al., 1960) showed that it was possible to independently
measure (or control) pore-water and pore-air pressures
through the use of high-air-entry ceramic disks. Laboratory
studies were reported over the next decade that revealed
fundamental differences between the behavior of saturated

and unsaturated soils. The studies also revealed that there
were significant challenges that still needed to be addressed.
The laboratory testing of unsaturated soils proved to be time
consuming and demanding from a technique standpoint.
The usual focus on soil property constants was diverted
toward the study of nonlinear unsaturated soil property
functions. Soil-water characteristic curves (SWCCs) were
found to hold an important relationship to each of the
unsaturated soil property functions (Croney and Coleman,
1954; Fredlund and Rahardjo, 1993a). The increased
complexity of unsaturated soil behavior extended from the
laboratory to theoretical formulations and solutions.

Originally, there had been a search for a single-valued
effective stress equation for unsaturated soils, but by the late
1960s, there was increasing awareness that the use of two
independent stress state variables would provide an approach
more consistent with the principles of continuum mechanics
(Fredlund and Morgenstern, 1977).

The 1970 decade was a period when constitutive relations
for the classical areas of soil mechanics were proposed and
studied with respect to uniqueness (Fredlund and Rahardjo,
1993a). Initially, constitutive behavior focused primarily on
the study of seepage, shear strength, and volume change
problems. Gradually it became apparent that the behavior of
unsaturated soils could be viewed as a natural extension of
saturated soil behavior (Fredlund and Morgenstern, 1976).
Numerous studies attempted to combine volume change and
shear strength in the form of elastoplastic models that were
an extension from research on saturated soils (Alonso et al.,
1990; Wheeler and Sivakumar, 1995; Blatz and Graham,
2003). The study of contaminant transport properties, ther-
mal soil properties, and air flow properties for unsaturated
soils also took on the form of nonlinear soil property func-
tions (Newman, 1995; Lim et al., 1998; Pentland et al., 2001;
Ba-Te et al., 2005).

The 1980 decade was a period when boundary value
problems were solved using numerical, finite element
and finite difference modeling methods. Computers were
required and iterative, numerical solutions became the
norm. The challenge was to find techniques that would
ensure convergence of highly nonlinear partial differential
equations on a routine basis (Thieu et al., 2001; Fredlund
et al., 2002b). Saturated-unsaturated seepage modeling
became the first of the unsaturated soil problems to come
into common engineering practice. Concern for stewardship
toward the environment further promoted interest in seepage
and geoenvironmental, advection-dispersion modeling.

The 1990 decade and beyond have become a period when
the emphasis has been on the implementation of unsatu-
rated soil mechanics into routine geotechnical engineering
practice. A series of international conferences have been
dedicated to the exchange of information on the engineer-
ing behavior of unsaturated soils and it has become apparent
that the time has come for increased application of unsatu-
rated soil mechanics in engineering practice. Implementation
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can be defined as “a unique and important step that brings
theories and analytical solutions into engineering practice”
(Fredlund, 2000a). There are several stages in the devel-
opment of a science that must be brought together in an
efficient and appropriate manner in order for the implemen-
tation of a science to become reality. The primary stages
are as follows (Fredlund, 2000a): (1) state variable stage,
(2) constitutive stage, (3) formulation stage, (4) solution
stage, (5) design stage, (6) verification and monitoring stage,
and (7) implementation stage.

The “state variable” stage identifies each of the
non–material variables that are required to understand
material behavior on a scientific basis within the context of
continuum mechanics. The “constitutive” stage identifies
the basic equation of soil behavior for each physical
process of interest. Constitutive equations provide a linkage
between state variables and incorporate soil properties
(or soil property functions), which must be measured or
estimated. At the “formulation” stage a referential elemental
volume, REV, is selected to which the conservative laws
of physics must be satisfied. The “formulation” stage
generally results in the derivation of a (partial) differential
type equation which must then be solved. The “solution”
stage is identified as an independent stage because it is
sometimes possible to derive a partial differential equation
that describes material behavior; however, it might not be
possible to solve the derived equation. In other words, the
solution of the formulated equation(s) of behavior is worthy
of being referred to as an independent stage. The “design”
stage takes the formulated and solved equations of behavior
and determines how the equations can be used for design
purposes. If it is possible to determine and implement
cost-effective design procedures, then it is important to also
go through a “verification” stage where all previous stages
are tested for reliability in routine engineering practice.

The “implementation” stage suggests that conditions
related to all previous stages have been met and engineering
protocols can be clearly identified. Implementation suggests
that a reliable engineering science is available for describing
particular material behavior, and it is prudent and in the
best interest of the public to utilize the engineering science
in engineering practice. Research studies are necessary to
develop practical, efficient, cost-effective, and appropriate
technologies.

1.1.4 Challenges to Implementation

There are a number of major challenges that needed to be
addressed before unsaturated soil mechanics could become a
part of routine geotechnical engineering practice. Each chal-
lenge has an associated solution that has emerged through
ongoing research studies. In some cases it has been neces-
sary to adopt new approaches to solving problems involving
unsaturated soils. Some of the key problems that needed
to be solved for unsaturated soil mechanics to take on the
form of a science are listed below. A brief explanation of

each “challenge” area is given to show that these major
problems have been essentially resolved or solved. Tech-
niques and engineering procedures have been forthcoming
from research in various parts of the world, thereby prepar-
ing the way for more widespread application of unsaturated
soil mechanics.

Challenge No. 1: The development of a theoretically sound
basis for describing the physical behavior of unsaturated
soils starting with appropriate state variables.

Solution No. 1: The adoption of independent stress state
variables based on multiphase continuum mechanics
has formed the basis for describing the stress state inde-
pendent of soil properties. The stress state variables can
then be used to develop suitable constitutive models.

Challenge No. 2: Constitutive relations commonly
accepted for saturated soil behavior needed to be
extended to also describe unsaturated soil behavior.

Solution No. 2: Gradually it became apparent that all
constitutive relations for saturated soil behavior could
be extended to embrace unsaturated soil behavior and
thereby form a smooth transition between saturated and
unsaturated soil conditions. In each case, research stud-
ies needed to be undertaken to verify the uniqueness of
the extended constitutive relations.

Challenge No. 3: Nonlinearity associated with the partial
differential equations formulated for unsaturated soil
behavior resulted in iterative procedures in order to
arrive at a solution. The convergence of highly non-
linear partial differential equations proved to be an
important challenge.

Solution No. 3: Computer solutions for numerical models
have embraced automatic mesh generation, automatic
mesh optimization, and automatic mesh refinement tech-
niques (i.e., known as adaptive grid refinement, AGR).
These techniques have proved to be of great assistance
in obtaining convergence when solving nonlinear par-
tial differential equations. The solution procedures were
largely forthcoming from cooperative research in the
mathematics and computer science disciplines.

Challenge No. 4: Greatly increased costs and time were
required for the testing of unsaturated soils. As well,
laboratory equipment for measuring unsaturated soil
properties has proved to be technically demanding and
quite complex to operate.

Solution No. 4: Indirect estimation procedures for the
characterization of unsaturated soil property functions
were developed. These procedures were related to the
SWCC and saturated soil properties. Several estima-
tion procedures have emerged for each of the unsatu-
rated soil property functions. The computer has proven
to be useful in calculating unsaturated soil property
functions.

Challenge No. 5: Highly negative pore-water pressures
(i.e., matric suctions greater than 100 kPa) have proven
to be difficult to measure, particularly in the field.
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Solution No. 5: New instrumentation such as the direct,
high-suction tensiometer and the indirect thermal con-
ductivity suction sensor has provided new measurement
techniques for the laboratory and the field. These devices
allow suctions to be measured over a considerable range
of matric suctions. The null-type, axis translation tech-
nique remains a laboratory reference procedure for the
measurement of matric suction.

Challenge No. 6: New technologies and engineering
protocols such as those proposed for unsaturated
soil mechanics are sometimes difficult to incorporate
into engineering practice. The implementation of
unsaturated soil mechanics into engineering practice
has proven to be a challenge.

Solution No. 6: Educational materials, visualization
systems, computer software, and research conferences
have greatly assisted in effective technology transfer.
It has been possible to demonstrate through teaching,
software demonstrations, and research conferences
that the concepts of unsaturated soil behavior can be
implemented in engineering practice. Information on
unsaturated soil mechanics is also being incorporated
into the undergraduate and graduate curricula at uni-
versities. Protocols for engineering practice are being
developed for all application areas of geotechnical
engineering.

Changes are necessary in geotechnical engineering prac-
tice in order for unsaturated soil mechanics to be imple-
mented in a routine manner. Each challenge in unsaturated
soil mechanics has been met with a definitive and practi-
cal solution. A significant paradigm shift has been required
with regard to the determination of unsaturated soil property
functions (Houston, 2002). New approaches that have been
developed have provided cost-effective procedures for the
determination of unsaturated soil property functions for all
classes of problems (Fredlund, 2002a).

1.1.5 Laboratory and Field Visualization of Degree
of Saturation

Climatic conditions around the world range from very
humid to dry. Climatic classification is based on the
average annual net moisture flux at the ground surface (i.e.,
precipitation minus potential evaporation; Thornthwaite,
1948). The ground surface climate is an important factor that
controls the depth to the groundwater table and therefore the
thickness of the unsaturated soil zone (Fig. 1.2).

The zone between the ground surface and the water table
is referred to as the unsaturated soil zone. This is somewhat
of a misnomer since the capillary fringe immediately above
the water table is essentially saturated. A more correct term
for the entire zone above the water table is the “vadose
zone” (Bouver, 1978). However, the entire zone subjected
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to negative pore-water pressures has become widely referred
to as the unsaturated soil zone in geotechnical engineering.
The unsaturated soil zone forms a transition between the
water in the atmosphere and the groundwater (i.e., positive
pore-water pressure zone).

The pore-water pressures in the unsaturated soil zone can
range from zero at the water table to a maximum tension on
the order of 1,000,000 kPa under dry soil conditions (Croney
et al., 1958). The degree of saturation of the soil can range
from 100% to zero. The changes in soil suction result in
distinct zones of saturation. The zones of saturation have
been defined in situ as well as in the laboratory (i.e., through
the SWCC; Fig. 1.3). Table 1.1 compares the terminologies
commonly used to describe saturation conditions in situ and in
the laboratory. Soils in situ start at saturation at the water table
and tend to become unsaturated toward the ground surface.

Soils near the ground surface are often referred to as
problematic soils, but it is the handling of highly negative
pore-water pressures that tends to present the most serious
problem for geotechnical engineers. Common problematic
soils are expansive soils, collapsible soils, and residual soils.
Any of the above soils, as well as other soil types, can also
be compacted, once again giving rise to a material with
negative pore-water pressures.

1.2 MOISTURE AND THERMAL FLUX
BOUNDARY CONDITIONS

Climate plays an important role in determining whether a
soil is saturated or unsaturated. Water is removed from the

Table 1.1 Terminology Commonly Used to Describe
Degrees of Saturation in Field and Laboratory

Degree of Field Laboratory
Saturation, S , % Description Description

∼100 Saturated Saturated
∼90–100 Capillary zone Boundary effect zone
∼15–90 Two-phase zone Transition zone
∼15–0 Dry zone Residual zone

soil either by evaporation from the ground surface or by
evapotranspiration from a vegetative cover (Fig. 1.4). These
processes produce an upward flux of water in the form of
vapor from the soil. On the other hand, rainfall and other
forms of precipitation recharge the soil through a downward
liquid flux. The difference between these two flux conditions
on a local scale largely dictates the pore-water pressure con-
ditions in the soil profile.

A net upward moisture flux produces a gradual drying,
cracking, and desiccation of the soil mass whereas a net
downward flux tends to wet a soil mass. The depth of the
water table is influenced, among other things, by the net sur-
face flux. A hydrostatic line relative to the groundwater table
represents an equilibrium condition representing zero mois-
ture flux at the ground surface. During dry periods, the pore-
water pressures become more negative than those represented
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by the hydrostatic line. The opposite condition occurs during
wet periods.

Grasses, trees, and other plants growing on the ground
surface dry the soil by applying a tension to the pore-water
through evapotranspiration (Dorsey, 1940). Most plants are
capable of applying 1000–2000 kPa (10–20 atm) of tension
to the pore-water prior to reaching their wilting point (Taylor
and Ashcroft, 1972). Evapotranspiration dries the soil result-
ing in desaturation and cracking and an overconsolidation
of the soil mass.

The tension applied to the pore-water acts in all directions
and can readily exceed the lateral confining pressure in the
soil. When this occurs, a secondary mode of desaturation of
the soil mass commences (i.e., cracking). Year after year,
the deposit is subjected to varying and changing environ-
mental conditions. The varying climate produces changes in
the pore-water pressure distribution, which in turn results in
shrinking and swelling of the soil deposit. The pore-water
pressure distribution with depth can take on a variety of
shapes as a result of environmental changes (Fig. 1.4).

Significant areas of the earth’s surface are classified as
arid and semiarid. The annual evaporation from the ground
surface in these regions exceeds the annual precipitation.
Figure 1.5 shows the climatic classification of the extremely
arid, arid, and semiarid areas of the world. Meigs (1953)
used the Thornthwaite moisture index (Thornthwaite, 1948;
Thornthwaite and Mather, 1955) to map these zones while
excluding the cold deserts. About 33% of the earth’s surface
is considered arid and semiarid (Dregne, 1976).

Arid and semiarid areas usually have a deep groundwa-
ter table. Soils located above the water table have negative
pore-water pressures. The degree of saturation of the soils
is reduced when evaporation and evapotranspiration exceed
precipitation. Climatic changes highly influence the water

content of the soil in the proximity of the ground surface.
The pore-water pressures increase upon wetting, tending
toward positive values. As a result, the volume and shear
strength of the soil are changed. Many soils exhibit severe
swelling or expansion when wetted while other soils exhibit
significant collapse when wetted. Many soils are known for
significant loss of shear strength upon wetting.

Changes in the negative pore-water pressures associated
with heavy rainfalls are the cause of numerous slope failures.
Reductions in the bearing capacity and resilient modulus of
soils in roadways are also related to an increase in the pore-
water pressures. These phenomena indicate the important
role that negative pore-water pressures play in controlling
the mechanical behavior of unsaturated soils.

1.2.1 Quantification of Moisture and Thermal
Boundary Fluxes

Soil mechanics textbooks have been particularly silent on
how thermal and moisture fluxes at ground surface are to
be calculated. Problems involving the flow of water through
soil have generally required that either a “hydraulic head”
boundary condition be imposed or else a “zero flux” (i.e., an
impervious boundary condition) be imposed when solving
seepage problems. However, the ground surface is a bound-
ary across which there is continuous moisture movement.
Moisture is either going up to the atmosphere in the form
of evaporation or evapotranspiration or coming down in the
form of precipitation (i.e., rainfall, snowfall, or irrigation).

Weather stations have dotted the globe collecting large
amounts of data on key variables related to moisture and ther-
mal fluxes; however, little usage has historically been made
of these data in geotechnical engineering. The design of soil
cover systems (i.e., also called alternative covers) and other
near-ground-surface engineered structures has provided an
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Figure 1.5 Extremely arid, arid, and semiarid areas of the world [from Meigs (1953) and
Dregne (1976)].

impetus to utilize weather data for the calculation of moisture
flux conditions at the ground surface.

There are a number of factors that affect the calculation
of thermal and moisture fluxes at ground surface. However,
temperature and precipitation data are the primary variables
required for the calculation of flux boundary conditions. The
runoff of water at ground surface is also a challenging vari-
able to calculate. The net difference between the ground
surface moisture fluxes is called “net infiltration” and is the
amount that will flow into the unsaturated soil at ground
surface. Often it is the infiltration past a particular depth
(e.g., bottom of the “cover layer”) that is of primary interest
and its magnitude is referred to as “deep infiltration.” Terms
such as “percolation” and “recharge” are also used when
describing the infiltration phenomenon. The procedures that
can be used to calculate potential evaporation (PE), actual
evaporation (AE), and other water balance variables will be
described later in this book.

1.3 DETERMINATION OF UNSATURATED SOIL
PROPERTIES

Advances in the development of laboratory testing equip-
ment for unsaturated soils along with the ability to measure
soil suction have prepared the way for the implementation
of unsaturated soil mechanics. It is now possible to
measure most unsaturated soil properties; however, the
direct measurement of unsaturated soil properties can be

time consuming and expensive. Consequently, a variety
of “estimation techniques” for unsaturated soil property
functions have been forthcoming from research studies in
various countries (Fredlund, 2000a, Vanapalli et al., 1996a).
It has become part of acceptable geotechnical engineering
practice to utilize “estimation techniques” when applying
unsaturated soil mechanics at the preliminary engineering
design stage. Estimation techniques have particularly found
widespread usage in the area of saturated-unsaturated
seepage modeling where the permeability functions and the
water storage functions are estimated from a SWCC and
the saturated hydraulic conductivity (Thieu et al., 2000).

1.3.1 Estimation Procedures for Unsaturated Soil
Properties

The estimation of unsaturated soil property functions pro-
vides a new philosophical framework (or paradigm) that has
been effective in expediting the implementation of unsat-
urated soil mechanics. The challenge is to determine the
estimation procedures for unsaturated soil property char-
acterization that best describe the actual unsaturated soil
properties. The estimation techniques are particularly attrac-
tive because direct unsaturated soil testing in the laboratory
becomes too costly for many engineering projects.

Figure 1.6 shows that one of several general approaches
can be used for the determination of unsaturated soil prop-
erty functions. The direct measurement of unsaturated soil
property functions appears to be possible only for special
cases that are often of a research or extremely important
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Figure 1.6 Methodologies for determination of unsaturated soil property functions.

nature. The direct application of unsaturated soil theories
at the highest level involves unsaturated soil testing with
soil suction measurements (or controls). These tests are rel-
atively complex and time consuming to perform in compar-
ison to saturated soil tests.

Other approaches for the implementation of unsaturated
soils theories in practice have been suggested wherein the
SWCC is used along with saturated soil parameters to esti-
mate unsaturated soil properties (Fredlund, 1995b). These
indirect measurements and estimation procedures open the
way for a hierarchical approach to the application of unsat-
urated soil mechanics in geotechnical engineering practice.
The assumption is made that saturated soil properties are
known. The unsaturated soil property functions take the
form of a smooth extension of the saturated soil properties.

Unsaturated soil property functions may be defined with
reasonable accuracy for many soil mechanics problems by
performing an indirect laboratory test (e.g., a pressure plate
test to measure the SWCC). The data from the SWCC can
be used to calculate the required unsaturated soil property
functions. It is also possible to obtain an indication of the
SWCC from classification soil properties, correlations, or
“mining” databases containing the results of past laboratory
soil tests.

Classification tests (e.g., grain-size distribution curve) can
also be used for the estimation of a SWCC. The grain-size
distribution curve is used to estimate the SWCC that is then
used to compute the desired unsaturated soil property func-
tion (Fredlund et al., 1997a). There may be a reduction in
the accuracy of the estimated unsaturated soil property func-
tion when using this procedure. The engineer must assess
whether or not the approximated unsaturated soil property

function is satisfactory for the analysis of the problem at
hand. This estimation procedure is somewhat analogous to
using the grain-size distribution curve to estimate the satu-
rated hydraulic conductivity of a soil (Hazen, 1911).

1.3.2 Design Protocols for Unsaturated Soil Properties

Engineering design protocols can generally be placed within
one of two primary categories: (1) preliminary design and
(2) final design. Preliminary design protocols can make
ample use of estimated unsaturated soil properties whereas
final design protocols need to rely on measured values
of the SWCC or direct measurement of unsaturated soil
property functions. Further details on the estimation and
measurement of unsaturated soil properties are provided
throughout this book.

1.4 STAGES IN MOVING TOWARD
IMPLEMENTATION

Developing a science basis for unsaturated soil mechan-
ics can be viewed in terms of a series of stages leading
toward implementation in engineering practice. The stages
leading toward implementation are listed in Fig. 1.7 (Fred-
lund, 2000). Research studies over the past six decades have
been directed at all stages leading toward an appropriate
technology for implementation.

1.4.1 State Variable Stage

The state variable stage is the most basic and fundamental
level at which a science for unsaturated soil behavior can be
initiated. The most important state variables for an unsaturated
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Figure 1.7 Stages leading toward implementation of unsaturated
soil mechanics in engineering practice.

soil are the stress state variables: the net normal stress (σ − ua ,
where σ = total stress and ua = pore-air pressure) and the
matric suction (ua − uw, where uw = pore-water pressure).
These stress state variables are later shown to take on the
form of two stress tensors (i.e., 3 × 3 matrices). The stress
state variables have become widely accepted and illustrate
the need to separate the effects of total stress and pore-water
pressure when pore-water pressures are negative. The stress
state variables also satisfy the need for a smooth transition
between the saturated and unsaturated states.

1.4.2 Constitutive Stage

The constitutive stage becomes the point at which empir-
ical, semi empirical, and possibly theoretical relationships
between state variables are proposed and verified. The veri-
fication of proposed constitutive relations must be conducted
for a wide range of soils in order to ensure uniqueness and
subsequent confidence on the part of practicing geotechnical
engineers. Extensive research studies on constitutive relation-
ships for unsaturated soils were made in the 1970s, but earlier
and later developments have also contributed to our under-
standing of the constitutive behavior of unsaturated soils.

1.4.3 Formulation Stage

The formulation stage involves combining the constitutive
behavior of a material with the conservation laws of physics
applied to a representative elemental volume (i.e., a REV).
The result is generally a partial differential equation that
describes a designated physical process for an element of
the continuum.

1.4.4 Solution Stage

The solution stage involves solving specific examples repre-
sentative of a class of problems. The solving of formulated
equations constitutes an independent stage since it is possi-
ble that fundamental equations can be derived; however, the
solution to the equations may not be possible. The solution
stage for unsaturated soils generally involves solving partial
differential equation(s) that are placed into a numerical solu-
tion form (e.g., finite difference of finite element form) that
can be solved using computer software. Other solvers may
also be used as is the case for limit equilibrium solutions of
slope stability problems.

1.4.5 Design Stage

There is a gradual increase in engineering confidence as
research progresses from the formulation stage to the solu-
tion stage and on to the design stage. The design stage
focuses on the primary unknowns that must be quantified
from a practical engineering standpoint. The design stage
generally involves the quantification of geometric and soil
property variables that become part of an engineering design.
The computer will generally be an important tool in the
design of most earth structures. The computer has truly
changed the manner in which geotechnical design is con-
ducted. Nowadays, geotechnical engineering design gener-
ally takes the form of a series of parametric-type studies.

1.4.6 Verification and Monitoring Stage

There is need to “observe” the behavior of an engineered
structure during construction and during operation of the
structure in order to provide feedback to the designer. Only
through field monitoring and feedback can confidence be
firmly established in the design procedures. The “observa-
tional method” as defined by Peck (1969) extends beyond
the verification of design and is considered to be part of the
design process.

1.4.7 Implementation Stage

It is possible that the implementation stage may not be
realized in engineering practice even when theoretical for-
mulations and design procedures have been fully studied
and verified. Implementation is the final stage in bring-
ing an engineering science into routine engineering practice.
There are other factors that also need to be addressed at the
implementation stage, such as (i) the cost of undertaking
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any special site investigations, soil testing, and engineering
analyses, (ii) the human resistance to change, and (iii) the
political, regulatory, and litigation factors.

Slowness in the implementation of unsaturated soil
mechanics appears to have been related to the cost of
laboratory soil testing for the quantification of unsaturated
soil properties. The original soil mechanics paradigm
involving the direct measurement of soil properties
becomes excessively costly when measuring unsaturated
soil property functions. However, estimation procedures
utilized for determining unsaturated soil property functions
have significantly increased the use of unsaturated soil
mechanics in engineering practice. Proposed estimation
procedures allow for the assessment of unsaturated soil
property functions in a cost-saving manner, as illustrated in
Fig. 1.6 (Fredlund, 2000).

Unsaturated soil mechanics has developed through a series
of stages and today engineers are faced with the challenge
of implementing the science as part of geotechnical engi-
neering practice. Implementation of a new science is always
a challenge, but it is a challenge that can open the door to
unique technological applications and financial rewards.

1.5 NEED FOR UNSATURATED SOIL
MECHANICS

Success in the practice of soil mechanics can be traced
largely to the ability of engineers to relate observed soil
behavior to stress state conditions. This ability has led
to the transferability of the soil mechanics science in a
relatively consistent engineering manner. This has been
the case for saturated soils, but unsaturated soil mechanics
has lagged behind in its implementation. Difficulty has
been experienced in extending classical soil mechanics to
embrace unsaturated soils.

The question can be asked: “Why hasn’t a practical sci-
ence developed and flourished for unsaturated soils?” A
cursory examination might suggest that there is no need
for such a science. However, this is certainly not the case
when the problems associated with expansive soils are con-
sidered. Jones and Holtz (1973) reported that, in the United
States alone, “each year, shrinking and swelling soils inflict
at least $2.3 billion in damages to houses, buildings, roads,
and pipelines—more than twice the damage from floods,
hurricanes, tornadoes, and earthquakes!” They also reported
that 60% of the new houses built in the United States will
experience minor damage during their useful lives and 10%
will experience significant damage—some beyond repair.

In 1980, Krohn and Slosson estimated that $7 billion is
spent each year in the United States as a result of damage
to all types of structures built on expansive soils. Snethen
(1986) stated: “While few people have ever heard of expan-
sive soils and even fewer realize the magnitude of the dam-
age they cause, more than one fifth of American families
live on such soils and no state is immune from the problem

they cause. Expansive soils have been called the ‘hidden
disaster’: while they do not cause loss of life, economically
these soils have become one of the United States costli-
est natural hazards.” Expansive soil problems have occurred
in many other countries of the world. In Canada, Hamilton
(1977) stated: “Volume changing clay subsoils constitute the
most costly natural hazard to buildings on shallow foun-
dations in Canada and the United States. In the Prairie
Provinces alone, a million or more Canadians live in com-
munities built on subsoils of very high potential expansion.”

It would appear that most countries in the world have
had problems with expansive soils. Many countries have
reported the nature of their problems at research conferences.
Some countries reporting expansive soil problems are Aus-
tralia, Argentina, Myanmar, China, Cuba, Ethiopia, Ghana,
Great Britain, India, Iran, Israel, Kenya, Mexico, Morocco,
South Africa, Spain, Turkey, and Venezuela. In general, the
more arid the climate, the more severe is the shrinking and
swelling soil problem.

There is also need for reliable engineering design asso-
ciated with compacted soils, collapsing soils, and residual
soils. Soils that collapse usually have an initially low den-
sity. The soils may or may not be subjected to additional
load, but when they are given access to water, the soil struc-
ture collapse occurs. The water causes an increase in the
pore-water pressures with the result that the soil volume
decreases. The process is similar to that occurring in an
expansive soil but the direction of volume change is oppo-
site. Examples of soil collapse have been reported in the
United States as well as other countries (Houston et al.,
2001; Johnpeer, 1986). Leaky septic tanks and water lines
are a common initiating factor in soil structure collapse.

Inhabited areas with steep slopes consisting of residual
soils are sometimes the site of catastrophic landslides which
claim many lives. A widely publicized case is the landslide
at Po-Shan in Hong Kong which claimed 67 lives (Commis-
sion of Inquiry, 1972). Similar problems have been reported
in South American countries and other parts of the world.

The soils involved are often residual genesis and have
deep water tables. The surface soils have negative pore-
water pressures which play a significant role in the sta-
bility of the slope. However, heavy, continuous rainfalls
can result in increased pore-water pressures to a significant
depth, resulting in the destabilizing of the slope. The pore-
water pressures along the slip surface at the time of failure
may be negative or positive.

There appear to be two main reasons why a practical sci-
ence has been slow in being developed for unsaturated soils
(Fredlund, 1979). First, there was lack of an appropriate sci-
ence with a theoretical basis. There was a lack of appreciation
of the engineering problems and an inability to place the solu-
tion within a theoretical continuum mechanics context. The
stress conditions and mechanisms involved, as well as the
soil properties that must be measured, did not appear to be
fully understood. The boundary conditions were related to the



12 1 theory to practice of unsaturated soil mechanics

environment and were difficult to quantify. Research work
has largely remained empirical in nature with little coher-
ence and synthesis. Engineering experience is often applied
on a regional basis and there seems to have been poor com-
munication among engineers regarding design procedures.

Second, there appears to have been a lack of a system for
financial recovery for services rendered by the engineer. In
the case of expansive soil problems, the possible liability
to the engineer is often large relative to the financial remu-
neration. Other areas of geotechnical engineering practice
are more profitable to consultants. The owner often rea-
sons that the cost outweighs the risk. The hazard to life and
injury is largely absent, and for this reason little attention
has been given to expansive soil problems. Although the
problem basically remains with the owner, it is the geotech-
nical engineer who has the greatest potential to provide an
engineered solution.

Certainly, there is a need for an appropriate technology
for unsaturated soil behavior. Such a technology must (1) be
practical, (2) not be too costly to use, (3) have a sound theo-
retical basis, and (4) run parallel in concept to conventional
saturated soil mechanics.

1.5.1 Application Areas for Unsaturated Soil
Mechanics

Common to all unsaturated soil situations are the negative
pressures in the pore-water. The class of unsaturated soil
problems involving negative pore-water pressures that has
received the most attention is that of swelling or expansive
clays. An attempt is made in this book to broaden the scope
of unsaturated soil problems by presenting the principles and
concepts that can be applied to a wider range of unsaturated
soil problems.

Several typical problems are described to illustrate rele-
vant questions which might be asked of a geotechnical engi-
neer. An attempt is made throughout this book to respond
to general unsaturated soil mechanics questions from a the-
oretical standpoint.

1.5.2 Construction and Operation of a Dam

Let us consider the construction of a homogeneous rolled
earth dam. The construction involves compacting soil in
approximately 150-mm lifts from its base to the full height
of the dam. The compacted soil would have an initial degree
of saturation between 70 and 80%. Figure 1.8 shows a dam
at approximately one-half of its design height, with a lift of
soil having just been placed. The pore-air pressure in the
layer of soil being compacted is approximately equal to the
atmospheric pressure. The pore-water pressure is negative,
often considerably lower than zero absolute pressure.

The soil at lower elevations in the fill is compressed by the
placement of the overlying fill. Each layer of fill constitutes
an increase in total stress to the embankment. Compression
results in a change in the pore-air and pore-water pressures.

Compacted
sandy clay

Change in total stress by
a layer of compacted soil 

Rock fill

What are the changes in
pore pressures? 

Figure 1.8 Changes in pore-water and pore-air pressure gener-
ated as a result of the placement of fill for a compacted earthfill
dam.

The construction of the fill is generally sufficiently rapid
that the soil undergoes volume change under undrained con-
ditions. Contours of the pore-air and pore-water pressures
can be drawn at any time during construction, as shown in
Fig. 1.9. In reality, some dissipation of the pore pressures
will occur as the fill is being placed. The pore-air pressure
will dissipate to the atmosphere. The pore-air pressure may
also be influenced by evaporation and infiltration at the sur-
face of the dam. All pore pressure changes have the potential
of producing volume changes since the stress state is being
changed. There are many soil mechanics questions that can
be asked, and there are many analyses that would be useful
to the geotechnical engineer.

Once the construction of the dam is complete, the filling
of the reservoir will change the pore pressures in a manner
similar to that shown in Fig. 1.10. A transient process is
taking place under new boundary conditions. Changes in
the surrounding environment after steady-state conditions
are established may give rise to further questions (Fig. 1.11).

The questions that might be asked of a geotechnical engi-
neer involve analyses associated with saturated/unsaturated
seepage, the change in volume of the soil mass, and the change
in shear strength. The change in the shear strength could be
related to a change in the factor of safety. The questions are
similar to those asked when dealing with saturated soils. There
is, however, a significant difference in the case of unsaturated
soil problems since the moisture flux boundary conditions are
produced by the climatic environment.

1.5.3 Natural Slopes Subjected to Environmental
Changes

Natural slopes are subjected to a continuously changing
environment (Fig. 1.12). An engineer may be asked to inves-
tigate the present stability of a slope and predict what would
happen if the geometry of the slope is changed or if the envi-
ronmental conditions should change. In this case, boreholes
may be drilled and undisturbed samples obtained for labo-
ratory tests. Most or all of the potential slip surfaces may
lie above the groundwater table in this case. In other words,
the potential slip surface may pass through unsaturated soils
with negative pore-water pressures.
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Figure 1.9 Hypothetical pore-water and pore-air pressure distributions after partial construction
of an earthfill dam.

Figure 1.10 Hypothetical pore-water and pore-air pressure distributions after partial dissipation
of pore-water and pore-air pressures.

Figure 1.11 Effect of precipitation on long-term seepage flow through an earthfill dam.
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Figure 1.12 Effect of precipitation on man-made slope subjected
to rainfall.

Surface sloughing commonly occurs on relatively flat
slopes following prolonged periods of precipitation. These
failures have received little attention from an analysis
standpoint. One of the main difficulties appears to have
been associated with the assessment of pore-water pressures
in the zone above the groundwater table.

The slow, gradual, downslope creep of soil is another
aspect which has not received much attention in the liter-
ature. It has been observed, however, that the movements
occur in response to seasonal, environmental changes. Wet-
ting and drying and freezing and thawing are known to be
important factors. It would appear that an understanding
of unsaturated soil behavior is imperative in formulating a
mathematical assessment of these problems.

1.5.4 Mounding Below Waste Retention Ponds

Waste materials from mining and industrial operations are
often stored as a liquid or slurry retained by low-level
dykes (Fig. 1.13). Soil profiles with a deep water table
have often been considered to be ideal locations for
these waste ponds. The soils above the water table have
negative pore-water pressures and may be unsaturated. The

Dyke
Waste effluent

Clay

Clayey silt
(unsaturated)

Mounding of the
water table

after waste pond

Water table prior to waste pond

Figure 1.13 Mounding of water table below a waste pond due
to seepage through unsaturated soil zone.

Figure 1.14 Potential instability of near-vertical excavation dur-
ing construction of a foundation.

assumption is often made that as long as the pore-water
pressure remains negative, there is little or no movement
of fluids downward from the waste pond. However, it has
been observed that there is often a mounding of the water
table below the waste ponds even when the intermediate
soil may remain unsaturated. Engineers now realize that
significant volumes of water and contaminants can move
through the unsaturated soil portion of the profile even
though the soil has negative pore-water pressures.

1.5.5 Stability of Vertical or Near-Vertical Excavations

Vertical or near-vertical excavations are often used for the
installation of a foundation or a pipeline (Fig. 1.14). It is
well known that the backslope in a moist silt or clay soil
will stand at a near-vertical slope for some time before fail-
ing. Failure of the backslope is a function of the soil type,
the depth of the excavation, the depth of tension cracks,
the amount of precipitation, as well as other factors. In the
event that the contractor should leave the excavation open
longer than planned or should a high precipitation period be
encountered, the backslope may fail, causing damage and
possible loss of life.

The excavations being referred to are in soils above the
groundwater table where the pore-water pressures are neg-
ative. The excavation of soil for the trench also produces a
temporary decrease in pore-water pressures and an increase
in the shear strength of the soil. With time, there may be a
gradual increase in the pore-water pressures in the backslope
and a loss in shear strength. The increase in the pore-water
pressure is the primary factor contributing to the instability
of the excavation. Engineers often place the responsibility
for ensuring backslope stability onto the contractor. Pre-
dictions associated with this problem require an in-depth
understanding of unsaturated soil behavior and moisture flux
conditions.

1.5.6 Bearing Capacity for Shallow Foundations

The foundations for light structures are generally shallow
spread footings (Fig. 1.15). The bearing capacity of the
underlying soils is often computed based on the unconfined
compressive strength of the soil. Shallow footings can easily
be constructed when the water table is below the elevation of
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Figure 1.15 Analysis of bearing capacity for lightly loaded struc-
ture placed on unsaturated soil with negative pore-water pressures.

the footings. In many cases, the water table is at a consider-
able depth and the soil below the spread footings has a neg-
ative pore-water pressure. Undisturbed samples, held intact
by negative pore-water pressures, are routinely tested in the
laboratory to obtain a measurement of the shear strength of
the soil. The assumption is often made that the pore-water
pressure conditions in the field will remain relatively con-
stant with time and therefore the unconfined compressive
strength will also remain essentially unchanged. Based on
this assumption and a relatively high design factor of safety,
the bearing capacity of the soil is computed.

The above design procedure has involved soils with neg-
ative pore-water pressures. The engineer almost seems to
have been oblivious to the fact that the design procedure
assumes that there will be a long-term retention of negative
pore-water pressure in the soil. The geotechnical engineer has
taken a very different attitude toward the long-term retention
of negative pore-water pressures when dealing with slope
stability problems. In the case of a slope stability problem,
the geotechnical engineer has generally assumed that long-
term negative pore-water pressures cannot be relied upon to

contribute to the shear strength of the soil. The two seemingly
opposite attitudes or perceptions give rise to an important
question, “How constant and stable are negative pore-water
pressures with respect to time?” Or, a more probing question
might be “Has the engineer’s attitude toward negative pore-
water pressures been strongly influenced by expediency?”

1.5.7 Ground Movements Involving Expansive Soils

There is no problem involving soils with negative pore-water
pressures that has received more attention than the predic-
tion of heave associated with the wetting of an expansive
soil. Light structures such as a roadway or a small building
are often subjected to severe distress as a result of changes
in the surrounding environment subsequent to construction
(Figs. 1.16 and 1.17). Changes in the climatic environment
may occur as a result of the removal of trees and grass
and the excessive watering of a lawn around a new struc-
ture. The zone of soil that undergoes volume change on an
annual basis has been referred to as the “active zone.” The
higher the swelling properties of the soil, the greater will be
the amount of heave to the structure.

It has been common practice to obtain undisturbed
soil samples from the upper portion of the profile for
one-dimensional oedometer testing in the laboratory. The
laboratory results are used to provide quantitative estimates
of potential heave. Numerous laboratory testing techniques
and analytical procedures have been used in engineering
practice. The prediction of heave in expansive soils is dealt
with in considerable detail later in this book.

1.5.8 Design of Soil Cover Systems and Capillary
Breaks

Soil cover systems have increasingly become a potential
solution to mitigate environmental damage. Covers became

Figure 1.16 Common ground movements associated with a house with basement foundation
constructed in expansive soils (Hamilton, 1977).
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Figure 1.17 Potential remedial measures for a house founded upon piles placed through expan-
sive soils (Hamilton, 1977).

a favored engineered solution around the 1980s, particularly
for waste containment facilities and the remediation of
contaminated sites. Mining operations have two streams of
waste material that need to be properly handled to mitigate
damage to the environment. These two streams are waste
rock and mine tailings. Cover systems provide a potential
solution for both streams of waste materials.

The design of cover systems is easy to understand. How-
ever, there are numerous issues and challenges associated
with various aspects of design. There are issues related to
the required input information and the solution of the mois-
ture flow partial differential equation. There are a large
number of assumptions that need to be made at various
stages of the design process. These assumptions can signif-
icantly influence the final performance of the cover design.
The quantification of unsaturated soil properties for each
material involved (e.g., the permeability functions and the
water storage functions) has proven to be a challenge for the
geotechnical engineer (M.D. Fredlund Fredlund, 2000a, b;
D.G. Fredlund, 2007b).

Shackelford (2005) presented a summary of the primary
current and future environmental issues associated with
cover systems. The issues mentioned were (1) long-term
performance of waste containment systems, (2) alternative
barriers or covers (i.e., alternative to clay covers) and
barrier materials, (3) innovative barriers (covers) and barrier
materials, (4) forms of waste materials, (5) significance
of biological waste processes, (6) the role of numerical
modeling in cover design, and (7) professional identity.

The design of a cover system depends on the ability to
predict moisture fluxes in and out of the ground surface
as well as moisture fluxes through the bottom of the
cover system. The design analysis can be viewed as a
“flux-driven” problem because of the importance of the

surrounding weather conditions. Problems involving the
predictions of hydraulic head are known to be easier to
solve than problems involving the prediction of moisture
fluxes (D.G. Fredlund, 2007b). The boundary conditions at
ground surface need to be described in terms of a moisture
flux when performing the cover design. The ground
surface has moisture either coming down in the form of
precipitation or going up in the form of evaporation and
evapotranspiration. The quantification of the net moisture
flux boundary conditions at the ground surface has also
proven to be a challenging analysis.

A cover system can be viewed as a thin interface placed
between the overlying atmosphere and the underlying soil
strata, as shown in Fig. 1.18. The climate imposed on top
of the cover can vary widely from arid to humid condi-
tions. A particular cover system cannot function in a similar
manner over a wide range of climatic conditions. Rather, it
would be expected that a particular cover could only perform
satisfactorily under certain climatic conditions.

Atmosphere with temperature and
rainfall as the primary driving variables

 

Moisture flux boundary 

Waste material

Cover system

Waste material

Figure 1.18 Soil cover system used as interface between waste
material and atmosphere.
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The purpose of the cover system can be viewed as func-
tioning quite differently in differing situations. For example,
the cover may operate as a “store-and-release” system in one
case, but it might be desirable to have it function as a sat-
uration oxygen barrier in another situation. The location of
the water table in the underlying materials also has a strong
influence on the functionality of the cover system. Elements
of a soil cover system (i.e., atmosphere, cover, and under-
lying soils) are variable, highly nonlinear, hysteretic, and
random in nature (Fredlund, 2006). The challenges related
to solving such a problem are formidable but not impossible.
At present, it is fair to say that several geotechnical engi-
neers might produce somewhat different design solutions for
a particular cover system.

1.5.9 Road and Railroad Structures

Some of the oldest infrastructural components of civiliza-
tion are roads and railroads. The preparation of the subgrade
and the placement of subbase and base materials have been
largely determined over decades of trial and error. Conse-
quently, the design of pavement and railroad structures is
quite empirical in nature.

There are many aspects related to the performance of
pavements and railroads which are not well understood
because the underlying materials are most often unsaturated.
Little research has been focused on understanding the
physical behavior of unsaturated subgrade materials as well
as subbase and base materials. Attempts to model pavement
structures have provided new insight into the movement of
water through the unsaturated granular materials (Barbour
et al., 1992). Normally, granular materials are perceived
of as being highly pervious; however, this is not true
when the materials are unsaturated. These materials have
the capability of forming capillary barriers and resisting
the movement of water. Much more could be learned
about the suitability of various granular materials from an
engineering standpoint if the water movement properties
were characterized and actual climate events were simulated
using numerical saturated-unsaturated seepage models.

Matric suction in the subgrade of highways and railroads
plays a major role in the performance of the structure
(Khogali et al., 1991; Marjerison et al., 2001; Zapata et al.,
2009). Measurements of matric suction in the subgrade
have been shown to decrease in the spring of the year or
during wet periods of the year. Sattler et al. (1989) proposed
bearing capacity approaches to the design of railroads and
highways based on the unsaturated shear strength of the
subgrades.

1.5.10 Characteristics of Unsaturated Soil Examples

The above examples show that there are many situations
that require an in-depth understanding of seepage, volume
change, and shear strength characteristics of unsaturated
soils. There is often a need to simultaneously consider all

three aspects of unsaturated soil mechanics behavior when
dealing with a particular engineering problem. Typically,
a flux boundary condition produces an unsteady-state
saturated/unsaturated flow situation which results in volume
change and a change in the shear strength of the soil.
The change in shear strength can be translated into a
change in factor of safety. There may also be an interest in
quantifying the change of other volume-mass soil properties
(i.e., water content and degree of saturation).

1.6 PARTIAL DIFFERENTIAL EQUATIONS
IN SOIL MECHANICS

Various classes of soil mechanics problems can be visu-
alized as the solution of one or more partial differential
equations (PDEs). The PDE is derived by applying appro-
priate constitutive relationships to a REV while adhering
to the conservative laws of physics (i.e., conservation of
mass and conservation of energy). The resulting PDE sat-
isfies the physical conditions associated with the behavior
of the soil for a particular class of geotechnical engineering
problems.

The physics for a REV can then be applied to a finite-sized
element of a continuum which is called a “finite element.”
Combining many finite elements together allows an entire
continuum to be modeled. Boundaries or limits must be
placed on the region that is being considered. This gives
rise to what is called a “boundary value problem” such as
is shown in Fig. 1.19. At the heart of boundary value for-
mulation is a description of the physical soil behavior for
the REV.

The laws of physics that pertain to the REV are extended
throughout a region until the boundaries of the selected
geometry are reached. A numerical solving technique (e.g.,
the finite element method) is used to solve a series of
equations that embrace the physics for the entire region
under consideration.

Element for which a 
PDE must be derived

Must define initial conditions

Boundary value must be specified
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Figure 1.19 Use of REV to formulate PDE to solve a “boundary
value problem” (BVP).
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1.6.1 Components of Boundary Value Problem

The primary components of a BVP can be listed as follows:

1. Characterization of the ground surface geometry and
stratigraphy that define the ground surface and the
separation of soil strata (or other materials). The
geometry and stratigraphy can take on a one-, two- or
three-dimensional representation of the engineering
problem. In some situations a one-dimensional
representation is satisfactory; however, with advanced
computing capabilities, two-, and three-dimensional
representations become relatively easy, more realistic,
and more representative of in situ conditions. The
description of the geometry and stratigraphy for
problems involving unsaturated soils is essentially the
same as required for a saturated soil problem.

2. Assessment of the boundary and initial conditions for
analyzing the problem at hand. For flow-type prob-
lems, specifying the head for water flow, pressure for
air flow, or temperature for heat flow results in what
is called a Dirichlet boundary condition. The specifi-
cation of a flow rate across a boundary of the problem
results in a Neumann type boundary condition. Other
intermediate type boundary conditions are also possi-
ble. Similar type boundary conditions can be specified
for stress-deformation types of analyses.

The boundary condition that often needs to be
assessed for many unsaturated soils problems is the
ground surface moisture flux. This means the downward
flux (e.g., rainfall), as well as “actual evaporation” and
evapotranspiration needs to be quantified for one or
more years. For soil cover design the length of weather
records that may be used in simulations may exceed
10 years in length. Initial conditions also need to be
determined because the problem being analyzed is
nonlinear in character.

The assessment of moisture flux conditions at the
ground surface plays a primary role in performing reli-
able simulations of an unsaturated soil problem. It can
be said that most unsaturated soil problems are moisture
flux problems due to the proximity of unsaturated soil
to the ground surface. Precipitation conditions need to
be assessed based on measured weather station data. It
might be necessary to determine precipitation records
that capture (i) typical average year conditions, (ii) typ-
ical dry year conditions, and (iii) typical wet year con-
ditions. As an example, the design of soil cover systems
relies heavily upon actual measured weather conditions
over numerous past years.

A coupled moisture and thermal flow model can be
used to compute actual evaporation at the ground sur-
face (Wilson et al., 1994, 1997b). The solution takes
the form of a “soil-atmosphere model.” Evapotrans-
portation involves the effect of vegetation and requires

further approximations to represent the effect of “leaf
area index,” growing season, and other variables.

3. The soil properties for an unsaturated soil take on
the character of unsaturated soil property functions
(USPFs). Estimation procedures are widely accepted
for the assessment of unsaturated soil property
functions (Fredlund, 1996a; Fredlund et al., 1997a).
However, not all estimation procedures are equally
reliable and the geotechnical engineer needs to
understand the limitations and assumptions associated
with each USPF (M.D. Fredlund et al., 2003). Some
of the factors that need to be taken into consideration
when determining unsaturated soil property functions
are discussed later in the book.

The assessment of the SWCC forms the basis for
the estimation of all other unsaturated soil property
functions. Later discussions in the book deal with the
factors that need to be taken into consideration in order
to obtain reliable soil property estimations. There is a
linkage between the SWCCs and the unsaturated soil
property functions, and this linkage must always be
maintained in order to obtain acceptable results from
a numerical analysis.

4. The above information forms the basis for perform-
ing a numerical modeling simulation of a boundary
value problem in geotechnical engineering (Fredlund,
1998a). The partial differential equation that describes
the physics of the problem is nonlinear when unsatu-
rated soils are involved, and consequently there can
be challenges in achieving convergence to the cor-
rect solution. It is important to meet two criteria when
solving nonlinear numerical problems: (i) the computer
software must converge when solving the problem and
(ii) the software must ensure convergence to the cor-
rect solution. In other words, convergence alone is
not a sufficient criterion since there must be assurance
that the solution has converged to the correct solution.
Fortunately, there have been significant advances in
solving highly nonlinear PDEs.

Unsaturated soil problems are distinctive in that the
soil properties always take on a nonlinear soil property
form. The unsaturated soil properties are a function of
the primary state variables for which a solution is being
sought. Consequently, the PDE must be solved through
use of an iterative technique. The PDEs being solved
generally fall into the category of a nonlinear solution
with complex boundary conditions.

Not all computer software packages are equally
capable of solving unsaturated soil problems.
Researchers in the mathematics and computing sci-
ence disciplines have made significant progress with
respect to solving highly nonlinear PDEs. Software
dedicated to solving unsaturated soil problems needs to
take advantage of the latest findings in complimentary
mathematics and computing disciplines.
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1.6.2 Partial Differential Equation Solving

Partial differential equation solvers have been developed
in mathematics and computing science disciplines and are
increasingly being used to obtain solutions for geotechnical
engineering problems. A single PDE solver can be used to
solve several types of PDEs relevant to saturated-unsaturated
soil mechanics problems. It is also possible for more than
one physical phenomenon to be operative within a REV,
resulting in the necessity to combine the solution of multiple
PDEs in a “coupled” or “uncoupled” manner. For example,
it is necessary for both an equilibrium and a continuity PDE
to be simultaneously satisfied when solving consolidation
(or swelling) problems. In other words, it is necessary for
more than one PDE to be simultaneously solved in a cou-
pled or uncoupled mode. Commonly available PDE solvers
are generally capable of addressing these tasks.

Each PDE has a “primary” variable that can be computed,
and when there is more than one PDE to be simultaneously
solved, there will be more than one primary variable. Each
PDE may have one or more soil property to be input. If the
soil properties are a function of the primary variable being
solved, the solution becomes nonlinear. This is the general
situation when dealing with unsaturated soil problems and
as a consequence it is necessary to iterate to get a converged
solution. When the equations are highly nonlinear, it can be
a challenge to obtain a converged solution.

The ability to solve a wide range of geotechnical engi-
neering problems within a similar context gives rise to the
possibility of developing a special problem solving com-
puter platform called problem solving environment (PSE).
Gallopoulos et al., (1994) described a PSE as “ a computer
system that provides all the computational facilities needed
to solve a target class of problems. PSEs use the language of
the target class of problems, so users can run them without
specialized knowledge of the underlying computer hardware
or software. PSEs create a framework that is all things to
all people; they solve simple or complex problems, support
rapid prototyping or detailed analysis, and can be used in
introductory education or at the frontiers of science.” Par-
tial differential equation solvers form the basis for PSEs for
solving saturated-unsaturated soil mechanics problems.

All classic soil mechanics problems can be viewed in terms
of the solution of a PDE. Let us consider a few problems
commonly encountered in unsaturated soil mechanics. The
PDE for water flow through a saturated-unsaturated soil sys-
tem in either two or three dimensions is probably the most
common problem encountered. These solutions have been
extensively applied in disciplines beyond geotechnical engi-
neering such as agriculture, environmental engineering, and
water resources. Hydraulic heads are the primary variables
computed followed by solving for other variables of interest.
The water coefficient of permeability (hydraulic conductiv-
ity) is dependent upon the negative pore-water pressure and
this gives rise to a nonlinear equation with associated con-
vergence challenges.

All flow processes (i.e., water, air, and heat) have sim-
ilar PDEs that can be solved using a similar PDE solver.
Heat flow problems can readily be solved, but there are
added challenges associated with the freezing and thawing
of water. Air flow problems add the challenge of dealing
with a compressible fluid phase.

Analyses associated with slope stability, bearing capacity,
and earth pressure calculations have historically been per-
formed using plasticity and limit equilibrium methods (e.g.,
methods of slices). However, all these application areas
are increasingly being viewed as “optimization” solutions
imposed on the results of a stress analysis (Pham and Fred-
lund, 2003). Stresses computed from linear elastic analyses
with approximate elastic parameters have been shown to
be acceptable for subsequent usage in an optimization pro-
cedure (Stianson, 2008). Total stress fields are computed
in an uncoupled manner by “switching on” gravity body
forces. Techniques such as “dynamic programming” are then
used to determine the shape and location of the rupture
surface (Pham et al., 2001a, Pham and Fredlund 2003a;
Stianson, 2008). Although the finite-element-based “opti-
mization” solutions to slope stability problems have been
published, long-standing limit equilibrium analyses are still
important in geotechnical engineering practice. The limit
equilibrium analyses that have been applied for saturated
soil problems can be extended to unsaturated soil problems.
The theory associated with both limit equilibrium methods
of slices and optimization methods are presented in the book.

The prediction of volume changes associated with expan-
sive clays and collapsible soils can also be performed using
the solution of a stress-deformation analysis (Vu and Fred-
lund, 2000). The soil properties for this problem are nonlin-
ear but can be converted to equivalent, incremental elastic
parameters. These problems can also be solved using more
elaborate elastoplastic models, but these solutions are con-
sidered to be outside the scope of this book. In the case of
expansive or collapsible soils, the volume changes are com-
monly associated with changes in the negative pore-water
pressures (or matric suctions). Consequently, it is necessary
to combine a seepage analysis and a stress analysis in a cou-
pled or uncoupled manner in order to solve transient volume
change problems.

1.6.3 Convergence of Nonlinear Partial Differential
Equations

The nonconvergence of nonlinear PDEs is probably the sin-
gle greatest deterrent to the use of numerical methods in
engineering practice. However, there are several techniques
that have emerged that greatly assist in the solution of highly
nonlinear PDEs (Mansell et al., 2002). The most successful
technique appears to involve automatic, dynamic finite ele-
ment mesh refinement as well as mesh optimization (Oden,
1989), which are referred to as adaptive grid refinement
(ADR), methods.
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The primary source of error when solving PDEs using
numerical solutions is insufficient spatial resolution (Yeh,
2000). Traditional solutions have used fixed spatial grids
that are generated prior to the onset of the numerical solu-
tion. It is highly unlikely that the grid generated without
considerations of the types of errors associated with the
numerical solution can produce a satisfactory solution for
nonlinear PDEs.

There are two approaches that can be used to ensure that
an accurate PDE solution is obtained. The first approach
involves the mathematical alteration of the PDE and the sec-
ond approach involves the incorporation of AGR algorithms
(Mansell et al., 2002). Bern et al. (1999) stated: “Scientific
and engineering computations has become so complex that
traditional numerical computations on uniform meshes are
generally not possible or too expensive.” The use of finer
and finer meshes becomes an increasingly impossible solu-
tion as three-dimensional and large geographical areas are
modeled. This is particularly true when solving problems
such as the infiltration of water into the unsaturated soil
near ground surface.

The solution that has received the most attention for con-
vergence involves the use of AGR based upon error estimates
(Bern et al., 1999). Babuska (1989) stated: “The main pur-
pose of any adaptive approach is to achieve, in a most effec-
tive way, an approximate solution which is in the range of the
admissible accuracy (tolerance).” It would appear that AGR
is often necessary when solving nonlinear PDEs common to
unsaturated soil behavior (Fredlund et al., 2002).

1.6.4 Uncoupled Processes in Unsaturated Soil
Mechanics

A few of the PDEs associated with basic processes common
to unsaturated soil mechanics are shown in this section. The
equations are formulated for the case of a two-dimensional
slice through a soil continuum. The equations presented can
be solved through use of PDE solvers (M.D. Fredlund et al.,
2002; FlexPDE solutions, 1999). Equations for the three-
dimensional case or the axisymmetric case can readily be
formulated as well.

The PDE for the seepage of water through a saturated-
unsaturated soil can be written as

kwx
∂2h

∂x2
+ ∂kwx

∂x

∂h

∂x
+ kwy

∂2h

∂y2
+ ∂kwx

∂y

∂h

∂y
= −mw

2 γw
∂h

∂t

(1.1)
where:

x, y = coordinate axes,
kwx = hydraulic conductivity in the x-direction,

kwx = f (ua − uw), m/s,
kwy = hydraulic conductivity in y-direction, kwy =

f (ua − uw), m/s,
ua − uw = matric suction, kPa,

ua = pore-air pressure, kPa,

uw = pore-water pressure, kPa,
h = hydraulic head, m,

γw = unit weight of water, 9.81 kN/m3,
t = time, s, and

mw
2 = coefficient of water volume change (i.e., water

storage) with respect to matric suction, 1/kPa.

The coefficient of water volume change can be defined
in terms of the volume of water content per total volume
of soil:

mw
2 = d(Vw/V0)

d(ua − uw)
(1.2)

where:

Vw = volume of water and
V0 = total volume of soil element.

The PDEs for the flow of air through an unsaturated soil
can be written

ka

∂2ua

∂x2
+ ka

∂2ua

∂y2
+ ∂ka

∂x

(
∂ua

∂x

)
+ ∂ka

∂y

(
∂ua

∂y

)

= −
(

e

1 + e
Sa − uam

w
2

)
ωag

RTK

∂ua

∂t

(1.3)
where:

ka = hydraulic conductivity, m/s,
e = void ratio,

ωa = average molecular weight of air, 28.8 g/mol,
R = universal gas constant, 8.314 J/(mol·K)

TK = temperature, K, and
Sa = degree of air saturation, unitless.

The PDEs for heat flow through an unsaturated soil can
be written as

λx

∂2T

∂x2
+ ∂λx

∂x

∂T

∂x
+ λy

∂2T

∂y2
+ ∂λy

∂y

∂T

∂y

=
(

ζ + Lθ
∂θu

∂T

)
∂T

∂t

(1.4)

where:

λx, λy = thermal conductivity of soil in x- and y-
directions, respectively, J/(m sK),

T = temperature, ◦C,
ζ = volumetric specific heat of soil, J/(m3 K),
L = latent heat of fusion of water, 3.34 × 108,

J/m3,
θ = volumetric water content at initiation of freez-

ing, and
∂θu/∂T = change in unfrozen water content of soil with

temperature.
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The PDEs for a stress-deformation analysis can be writ-
ten as

∂

∂x

[
D11

∂u

∂x
+ D12

∂ν

∂y

]
+ ∂

∂y

[
D44

(
∂u

∂y
+ ∂ν

∂x

)]
= 0

(1.5)

∂

∂x

[
D44

(
∂u

∂y
+ ∂ν

∂x

)]
+ ∂

∂y

[
D12

∂u

∂x
+ D11

∂ν

∂y

]
+ γ = 0

(1.6)
where:

u = displacement in x-direction,
v = displacement in y-direction,

D11 = E (1− μ)/[(1 + μ)(1−2 μ)],
D12 = Eμ /[(1 + μ)(1−2 μ)],
D44 = E /[2(1 +μ)],

E = Young modulus, kPa,
μ = Poisson ratio, and
γ = total unit weight or body force acting in

y-direction (i.e., vertical), kN/m3.

If the computed stress states are optimized with respect
to failure conditions in the soil, the shape and location of
the critical slip can be determined. This is, in essence, a
slope stability analysis where the shape of the potential slip
surface is not prescribed. A similar type of analysis is also
possible for the calculation of bearing capacity and earth
pressures.

Stress-versus-deformation analyses become more chal-
lenging when the objective of the analysis is to compute
deformations. Predictions of deformation require accuracy
for the nonlinear constitutive soil properties. The stress-
deformation analysis needs to start with the calculation of
the initial stress states and pore-water pressures.

It is possible to simultaneously solve more than one par-
tial differential equation in a coupled or uncoupled manner.
Some studies have shown that uncoupled solutions yield sat-
isfactory results for most geotechnical engineering purposes
(Vu 2003). It is also possible to use the AGR approach
when solving two or more PDEs. In other words, there can
be independent optimized grid (or mesh) being used for the
solution of the seepage equation while a different mesh is
simultaneously being used for the stress analysis. The two
solvers (i.e., two meshes) are able to communicate with one
another as the overall solution moves toward convergence.

The above equations are simply meant to illustrate how the
classic areas of saturated-unsaturated soil mechanics can be
solved in a similar manner through the solution of a limited
number of PDEs.

1.6.5 Numerical Modeling of Saturated-Unsaturated
Soils

A series of example problems involving unsaturated soils are
presented to illustrate solutions that can be obtained through

the use of numerical modeling. Problems can involve the
solution of either a single PDE or more than one PDE in
an uncoupled or coupled manner. The examples are typ-
ical of problems encountered in geotechnical engineering.
Automatic, optimized mesh generation and grid refinement
techniques are used in solving each of the unsaturated soil
mechanics problems.

The saturated-unsaturated software programs from Soil-
Vision Systems were used for the solution of the example
problems in this book (M.D. Fredlund, 2005). The two-
and three-dimensional seepage problems were solved using
the software called SVFlux. The stress analysis and slope
stability example problem was solved using SVSolid and
SVSlope. The volume change problem involving expansive
soils was solved using SVSolid and SVFlux. The unsat-
urated soil properties were estimated using the SoilVision
database (M.D. Fredlund, 2003).

1.6.6 Example of Two-Dimensional Seepage Analysis

Figure 1.20a shows the final optimized mesh for the compu-
tation of steady-state saturated-unsaturated seepage through
a two-dimensional earthfill dam. Concentrations of finite
elements occur at locations where refinement of the mesh
is required to obtain an accurate solution (e.g., locations
of increased gradient). Figure 1.20b shows the computed
hydraulic heads for steady-state seepage through the earth-
fill dam. A parametric study showed that variations in the
permeability function for the shell of the dam had little effect
on the phreatic line and the equipotential lines. Solving
the entire saturated-unsaturated region removes the need to
make any assumption regarding the location of the phreatic
surface.

1.6.7 Finite Element Mesh for Three-Dimensional
Tailings Pond

The generation of an appropriate finite element mesh for
a three-dimensional problem is an extremely difficult task.
Even when a three-dimensional mesh can be generated, there
is no assurance that it will meet all the requirements for a
correct solution to the nonlinear partial differential seep-
age equation. Consequently, it is extremely important that
mathematically satisfied criteria be used in the automatically
generated and refined meshes that are part of the three-
dimensional solution.

Figure 1.21 illustrates the automatically generated mesh
for steady-state seepage through the waste pond. A total of
nine soil units were identified and permeability functions
were input for all soils near the ground surface. The solu-
tion to this problem also involved the use of time-dependent
flux boundary conditions that varied from one location to
another. Further details related to data input and the solution
of this problem can be found in Rykaart et al. (2001a). The
primary intent of this example is to illustrate the optimized
finite element mesh.
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Figure 1.21 Finite element mesh for three-dimensional seepage analysis of a tailings pond.

1.6.8 Example of Stress and Shear Strength
Applications

Slope stability analyses have conventionally been performed
using one of several possible methods of slices where the
normal stresses at the base of a slice are computed from
static equilibrium of the complete slice. Each method of
slices uses different assumptions and elements of statics to
render the solution determinate. Consequently, each method
computes a slightly different normal force at the base of each
slice. More recently it has been shown that the normal force
at the base of a slice can be computed from a stress analysis
that involves “switching-on” the gravity body force (Yam-
agami and Ueta, 1988; Pham and Fredlund, 2003). The total
unit weight of the soil is used in the analysis as the gravity
body force. Positive and negative pore-water pressures are
computed using an independent analysis.

The normal forces computed by “switching on” gravity
are quite similar to those computed using the methods of
slices, but the stress analysis approach provides some addi-
tional advantages (Pham and Fredlund, 2003). For example,
the stress analysis needs to be performed one time and the
nonlinearity associated with computing the normal forces
at the base of a slice is removed. It is possible to use an
optimization technique to determine the shape and loca-
tion of the critical slip surface once the stress states have

been computed. Pore-water pressure can be computed in
an uncoupled manner using a saturated-unsaturated seepage
analysis. Figure 1.22 shows the results of using a stress anal-
ysis on a slope to determine the location of the critical slip
surface. The location of the critical slip surface is part of
the “dynamic programming” technique.

Figure 1.23 shows the results of a comparative study
between the “dynamic programming” approach and a
conventional method-of-slices approach. Method-of-slices
results and dynamic programming results have been shown
to be quite similar (Pham et al., 2001). The computed fac-
tors of safety are slightly affected by the assumed Poisson’s
ratio for the soil. The dynamic programming technique has
advantages from a theoretical, computational, and practical
standpoint. The stress-deformation model utilized does not
appear to significantly affect the computation of in situ
stresses.

1.6.9 Example of Combined Stress, Seepage,
and Deformation Analysis

A common and relevant problem in unsaturated soil
mechanics involves the prediction of the rate and amount of
swelling that an expansive soil might experience under vari-
ous moisture flux boundary conditions. The rate and amount
of collapse that a collapsible soil might experience are also
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Figure 1.23 Comparison of factors of safety, Fs , computed using
dynamic programming and limit equilibrium methods of analyses.

of considerable interest in geotechnical engineering. These
problems bring together an unsaturated, transient seepage
analysis and an unsaturated soil stress-deformation analysis.
Saturated soils may also be a part of the overall analysis.
The seepage and stress-deformation analysis can be brought
together in either a coupled or an uncoupled manner (Vu
et al., 2002). The nonlinearity associated with the unsatu-
rated soil, stress-deformation analysis presents challenges in
solving this problem. The initial stress state and pore-water
pressures must be established prior to the start of the model-
ing process because of the nonlinearity in the soil properties.
The seepage analysis boundary condition for an uncoupled
analysis of a slab-on-ground problem are shown in Fig. 1.24.

The example problem involves a slab on ground subjected
to the influences of a moisture flux boundary condition (Vu
and Fredlund 2004, 2004). The expansive soil layer is 3 m
deep and has a swelling index of 0.15. The initial matric suc-
tion is assumed to be 400 kPa at the base of the expansive
soil layer. The swelling index Cs is converted to an equiva-
lent elasticity function for the unsaturated soil. The elasticity
function means that the incremental Young’s modulus for
the material is a function of the stress state. The analysis
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Figure 1.24 Seepage analysis boundary conditions for slab on
ground placed on expansive soil (after Vu and Fredlund, 2004).

becomes nonlinear with respect to both net total stress and
matric suction.

A permeability function must be specified for the swelling
soil and a moisture flux is designated at ground surface to
simulate either rainfall conditions or evaporation conditions
from the soil around the flexible slab. A transient analysis was
first run for the case of evaporation from the soil surrounding
the impervious surface slab. Matric suction values along the
ground surface are shown for elapsed times of 1, 3, and 5
days in Fig. 1.25. Matric suctions for the same elapsed times
along a vertical section below the edge of the impervious slab
are shown in Fig. 1.26. The above two figures provide an
indication of the change in matric suction along vertical and
horizontal directions from the edge of the slab. Numerous
other graphs could be plotted to depict changes in matric
suction with time at any location in the soil mass. Figure 1.27
shows the matric suction contours throughout the soil mass
after 3 days of evaporation from the soil surface.

Changes in matric suction can be combined in a cou-
pled or uncoupled manner with a stress-deformation analy-
sis. Figure 1.28 shows the vertical displacements along the
ground surface for 1, 3, and 5 days of evaporation from the
ground surface. Figure 1.29 shows the vertical displacements
along a vertical section below the edge of the impervious
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Figure 1.25 Matric suction values along ground surface after
elapsed times of 1, 3, and 5 days (after Vu and Fredlund, 2004).
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Figure 1.26 Matric suction values along vertical section below
edge of foundation slab after 1, 3, and 5 days (after Vu and Fred-
lund, 2004).



26 1 theory to practice of unsaturated soil mechanics

Flexible cover

Distance from center of cover or slab, m

D
ep

th
, m

0

1

2

3

0 3 6 9 12

225

200

200

175
150

250
-300

350 kPa

CL

Figure 1.27 Contours of matric suctions throughout expansive
soil mass after 3 days of moisture evaporation from ground surface
(after Vu and Fredlund, 2004).
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Figure 1.28 Vertical displacements along ground surface for 1,
3, and 5 days of evaporation to atmosphere (after Vu and Fredlund,
2004).
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Figure 1.29 Vertical displacements along vertical section below
edge of slab on ground after 1, 3, and 5 days of evaporation (after
Vu and Fredlund, 2004).

slab. The soil is shown to shrink away from the concrete
slab as evaporation takes place from the ground surface.

Similar plots to those presented above can be produced
for the case of infiltration of water at ground surface. The
boundary condition at the ground surface can be specified
in terms of a moisture flux or a specified head (or pressure)
condition. The microclimatic conditions at a specific site
could also be analyzed to provide realistic boundary condi-
tions for the site. There are a wide variety of unsaturated
expansive soils and collapsible soil problems that can be
studied as a result of combining a transient seepage analysis
with a nonlinear stress-deformation analysis.

1.7 ENGINEERING PROTOCOLS FOR
UNSATURATED SOILS

A natural and logical progression leading to the development
of suitable engineering design protocols should involve
(i) development of a fundamental science with suitable
constitutive laws to describe the material behavior of
concern, (ii) verification of suitable laboratory testing
procedures to measure appropriate soil properties, and (iii)
designation of design procedures (i.e., protocols) that should
be followed in engineering practice (Fredlund and Rahardjo,
1993a). While this is the preferred approach, it is not the
pattern for the development of protocols for unsaturated soil
problems. More commonly, solutions have been proposed
and then later the most appropriate engineering design
procedures emerge. To a large extent, this has been the
history associated with the design of “cover systems” that
became an engineered solution for many situations in the
1980s. The emergence of similar engineering protocols can
be observed for other application areas in unsaturated soil
mechanics.

A variety of estimation techniques have become an accept-
able part of engineering protocols when applying unsatu-
rated soil mechanics. The question can be asked, “Are all
estimation procedures for unsaturated soil property func-
tions, equally suitable for all engineering problems?” Or, the
question could be phrased, “Under what conditions should
various estimating and soil testing procedures be used?”
These are questions for which practicing engineers desire
answers in order to utilize sound engineering protocols with
confidence.

A lack of designated high-level engineering protocols
makes practicing engineers more vulnerable to litigation. It
is also difficult for engineers to insist on adopting high-level
engineering practices in all situations. Engineering protocols
can be used to provide guidance and recommendations
for sound engineering practices for the implementation
of unsaturated soil mechanics. There is need for general
guidelines related to the estimation of the SWCC, and to a
lesser extent to the USPF, since the SWCC is the basis for
estimating unsaturated soil property functions.

1.7.1 Definition of Engineering Protocol

When considering the practice of unsaturated soil mechan-
ics, the word “protocol” can be defined as “procedures and
practices acceptable for prudent unsaturated soils engineer-
ing practice.” The term protocol is commonly used in con-
nection with computing procedures (e.g., telecommunica-
tions protocols or Internet protocols) or standards for global
acceptance (e.g., the Kyoto Protocol). The definition has a
sense of flexibility and is meant to set a temporary standard
that could be changed with time. The term is meant to reflect
a generally accepted, high standard of engineering practice.

Engineering protocols for unsaturated soil applications
should provide general guidelines for the implementation of
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engineering procedures. These procedures should reflect the
research published in journals and at research conferences.
In other words, there needs to be a clear connection between
research and engineering practice without turning engi-
neering projects into research-type projects.

A complete engineering protocol needs to address all
aspects of engineering design ranging from the geometric
description of the problem to the assessment of suitable
soil properties and boundary conditions. The protocol
also needs to address the type of analysis that should be
performed when solving a particular problem. Protocols in
this book are mainly directed toward the determination of
suitable unsaturated soil properties (i.e., SWCC and USPF).

1.7.2 Categorization of Engineering Design Protocols

Engineering design protocols can generally be placed within
one of two primary categories: (i) preliminary design pro-
tocols and (ii) final design protocols, as shown in Fig. 1.30.
It could be reasoned that there might be other intermediate
protocol categories but there is benefit in keeping the cate-
gorization of design protocols as straightforward as possible.

1.7.3 Preliminary Design Protocols

Preliminary engineering design protocols should be as sim-
ple as possible while still taking advantage of the many pro-
cedures that have been proposed, tested, and verified in the
research literature. It is suggested that “preliminary design
protocols” utilize estimation procedures for the assessment
of SWCCs. There are a variety of estimation procedures that
have been proposed and some attributes of each procedure
are later discussed.

Implementation of unsaturated soil mechanics

Stage of design

Protocols for preliminary design Protocols for final design

Estimation of the SWCC from
soil classification properties  Measurement of the SWCC

Estimation of soil property
function USPF from SWCC

and saturated soil properties

Estimation of soil property
function USPF from SWCC

and saturated soil properties

Preliminary design Final design

Figure 1.30 Classification of engineering protocols when dealing
with unsaturated soil mechanics problems.

1.7.4 Final Design Protocols

It is suggested that “final design protocols” be based on
the measurement of SWCCs. In other words, representative
soil samples of the material involved in the field should be
tested in the laboratory under the range of soil suctions that
are anticipated to occur during the life of the structure. Only
in situations of extremely low risk it may not be necessary
to perform measurements of the SWCC.

It is the measurement or the estimation of the SWCC
that becomes the primary determining factor separating a
preliminary design protocol from a final design protocol.
Estimation procedures for the determination of unsaturated
soil property functions are later discussed but do not form
the basis for whether a “preliminary design” or a “final
design” is performed.

It is recommended that the most appropriate estimation
techniques be used for the assessment of the SWCC of var-
ious materials when undertaking a preliminary design. The
SWCC results should later be confirmed through laboratory
measurements for the final design. It may also be necessary
to confirm the performance of the design through in situ
monitoring of water content and/or matric suction during
the life of the structure.

1.7.5 Verification or Monitoring Category

There are engineering projects where verification through
field monitoring should be undertaken to ensure that the
engineered structure is performing in accordance with the
design. Verification through field monitoring is left as an
independent confirmation test on design rather than another
design category.

Field monitoring generally requires the measurement of
the same two variables that define the SWCC. In other
words, it will be necessary to measure in situ water content
and soil suction (i.e., matric suction). In measuring these
two variables in the field it is possible to confirm that the
in situ SWCCs are in reasonable agreement with the design
curves.

1.7.6 Other Factors Affecting Engineering Design
Protocol

The classification of soil type associated with a particular
engineering problem must be known to the engineer. The
saturated soil properties will also need to be measured or
estimated. The detail and reliability sought in assessing soil
properties depend upon a number of factors related to the
engineering project. If the soil classification is known, as
well as the saturated soil properties, it is always possible to
obtain an estimation of the unsaturated soil properties.

All unsaturated soil property functions can be estimated
from saturated soil properties and SWCCs. The SWCC can
also be estimated from the soil classification properties, in
particular, from the grain-size distribution curve. Conse-
quently, there is no reason for an engineer to say that he or
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she cannot take the unsaturated soil portion of the problem
into consideration in the analysis. A more relevant question
is, “How accurate must the SWCC be known for the prob-
lem at hand?” To answer this question, the engineer must be
aware of the factors that affect the assessment of the SWCC.

The risks associated with the engineering design need to
be taken into consideration. If the risks associated with a
hazard are low, an estimation of the SWCC and subsequent
unsaturated soil properties are justifiable. If the risks are
high, it is prudent to more accurately assess the SWCC (i.e.,
possibly the desorption and adsorption curves) and subse-
quent unsaturated soil properties.

Saturated-unsaturated soil problem analyses are generally
viewed as the solution of a PDE within the context of
a boundary value problem. As such, there will be a pri-
mary variable that is solved for in the PDE solution. In the
case of a water flow seepage analysis, the primary vari-
able is “hydraulic head” h . The hydraulic head variable
generally has a reduced sensitivity to the unsaturated soil
properties. Therefore, it is said that hydraulic heads can be
computed with reasonable accuracy because heads are quite
insensitive to the input unsaturated soil property functions.
Hydraulic heads are used as input to a slope stability analysis
and, as such, it is possible to perform meaningful saturated-
unsaturated seepage analyses and use the results in a slope
stability study. On the other hand, if the amount of water
flow (i.e., water flux) in a seepage analysis is of interest to
the engineer, then the saturated-unsaturated soil properties
play a prominent role. Water infiltration or moisture flux
is of primary importance in the design of “cover” systems
and as such the soil properties need to be determined with
greater accuracy.

The engineer must be aware that there are drying and
wetting branches associated with the SWCC. The drying
and wetting curves can be considerably different and this
phenomenon is referred to as “hysteresis.” It is necessary
to determine a suitable drying and wetting curve for engi-
neering problems where the variable of interest from the
modeling exercise is significantly dependent upon the unsat-
urated soil property functions. It is important when per-
forming numerical modeling to ensure that the appropriate
bounding curve is used for solving the engineering prob-
lem. The desorption and adsorption curves can be assumed
to have a similar shape (i.e., congruent) apart from a lat-
eral shift of the inflection point on the drying and wetting
curves.

1.7.7 Challenge for the Future

There are many challenges that still lie ahead before it can
be said that engineers clearly understand how best to apply
unsaturated soil mechanics in engineering practice. How-
ever, one challenge that is important to address is the need
to establish protocols for various geotechnical engineering
problems associated with unsaturated soil mechanics.

Reliance on past experience and empirical practices will
be followed by engineers when there are no distinct stan-
dards of practice or protocol for addressing various unsat-
urated soil problems. The end result will be a lower level
of engineering practice with difficulties being encountered
that will likely be settled through the litigation process. It
is the responsibility of those involved in geotechnical engi-
neering practice to clearly define methodologies or proto-
cols associated with prudent engineering practice for various
unsaturated soil problems.



CHAPTER 2

Nature and Phase Properties of Unsaturated Soil

2.1 INTRODUCTION

The relationship of one phase of a mixture to another phase
in terms of mass and volume is discussed under the topic of
“volume-mass” relations. Generally each phase of an unsatu-
rated soil is considered to remain chemically inert while the
proportions of each phase may change as a result of a “pro-
cess.” It is possible, however, for air to move in and out
of the liquid water phase. There are also situations where
phase changes occur while processes are underway. Cases
where there may be phase changes are briefly discussed in
this chapter. The effect of temperature on each phase is also
discussed in this chapter.

The classification properties (e.g., grain-size distribution
and Atterberg limits) take on increased significance when
dealing with unsaturated soils. The additional importance
of classification properties to unsaturated soil behavior is
discussed in this chapter.

The concept of “state variables” is briefly introduced;
however, an entire chapter is later devoted to a more
thorough presentation on this important topic. Numerous
approaches could be taken when developing the discipline
of unsaturated soil mechanics. The approaches could
range from an empirical approach based primarily on
experience to a particulate mechanics or quantum mechanics
approach. The approach used throughout this book can be
referred to as a macroscopic, phenomenological approach
to unsaturated soil behavior. In other words, the science is
developed around observable phenomena while adhering
to the principles of continuum mechanics. The continuum
mechanics approach starts with an understanding of the
state variables for the material under consideration. The
continuum mechanics approach has proven successful in
saturated soil mechanics and it would appear reasonable to
retain the same approach for unsaturated soil mechanics.
An attempt should be made to ensure there is a smooth
transition and consistency in rationale between saturated and
unsaturated behavior.

2.1.1 What Is an Unsaturated Soil?

An unsaturated soil is commonly defined as having three
phases: (1) solids, (2) water, and (3) air. It is, however, more
correct to recognize the existence of a fourth phase, namely,
the air-water interface or the contractile skin (Fredlund and
Morgenstern, 1977). The justification and need for a fourth
phase are discussed later in this chapter and the following
chapter on state variables.

The presence of even the smallest amount of free air ren-
ders a soil unsaturated. Even a small amount of air, likely
occurring as occluded air bubbles, renders the pore fluid
compressible. It is possible for a soil to remain essentially
saturated while the pore-water pressure becomes negative
relative to the air phase.

The zone immediately above the water table is referred to
as the capillary zone and is characterized as being essentially
saturated while having negative pore-water pressures. Soil in
the capillary zone is generally embraced within the context
of an unsaturated soil. It is the negative pore-water pressure
relative to the internal or external air pressure that qualifies
the soil as an unsaturated soil.

Generally it is a larger amount of air (i.e., about 15% air
by volume) that makes the air phase continuous throughout
the soil. The principles and concepts required to describe
the behavior of an unsaturated soil become necessary
as the pore-air and pore-water pressures begin to become
significantly different. Terzaghi (1943) clearly described the
important role of the air-water interface in understanding
unsaturated soil behavior (i.e., Chapters 14 and 15 of
Theoretical Soil Mechanics).

2.1.2 Unsaturated Soil as Four-Phase Mixture

An unsaturated soil can be viewed as a four-phase sys-
tem because of the unique role of the air-water interface
or the contractile skin on soil behavior. The contractile skin
acts like a thin membrane interwoven throughout the voids
of the soil, forming a fixed partition between the air and
water phases. Stress state changes in the contractile skin can
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cause an unsaturated soil to change water content, change
volume, and change shear strength. It is the contractile skin
that forms a barrier between air and water, determining the
ratio of the volume of air to the volume of water in the
voids (i.e., degree of saturation). It is particularly important
to view an unsaturated soil as a four-phase mixture when
considering the stress state of an unsaturated soil. Equilib-
rium stress equations can be written for each phase within
the context of multiphase continuum mechanics. The equi-
librium analysis reveals the stress state variables associated
with maintaining equilibrium conditions in the unsaturated
soil (see Chapter 3).

An unsaturated soil should be viewed as having two phases
that flow under the influence of a stress gradient (i.e., air
and water) and two phases that come to equilibrium under
the influence of a stress gradient (i.e., structural arrangement
of soil particles and the contractile skin forming a partition
between the fluid phases) (Fredlund and Rahardjo, 1993a).

The contractile skin has physical properties differing from
the contiguous air and water phases and interacts with the
soil structure to influence soil behavior. The contractile skin
can be considered as part of the water phase when consid-
ering changes in the volume-mass soil properties; however,
the contractile skin must be considered as an independent
phase when describing the stress state and phenomenological
behavior of an unsaturated soil.

Terzaghi (1943) emphasized the important role played by
surface tension property associated with the air-water inter-
face (i.e., contractile skin). The important role played by the
contractile skin can be demonstrated by simply observing the
shrinkage of an initially saturated ball of clay from which
water is allowed to evaporate. There may be essentially no
changes in the total stress state as water evaporates; how-
ever, the contractile skin can result in a significant overall
volume change of the soil mass. In other words, the con-
tractile skin acts like an elastic membrane pulling the soil
particles closer together as water is removed.

2.1.3 Distinctive Features of Contractile Skin

Numerous research studies on the nature of the contrac-
tile skin point toward its significant and independent role
in unsaturated soil mechanics (Wang and Fredlund, 2003).
Terzaghi (1943) suggested that the contractile skin might be
on the order of 10−6 mm in thickness. More recent studies
suggest that the thickness of the contractile skin is in the
order of 1.5 to 2 water molecules in diameter (i.e., 5 Å)
(Israelachvili, 1991; Townsend and Rice, 1991).

If the contractile skin is about 5 Å thick, then a lineal
surface tension value of 75 mN/m translates into a unit
stress in the order of 140,000 kPa (i.e., stress per unit area
or surface tension divided by the thickness of the contrac-
tile skin). Kyklema (2000) showed that the distribution of
water molecules across the contractile skin takes the form of
a hyperbolic tangent function as shown in Fig. 2.1. Proper-
ties of the contractile skin are different from the properties

Thickness of the
contractile skin

Liquid water density

Water vapor density

Hyperbolic tangent function
thickness:
1.5 – 2 water molecules
or about 5 Å 

0

Figure 2.1 Density distribution across air-water interface (con-
tractile skin) (after Kyklema, 2000).

of ordinary water and have a molecular structure similar to
that of ice (Derjaguin and Churaev, 1981; Mitsuhiro and
Kataoka, 1988).

The Young-Laplace and Kelvin equations describe funda-
mental behavioral aspects of the contractile skin, but both
equations have limitations. The Young-Laplace equation is
not able to explain why an air bubble can gradually dissolve
in water without any apparent difference between the air
pressure and the water pressure. The validity of the Kelvin
equation becomes suspect as the radius of curvature reduces
to the molecular scale (Adamson and Gast, 1997; Christen-
son, 1988).

Terzaghi (1943) recognized the limitations of the Kelvin
equation and stated that if the radius of a gas bubble
“approaches zero, the gas pressure—approaches infinity”.
However, within the range of molecular dimensions, “the
equation loses its validity.” Terzaghi (1943) recognized
the limitations associated with the Kelvin equation but
later researchers have attempted to incorporate the Kelvin
equation into formulations for the compressibility of
air-water mixtures to no avail (Schuurman, 1966). Details
pertaining to the behavior of the contractile skin are still not
fully understood, but the contractile skin is known to play an
important role in unsaturated soil behavior. Terzaghi (1943)
stated that surface tension “is valid regardless of the physical
causes.” He went on to say, “The views concerning the
molecular mechanism which produces the surface tension
are still controversial. Yet the existence of the surface film
was established during the last century beyond any doubt.”
The statements of Terzaghi in 1943 are still relevant today.

2.1.4 Terminology for Continuum Mechanics
Variables of State

The authors are reticent to introduce many new variables
and terms for the synthesis of a science for unsaturated
soil mechanics; however, the terminology associated with
saturated soil behavior has some limitations when consider-
ing unsaturated soil behavior. As a result, some universally
acceptable terms from continuum mechanics and thermody-
namics are introduced. Definitions for the following terms
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common to continuum mechanics and thermodynamics are
expressed in a succinct form:

State variables: Non–material variables required for the
characterization of a material system.

Stress state variables: Non–material variables required for
the characterization of stress equilibrium conditions.

Deformation state variables: Non–material variables
required for the characterization of deformation
conditions or deviations from an initial state.

Constitutive relations: Single-valued equations expressing
a mathematical relationship between state variables.

The International Dictionary of Physics and Electronics
(Michels, 1961) defines state variables as “a limited set of
dynamical variables of the system, such as pressure, tem-
perature, volume, etc., which are sufficient to describe or
specify the state of the system completely for the consider-
ations at hand.”

Fung (1965) describes the state of a system as that “infor-
mation required for a complete characterization of the sys-
tem for the purpose at hand.” Typical state variables for
an elastic body are given as those variables describing the
strain field, the stress field, and its geometry. The state vari-
ables must be independent of the physical properties of the
material system. Temperature is also a state variable. Tem-
perature is of particular importance for the consideration of
the behavior of unsaturated soils found near ground surface.

Constitutive relations, on the other hand, are single-valued
expressions or equations that relate one state variable to
one or more other state variables (Fung, 1977). As an
example, a stress-versus-strain relationship is a constitutive
relationship which describes the mechanical behavior of a
material. The material properties involved may be Young’s
elastic modulus and Poisson’s ratio. There are also many
complex constitutive models that have been proposed for
describing the behavior of both saturated and unsaturated
soils. Common to all constitutive equations is the fact that
selected state variables are linked to form a mathematical
equation.

The ideal gas law equation relates gas pressure and tem-
perature to density and is called a constitutive equation.
The density term defines the relationship between volume
and mass. The gas constant is the material property. Sim-
ple, idealized constitutive equations are well established for
nonviscous fluids, Newtonian viscous fluids, and perfectly
elastic solids (Fung, 1965).

Examples of constitutive relations for unsaturated soils
are equations relating stress state variables to deformation
state variables. Other examples of constitutive relations are
equations for shear strength (e.g., Mohr-Coulomb equation)
and pore pressure generation (i.e., pore-air and pore-water
pressure parameter equations). Soil-water characteristic
curve, SWCC, equations are also constitutive relationships.

Basic definitions from continuum mechanics clearly indi-
cate that the physical properties of a system belong to the

constitutive relationships of a system and are not to be part
of the description of stress state.

2.1.5 Designation of Stress State Variables

State variables should be defined within the context of con-
tinuum mechanics as variables that are independent of soil
properties. These variables are required for the characteriza-
tion of a system or a mixture of phases (Fung, 1965). The
theoretical basis for state variables lies within the funda-
mental conservative laws of physics. More specifically, the
stress state variables arise from the conservation of energy.

The stress state variables associated with an unsaturated
soil are related to equilibrium considerations (i.e., Newto-
nian summation of forces or conservation of momentum)
of a multiphase system (Fredlund and Morgenstern, 1977).
The stress state variables in the equilibrium equations can be
extracted to form one or more tensors (i.e., 3 × 3 matrices).
The stress state variables take on the form of tensors because
of the three-dimensional Cartesian coordinate system gener-
ally used for the formulation of engineering problems (i.e.,
our three-dimensional world).

The description of the state variables for an unsaturated
soil becomes the fundamental building block for developing
an applied engineering science. It is the ability to describe
soil behavior in terms of stress state variables that allows us
to refer to unsaturated soil mechanics as a science. The uni-
versal acceptance of unsaturated soil mechanics as a science
depends largely upon how well the stress state variables can
be defined, justified, and measured. The universal accep-
tance of the description of the stress state for an unsaturated
soil has unfortunately been slow. The end result has been
a slow emergence of a consistent theoretical framework for
unsaturated soil behavior.

2.1.6 Designation of Deformation State Variables

Deformation state variables must satisfy conditions pre-
scribed by the conservation of mass. Deformation state
variables allow the movement of various phases of a
multiphase system to be described. Stated another way,
deformation state variables describe the mapping of relative
movements for each phase of a multiphase system.

Deformation state variables associated with the fluid
phases describe relative changes in volume or amount of
fluid in a soil element. It is necessary to independently
define both shear and normal types of strain or deformation
in the case of a solid particulate system constituting the soil
structure. The term “deformation state variables” is used
in this book to embrace both strain- and deformation-type
variables.

A referential type of soil element has been most com-
monly used in saturated soil mechanics and is suitable for
developing theories in unsaturated soil mechanics. A refer-
ential element is linked to a fixed number of soil particles.
Deformation state variables should ensure that conservation
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of mass is maintained. Conservation of mass can also be
written in terms of a volumetric requirement that must be
maintained for a referential element.

2.1.7 Typical Profiles of Unsaturated Soils

Climatic conditions in an area constitute one of the main
factors causing a soil deposit to be unsaturated. Unsaturated
soils or soils with negative pore-water pressures can occur in
essentially any geological deposit. An unsaturated soil can
be a residual soil, a lacustrine deposit, a bedrock formation,
or any other soil or rock type. However, there are certain
geological soil categories that are commonly found to have
negative pore-water pressures. A few examples will illustrate
some of the features common to these deposits.

2.1.7.1 Tropical Residual Soil Profile

Tropical residual soils possess unique characteristics related
to their composition and the environment under which they
have been formed. Most distinctive is the microstructure
which changes in a gradational manner with depth (Vargas,
1985; Brand, 1985). The in situ water content of residual
soils is generally greater than its optimum water content for
compaction. The density, plasticity index, and compressibil-
ity of residual soils are likely to be less than the correspond-
ing values for temperate zone soils with comparable liquid
limits. The strength and permeability of residual soils are
likely to be greater than those of temperate zone soils with
comparable liquid limits (Mitchell and Sitar, 1982).

Behavioral concepts in classical soil mechanics have
mainly emerged in regions where the climate is temperate.
Geotechnical engineers have often encountered difficulties
in modeling residual soil behavior in a reasonable manner.
Engineers are now recognizing that negative in situ pore-
water pressures play an important role in understanding the
behavior of residual soils. Much of the unusual behavior
of residual soils is related to the suction changes imposed
during laboratory testing (Fredlund and Rahardjo, 1985).

A typical deep, tropical weathering profile is shown in
Fig. 2.2 (Little, 1969). Boundaries between layers and
changes with depth are generally not clearly defined.
Numerous systems of classification for residual soils have
been proposed based mainly on the degree of weathering
and engineering properties (Deere and Patton, 1971; Tuncer
and Lohnes, 1977; Brand, 1982).

Zones of completely weathered or highly weathered rock
that contain particulate soil but retain the original rock struc-
ture are termed saprolite. Once the deposit has essentially
no resemblance to the parent rock, it is termed a lateritic or
residual soil. Figure 2.3 shows the profile and soil proper-
ties for a porous saprolite soil from basalt in Brazil (Vargas,
1985). The region has a hot, humid summer and a mild,
dry winter climate with an annual rainfall of less than 1500
mm. The structure is highly porous and in some cases may
be unstable, resulting in collapse upon saturation. The soil

Figure 2.2 Schematic diagram showing typical tropical residual
soil profile (after Little, 1969).

deposits are often unsaturated and the in situ pore-water
pressures are negative.

2.1.7.2 Expansive Soil Profile

Expansive soil deposits commonly occur as lacustrine
deposits or as bedrock shale deposits. In general, expansive
soils have high plasticity (i.e., high liquid limit) and
are relatively stiff or dense as a result of compression
or desiccation. The above description is typical but not
exclusive. The expansive nature of the soil is most obvious
near ground surface where the profile is subjected to
seasonal, environmental changes. The pore-water pressure
may be initially negative and the deposit may be unsaturated.
These soils often have montmorillonite clay minerals as
part of the clay size particles. Monovalent cations absorbed
to the clay mineral (e.g., sodium) can render the soil
highly expansive. Expansive soil deposits and their related
engineering problems have been reported and studied in
many countries.

Extensive areas of western Canada are covered by
preglacial, lacustrine clay sediments that are expansive
in nature. Regina, Saskatchewan, is located in a semiarid
climate where the annual precipitation is approximately
350 mm. A typical soil profile is shown in Fig. 2.4
(Fredlund, 1973a). The average liquid limit of the soil is
75% and the average plastic limit is 25%. The shrinkage
limit is typically 15%. The lacustrine clay is classified as
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Figure 2.3 Porous saprolite soil from basalt near Londrina, Brazil (after Vargas, 1985).

Figure 2.4 Profile of expansive soils from Regina, Canada (from Fredlund, 1973a).



34 2 nature and phase properties of unsaturated soil

a calcium montmorillonite. Buildings founded on shallow
footings have been known to experience 50–150 mm of
movement in the years subsequent to construction.

The above soil profile is typical of conditions which are
found in many parts of the world. In each case, the natural
water contents are relatively low and the pore-water pres-
sures are highly negative. Throughout each season, and from
season to season, the soil expands and contracts in response
to changes in the net moisture flux at ground surface. It is the
climatic and human-imposed surface flux conditions at the
ground surface that strongly affect the potential expansion
and contraction of the underlying soil.

2.2 SOIL CLASSIFICATION

There are two laboratory tests that are routinely used in the
classification of soils: the grain-size distribution curve and
the Atterberg limits. These tests are performed on recon-
stituted soil samples. However, when unsaturated soils are
involved, the classification tests take on additional signifi-
cance and meaning.

The grain-size distribution curve provides information on
the distribution of the solid particles or the percentage of
each particle size. The distribution of the solid particles
bears a relationship to the distribution of pore sizes or void
spaces. Information on the pore-size distribution can be used
for the estimation of the water content–soil suction relation-
ship for the soil (i.e., SWCC). Consequently, the grain-size
distribution becomes of increased value for understanding
unsaturated soil behavior.

There are three plasticity characteristics of a soil which
are referred to as Atterberg limits: liquid limit, plastic limit,
and shrinkage limit. Independent of the shrinkage limit is
the “shrinkage curve,” which is measured by allowing soil
to dry while measurements are made of the volume and mass
of the specimen. These measurements allow the calculation
of void ratio (or specific volume) and water content as the
soil dries.

Some key characteristics of unsaturated soil behavior can
be visualized along the shrinkage curve. The shrinkage curve
provides an indication of the air-entry value of the soil as
well as residual moisture conditions. The shrinkage curve is
generally measured on an initially slurry soil, but it is also
possible to measure the shrinkage curve starting at unsatu-
rated initial conditions.

Both of the commonly performed soil classification tests
provide information on the unsaturated soil behavior of a
soil and are further discussed in the following sections.

2.2.1 Grain-Size Distribution Curves

The grain-size distribution curve provides information on
the distribution of the sizes of the solid particles in a soil
and can be used to introduce concepts related to unsaturated
soil behavior (M.D. Fredlund, 2000). It is the distribution

of the voids (i.e., the inverse of the distribution of the solid
particles) that forms the basis for numerous estimations tech-
niques that have been proposed for estimating the SWCC for
an unsaturated soil (M.D. Fredlund et al., 1997a).

Information from the grain-size distribution curve has
been used for the estimation of the SWCC of a soil,
as shown in Fig. 2.5. The grain-size distribution curve
provides an indication of the air-entry value and the rate of
desaturation of the soil. These estimation procedures are
referred to as pedo-transfer functions. Details pertaining to
several pedo-transfer estimation techniques for the SWCC
are presented later in Chapter 5.

2.2.2 Equation for Grain-Size Distribution Curve

A mathematical equation to represent the entire range of
measured grain-size particles provides a basis for further
analyses. A grain-size distribution equation provides a flexi-
ble means of searching databases for similar soils. The grain-
size equation provides a continuous mathematical function
that can be used for estimating the SWCC. Most grain-size
distribution curves have a unimodal distribution of particle
sizes while other soils have a bimodal distribution of parti-
cle sizes. Both types of distributions can be described by a
mathematical equation.

Gardner (1956) used a two-parameter, lognormal distri-
bution to fit grain-size distribution data. The two-parameter
fit of the grain-size distribution was performed using a geo-
metric mean parameter, xg , and a geometric standard devi-
ation, σg . The method of fitting lognormal equations to the
grain-size distribution has some limitations in engineering
practice. Hagen et al., (1987) presented a computerized, iter-
ative procedure that required two sieve sizes to determine
the parameters for a standard, two-parameter lognormal dis-
tribution. The lognormal distribution, however, often fails to
provide a close fit of the actual grain-size distribution near
the extremities of the curve (Gardner, 1956; Hagen et al.,
1987). Wagner and Ding (1994) later attempted to improve
upon the log normal equation through use of three and four
lognormal parameters.

Campbell (1985) presented a classification diagram based
on the assumption that the particle-size distribution was
approximately lognormal. The particle-size distribution was
approximated using a Gaussian distribution function. Any
combination of sand, silt, and clay could be represented by
a geometric (or log) mean particle diameter and a geometric
standard deviation. A modified U.S. Department of Agricul-
ture (USDA) textural classification chart was suggested by
Shirizi and Boersma (1984).

The use of a lognormal-type equation has a limitation in
that the grain-size distribution is assumed to be symmetric.
However, grain-size distribution curves are often nonsym-
metric and can be better fit using other forms of equations.
A method is required to more accurately represent soils that
are bimodal or gap graded.
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Figure 2.5 Comparison between experimental and predicted SWCCs for sand (from M.D.
Fredlund, 2000). (a) Grain-size distribution curve for sand. (b) Measured and predicted SWCC
for sand.

There are three general categories of grain-size distribu-
tions (Holtz and Kovacs, 1981): well-graded soils, uniform
soils, and gap-graded soils. Well-graded and uniform soils are
unimodal in character while gap-graded soils are bimodal.

2.2.2.1 Unimodal Equation for Grain-Size Distribution

Grain-size distribution curves have shapes that appear to be
similar to SWCCs when plotted using a semilog scale. The
similarity in shape is anticipated since the SWCC provides
a representation of the void distribution in a soil while the
grain-size distribution curve represents the distribution of
the solid particles. The solid particles plus the voids add
up to the total soil volume. It would be anticipated that
the distribution of the soil particles (i.e., represented by the
grain-size distribution) would bear an inverse relationship
to the distribution of voids (i.e., represented by the SWCC)
(M.D. Fredlund, 2000).

There are several empirical equations that have been pro-
posed to represent the SWCC. Fredlund and Xing (1994)

proposed a four-parameter equation that provided a reason-
able fit over the entire soil suction range. The similarity in
shape between the SWCC and the grain-size distribution curve
suggests that the SWCC equation (Fredlund and Xing, 1994)
could be used to describe the grain-size distribution curve.

The Fredlund and Xing (1994) equation allows for inde-
pendent control of the shape of the lower end of the grain-
size distribution curve (i.e., the fine particle size range). The
reversed grain-size distribution scale requires that the original
Fredlund and Xing (1994) SWCC equation be modified as

Pp(d) = 1{
ln

[
exp(1) +

(
agr

d

)ngr
]}mgr

×
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1 −

⎡
⎢⎢⎣

ln

(
1 + dr

d

)

ln

(
1 + dr
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)
⎤
⎥⎥⎦

7
⎫⎪⎪⎪⎬
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(2.1)
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where:

Pp(d) = percentage by mass of particles passing a par-
ticular particle size,

agr = parameter designating the inflection point on the
grain-size distribution curve and is related to the
initial breaking point near the coarse particle
sizes,

ngr = parameter related to the steepest slope on the
grain-size distribution curve (i.e., uniformity of
the particle size distribution),

mgr = parameter related to the shape of the grain-size
curve as it approaches the fine-grained region,

dr = parameter related to the particle size in the fine-
grained region and is referred to as the residual
particle size,

d = diameter of any particle size under considera-
tion, and

dm = diameter of the minimum allowable size particle
(e.g., 0.0001 mm).

Equation 2.1 is unimodal in character and can be used to
fit a wide variety of soils. A quasi-Newton fitting algorithm
can be used to best fit three fitting parameters for a soil
(M.D. Fredlund, 2000). The best-fit particle size distribution
function can be plotted along with the grain-size distribution
data as shown in Fig. 2.6a. The unimodal sigmoidal equation
provides an excellent fit of the grain-size data.

The particle-size distribution equation provides informa-
tion on the amount and distribution of particle sizes. Differ-
entiation of the particle size distribution curve produces a
particle-size probability density function (PDF) (M.D. Fred-
lund, 2000). The differentiated form of the unimodal grain-
size distribution equation is called the arithmetic PDF and
is shown in Eq. 2.2 and Fig. 2.6b:

dPp

dd
= 1{

ln

[
exp(1) +

(
agr

d

)ngr
]}mgr

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1−

⎡
⎢⎢⎣

ln

(
1 + dr

d

)

ln

(
1 + dr

dm

)
⎤
⎥⎥⎦

7
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

× mgr

(
agr

d

)ngr

× ngr

d

{[
exp(1)+

(
agr

d

)ngr
]

ln

[
exp(1)+

(
agr

d

)ngr
]}

+ 7{
ln

[
exp(1) +

(
agr

d

)ngr
]}mgr

ln

(
1 + dr

d

)6

ln

(
1 + dr

dm

)7

× dr[
d2

(
1 + dr

d

)] (2.2)

where:

dPp

dd
= arithmetic slope of the grain-size distribution

curve in units equal to the inverse of particle
size.

The arithmetic particle-size distribution exaggerates the
clay portion of the particle distribution curve and does not
appear to provide meaningful information for engineering
purposes. It is more meaningful to represent the PDF on a
logarithmic scale rather than as an arithmetic PDF. Differ-
entiating the grain-size distribution equation on a logarithm
scale produces a PDF that is more meaningful, as shown in
the equation,

p1(d) = dPp

d log(d)
= dpp

dd
ln(10)d (2.3)

where:

p1(d) = logarithmic PDF

The peak value in Eq. 2.3 represents the most frequent
particle size. The probability of the logarithmic PDF can be
calculated according to

probability (d1 < d < d2) =
x=log(d2)∫

x=log(d1)

p1(x)dx (2.4)

Figure 2.6c shows the logarithmic PDF for clayey silt.
The unimodal equation fit for silt sand is shown in Fig. 2.7
along with the logarithmic PDF.

The unimodal equation (i.e., Eq. 2.1) shows characteristics
that are similar to the Fredlund and Xing (1994) equation for
the SWCC (Fig. 2.8). The agr parameter is related to the initial
break in the grain-size distribution equation (in the coarse
particle size region) and represents the inflection point on the
curve. Its effect on the grain-size distribution curve can be seen
in Fig. 2.8, where agr is varied from 0.1 to 10 while the other
equation parameters are held constant. The agr parameter is
related to the largest particle sizes in the soil sample.

Figure 2.9 shows how the parameter ngr influences the
slope of the grain-size distribution. The point of maximum
slope along the grain-size distribution curve (i.e., through
the inflection point) provides an indication of the dominant
particle size in the soil (i.e., on a logarithm scale). Figure 2.9
shows the effect of varying ngr from 1 to 4.

The parameter mgr influences the break onto the finer par-
ticle size region of the soil sample. The effect of varying the
mgr parameter from 0.3 to 0.9 can be seen in Fig. 2.10. The
parameter dr affects the shape along the finer particle size
portion of the curve, but its influence on the curve is quite
minimal, as shown in Fig. 2.11. The dr variable can be man-
ually adjusted to improve the fit of the curve to the data when
using a best-fit regression analysis. It has been observed that
a value of 0.001 mm for dr can provide a reasonable fit for
most soils.

2.2.2.2 Bimodal Equation for Grain-Size Distribution

The unimodal grain-size distribution equation (i.e., Eq. 2.1),
does not provide a satisfactory fit when soils are gap-graded
as shown in Fig. 2.12. In this case it is necessary to use a
bimodal equation when performing the best-fit regression
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Figure 2.6 Grain-size distribution data with unimodal fit for clayey silt (from M.D. Fredlund
et al., 2000a). (a) Best fit of grain-size distribution data for clayey silt. (b) Arithmetic probability
density function. (c) Logarithmic probability density function.
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Figure 2.7 Grain-size distribution data fit with unimodal equation for silty sand along with
logarithmic PDF (from M.D. Fredlund et al., 2000).
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Figure 2.8 Effect of varying agr parameter on grain-size distribution curve (from M.D. Fredlund
et al., 2000).
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Figure 2.9 Effect of varying ngr parameter while holding other parameters constant; agr = 1.0,
mgr = 0.5, dr,gr = 1000, and dm = 0.001 (from M.D. Fredlund et al., 2000).
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Figure 2.10 Effect of varying mgr parameter while holding other parameters constant; agr = 1.0,
ngr = 4.0, dr,gr = 1000, and dm = 0.001 (from M.D. Fredlund et al., 2000).
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Figure 2.11 Effect of varying dr,gr parameter on grain-size distribution curve while holding
other parameters constant; agr = 1.0, ngr = 4.0, mgr = 0.5, and dm = 0.001 (from M.D. Fredlund
et al., 2000).
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Figure 2.12 Fitting of gap-graded soil with unimodal and bimodal grain-size distribution
equation (from M.D. Fredlund et al., 2000).
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analysis. The characteristic shape of a bimodal or gap-
graded soil is the double hump observed from experimental
data. The hump indicates that the particle-size distributions
are concentrated around two separate particle sizes. A
gap-graded soil can be viewed as a combination of two or
more soils (Durner, 1994). The gap-graded soil can be best
fit by “stacking” two (or more) unimodal equations:
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(2.5)

where:

Pp(d) = percentage by mass of particles passing a par-
ticular size,

k = number of “subsystems” for the total particle-
size distribution, and

wi = weighting factors for each of the subcurves
adhering to the condition; 0 < wi < 1 and∑

wi = 1.

For a bimodal curve, k = 2 and the number of parame-
ters to be determined is 4k + (k − 1) (i.e., 9). A unimodal
equation is used as the basis for the prediction of the bimodal
equation. The final bimodal curve equation in its extended
form can be written as

Pp(d) =
{

w

[
1{

ln[exp(1) + (abi/d)nb ]
}mb

]
+ (1 − w)

×
[

1{
ln[exp(1) + (jbi/d)kbi ]

}lbi

]}

×
[

1 −
(

ln(1 + dr/d)

ln(1 + dr/dm)

)7
]

(2.6)

where:
abi = parameter related to the first breaking point along

the coarse-grained portion of the grain-size distri-
bution curve,

nbi = parameter related to the first steep slope along the
coarse-grained part of the grain-size distribution
curve,

mbi = parameter related to the first portion of the grain-
size distribution curve,

jbi = parameter related to the second breaking point of
the curve,

kbi = parameter related to the second steep slope along
the curve,

lbi = parameter related to the second shape along the
curve, and

dr = parameter related to the particle size in the fines
region, referred to as the residual particle size.

A total of nine parameters must be computed when fitting
the bimodal equation to experimental data (i.e., stacking uni-
modal curves). Seven parameters can be determined using
a nonlinear least-squares fitting algorithm while two param-
eters can be fixed, namely, dr and dm. The superposition
method provides a robust method of fitting bimodal data sets.

The bimodal grain-size distribution curve equation has
been found to closely fit essentially any data set. If the data
set tends to be unimodal in character, it is better to best fit
the data using the unimodal grain-size equation. Figure 2.13
shows a bimodal fit for clayey silt sand along with its log-
arithmic PDF.

2.2.2.3 Application of Grain-Size Distribution Function

A mathematical equation for grain-size distribution data is
of considerable value in geotechnical engineering. First, the
unimodal and bimodal grain-size equations provide a con-
tinuous mathematical function for the grain-size distribution
curve. Second, grain-size distributions can be identified by
equations that are best fit to the experimental data. The grain-
size information can be stored in a database and used for iden-
tification purposes. Third, grain-size distribution equations
provide a consistent method for determining physical indices
such as percent clay, percent sand, percent silt, and particle
diameter variables such as d10, d20, d30, d50, and d60.

Grain-size distribution curves have also been used for esti-
mating SWCCs (Gupta and Larson, 1979a; Arya and Paris,
1981; Haverkamp and Parlange, 1986; Ranjitkar and Sunder,
1989; M.D. Fredlund et al., 2000a). An accurate represen-
tation of the grain-size distribution curve forms a reliable
basis for the estimation of the SWCC (i.e., pedo-transfer
estimation functions).

The percentages of each range of particle sizes can be cal-
culated from the grain-size distribution equation. The grain-
size distribution equations are in the form of percent passing
a particular particle size, Pp(d), where d is particle diameter
(mm). The percent clay, percent silt, and percent sand can
be read directly from the curve by designating appropriate
particle diameters. The input diameters used depend upon the
criteria associated with the various soil classification systems.
For example, the USDA classification designates clay-sized
particles as being less than 0.002 mm. Silt-sized particles
are in the range between 0.002 and 0.05 mm and sand-sized
particles are between 0.05 and 2.0 mm. The Unified Soil
Classification System (USCS) uses a boundary of 0.005 mm
for the start of clay size particles. Silt-sized particles are
between 0.005 and 0.075 mm, and sand-sized particles are
between 0.075 and 4.75 mm. The divisions can be deter-
mined for any classification method by substituting the appro-
priate particle sizes into the grain-size equation as shown
in Fig. 2.14.

Diameter variables can also be read from the grain-size
distribution curve equation in an inverse manner. Particle-
size diameters answer to the question “What particle diame-
ter has 10 percent of the total mass smaller than this size?” A
“half-length” algorithm can be used to read diameters from
the grain-size distribution equation as shown in Fig. 2.15.
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Figure 2.13 Fitting gap-graded clayey silt sand with bimodal equation along with its logarithmic
PDF (from M.D. Fredlund et al., 2000).
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Figure 2.14 Determination of soil-size fractions (i.e., % clay, % silt, and % sand) according to
USCS (from M.D. Fredlund et al., 2000).
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et al., 2000).
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2.2.3 Atterberg Limits

The shrinkage curve associated with an initially slurry soil
provides information on the consistency of the soil in terms
of gravimetric water content. The shrinkage curve starts near
the liquid state, passes through the plastic state, and into the
semisolid state and the solid state as the soil is allowed to
dry. The soil passes through the various states in response to
an increase in soil suction caused by the drying of the soil.
It is useful to understand the shrinkage curve in response
to changes in the stress state (i.e., soil suction or negative
pore-water pressures) (Fig. 2.16).

A clay soil gradually increases in shear strength as it is
dried from initial water contents above the liquid limit. The
shear strength becomes approximately 1.7 kPa at the liquid
limit of the soil (Aitkinson, 2007). Wood (1990) suggested
that the average effective stress in the soil was about 8 kPa
at the liquid limit. The matric suction continues to increase
as the water content decreases as a result of evaporation.

Most soils start to desaturate as the water content
approaches the plastic limit of the soil. The shear strength
at the plastic limit is estimated to be around 170 kPa
(Atkinson, 2007). In other words, there is approximately a
two-order-of-magnitude increase in undrained shear strength
between the liquid limit and the plastic limit of a clayey
soil (Wood and Wroth, 1978; Budhu, 2010). As the water
content of a clayey soil decreases below the plastic limit,
the volume of the soil decreases at a reduced rate while

the shear strength increases substantially. Eventually there
is no further volume change as the soil reaches its limit of
shrinkage. Further drying reduces the water content of the
soil to zero under essentially constant-volume conditions. At
the point of zero water content the soil suction approaches
about 1,000,000 kPa.

There are also zones along the shrinkage curve that bear a
relationship to zones along the SWCC for an initially slurry
soil. The SWCC allows engineers to view soil behavior from
the standpoint of stress state changes.

2.2.4 Shrinkage Curve Equation

The “shrinkage curve” for a soil is distinct from the “shrink-
age limit” of a soil. The shrinkage limit is the water content
corresponding to all voids being filled with water when the
soil has been dried to zero water content (and minimum
void ratio) without any external loading applied. In other
words, the shrinkage limit represents the maximum amount
of water that could be injected into a completely dried soil
without allowing any volume change. The shrinkage limit
has received limited application in routine geotechnical engi-
neering practice while the shrinkage curve is now proving
to be of considerable value in constructing the volume-mass
constitutive relationships for unsaturated soils. Historically,
the volume of a drying soil was measured using the mercury
immersion technique. This procedure is now discouraged
for health safety reasons. A series of caliper readings of
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Figure 2.16 Relationship of Atterberg limits to shrinkage curve for initially slurry highly plastic
clay (data points generated).
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diameter and soil specimen thickness has been shown to
provide satisfactory accuracy for the volume of small dry-
ing specimens (Ho, 1988; D.G. Fredlund et al., 2011). The
shrinkage curve provides an important visual link between
changes in the consistency of a soil and the stress state in
the soil.

The shrinkage curve can be measured for a soil that is either
initially in a slurry state or in some other unsaturated soil
state (e.g., compacted soil). The water content and void ratio
of the soil are measured as the soil is gradually dried to zero
water content. A mathematical representation of the shrink-
age curve provides a relationship between volume and mass
on the constitutive surfaces in response to an increase in soil
suction. The shrinkage curve is part of constitutive behavior
for an unsaturated soil and can be used in conjunction with a
SWCC to determine the relationship between volume change
(i.e., void ratio or specific volume), and soil suction.

Shrinkage curves can be represented as either the specific
volume versus water content or void ratio versus water con-
tent (Haines, 1923). A typical shrinkage curve is shown in
Fig. 2.17. Particle-size distribution and stress history are the
primary factors controlling shrinkage behavior. There are
three main initial states from which soil shrinkage can be
measured: (i) undisturbed samples from the field, (ii) com-
pacted soil specimens, and (iii) slurry specimens prepared
near the liquid limit.

Drying of a saturated soil (e.g., starting at point A) fol-
lows the saturation line until air begins to enter the largest
soil voids at point B (Fig. 2.17). Point B is an indication
of the air-entry value (AEV) of an initially slurry soil. As
the soil continues to dry, it reaches a minimum void ratio
beyond which there is no further volume change. When the
water content of the soil reaches zero, the soil suction has
increased to 1,000,000 kPa (i.e., point D).
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Figure 2.17 Drying phenomenon showing relationship between
air-entry value and shrinkage limit of a soil (after Marinho, 1994).
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The water content at the intersection between the min-
imum void ratio and the saturation line is defined as the
“shrinkage limit” (Fig. 2.18). A somewhat different shrink-
age pattern is observed when soils are dried from degrees of
saturation less than 100% (Fig. 2.19). Point A in Fig. 2.19 is
a hypothetical starting point for drying a soil that is initially
unsaturated. If the soil maintains a constant ratio of air to
water in the voids as the soil dries, a constant degree of sat-
uration line will be followed that is less than 100%. The line
will pass through point B . If the volume of air remains con-
stant during the drying process (i.e., passing through point
C ), the degree of saturation decreases and move toward zero
degree of saturation (point D).

2.2.4.1 Mathematical Representation of Shrinkage
Curve

Figure 2.20 shows a collection of shrinkage curves for soils
of differing plasticity and different initial states, namely,
(i) undisturbed, (ii) compacted near the plastic limit, or (iii)
slurry near the liquid limit. A hyperbolic mathematical form
captures the shape of the shrinkage curves. The following
equation was proposed by M.D. Fredlund et al. (2002a) for
the shrinkage curve:

e(w) = ash

[
wcsh

b
csh
sh

+ 1

]1/csh

(2.7)
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Figure 2.19 Volume-mass shrinkage curve for initially unsatu-
rated soil specimen (from M.D. Fredlund et al., 2002a).

where:

ash = minimum void ratio, emin,
bsh = slope of the line of tangency,
csh = curvature of the shrinkage curve,

ash/bsh = Gs/S = constant for a specific soil, and
w = gravimetric water content.

A least-squares fitting algorithm can be used to fit the
shrinkage curve equation to various data sets. A typical fit of
the data for an initially saturated soil is shown in Fig. 2.21.
The proposed shrinkage curve equation can describe a wide
variety of shrinkage curves. The effects of soil structure and
initial degree of saturation can be accommodated through

soil parameters which have physical meaning. The shrinkage
curve equation is meant for the simulation of the drying of
a soil.

The ash parameter represents the minimum void ratio cor-
responding to the shrinkage limit of the soil. The relationship
between void ratio and gravimetric water content is linear if
the degree of saturation, S , remains constant during shrink-
age. The slope of the relationship between void ratio and
water content is related to the initial volume-mass proper-
ties. The slope of the line tangent to the initial portion of
the shrinkage curve is equal to ash/bsh. The effect of varying
the ash parameter can be seen in Fig. 2.22:

ash

bsh
= Gs

S
(2.8)

The influence of changing the bsh parameter is shown in
Fig. 2.23. The bsh parameter is equal to the slope of the degree
of saturation line on the shrinkage plot. Equation 2.8 shows
that once the minimum void ratio of a soil is known, the bsh
parameter can be calculated for a specific degree of saturation.

The csh equation parameter controls the rate of curvature
of the shrinkage curve as the soil begins to desaturate, as
shown in Fig. 2.24. The parameter, csh varies somewhat
depending on the soil type and the initial state of the soil.

2.2.4.2 Estimation of Shrinkage Curve

The volume change of a soil specimen is commonly not
measured when performing a laboratory test for the SWCC.
The basic experimental data from a SWCC test generally
consists of gravimetric water content versus soil suction. The
shrinkage curve can be used in conjunction with the SWCC
equation to compute the void ratio–soil suction relationship.

The ratio between the ash and bsh shrinkage curve equation
parameters is fixed by the initial degree of saturation S and the
specific gravity Gs . There are two additional parameters to
determine: ash and csh. Values for the curvature of the shrink-
age curve, csh, can be estimated based on regression analyses
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properties (from M.D. Fredlund, 2002a).
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Figure 2.21 Best fit of shrinkage curve data for London clay; fitting parameters: ash = 0.47,
bsh = 0.176, csh = 10.56 (data from Croney and Coleman, 1953).
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Figure 2.22 Effect of varying ash parameter on shrinkage curve equation (from M.D. Fredlund
et al., 2002a).
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Figure 2.24 Effect of varying csh parameter on shrinkage curve equation (from M.D. Fredlund
et al., 2002a).

of published test results (M.D. Fredlund et al., 2002a). The
average value for the csh parameter for undisturbed soil speci-
mens was 9.57 with a standard deviation of ±9.3. The average
value for the csh parameter for initially slurry soil specimens
was 25.3 with a standard deviation of ±25.4. The average
value for the csh parameter for compacted soil specimens
was 8.47 with a standard deviation of ±3.6.

Approximate values for the minimum void ratio or ash
equation parameter have been presented by Holtz and
Kovacs (1981) and are shown in Fig. 2.25. The data allow
the shrinkage limit to be estimated and converted to an
equivalent void ratio when the plastic limit of the soil is
known. Data in Fig. 2.25 provide a means of estimating
the ash shrinkage curve parameter.

The estimation procedure described provides an approxi-
mate shape for the shrinkage curve. However, it is preferable
to measure the entire shrinkage curve in the laboratory. The
largest variation in the shrinkage curve occurs as a result
of estimating the minimum void ratio, ash, of the soil. It is
relatively easy to measure the minimum void ratio of a soil

experimentally. The csh parameter provides the general cur-
vature for the shrinkage curve. The variation in the shrinkage
curve produced by varying the csh parameter is quite mini-
mal and as such it is possible to obtain an estimate of the
shrinkage curve.

2.2.4.3 Calculation of Void Ratio versus Soil Suction

The SWCC describes the relationship between the water
content of a soil and soil suction. The volume change occur-
ring when drying a clayey soil can be substantial and is
relevant to the interpretation of SWCC data. Figure 2.26
shows SWCC data for highly plastic Black clay (Dagg et al.,
1967). It is possible to determine the void ratio–soil suction
relationship when the volume changes are known during the
drying process (i.e., from the shrinkage curve). The volume
changes can be estimated through the use of the shrink-
age curve. The shrinkage curve for the Black clay is shown
in Fig. 2.27. Figure 2.28 shows the void ratio–soil suction
constitutive relationship computed from the SWCC and the
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Figure 2.26 Experimental SWCC data for Black clay (data from Dagg et al., 1967).
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Figure 2.27 Experimental shrinkage curve data for Black clay; ash = 0.386, bsh = 0.14, csh =
5.04 (data from Dagg et al., 1967).
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shrinkage curve. The void ratio–soil suction represents the
limiting boundary condition associated with the void ratio
constitutive surface.

The degree of saturation versus soil suction can also be
plotted through use of the basic volume-mass relationship
(i.e., S = wGs/e). The degree-of-saturation plot versus soil
suction provides the best measure of the air-entry value for
the soil. Consequently, the degree-of-saturation curve ver-
sus soil suction becomes an important relationship for the
estimation of other unsaturated soil property functions.

2.3 PHASE PROPERTIES

A portion of a mixture qualifies as an independent phase
if it has the following characteristics: (1) differing proper-
ties from the contiguous materials and (2) definite bounding
surfaces. These two conditions must be met in order for a
portion of a multiphase system to qualify as an independent
phase. It is easy to understand how a saturated soil con-
sists of two phases (i.e., soil solids and water). It is also
quite understandable that the air becomes another indepen-
dent phase when the soil becomes unsaturated. Each of these
phases (i.e., soil solids, water, and air) clearly meets the
requirements for designation as a phase.

It is also possible for a phase to change “state,” as is the
case when water freezes or vaporizes. Ice then becomes an
independent phase from that of the water when analyzing
engineering problems. Water can also exist in vapor form
and, as such, water can exist in all three states in an unsat-
urated soil.

Some special properties and interactions associated with
the interfaces between two phases are also discussed in this
chapter. The phase diagram (Fig. 2.29) shows the mass and
volume quantities associated with each phase of an unsat-
urated soil. The thickness of the contractile skin is in the
order of only a few molecular layers. Therefore, the physi-
cal subdivision of the contractile skin is unnecessary when
establishing volume-mass relations for an unsaturated soil.
The contractile skin is considered as part of the water phase
without producing significant error.

An unsaturated soil is a mixture of several phases. It is
important to establish the number of phases comprising the
soil since it has an influence on how the stress state of
the mixture is defined. It is important to first understand
the properties of each phase of an unsaturated soil. On the
basis of the definition of a phase, it is proposed that an
unsaturated soil actually consists of four phases rather than
the commonly referred to three phases. It is postulated that
the air-water interface (i.e., contractile skin) can legitimately
be referred to as a fourth phase in an unsaturated soil.

An unsaturated soil is a multiphase system comprising
(1) soil solids (particles), (2) water, (3) air, and (4) contrac-
tile skin. The contractile skin plays an important role from
the standpoint of stress state considerations. However, when
considering volume-mass relations for an unsaturated soil,

Figure 2.29 Phase diagram for unsaturated soil.

it is not necessary to separate the water in the contractile
skin from the remaining water mass (and volume). In other
words, an unsaturated soil can be considered to be a three-
phase system with respect to volume-mass properties but
needs to be considered as a four-phase system with respect
to stress state conditions (Fig. 2.30).

2.3.1 Solid Phase

There are several basic material properties that can be
defined for each phase. A few typical values are also
presented for each of the properties. Some of the main
material properties are (i) density (and specific volume)
and (ii) thermal properties.

2.3.1.1 Density of Solids

Density and specific volume are used to define the
volume-mass relationship property of each phase. Density,
ρ is defined as the ratio of mass to volume. Each phase
of a soil mixture has a specific density. The density of a
solid can also be referenced to the density of water to give

Figure 2.30 Element of unsaturated soil with continuous air
phase.
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Table 2.1 Specific Gravity of Several Minerals

Mineral Specific Gravity, Gs

Quartz 2.65
K feldspars 2.54–2.57
Na-Ca feldspars 2.62–2.76
Calcite 2.72
Dolomite 2.85
Muscovite 2.7–3.1
Biotite 2.8–3.2
Chlorite 2.6–2.9
Pyrophyllite 2.84
Serpentine 2.2–2.7
Kaolinite 2.61a; 2.64±0.02
Halloysite (2H2O) 2.55
Illite 2.84a; 2.60–2.86
Montmorillonite 2.74a; 2.75–2.78
Attapulgite 2.30

Source: From Lambe and Whitman, 1979.
aCalculated from crystal structure.

the specific gravity of the solid phase. Specific volume v0
is generally defined as the inverse of density; therefore,
specific volume is the ratio of volume to mass.

The density of the soil particles, ρs , is defined as

ρs = Ms

Vs

(2.9)

where:

Ms = mass of solids and
Vs = volume of solids.

The specific gravity of the soil particles is defined as the
ratio of the density of the soil particles to the density of water
at a temperature of 4◦C under standard pressure conditions
(i.e., 101.3 kPa). In the International System of Units (SI),
the specific gravity is referred to as the relative density of
the soil particles:

Gs = ρs

ρw
(2.10)

The density of water at 4◦C and 101.3 kPa is 1000 kg/m3.
Some typical values of specific gravity Gs for soil solids are
presented in Table 2.1.

2.3.1.2 Thermal Properties of Solids

There are two thermal properties that are of primary interest in
geotechnical engineering: specific heat capacity and thermal
conductivity. There are also phase change properties that need

to be taken into consideration when there is a phase change
as temperature is changed. Rocks and minerals exist only in
the solid phase for most geotechnical engineering problems.

Specific heat capacity Cs is defined as the quantity of heat
required to raise the temperature of a unit mass of material
by one degree Kelvin. The SI units for specific heat capacity
are kilojoules per kilogram per degree Kelvin (kJ/kg K). An
average value for the specific heat capacity for rocks and
minerals is 0.85 kJ/kg K. Specific heat capacity values for
a series of rocks and minerals are presented in Table 2.2
(Tarnawski and Wagner, 1991).

Thermal conductivity λs is defined as the ability of the
material to transmit heat through conduction. The SI units
for thermal conductivity are Watts per meter per degree
Kelvin (W/m/ K). Typical values for the thermal conductiv-
ity of various rocks and minerals are presented in Table 2.2.
The thermal conductivity can be seen to vary from about 1
to 7 for most materials with hematite showing a value of
about 11.3 W/m K.

2.3.2 Water Phase

The water phase plays an important role in the behavior
of soils. There are several physical properties that are of
particular interest when dealing with soils. Water may exist

Table 2.2 Specific Gravity and Thermal Properties
of Solid Minerals

Minerals Specific Heat Thermal
and Capacity, Cs Conductivity, Specific
Rocks (kJ/kg K) λs (W/m K) Gravity, Gs

Quartz 0.698 7.69 2.65
Calcite 0.793 3.57 2.71
Dolomite 0.930 5.50 2.86
Orthoclase 0.610 2.31 2.58
Muscovite — 2.32 2.85
Biotite — 1.17 2.98
Chlorite — 5.14 2.64
Talc 0.870 6.10 2.82
Hematite 0.610 11.28 5.14
Granite 0.880–1.382 1.65–2.83 2.60–2.65
Gneiss 0.766–0.871 2.58–2.94 2.70–2.73
Marble 0.750 2.79–2.89 2.60–2.69
Limestone 0.825–0.950 1.70–2.68 2.41–2.67
Sandstone 0.762–1.072 2.18–5.10 2.35–2.97
Slate 0.779 1.89–2.59 2.70–2.76
Organics 1.923 0.25 1.30

Source: From Tarnawski and Wagner, 1991.
Note: The thermal properties of solids, water, and air can be
combined to provide typical thermal properties for various
soil types and mixtures.
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in one of three states (i.e., liquid, solid, and vapor), and its
properties are a function of temperature and pressure.

2.3.2.1 Density of Water

The density of water, ρw, is defined as

ρw = Mw

Vw
(2.11)

Water is essentially a homogeneous substance the world
over, except for variations produced by salts and isotopes of
hydrogen and oxygen (Dorsey, 1940). Distilled water under
the pressure of its saturated vapor is called pure, saturated
water. The density of pure, saturated water can be measured
experimentally. Figure 2.31 shows the density of pure water
under various applied pressures and temperatures.

The variation in the density of water due to tempera-
ture differences is more significant than its variation due
to applied pressure for geotechnical engineering problems.
McCutcheon et al. (1993) proposed an empirical equation
for the density of water with respect to changes in tempera-
ture. The closed-form equation proposed for the density of
pure water as a function of temperature is as follows:

ρw = 1000

[
1 − (T + 288.9414)(T − 3.9863)2

508929.2(T + 68.12963)

]
(2.12)

where:

ρw = density of water, kg/m3, and
T = temperature, ◦C.

The density of water under isothermal conditions is com-
monly taken as 1000 kg/m3 for most geotechnical engineer-
ing problems. Table 2.3 shows more precise densities of
water over a range of temperatures.

Table 2.3 Density of Water at Various Temperatures

Temperature (◦C) Density (kg/m3)

+100 958.4
+80 971.8
+60 983.2
+40 992.2
+30 995.65
+25 997.05
+20 998.21
+15 999.10
+10 999.70
+4 999.97
0 999.84

−10 998.12
−20 993.55
−30 983.85

Source: From Lide, 1990.

2.3.2.2 Salt-Water Mixture

The density of salty water increases from that of pure water.
Either the mass or the volume of water needs to change in
order for the density of a mixture of pure water and salt to
change. The density of pure water is about 1000 kg/m3 and
common salt (NaCl) has a considerably higher density of
2160 kg/m3.

Let us suppose that a 1000-mL flask is filled to the 1000-
mL mark with distilled water at 23oC. Now let us add 30 g
NaCl. The weight of the flask plus its contents will obvi-
ously increase by 30 g, but it is interesting to observe what
will happen to the volume of water plus the salts. It might
come as a surprise to discover that there is a reduction in
overall volume of about 0.66%. The density of the salt-water
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mixture is increased for two reasons: (i) the density of salt
is greater than the density of water and (ii) the addition of
salt causes a decrease in overall volume. This phenomenon
is possible because of the dipolar nature of water and the
slight changes in molecular arrangement and bonding that
occur when salts are added to water.

McCutcheon et al. (1993) proposed an empirical equation
for the density of water when salts are added in varying
concentrations. The density of water when temperature and
salt concentration, s , are varied can be written as

ρws = ρw + As + Bs1.5 + Cs2 (2.13)

where:

ρws = density of water containing salts, kg/m3,
s = salt concentration, g/kg,
A = 0.824493 − 0.0040899T + 7.6438 × 10−5T 2

−8.2467 × 10−7T 3 + 5.3675 × 10−9T 4

B = −0.005724 + 1.0227 × 10−4T − 1.6546 ×
10−6T 2,

C = 0.00048314, and
T = temperature, ◦C.

Figure 2.32 shows a graph of water density versus temper-
ature for salt concentrations varying from zero to 100 g/kg.

The results show that (i) the relative effect of a tempera-
ture change from 40 to 10◦ Celsius is comparable to a salt
concentration change from zero to 10 g/kg and (ii) water
density changes are relatively small until the salt concentra-
tion exceeds 10 g/kg.

2.3.2.3 Thermal Properties of Water

Water can exist in three phases in a soil; namely, liquid
phase, solid phase and vapor phase. Each phase has its own
thermal properties of specific heat capacity and thermal con-
ductivity. Typical values of specific heat capacity for water
are 4.19 kJ/kg K for the liquid phase, 2.11 kJ/kg K for the
solid phase (i.e., ice), and 1.97 kJ/kg K for the vapor phase.
The specific heat of water, Cw, is a function of temperature
and typical values are presented in Table 2.4. The thermal
conductivity of water, λw, also depends on temperature and
typical values are presented in Table 2.4.

The change from the liquid phase to the solid phase occurs
at 0◦C in the absence of soil particles. The phase change
from the liquid to the vapor phase occurs at 100◦C at a
pressure state of 1 atm. The latent heat of melting is 334
kJ/kg when there is a phase change from a solid to a liquid.
The latent heat of evaporation is 2270 kJ/kg when there
is a phase change from liquid to the vapor phase. Water
also has a thermal expansion coefficient of 0.042 when the
temperature range is between 4 and 100◦C.
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Table 2.4 Thermal Properties of Water at Various
Temperatures ....

Specific Heat Thermal
Capacity, Conductivity,

Temperature (◦C) Cw(kJ/kg K)a λw(W/m K)b

5 4.204
10 4.193 0.582
15 4.186
20 4.183 0.560
25 4.181 0.608
30 4.179 0.615
35 4.178
40 4.179 0.629
50 4.182 0.640
60 4.185 0.651
70 4.191 0.659
80 4.198 0.667
90 4.208 0.673

100 4.219 0.677

aThe Engineering ToolBox, www.EngineeringToolBox.com
Water–Thermal Properties.
bData from Sengers and Watson, 1986.

2.3.2.4 Viscosity of Water

All fluids resist a change of form or the action of shearing,
and this property is called viscosity. The absolute (dynamic)
viscosity, ν, of a fluid is defined as the resistance of the
fluid to shearing force applied by sliding one plate over
another with the fluid placed in between. Absolute viscosity
depends on pressure and temperature. However, the influ-
ence of pressure is negligible for the range of pressures
commonly encountered in civil engineering applications.

The viscosity of water under atmospheric pressure condi-
tions (i.e., 101.3 kPa) and at various temperatures is given
in Table 2.5. The viscosity of liquids is shown to decrease
with an increase in temperature.

2.3.2.5 Cavitation of Water

The cavitation point of a liquid is generally assumed to be
equal to the absolute vapor pressure of the liquid under
consideration. If the vapor pressure of water at a particu-
lar temperature is 4.0 kPa and the absolute air pressure is
101.3 kPa, then cavitation should occur at −101.3 + 4.0
or −97.3 kPa on the gauge pressure scale. This is the vac-
uum pressure under which the water should start to vaporize
(Pearsall, 1972).

The above example suggests that water will cavitate and
commence boiling once the tension in the water approaches
the absolute vapor pressure. However, water in a soil is
known to be able to sustain pore-water pressures (i.e.,

Table 2.5 Viscosity of Water at 101.3 kPa

Absolute (Dynamic)
Temperature (◦C) Viscosity, ν (×10−3 N · s/m2)

5 1.519
10 1.310
20 1.009
30 0.800
40 0.654
50 0.548

Source: Modified from Tuma, 1976.

tensions) that are much more negative (Young, 1989).
It has also been possible to produce conditions in the
laboratory where water can be shown to sustain tensions
of more than 10 atm (Ridley and Burland, 1993; Guan and
Fredlund, 1997a). The water used in the laboratory must
first be conditioned through a pressurization process where
the cavitation nuclei in the water have been collapsed.

Water can sustain high tensile stresses and this phe-
nomenon would at first appear to be in conflict with our
fundamental understanding of the behavior of water. The
topic of water cavitation warrants closer examination. It is
important to understand the conditions under which water
can sustain a high tensile stress. The topic of cavitation is
of particular interest in geotechnical engineering since it has
been possible to produce suction sensors that can provide
a direct measurement of relatively high soil suctions (i.e.,
500 – 1500 kPa). Direct, high-suction-measuring devices
take advantage of the high tensile strength associated with
“conditioned” or pressurized water (Ridley and Burland,
1993; Guan and Fredlund, 1997b).

Cavitation is the creation of a new cavity or the expansion
of a preexisting cavity in a liquid (Young, 1989). The cavity
may commence in the form of a bubble suspended in the
liquid or it may be trapped in tiny cracks along the boundary
between a liquid and a solid. The bubbles may contain gases
or water vapor. If the bubble contains water vapor, then
reducing the pressure at a constant temperature results in
an “explosive” vaporization called cavitation. If the bubble
expands as a result of an increase in temperature the process
is known as boiling.

Young (1989) described four ways by which bubble
growth can be induced: (1) gaseous cavitation can occur as
a result of pressure reduction or an increase in temperature,
(2) vaporous cavitation can occur when a vapor-filled
bubble is subjected to pressure reduction, (3) degassing
can occur when gas comes out of a bubble through the
process of diffusion, and (4) boiling can occur when there
is sufficient temperature rise.

Boiling and cavitation may be initiated either from a
macroscopic bubble or a microscopic bubble. If the gas or
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vapor bubbles are collapsed, the fluid (water) is said to no
longer have any cavitation nuclei. It is estimated that water
can withstand tensions of 500,000 – 1,000,000 kPa in the
absence of cavitation nuclei (Harvey et al., 1947). Plesset
(1969) suggested that the tensile strength of water without
cavitation nuclei could be in excess of 1,000,000 kPa.
The primary process for collapsing the cavitation nuclei in
water has been pressurization.

The cavitation nuclei in water can be collapsed through
a pressurization process; however, it must be realized that
the water is not in a stable state. The water has crossed the
boundary from a stable liquid state into the vapor state without
changing phase. In other words, the water is in a metastable
state (Apfel, 1970). It is simply a matter of time and surround-
ing conditions until nucleation will produce vapor cavities
within the boundaries of the liquid (Trevena, 1987). Even
though it has not been possible to produce a suction sensor
containing water in a stable state (over a long time period),
there has still been significant success in producing direct,
high-suction sensors for laboratory usage through use of the
pressurization procedure. Further information is provided on
direct, high-suction sensors in Chapter 4.

2.3.3 Air Phase

The air phase has physical properties that vary significantly
with temperature and pressure.

2.3.3.1 Density of Air

The density of air, ρa , can be expressed as

ρa = Ma

Va

(2.14)

The specific volume of air, νao, is given as

vao = Va

Ma

(2.15)

Air behaves as a mixture of several gases (Table 2.6) and
also varying amounts of water vapor.

The mixture of gases is called dry air when no water vapor
is present and moist air when water vapor is present. It is
important to note that water vapor behaves as a gas and not
as small liquid drops of water. Dry and moist air can be
considered to behave as an ideal gas under pressures and
temperatures commonly encountered in geotechnical engi-
neering. The ideal gas law can be written as

ūaVa = Ma

ωa

RTK (2.16)

where:

ūa = absolute air pressure where the overbar indicates
absolute pressure (i.e., ūa = ua + ūatm) kN/m2 or
kPa,

ua = gauge air pressure, kN/m2 or kPa,

Table 2.6 Composition of Dry Air

Molecular Mass
(Basis of Natural

Percentage Density Scale, O = 16)
by Volume (kg/m3) (kg/kmol)

Nitrogen (N2) 78.08 1.25055 28.016
Oxygen (O2) 20.95 1.42904 32.000
Other gases 0.97
Air 100.0 1.2929 28.966

aUnder standard conditions (i.e., 101.3 kPa and 0◦C) with
no water vapor.

ūatm = atmospheric pressure (i.e., 101.3 kPa or 1 atm),
Va = volume of air, m3,
Ma = mass of air, kg,
ωa = molecular mass of air, kg/kmol,
R = universal (molar) gas constant [i.e., 8.31432

J/(mol K)],
TK = absolute temperature (i.e., TK = T + 273.16), K,

and
T = temperature, ◦C.

The right-hand side of Eq. 2.16 [i.e., (Ma/ωa)RTK ] is a
constant for a gas in a closed system with constant mass
and temperature. Under closed-system conditions, Eq. 2.16
can be written as Boyle’s law:

ūa1Va1 = ūa2Va2 (2.17)

where:

ūa1 = absolute air pressure at condition 1,
Va1

= volume of air (m3) at condition 1,
ūa2 = absolute air pressure at condition 2, and
Va2

= volume of air (m3) at condition 2.

Rearranging the ideal gas equation (i.e., Eq. 2.17) gives

Ma

Va

= ωa

RTK

ūa (2.18)

Substituting Eq. 2.14 into Eq. 2.18 gives an equation for
the density of air:

ρa = ωa

RTK

ūa (2.19)

The molecular mass of air, ωa, depends on the composi-
tion of the mixture of dry air and water vapor. Dry air has
a molecular mass of 28.966 kg/kmol (Table 2.6), and the
molecular mass of the water vapor (H2O) is 18.016 kg/kmol.
The composition of air, namely, nitrogen (N2) and oxygen
(O2), is essentially constant in the atmosphere. The carbon
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dioxide (CO2) content in air may vary depending on envi-
ronmental conditions such as the rate of consumption of
fossil fuels.

The constituent of air that can vary most is water vapor.
The volumetric percentage of water vapor in air can range
from as little as 0.000002% to as high as 4–5% (Harrison,
1965). The molecular mass of air is affected by the change in
each constituent. Consequently, the molecular mass affects
the density of air.

2.3.3.2 Properties of Water Vapor in Air

The concentration of water vapor in the air is commonly
expressed in terms of relative humidity:

RH = hr = uv(100)

uvo
(2.20)

where:

RH = relative humidity, hr = %,
uv = partial pressure of water vapor in the air, kPa, and

uvo = saturation pressure of water vapor at the same tem-
perature, kPa.

Table 2.7 shows values of air density for different absolute
air pressures and temperatures. The numbers in the top por-
tion of Table 2.7 are computed for air with a relative humidity
of 50% and 0.04% carbon dioxide by volume. For air having
a relative humidity other than 50%, a correction should be
applied as shown in the bottom portion of Table 2.7. The
correction for relative humidity is small, but it should be
noted that the density of air decreases as the relative humidity
increases. This indicates that moist air is lighter than dry air.

There are other variables used for defining the amount of
water vapor in an air mixture. The variables take the form
of a mass ratio or a mass-volume ratio. Some variables bear
a relationship to the partial pressure of water vapor.

Humidity ratio, mixing ratio, or moisture content, MRi , is
defined as the ratio of the mass of water vapor, Mw, to the
mass of dry air, Md , at a given pressure:

MRi = Mw

Md

(2.21)

The moisture content of air is a common measure used on
psychrometric charts. The moisture content of air can also
be expressed in terms of the partial pressure of water and
atmospheric air pressure:

MRi = δ

[
uv

ūa − uv

]
(2.22)

where:

δ = 0.62197 or the ratio of specific gas constants (i.e.,
water vapor to dry air),

uv = partial pressure of water vapor, and
ūa = absolute atmospheric pressure of moist air.

Table 2.7 Density of Air at Different Absolute
Pressures, Temperatures, and Relative Humidity

Density of Air, ρa(kg/m3)

Absolute Air Pressure,
ūa(kPa) 10◦C 20◦C 30◦C

80 0.982 0.946 0.910
85 1.043 1.005 0.968
90 1.105 1.065 1.025
95 1.167 1.124 1.083

100 1.228 1.184 1.140
101 1.240 1.196 1.152
105 1.290 1.243 1.198

Density Adjustments for Humidity (kg/m3)

Relative Humidity,
RH (%) 10◦C 20◦C

20 +0.003 +0.006
30 +0.002 +0.004
40 +0.001 +0.002
50 0 0
60 −0.001 −0.002
70 −0.002 −0.004
80 −0.003 −0.006

Source: From Kaye and Laby, 1973.

Specific humidity, SH, is defined as the ratio of the mass of
water vapor, Mw, to the mass of moist air (i.e., Ma + Mw):

SH = Mw

Ma + Mw
(2.23)

Specific humidity, SH, is related to the moisture content
of air and can be written as

SH = MRi

1 + MRi

(2.24)

Substituting Eq. 2.21 into Eq. 2.24 gives

SH = δ(
ūa − uv

)
/uv + δ

(2.25)

Absolute humidity, AH, is defined as the mass of water
vapor, Mw, in a particular volume of air, Va:

AH = Mw

Va

(2.26)
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The most common units for absolute humidity are grams
per cubic meter with values ranging from 0 to 30 g of water
per cubic meter of air. Absolute humidity changes as air
pressure changes.

2.3.3.3 Calculation of Saturated Vapor Pressure

Saturated vapor pressure becomes the reference for water
vapor gradients. Saturated vapor pressures are a function
of temperature and can be calculated using one of several
empirical equations such as those presented by Tetens (1930)
and Lowe (1977). The Tetens (1930) equation for saturation
vapor pressure as a function of temperature is as follows:

uair
vo = 0.6108 exp

[
17.27T

T + 237.7

]
(2.27)

where:

uair
vo = saturated vapor pressure, kPa, and
T = air temperature, ◦C.

The Lowe (1977) equation for saturated vapor pressure as
a function of temperature is as follows:

uair
vo = a0 + a1T + a2T

2 + a3T
3 + a4T

4 + a5T
5 (2.28)

where:

uair
vo = saturated vapor pressure, kPa,
T = air temperature, oC
a0 = 0.6183580754,
a1 = 0.0411427320,
a2 = 0.0017217473,
a3 = 0.0000174108,
a4 = 0.0000003985, and
a5 = 0.0000000022.

The saturation vapor pressures calculated by the above
equations are shown in Fig. 2.33. Relative humidity changes

nonlinearly with temperature. Changes in relative humid-
ity may occur because the saturated water vapor pressure
increases with temperature. Temperature generally increases
toward noon each day and the relative humidity goes down.

2.3.3.4 Calculation of Relative Humidity from Dew
Point

Relative humidity of an air-water mixture can be calculated
if the actual air temperature T and the dew-point temperature
td are known. A number of equations have been proposed
to perform the conversion between dew point and relative
humidity.

There is a simple approximation that allows the calcula-
tion of relative humidity hr based on the dew-point temper-
ature td and the dry bulb temperature T in degrees Celcius.
The equation is as follows:

hr = 100 − 5
(
T − td

)
(2.29)

The equation is reasonably accurate as long as the relative
humidity is above 50%. The equation states that the relative
humidity changes by 5% for every 1◦C difference in temper-
ature between the dew point and the dry bulb temperature,
starting at 100% relative humidity.

The August-Roche-Magnus equation was developed for
the calculation of dew point when the specific relative humid-
ity and dry bulb temperature are known. This equation pro-
duces results that are essentially the same as those computed
using the Tetens (1930) equation.

The August-Roche-Magnus equation can be rearranged
and solved for relative humidity when the dew-point tem-
perature is known. The August-Roche-Magnus equation is
considered valid under the following conditions:

0◦C < T < 60◦C

1% < hr < 100%

0◦C < td < 50◦C
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Figure 2.33 Curve of saturation vapor pressure versus temperature.
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The August-Roche-Magnus equation for the calculation
of dew point can be written as

td =
b
[
aT / (b + T ) + ln

(
hr
/
100

)]
a −

[
aT / (b + T ) + ln

(
hr
/
100

)] (2.30)

where:

a = 17.271 and
b = 237.7◦C.

Rearranging Eq. 2.30 and solving for relative humidity hr

give

hr = 100 exp

[
ab

(
td − T

)
(b + T )

(
td + b

)
]

(2.31)

where:

hr = relative humidity, %,
T = dry bulb temperature, ◦C,
td = dew-point temperature, ◦C, and

a , b = constants with values equal to those shown above.

The Bosen (1958) equation was also developed for the
approximation of dew-point temperature when relative
humidity and dry bulb temperature are known. The Bosen
(1958) equation for the calculation of dew point is as follows:

td = (a + 0.9T ) h0.125
r − a + 0.1T (2.32)

where:

a = 112 when temperature is measured, ◦C.

The Bosen (1958) equation can be rearranged such that
the relative humidity is computed when the dew-point tem-
perature and the dry bulb temperature are known:

hr = 100

[
td − 0.1T + 112

112 + 0.9T

]8

(2.33)

where:

T = dry bulb temperature, ◦C,
td = dew-point temperature, ◦C, and
hr = relative humidity, %.

Table 2.8 contains calculated relative humidity values for
typical values for dry bulb temperature and dew-point temper-
ature. The results show that the proposed simplified equation
provides reasonable estimates of the relative humidity as long
as the computed values are higher than 50%. The August-
Roche-Magnus equation and the Bosen equation result in sim-
ilar values for the computed relative humidity throughout
the entire range of temperatures. Either the August-Roche-
Magnusequationor theBosenequationcanbeused tocompute
relative humidity from dew-point temperature measurements.

2.3.3.5 Thermal Properties of Air

The specific heat of air, Ca , is a function of temperature
and typical values are presented in Table 2.9. The thermal
conductivity of air, λa , is also a function of temperature and
typical values for λa are presented in Table 2.9.

Table 2.8 Comparisons of Computed Relative Humidity Values

Relative Humidity, hr

Dry Bulb Dew-Point Simplified August-Roche- Bosen
Temperature (◦C) Temperature (◦C) Equation Magnus Equation Equation

25.0 24.5 97.5 97.06 97.06
25.0 24.0 95.0 94.20 94.20
25.0 22.0 85.0 83.48 83.49
25.0 20.0 75.0 73.84 73.85
25.0 18.0 65.0 65.19 65.21
25.0 16.0 55.0 57.44 57.46
25.0 12.0 35.0 44.33 44.34
25.0 10.0 25.0 38.82 38.83
25.0 6.0 5.0 29.57 29.57
20.0 19.0 95.0 93.98 94.01
20.0 16.0 80.0 77.79 77.88
20.0 12.0 60.0 60.03 60.16
20.0 10.0 50.0 52.56 52.71
20.0 6.0 30.0 40.04 40.19



2.3 phase properties 57

Table 2.9 Thermal Properties of Air at Various
Temperatures .......

Specific Heat
Temperature, Capacity, Thermal Conductivity,

T (◦C) Ca (kJ/kg K) λa (W/m K)

−50 1.005 0.0204
0 1.005 0.0243

20 1.005 0.0257
40 1.005 0.0271
60 1.009 0.0285
80 1.009 0.0299

100 1.009 0.0314

Source: www.vaisala.com.

2.3.3.6 Viscosity of Air

The viscosity of air at atmospheric pressure (i.e., 101.3 kPa)
and different temperatures is given in Table 2.10.

Figure 2.34 shows a comparison of the absolute viscosities
of air, water, and other materials at different temperatures.
The viscosity of air increases as the temperature increases.

2.3.4 Air-Water Interface or Contractile Skin

The most distinctive property of the contractile skin is its abil-
ity to exert a tensile pull. It behaves as if it is an elastic mem-
brane under tension interwoven throughout the soil structure.

Table 2.10 Viscosity of Air at 101.3 kPa

Absolute (dynamic)
Temperature (◦C) Viscosity, ν(×10−5 N · s/m2)

−10 1.667
0 1.705

10 1.761
20 1.785
30 1.864
40 1.909

Source: Modified from Tuma, 1976.

Most properties of the contractile skin appear to be different
from those of the contiguous water phase (Davies and Rideal,
1963). For example, the density of water in the contractile skin
is reduced, its heat conductance is increased, and its birefrin-
gence data (i.e., a measure of the water structure) are similar
to those of ice. The transition from liquid water to the con-
tractile skin appears to be distinct and jumpwise according to
Derjaguin (1965). It is interesting to note that insects such as
the “water spider” are able to walk on top of the contractile
skin, while insects such as the “backswimmer” are able to
walk on the bottom of the contractile skin (Milne and Milne,
1978). The water strider would sink into the water were it not
for the contractile skin, whereas the backswimmer would pop
out of the water if the contractile skin did not exist.
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Figure 2.34 Viscosity of fluids at different temperatures (from Streeter and Wylie, 1975).
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Recognizing the uniqueness of the fourth phase (i.e., con-
tractile skin) assists in understanding the stress state vari-
ables for an unsaturated soil (Fredlund and Morgenstern,
1977). From a physical behavioral standpoint, an unsatu-
rated soil can be visualized as a mixture with two phases
that come to equilibrium under applied stress gradients (i.e.,
soil particles and contractile skin) and two phases that flow
under applied stress gradients (i.e., air and water). From the
standpoint of the volume-mass relations for an unsaturated
soil, it is possible to consider the soil as a three-phase sys-
tem since the volume of the contractile skin is small and its
mass can be considered as part of the mass of the water.

Geotechnical engineers are familiar with a shrinkage type
of experiment where a small soil specimen (i.e., initially
saturated) is allowed to dry by exposure to the atmosphere.
The total stresses on the specimen remain unchanged near
zero while the specimen undergoes a decrease in volume.
The pore-water pressure goes increasingly negative during
the experiment. It is the contractile skin (or air-water inter-
face) that acts like a thin rubber membrane that pulls the
particles together, causing volume change.

2.3.5 Interaction of Air and Water

Air and water behave as both an immiscible mixture and
as a miscible mixture. The immiscible mixture is a combi-
nation of free air and pure water without any interaction.
The immiscible mixture is characterized by a separation of
liquid and gas produced by the contractile skin. A miscible
air-water mixture can have two forms. First, air dissolves
in water and can occupy approximately 2% of the water by
volume (Dorsey, 1940). Second, water vapor can be present
in the air. Various types of air-water mixtures are discussed
in the following sections. Consideration is also given to the
possible “states” for water.

2.3.5.1 Solid, Liquid, and Vapor States of Water

Water can be found in one of three “states”: the solid state
as ice, the liquid state as water, or the gaseous state as water
vapor (Fig. 2.35). The state of water depends on the pressure
and temperature environment. Three lines are drawn on the
water state diagram (Fig. 2.35): the vaporization curve AB , the
fusion curve AC , and the sublimation curve AD. The vaporiza-
tion curve AB is also called the vapor pressure curve of water.
It gives combination values of temperature and pressure for
which the liquid and vapor states of water can coexist in equi-
librium. The fusion curve AC separates the solid and liquid
states of water, and the sublimation curve AD separates the
solid and the vapor states of water. The solid state can coexist
in equilibrium with the liquid state along the fusion curve and
with the vapor state along the sublimation curve.

The vaporization, fusion, and sublimation curves meet at
point A. This point is called the triple point of water where
the solid, liquid, and vapor states of water can coexist in
equilibrium. The triple point of water is achieved at a tem-
perature of 0◦C and a (gauge) pressure of 0.61 kPa.
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Figure 2.35 State diagram for water (not to scale; from van Hav-
eren and Brown, 1972).

2.3.6 Water Vapor

The vaporization curve AB in Fig. 2.35 represents an equi-
librium condition between the liquid and vapor states of
water. In this equilibrium state, evaporation and condensa-
tion processes occur simultaneously at the same rate. The
rate of condensation depends on the pressure in the water
vapor which reaches its saturation value on the vaporization
line. On the other hand, the evaporation rate depends only on
temperature. Therefore, a unique relationship exists between
the saturation water vapor pressure and temperature, which
is referred to as the vaporization curve. Saturation water
vapor pressures uv0 are presented in Table 2.11.

Water vapor is mixed with air in the atmosphere. The
presence of the air has no effect on the behavior of the
water vapor. This phenomenon is expressed by Dalton’s law
of partial pressures. Dalton’s law states that the pressure of a
mixture of gases is equal to the sum of the partial pressures
at which each individual component of the gas would exert if
it alone filled the entire volume. In other words, the behavior

Table 2.11 Saturation Pressures of Water Vapor
at Various Temperatures

Temperature (◦C) Saturation Vapor Pressure (kPa)

0 0.6107
10 1.2276
20 2.3384
30 4.2451
40 7.3812
60 19.933
80 47.375

100 101.325
120 198.49

Source: From Kaye and Laby, 1973.
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of a gas component of a mixture of gases is independent
of the other gases. Therefore, the partial pressure of water
vapor in the atmosphere which is in equilibrium with water
is the saturation pressure given in Table 2.11. Similarly the
presence of air above water does not change the equilibrium
state of water (Fig. 2.35).

In nature, the water vapor in air is usually not in equilibrium
with adjacent bodies of water. This means that the partial pres-
sure of the water vapor in air, uv, is usually not the same as the
saturation pressure of the water vapor, uvo, at the correspond-
ing temperature. The water vapor in air at a given temperature
is therefore said to be undersaturated, saturated, or supersatu-
rated when the partial pressure of water vapor, uv, is less than,
equal to, or greater than the saturation water vapor pressure,
respectively. The saturated condition represents equilibrium
conditions between the water vapor and the water where evap-
oration and condensation take place at the same rate. On the
other hand, the undersaturated and supersaturated states of
water vapor are not at equilibrium conditions.

The supersaturated state indicates an excess of water vapor
which will eventually condense. In this case, the rate of
condensation exceeds the evaporation rate until the partial
pressure of the water vapor, uv, has been reduced to the
saturation vapor pressure, uvo. In the undersaturated state,
there is a lack of water vapor relative to the equilibrium
condition. Therefore, the rate of evaporation exceeds the rate
of condensation until the partial pressure of the water vapor,
uv, has reached the saturation water vapor pressure, uvo.

The partial pressure of the water vapor in air defines the
degree to which the air is saturated with water vapor at a
particular temperature. The degree of saturation with respect
to water vapor is referred to as the relative humidity, RH.

2.3.7 Air Dissolving in Water

Water molecules form a lattice structure with openings
referred to as “cages” that can be occupied by a gas
(Rodebush and Buswell, 1958), as illustrated in Fig. 2.36.
Air dissolves into the water and fills the “cages” which
have a volume of approximately 2% by total volume.

Figure 2.36 Visualization aid for understanding how air dissolves
in water.

The water lattice is relatively rigid and stable (Dorsey,
1940), and the density of water changes little as a conse-
quence of the presence of the dissolved air. An analogy
using a cylinder with a piston and a porous stone is useful
in visualizing the behavior of an air-water mixture. Consider
a cylinder with a porous stone at its base and a frictionless
piston at the top (Fig. 2.37). The porous stone has pores
equaling 2% of its total volume. The porous stone is used
to simulate the behavior of water. In this model, the cylinder
contains free air above the porous stone.

Let us suppose there is an initial pressure applied equally to
the free air and to the air in the porous stone in the cylinder. If
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Figure 2.37 Piston and porous stone analogy for air dissolving in water.
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the load on the piston is increased, the free air above the porous
stone will instantaneously be compressed in accordance with
Boyle’s law. Then some air will move into the porous stone
in accordance with Henry’s law. Henry’s law states that the
mass of gas dissolved in a fixed quantity of liquid at a constant
temperature is directly proportional to the absolute pressure
of the gas above the solution (Sisler et al., 1953). The process
of air flow into the porous stone will continue over time until
the free air pressure is equal to the pressure of the air in the
porous stone. Each time the piston load is increased, there is
an immediate volume change in the free air followed by a slow
process where air flows into the porous stone. Eventually, all
the free air will have moved into the porous stone, and any
additional applied load will be carried by the porous stone
(i.e., water).

The above analogy cannot totally simulate the processes
that occur in an unsaturated soil. In the presence of a solid,
such as soil particles, the air and water pressures can have
different magnitudes. The air and water pressures in a soil
can also change at differing rates during the loading process.
In the analogy, the free air and the water (i.e., porous stone)
have the same pressure. Differences between the air and water
pressures are later discussed and shown to be of significance
to the compressibility formulation of air-water mixtures.

The mass of air going into or coming out of water is
time dependent. This time-dependent process can either be
ignored or taken into consideration, depending upon the
engineering problem under consideration. The amount of
air that can be dissolved in water is referred to as solubil-
ity, and the rate of solution is referred to as diffusivity. The
volume of dissolved air in water is essentially independent
of air or water pressures. This can be demonstrated using
the ideal gas law and Henry’s law. The ideal gas law can
be rearranged and applied to a gas dissolving in water at a
particular temperature and pressure:

Vd = Md

ūa

RT

ωa

(2.34)

where:

Vd = volume of dissolved air in water,
Md = mass of dissolved air in water, and
ūa = absolute pressure of the dissolved air.

The absolute pressure of dissolved air is equal to the abso-
lute pressure of the free air under equilibrium conditions.
Referring to the piston and porous stone analogy, an increase
in the piston load will instantaneously increase the pressure
in the free air, and therefore more free air will commence
entering the porous stone (i.e., water). After some time, an
equilibrium condition will be reached where the pressures
in the free air and the dissolved air are equal. If the piston
load is then increased, the process will be repeated.

The mass of dissolved air under equilibrium conditions is
dependent upon the corresponding absolute air pressure as
stated by Henry’s law. If the temperature remains constant
throughout the process, the ratio between the mass of air
and the absolute pressure in the dissolved air is constant:

Md1

ūa1
= Md2

ūa2
= const (2.35)

where:

Md1
, ūa1 = mass and absolute pressure of the dissolved

air, respectively, at condition 1, and
Md2

, ūa2 = mass and absolute pressure of the dissolved
air, respectively, at condition 2.

The volume of dissolved air in water, Vd , is computed
from the gas law. At a constant temperature, the volume of
dissolved air in water is a constant for different pressures.
The ratio between the mass of each gas that can be dissolved
in a liquid and the mass of the liquid is called the coeffi-
cient of solubility, H . Table 2.12 presents the coefficients

Table 2.12 Solubility of Gases in Water (Under a Pressure of 101.3 kPa)

Coefficient of Solubility, Ha Volumetric Coefficient of Solubility, hb

Temperature (◦C) Oxygen Nitrogen, Argon, etc. Airc Aird

0 14.56 × 10−6 23.87 × 10−6 38.43 × 10−6 0.02918
4 13.06 × 10−6 21.59 × 10−6 34.65 × 10−6 0.02632

10 11.25 × 10−6 18.82 × 10−6 30.07 × 10−6 0.02284
20 9.11 × 10−6 15.51 × 10−6 24.62 × 10−6 0.01868
30 7.55 × 10−6 13.10 × 10−6 20.65 × 10−6 0.01564

Source: From Dorsey, 1940.
aAt standard atmospheric pressure.
bh = (

ρw/ρa

)
H.

cUnits of grams of air per gram of water.
dUnits of volume of air per volume of water.
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of solubility of oxygen, nitrogen, and air in water for vari-
ous temperature conditions. All coefficients of solubility are
referenced to an absolute standard pressure of 101.3 kPa.

The ratio of the volume of dissolved gas, Vd , in a liquid
to the volume of the liquid is called the volumetric coeffi-
cient of solubility, h , which varies slightly with temperature.
Values for the volumetric coefficient of solubility for air in
water under various temperatures are given in Table 2.12.
The volumetric coefficient of solubility of a gas in water is
approximately 2%. In other words, about 2% of water can
be considered to be voids that can be occupied by a gas.

2.3.8 Diffusion of Air through Water

The rate at which air can pass through water is described by
Fick’s law of diffusion. The rate at which mass is transferred
across a unit area is equal to the product of the coefficient
of diffusion, D , and the concentration gradient. When con-
sidering the diffusion of air through water, the concentration
difference is equal to the difference in density between the free
air external to the water and the dissolved air in the water.

Under constant-temperature conditions, the density of air
is a function of the (absolute) air pressure (Eq. 2.19). An
increase in pressure in the free air will develop a pressure
difference between the free and dissolved air. The difference
in air pressures becomes the driving potential for the free
air to diffuse into (or dissolve in) water.

The gases composing air diffuse as individual components
into water. The coefficients of diffusion, D , for each com-
ponent of air through water are tabulated in Table 2.13. The
combined gases comprising air dissolve in water at a rate
of approximately 2.0 × 10−9 m2/s (U.S. Research Coun-
cil, 1933).

Barden and Sides (1967) measured the coefficient of dif-
fusion for air through the water phase of both saturated and
compacted clays and the results are presented in Table 2.14.
The study concluded that the coefficient of diffusion appears
to decrease with decreasing water content of the soil. The
coefficient of diffusion for air through the water in a soil
appears to differ by several orders of magnitude from the
coefficient of diffusion for air through free water.

Table 2.13 Coefficients of Diffusion for Certain Gases
in Water .......

Coefficient of
Gas Temperature (◦C) Diffusion, D (m2/s)

CO2 20 1.7 × 10−9

N2 22 2.0 × 10−9

H2 21 5.2 × 10−9

O2 25 2.92 × 10−9

Source: From Kohn, 1965.

Table 2.14 Coefficient of Diffusion for Air through
Different Materials

Water Content, Coefficient of
Material w (%) Diffusion, D (m2/s)

Free water — 2.2 × 10−9

Natural rubber — 1.1 × 10−10

Kaolin consolidated
at 483 kPa

47 3.0 × 10−10

Kaolin consolidated
at 34.5 kPa

75 6.2 × 10−10

Derwent clay (Illite)
consolidated at
34.5 kPa

53 4.7 × 10−10

Jackson clay and 4%
bentonite
consolidated at
34.5 kPa

39 <1.0 × 10−11

Compacted
Westwater clay

16 1.0 × 10−11

Saturated coarse
stone

21 2.5 × 10−5

Saturated ceramic 49 1.6 × 10−10

Source: From Barden and Sides, 1967.

2.3.9 Surface Tension

The air-water interface (i.e., contractile skin) possesses a
property called surface tension. The phenomenon of sur-
face tension results from intermolecular forces acting on
molecules in the contractile skin. These forces are different
from those that act on molecules in the interior of the water
(Fig. 2.38a).

A molecule in the interior of the water experiences equal
forces in all directions, which means there is no unbal-
anced force. A water molecule within the contractile skin
experiences an unbalanced force toward the interior of the
water. A tensile pull is generated along the contractile skin
in order for the contractile skin to be in equilibrium. The
property of the contractile skin that allows it to exert a
tensile pull is called its surface tension, Ts . Surface ten-
sion is measured as the tensile force per unit length of
the contractile skin (i.e., units of mN/m). Surface tension
is tangential to the contractile skin surface. Its magnitude
decreases slightly as temperature increases. Table 2.15 gives
surface tension values for the contractile skin at different
temperatures.

The surface tension causes the contractile skin to behave
like an elastic membrane. The behavior of the contractile
skin is similar to an inflated balloon which has a greater
pressure inside the balloon than outside. If a flexible two-
dimensional membrane is subjected to different pressures
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Figure 2.38 Surface tension phenomenon at air-water interface.
(a) Intermolecular forces acting on contractile skin. (b) Surface
tension forces associated with curved two-dimensional surface.

on each side, the membrane must assume a concave
curvature toward the larger pressure and exert a tension in
the membrane in order to be in equilibrium. The pressure
difference across the curved surface can be related to the
surface tension and the radius of curvature of the membrane
(Fig. 2.38b).

The pressures acting on the membrane are u and u + �u.
The membrane has a radius of curvature Rs and a surface
tension Ts . The horizontal forces along the membrane bal-
ance each other. Force equilibrium in the vertical direction
requires that

2Ts sin β = 2�uRs sin β (2.36)

Table 2.15 Surface Tension of Contractile Skin
(i.e., Air-Water interface) at Various Temperatures

Temperature (◦C) Surface Tension, Ts (mN/m)

0 75.7
10 74.2
20 72.75
30 71.2
40 69.6
60 66.2
80 62.6

100 58.8

Source: From Kaye and Laby, 1973.
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Figure 2.39 Surface tension on three-dimensional warped mem-
brane.

where:

2Rssin β = length of the membrane projected onto the
horizontal plane.

Rearranging Eq. 2.36 gives

�u = Ts

Rs

(2.37)

Equation 2.37 gives the pressure difference across a two-
dimensional curved surface with a radius Rs and a surface
tension Ts . For a warped or saddle-shaped surface (i.e.,
three-dimensional membrane), Eq. 2.37 can be extended
using the Laplace equation:

�u = Ts

(
1

R1
+ 1

R2

)
(2.38)

where:

R1, R2 = radii of curvature of a warped membrane in two
orthogonal principal planes.

If the radius of curvature is the same in all directions (i.e.,
R1 and R2 are equal to Rs), Eq. 2.38 becomes

�u = 2Ts

Rs

(2.39)

The contractile skin in an unsaturated soil is subjected to
an air pressure ua which is greater than the water pressure
uw. The pressure difference ua − uw is referred to as matric
suction (or the capillary pressure) in a soil. The pressure
difference causes the contractile skin to bend to a curvature
shown by Eq. 2.40:

ua − uw = 2Ts

Rs

(2.40)



2.3 phase properties 63

Equation 2.40 is referred to as Kelvin’s capillary model
equation. The radius of curvature of the contractile skin
decreases as the matric suction of a soil increases. The
curved contractile skin is often called a meniscus. When
the difference between the pore-air and pore-water pressure
goes to zero, the radius of curvature Rs goes to infinity.
Therefore, a flat air-water interface exists when the matric
suction goes to zero. Interestingly, even under these con-
ditions the surface tension property of water remains at a
constant value.

2.3.10 Capillary Phenomenon

The capillary phenomenon is associated with the matric suc-
tion component of total suction. The height of water rise in
a capillary tube and the radius of curvature of the air-water
interface have direct implications to the water content–
matric suction relationship in soils (i.e., the soil-water
characteristic curve). The capillary rise is different for the
wetting and drying processes in a soil due to variations in
capillary pore size.

2.3.10.1 Capillary Height

Consider a small glass tube inserted into water under atmo-
spheric conditions (Fig. 2.40). Water rises up in the tube as
a result of the surface tension of the contractile skin and the
tendency of water to wet the surface of the glass tube (i.e.,
hygroscopic properties). Capillary behavior can be analyzed

by considering the surface tension Ts acting around the cir-
cumference of the meniscus. The surface tension Ts acts
at an angle α1 from the vertical wall of the capillary tube.
The angle is known as the contact angle, and its magni-
tude depends on the adhesion between the molecules in
the contractile skin and the material comprising the tube
(i.e., glass).

Let us consider the vertical force equilibrium of the cap-
illary water in the tube shown in Fig. 2.40. The vertical
component of surface tension (i.e., 2πrTs cos α1) is respon-
sible for holding the weight of the water column, which has
a height hc (i.e., πr2hcρwg):

2πrTs cos α1 = πr2hcρwg (2.41)

where:

r = radius of the capillary tube,
Ts = surface tension of water,
α1 = contact angle,
hc = capillary height, and
g = gravitational acceleration.

Equation 2.41 can be rearranged to give the maximum
height of water in the capillary tube, hc:

hc = 2Ts

ρwgRs

(2.42)

Figure 2.40 Physical model of capillarity.
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where:

Rs = radius of curvature of the meniscus (i.e., r/ cos α1).

The contact angle between the contractile skin for pure
water and clean glass is zero (i.e., α1 = 0). When the angle
α is zero, the radius of curvature Rs is equal to the radius
of the tube, r (Fig. 2.40). Therefore, the capillary height of
pure water in a clean glass tube is

hc = 2Ts

ρwgr
(2.43)

The radius of the tube is analogous to the pore radius in
soils. Equation 2.43 shows that the capillary height increases
as the pore radius gets smaller. The capillary height can be
plotted against the pore radius using Eq. 2.43 where the
contact angle is assumed to be zero (Fig. 2.41).

2.3.10.2 Capillary Pressure

Points A, B , and C in the capillary system shown in Fig. 2.40
are in hydrostatic equilibrium. The water pressures at points
A and B are atmospheric (i.e., the pore-water pressure at
point A is equal to the pore-water pressure at point B , which
is equal to 0.0). The elevation of points A and B on the water
surface is considered as the datum for the system (i.e., zero
elevation). As a result, the hydraulic heads (i.e., elevation
head plus pressure head) at points A and B are equal to zero.

Point C is located at a height hc from the datum (i.e.,
elevation head is equal to hc). The hydrostatic equilibrium
among points C , B , and A requires that the hydraulic heads
at all three points be equal. In other words, the hydraulic
head at point C is also equal to zero. This means that the
pressure head at point C is equal to the negative value of
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Figure 2.41 Relationship of matric suction to pore size for vari-
ous soils.

the elevation head at point C . The water pressure at point
C can be calculated as

uw = −ρwghc (2.44)

where:

uw = water pressure.

The water pressures above point A in the capillary tube are
negative, as shown in Fig. 2.40. The water in the capillary
tube is said to be under tension. On the other hand, the water
pressures below point A ( i.e., water table) are positive due
to hydrostatic pressure conditions. At point C , the air pres-
sure is atmospheric (i.e., ua = 0) and the water pressure is
negative (i.e., uw = −ρwghc). The matric suction

(
ua − uw

)
at point C can then be expressed as follows:

ua − uw = ρwghc (2.45)

Substituting Eq. 2.42 into Eq. 2.45 allows matric suction
to be written in terms of surface tension:

ua − uw = 2Ts

Rs

(2.46)

Equation 2.46 applies to the pressure difference across a
contractile skin. The radius of curvature Rs can be consid-
ered analogous to the pore radius r in a soil by assuming
a zero contact angle (i.e., α1 = 0). As the pore radius gets
smaller, the matric suction in the soil gets larger, as shown
in Fig. 2.41.

Surface tension has the ability to support a column of
water, hc, in a capillary tube. The surface tension associated
with the contractile skin places a reaction force on the wall
of the capillary tube (Fig. 2.42). The vertical component of
this reaction force produces compressive stresses on the wall
of the tube. In other words, the weight of the water column
is transferred to the tube through the contractile skin. The
contractile skin results in an increased compression on the
soil structure in the capillary zone. As a result, the presence
of matric suction in an unsaturated soil produces a volume
decrease and an increase in the shear strength of the soil.

2.3.10.3 Height of Capillary Rise and Radius Effects

The effect of the height of capillary rise and the radius of
curvature on capillarity is illustrated in Fig. 2.43 (Taylor,
1948). A clean capillary tube of radius r allows pure water
to rise to a maximum capillary height hc (Fig. 2.43a). How-
ever, the water rise in a capillary tube may be restricted by
the limited length of the tube (Fig. 2.43b). A decrease in the
capillary height results in an increase in the radius of curva-
ture Rs , as indicated by Eq. 2.42 [i.e., hc = 2Ts/

(
ρwgRs

)
].

The increase in Rs for a tube with a constant radius causes an
increase in the contact angle since Rs is equal to r/ cos α1.
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Figure 2.42 Forces acting on capillary tube.

The radius or opening of the tube is a significant factor in
the development of capillary rise, as illustrated in Figs. 2.43c
and 2.43d. In both cases, the tube has a bulb with a radius r1
which is larger than the radius of the tube, r . The presence of
the bulb at the midheight of the capillary height hc prevents
water from rising above the base of the bulb (Fig. 2.43c). In
other words, nonuniform openings along the capillary tube
can prevent the full development of capillary height. On the
other hand, the capillary height hc can be fully developed if
the bulb is filled by submerging it below the water surface
and then raising it above the surface (Fig. 2.43d).

The development of capillary rise in a soil is also
affected by the pore size distribution in the soil, as shown
in Fig. 2.43e. The water surface in the soil can rise to the
capillary height hc through continuous soil pores with radii

that are smaller than or equal to r . Capillary heights greater
than hc may also develop if the height of the soil column is
extended. The higher capillary rise corresponds to the pore
radii that are smaller than r . However, the water surface
cannot rise within the large openings at the center of the
soil column (Fig. 2.43e).

The above capillary tube analogy also applies to soil con-
ditions in situ. Nonuniform pore size distribution in a soil
can result in hysteresis in the soil-water characteristic curve.
The soil-water contents during the wetting and drying pro-
cesses are different at particular matric suction values, as
illustrated by the examples shown in Figs. 2.43c and 2.43d,
respectively. The contact angle at an advancing interface
during the wetting process is also different from that at a
receding interface during the drying process (Bear, 1979).
The above factors as well as the presence of entrapped air
in the soil are considered to be the main causes for hys-
teresis in the drying and wetting soil-water characteristic
curves.

The capillary model is conceptually simple but has some
limitations when used to explain the mechanical behavior of
unsaturated soils. For example, an apparent anomaly arises
when the capillary model is incorporated into the formula-
tion of pore fluid compressibility, as will be later explained.
The pore radius in the capillary equation (i.e., Eq. 2.46) can-
not be measured and as a result the capillary model is quite
impractical in engineering practice. There are also other fac-
tors, such as the adsorptive forces between clay particles,
that contribute to soils being able to sustain negative pore-
water pressures greater than 1 atm.

2.3.10.4 Capillary Model and Air-Entry Value of a Soil

The air-entry value of a soil consisting of similar-sized spheres
can be estimated using the capillary model (Gvirtzman and
Roberts, 1991). The point of air entry into an arrangement of
spheres occurs when the largest pore allows air to displace the
water within the pore. The air-entry value is a function of the
size of the largest opening between a set of particles.

(a) (c) (d) (e)

Figure 2.43 Height, radius, and shape effects on capillarity (after Taylor, 1948).
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Figure 2.44 Arrangement of particles used to calculate open
space between particles. (a) Cubic packing arrangement (after Gra-
ton and Fraser, 1935). (b) Geometry of a simple cubic layer.

Let us simply consider the case where a series of spheres
are the same size. The largest pore in a closely packed sys-
tem of uniform spheres occurs with a cubic arrangement of
spheres, as shown in Fig. 2.44. Figure 2.44b shows the geom-
etry of a simple cubic layer. The capillary theory can be used
to calculate the matric suction corresponding to the air-entry
value. A right-angled triangle can be formed by drawing a
line from the contact point of two of the spheres to the cen-
ter of the inner capillary circle, as shown in Fig. 2.44b. A
geometric relationship is formed between the radius of the
capillary circle, r, and the radius of the spherical particle, R:

r = R

cos 45
− R (2.47)

where:

r = radius of the pore opening, and
R = radius of the spherical particles.

The pressure difference across a three-dimensional surface
can be described using the capillary equation (i.e., Eq. 2.46),
assuming the contact angle, α1, is zero. The matric suction at
the air-entry point can be calculated by substituting Eq. 2.47
into the capillary equation:

ua − uw = 2Ts

R/(cos 45) − R
(2.48)

Equation 2.48 provides an approximation of the relation-
ship between the air-entry value of a soil and the radius
of the largest soil particles in a soil. Equation 2.48 can be
abbreviated as a ratio of the soil particle size if the surface
tension of water is taken to be 0.07275 N/m:

ua − uw = 0.3513

R
(2.49)

The radius of the particles is in millimeters and matric
suction is in kilopascals for a constant of proportionality of
0.3513. The above simplified analysis involving uniform
spheres forms the basis of Fig. 2.41. The diameter of
the particles and the pore sizes are shown on the hori-
zontal axis.

2.4 VOLUME-MASS VARIABLES

There are a series of volume relations, mass relations,
and volume-mass relations that form useful properties in
geotechnical engineering practice. The volume relations are
presented first, followed by the mass relations and then the
volume-mass relations.

2.4.1 Porosity

Porosity n in percent is defined as the ratio of the volume
of voids, Vv, to the total volume V (Fig. 2.45):

n = Vv (100)

V
(2.50)

The term porosity can also be applied as the volumetric
portion of each phase referenced to the total volume. There-
fore, water and air porosities can be defined as follows:

nw = Vw(100)

V
(2.51)

na = Va(100)

V
(2.52)

Figure 2.45 Relationship between volume and mass of unsatu-
rated soil.
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where:

nw = water porosity, %, and
na = air porosity, %.

The volume associated with the contractile skin can be
assumed to be negligible or part of the water phase.

The water porosity nw, expressed in decimal form, is
synonymous with the volumetric water content θ , used in
unsaturated soil mechanics The volumetric water content
notation is used throughout this book, primarily because of
its association with the SWCC. Much of the early research
related to the SWCC has been conducted within the soil
physics and agriculture disciplines where the amount of
water in the soil has been defined in terms of volumetric
water content. Consequently, it has become necessary
for geotechnical engineers to become familiar with both
the mass and volumetric definitions of water content.
Typical values of porosity for some soils are given in
Table 2.16.

2.4.2 Void Ratio

Void ratio e is defined as the ratio of the volume of voids,
Vv, to the volume of soil solids, Vs :

e = Vv

Vs

(2.53)

The relationship between overall soil porosity and void
ratio can be obtained by equating the volume of voids, Vv
in Eq. 2.50 and Eq. 2.53:

n = e

1 + e
(2.54)

Typical values for void ratio are shown in Table 2.16.

2.4.3 Degree of Saturation

The percentage of the void space which contains water is
expressed as the degree of saturation S (%):

S = Vw(100)

Vv
(2.55)

Table 2.16 Typical Values of Porosity, Void Ratio, and Dry Density

Void Ratio, e Porosity, n (%) Density, ρ (kg/m3)

Soil Type maximum minimum maximum minimum maximum minimum

Granular Materials: Uniform Materials
(a) Equal spheres (theoretical values) 0.92 0.35 47.6 26.0 — —
(b) Standard Ottawa sand 0.80 0.50 44.0 33.0 1762 1474
(c) Clean, uniform sand (fine or medium) 1.0 0.40 50.0 29.0 1890 1330
(d) Uniform, inorganic silt 1.1 0.40 52.0 29.0 1890 1281

Granular Materials: Well-Graded Materials
(a) Silt sand 0.90 0.30 47.0 23.0 2034 1394
(b) Clean, fine to coarse sand 0.95 0.20 49.0 17.0 2210 1362
(c) Micaceous sand 1.20 0.40 55.0 29.0 1922 1217
(d) Silt sand and gravel 0.85 0.14 46.0 12.0 2239 1426

Mixed Soils
(a) Sandy or silty clay 1.8 0.25 64.0 20.0 2162 961
(b) Skip-graded silt clay with stones or

rock fragments
1.0 0.20 50.0 17.0 2243 1346

(c) Well-graded gravel, sand, silt, and
clay mixture

0.70 0.13 41.0 11.0 2371 1602

Clay Soils
(a) Clay (30–50% clay sizes) 2.4 0.50 71.0 33.0 1794 801
(b) Colloidal clay (−0.002 mm ≥ 50%) 12.0 0.60 92.0 37.0 1698 308

Organic Soils
(a) Organic silt 3.0 0.55 75.0 35.0 1762 641
(b) Organic clay (30–50% clay sizes) 4.4 0.70 81.0 41.0 1602 481

Source: Modified from Hough, 1969.
Note: Tabulation is based on Gs = 2.65 for granular soils, Gs = 2.70 for clays, and Gs = 2.60 for organic soils
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The degree of saturation S can be used to subdivide soils
into three main groups which can be described as follows.
Dry soils (i.e., S = 0%) consist of soil particles and air
where essentially no water is present. Saturated soils (i.e.,
S = 100%) consist of a soil where the voids are filled with
water. Unsaturated soils (i.e., 0% < S < 100%) consist of
a soil where both air and water occupy the void space of
the soil.

An unsaturated soil can be further subdivided depending
upon the continuity of the air phase and the water phase.
For example, at high degrees of saturation (i.e., ∼ 85% <

S < 100%), the water phase may contain occluded air bub-
bles and as a consequence the air phase is discontinuous.
Under these conditions the pore-air and pore-water combine
to form a compressible fluid phase. On the other hand, it is
possible at low degrees of saturation (i.e., 0% < S <∼ 15%)
that the water phase becomes discontinuous and liquid flow
essentially ceases through the soil.

2.4.4 Volumetric Water Content

Volumetric water content θ is defined as the ratio of the
volume of water, Vw, to the total volume of the soil, V :

θ = Vw

V
(2.56)

The volumetric water content can also be expressed in
terms of porosity, degree of saturation, and void ratio. This
allows volumetric water content to be written as

θ = SVv

V
(2.57)

The above equation can be rewritten since Vv/V is equal
to the porosity of the soil.

θ = Sn (2.58)

The volumetric water content equation can also be writ-
ten as

θ = Se

1 + e
(2.59)

The relationship between the gravimetric water content w
and the volumetric water content θ can be written using the
basic volume-mass relationship (i.e., Se = wGs):

θ = wGs

1 + e
(2.60)

Recognizing that specific gravity Gs can be written as
ρs/ρw (i.e., ρs = density of soil solids and ρw = density of
water) and using the definition for the dry density of a soil,
volumetric water content can be written in terms of dry
density and the density of water:

θ = w
ρd

ρw
(2.61)

There is one further arrangement of the volume-mass
properties that can be used to define the volumetric water
content of a soil:

θ = SwGs

S + wGs

(2.62)

Geotechnical engineers are most familiar with measuring
gravimetric water content while agriculture-related dis-
ciplines have commonly used volumetric water content.
Volumetric water content becomes the preferred term to
use when considering many unsaturated soil problems, and
it is for this reason that several relationships for converting
between volumetric water content and other volume-mass
properties have been presented.

Volumetric water content references the volume of water
to the total volume of the soil. However, there are situations
where the total volume of the soil may change during the
process under consideration. In this case, care must be taken
to ensure that there is consistency between the manner in
which the soil properties are measured and the manner in
which the soil properties are applied in an analysis.

When performing a test for the water content–soil suction
relationship (i.e., SWCC), the amount of water in the soil is
usually referenced to the original volume of the soil speci-
men. However, if the soil specimen changes volume as soil
suction is increased, there would be a discrepancy between
the original total volume and the instantaneous total volume.
This issue is further discussed when analyzing test results
associated with the measurement of the SWCC.

2.4.5 Gravimetric Water Content

Gravimetric water content w is defined as the ratio of the
mass of water, Mw, to the mass of soil solids, Ms (Fig. 2.45).
Gravimetric water content is generally presented as a per-
centage [i.e., w (%)]:

w = Mw(100)

Ms

(2.63)

Gravimetric water content has been most commonly
used in geotechnical engineering. It is important to know
whether reference is being made to gravimetric water
content or volumetric water content when dealing with
unsaturated soils. The SWCC data are often plotted using
both volumetric water content and gravimetric water
content. However, many geotechnical engineering formu-
lations, particularly those associated with fluid flow, use a
volumetric water content representation when computing
unsaturated soil property functions or performing further
process analyses. The degree of saturation designation can
be the preferred representation of water in the soil when
there is volume change as soil suction is increased.

2.4.6 Volume-Mass Relations

Density and unit weight variables provide information on
the relationship between volume and mass designations of
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a soil. Saturated and completely dry conditions are special
limiting cases of a wide range of possible soil conditions.

2.4.6.1 Soil Density

Two commonly used soil density definitions are total density
and dry density. The total density of a soil, ρ, is the ratio
of the total mass M to the total volume of the soil, V :

ρ = M

V
(2.64)

The total density is also called the bulk or moist density.
The dry density of a soil, ρd , is defined as the ratio of the mass
of the soil solids, Ms , to the total volume of the soil, V :

ρd = Ms

V
(2.65)

Typical minimum and maximum dry densities for various
soils are presented in Table 2.16. Other soil density defini-
tions are the saturated density and the buoyant density. The
saturated density of a soil is equal to the total density of the
soil for the case where the voids are filled with water (i.e.,
Va = 0 and S = 100%).

The total and dry densities of the overall soil mass can
also be expressed in terms of other volume-mass properties
of the soil (e.g., S , e, w , and Gs). Assuming that the mass
of the air phase, Ma , is negligible, the total mass of the soil
is the sum of the mass of the water, Mw, and the mass of
the soil solids, Ms . The total volume of the soil, V , is given
by the volume of the soil solids, Vs , and the volume of the
voids, Vv. The density of a soil, ρ, can be rewritten in the
following forms:

ρ = Ms + Mw

Vs + Vv
(2.66)

ρ = GsρwVs + wGsρwVs

Vs + eVs

(2.67)

ρ = Gs(1 + w)

1 + e
ρw (2.68)

Substituting the basic volume-mass relationship (i.e.,
Se = wGs) into Eq. 2.68 gives the following equation for
the total density:

ρ = Gs + Se

1 + e
ρw (2.69)

Figure 2.46 Relationship between volume-mass properties of unsaturated soil.
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The dry density of a soil, ρd , is obtained by eliminating
the mass of the water, Mw, from Eq. 2.66:

ρd = Gs

1 + e
ρw (2.70)

The relationship between total density ρ and dry density
ρd for different water contents is presented graphically in
Fig. 2.46. If any two of the volume-mass properties of a
soil (e.g., e, w, or S ) are known, the total density of the
soil, ρ, can be computed in accordance with Fig. 2.46 or
Eq. 2.69. The dry density of the soil, ρd , is computed using
Eq. 2.70 provided the void ratio e or the porosity n of the
soil are known.

The dry density curve corresponding to a degree of satu-
ration of 100% is called the “zero air voids” curve. The dry
density curves for various degrees of saturation are com-
monly presented in connection with soil compaction data.

2.4.6.2 Unit Weight

The unit weight of a soil mass, γ , can be computed by multi-
plying the total density of a soil by gravitational acceleration
g (i.e., ρg). The unit weight of a soil is often referred to as
the body force involved when gravity acts on the soil. The
above equations for density can be written in the following
unit-weight forms:

γ = Gs (1 + w)

1 + e
γw (2.71)

γ = Gs + Se

1 + e
γw (2.72)

When solving soil mechanics problems such as the calcu-
lation of the factor of safety for a slope stability analysis,
the unit weight is used to calculate the weight of a slice
of soil. Likewise, the unit weight of a soil is used when
“switching on” the gravity force (or body force) of a soil.
The unit weight also allows for the calculation of the total
stress state in a soil continuum.

2.4.6.3 Unit Weight as Function of Volumetric Water
Content

The unit weight of a soil changes as the amount of water
in a soil changes. The amount of water in a soil can be
defined in terms of gravimetric water content w, volumetric
water content θ , or degree of saturation S . Unsaturated soil
problems involving the calculation of the total stress state
often involve switching on the gravity forces. This means
that the unit weight of the soil is instantaneously applied
and the corresponding total stress states are computed. It is
possible to write the unit weight as a function of the amount
of water for an unsaturated soil rather than designating a
single value for the unit weight of the unsaturated soil. The
water content may fluctuate because of imposed moisture
fluxes at the ground surface or for other reasons.

Changes in total unit weight can be accommodated
through incorporation of the SWCC, which relates
volumetric water content θ to soil suction ψ :

γ = Gs + θ (ψ) (1 + e)

1 + e
γw (2.73)

γ = Gs + w (ψ)
(
ρd/ρw

)
1 + e

γw (2.74)

If a mathematical equation is known for the SWCC (i.e.,
in terms of either volumetric water content or gravimetric
water content), the unit weight of the soil can be written as
a function of the stress state, namely, soil suction. Conse-
quently, variations in the total unit weight due to changes
in water content in the unsaturated soil zone can be taken
into account. Equation 2.73 could also take volume changes
into account during a process (i.e., depending on how the
SWCC is defined), whereas Eq. 2.74 assumes that no volume
change occurs during a process.

2.4.6.4 “Basic” Volume-Mass Relationship

The volume and mass for each phase can be related to one
another using basic relations from the phase diagram. The
mass of water in a soil, Mw, is the product of the volume
and density of water:

Mw = ρwVw (2.75)

The volume of water, Vw, can also be computed from the
volume relations shown in Fig. 2.45 (i.e., left-hand side):

Vw = SeVs (2.76)

The relationship given in Eq. 2.76 is shown in Fig. 2.45
(i.e., left-hand side). Equation 2.75 can then be rewritten as

Mw = ρwSeVs (2.77)

The mass of the water, Mw, can also be related to the
mass of the soil solids, Ms :

Mw = wMs (2.78)

The mass of the soil solids, Ms , is also defined in the
phase diagram in Fig. 2.45:

Ms = GsρwVs (2.79)

Substituting Eq. 2.79 into Eq. 2.78 yields

Mw = wGsρwVs (2.80)

Equating Eqs. 2.80 and 2.77 results in a basic volume-
mass relationship for soil:

Se = wGs (2.81)

The basic volume-mass relationship is an equation that is
commonly used to calculate phase relationship properties in
an unsaturated soil.
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2.4.6.5 Changes in Volume-Mass Properties

The basic volume-mass relationship (Eq. 2.81) provides a
relationship among commonly used variables in geotechni-
cal engineering (e.g., S , e, and w). A change in any one
of the three volume-mass properties may produce changes
in the other two properties. Changes in two of the volume-
mass quantities must be determined through an independent
analysis or independent measurements in order to compute
the change in the third variable. If changes in the void ratio
e and the water content w are known, the change in degree
of saturation S can be computed. Similarly, if changes in S
and e or S and w are known, then the change in w or e,
respectively, can be computed.

The relationship between changes in the volume-mass
properties can be derived from the basic volume-mass
relationship expressed in Eq. 2.81. Consider a soil that
undergoes a process such that changes occur in the volume-
mass properties of the soil. The volume-mass properties of
the soil have the following relationship prior to the initiation
of a process:

Siei = wiGs (2.82)

where:

Si = initial degree of saturation,
ei = initial void ratio, and
wi = initial water content.

The final volume-mass properties at the end of a process
are also related by the basic volume-mass relationship:

Sf ef = wf Gs (2.83)

where:

Sf = final degree of saturation,
ef = final void ratio, and
wf = final water content.

The relationships between initial and final conditions for
each variable can be written as follows:

Sf = Si + �S (2.84)

ef = ei + �e (2.85)

wf = wi + �w (2.86)

where:

�S = change in the degree of saturation,
�e = change in the void ratio, and
�w = change in the water content.

The final properties can be written as follows using the
initial properties and changes in each property:

Si �e = �Sei + �S �e = �w Gs (2.87)

Equation 2.87 can be rearranged such that the degree of
saturation �S can be written in terms of change in void ratio,
�e, and the change in gravimetric water content, �w:

�S = �w Gs − Si �e

ef

(2.88)

Similarly, the change in the void ratio, �e, is obtained by
substituting Eq. 2.85 into Eq. 2.87 and solving for �e:

�e = �w Gs − �S ei

Sf

(2.89)

The change in water content, �w, can similarly be writ-
ten as

�w = Sf �e − �S ei

Gs

(2.90)

Each of the above three equations reveals that if changes
in any two volume-mass properties are known as a result of
a process that has occurred, then it is possible to compute all
other volume-mass properties. These equations also reveal
that it is necessary to have two independent volume-mass
constitutive relationships when solving problems involving
unsaturated soils.

2.4.7 Volume-Mass Relations When Pore Fluid
Is Not Water

There are situations where the pore fluid may be heavier or
lighter than “pure” water. Let us consider the situation where
the pore fluid is miscible with water. A couple of examples
where the pore fluid might differ in density from that of pure
water are (i) the application of liquors to heap leach and (ii)
brine solutions seeping into a freshwater aquifer. The heap
leach process commonly involves the application of fluids
referred to as liquor that is added to tailings. The application
of the liquor produces a reaction which releases minerals
from the tailings that can subsequently be recovered in the
leachate. The specific gravity (and density) of the pore fluid
is different than that of pure water and also changes with
time as a result of minerals released from the solid phase
that go into solution.

Another example involves the refining of potash which
results in the accumulation of piles of salt tailings as well
as brine ponds where the concentration of salts may be con-
siderably higher than that of seawater. Laboratory testing of
these materials or analyses on field situations often requires
the calculation of volume-mass properties corresponding to
various times in the life of the facility.

Calculations used in conjunction with a heap leach sim-
ulation are used as an example to illustrate changes in the
volume-mass equations when the pore fluid has a density
other than that of pure water.
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2.4.7.1 Volume-Mass Relationships (Pore Fluid Other
Than Water)

Figure 2.47 shows the volume and mass designations for
a multiphase material that is comprised of a solid, a fluid,
and a gas. The fluid could be water, an acid (e.g., liquor),
or some other liquid whose density may vary from that of
pure water. The gas is assumed to be air and conditions are
assumed to remain isothermal. The mass variables can be
written as the respective volumes multiplied by the density
of the corresponding phase. The subscript f is used to refer
to a fluid phase where the fluid has a density that differs
from that of water (i.e., an alternate fluid).

The term “specific gravity” is used for the components
of the multiphase system. The attached subscript designates
the material to which reference is being made. The specific
gravity of the solids is defined as

Gs = ρs

ρw
(2.91)

where:

ρs = density of solids or particles and
ρw = density of water at 4◦C.

The specific gravity of a liquid other than water is; Gf .
given as

Gf = ρf

ρw
(2.92)

where:

ρf = density of the fluid other than water.

The definition for the degree of saturation is not influenced
by the fluid in the pores:

S = Vf

Vv
(2.93)

where:

Vf = volume of fluid and
Vv = volume of voids.

The calculation of void ratio is likewise unaffected by the
nature of the pore fluid:

e = Vv

Vs

(2.94)

where:

Vs = volume of solids.

Gravimetric water content is defined as the ratio of the
mass of water to the mass of solids when the pore fluid is
water:

w = Mw

Ms

(2.95)

where:

Mw = mass of water and
Ms = mass of solids.

The gravimetric fluid content when the fluid is other than
water can be defined as the ratio of the mass of alternate
fluid to the mass of solids:

wf = Mf

Ms

(2.96)

where:

Mf = mass of the alternate fluid.

2.4.7.2 Basic Volume-Mass Relationship When Pore
Fluid Is Not Water

A basic volume-mass relationship can be derived by com-
paring volume and mass representations for the amount of
fluid in a material. The mass of fluid, Mf , in a material can
be written as the volume of fluid multiplied by the density
of the fluid:

Mf = Seρf Vs (2.97)

Air

Water

Solid

Ma = 0

Mf = wf GsrwVs
Mf = wfMs

Ms = GsrwVs

Va = e(1-S)Vs

Vf = SeVs = SVv

e = Vv /Vs

Vs

Volumes Masses

Figure 2.47 Three-phase soil model relating mass and volume portions.
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The mass of fluid in a material, Mf , can also be written as

Mf = wf GsρwVs (2.98)

Equating Eqs. 2.97 and 2.98 gives rise to a basic volume-
mass relationship for a material where the pore fluid has a
density other than that of pure water,

wf Gsρw = Seρf (2.99)

or

Se = wf Gsρw

ρf

(2.100)

The density of the pore fluid appears in the basic volume-
mass relationship. If the pore fluid is pure water, the density
of the pore fluid is 1.0 and can be omitted from the equation.
If the pore fluid has a density different from that of water,
the density of water and the alternate pore fluid must be
retained in all calculations.

Bulk density is defined as the ratio of total mass of the
materials involved to the total volume and can be written in
one of several forms. The mass of each component of the
multiphase system can be written in terms of the respective
volumes multiplied by the density of each phase:

ρ = Vsρs + Vf ρf

Vs(1 + e)
(2.101)

The volume of the pore fluid must be converted to the pore
fluid in the mass, giving rise to the following equations for
density of the overall mass:

ρ = Gs + SeGf

1 + e
ρw (2.102)

ρ = ρs/ρw + Seρf + ρw

1 + e
ρw (2.103)

The unit-weight equations for a three-phase system are
equal to the density equations multiplied by acceleration
due to gravity, g .

2.5 SOIL COMPACTION

Compaction is the mechanical process used to increase the
density of a soil through the elimination of air (i.e., densifi-
cation). Soil compaction is widely used in geotechnical engi-
neering practice for the construction of roads, dams, land-
fills, airfields, foundations, hydraulic barriers, and ground
improvement. A laboratory compaction curve determined
using a standard test procedure is used as a guide for con-
trol of the construction process in the field. The objective of
laboratory testing is to determine the optimum water content
that will produce the maximum density. Also of interest is

Figure 2.48 Standard and modified American Association of
State Highway and Transportation Organization (AASHTO) com-
paction curves.

an understanding of the changes in the soil properties as the
compaction water content varies from optimum conditions.

The objective of the compaction process in the field is
generally to increase density, decrease soil compressibility,
increase soil shearing strength, and reduce water perme-
ability. Typical compaction curves are shown in Fig. 2.48
illustrating the relationship between compaction effort and
the density of the soil. The line corresponding to a degree of
saturation of 100% is called the “zero air voids” curve. The
compaction curves show that different states of density are
attained when the soil is compacted with the same apparent
energy input but different water contents. The water con-
tent at the peak of the compaction curve is called optimum
water content and represents the water content at which dry
density is a maximum for a given compaction energy.

Since the pioneering work of Proctor in 1933, many
researchers have attempted to qualitatively explain the
fundamental mechanisms involved in the densification
process. The desire has been to understand the shape of the
compaction curve, particularly on the dry side of optimum
water content. The compaction curve has been explained in
terms of a capillarity and lubrication theory (Proctor, 1933),
a viscous water theory (Hogentogler, 1936), a pore pressure
theory (Hilf, 1956), a physicochemical interaction theory
(Lambe, 1960b), and an effective stress theory (Olson,
1963). More recently, Barden and Sides (1970) undertook
an experimental study of the relationship between the
engineering performance of compacted, unsaturated clay
and microscopic observations of clay structure. Lee and
Suedkamp (1972) also conducted research on the shape of
the compaction curve for different soils.

Various theories have been proposed to assist in
understanding the compaction process in soils. In general,
these theories have utilized little information related to the
unsaturated soil mechanics principles. Modeling of the soil
compaction curve within the context of unsaturated soil
mechanics has been undertaken by Kurucuk et al. (2007).
The research provides insight into the role of various



74 2 nature and phase properties of unsaturated soil

unsaturated soil variables that appear to affect the shape
of the compaction curve. It appears that the fundamental
theories of unsaturated soil mechanics (Fredlund and
Rahardjo, 1993a) can assist in understanding the compaction
process and explain the inverted parabolic shape of the
compaction curve.

The prediction of the soil compaction curve has been
studied for static loading conditions (Kurucuk et al., 2007,
2008). Theoretically based estimations of the compaction
curve have been compared to data found in the literature
and found to compare favorably. Only the theoretical aspects
associated with compaction are discussed in this book. The
application of compaction in geotechnical engineering prac-
tice can be found in many other textbooks.

The main unsaturated soil mechanics theories utilized
in formulating a theoretical framework for the compaction
process are the undrained pore pressure generation theory
described by Hilf (1948) and the volume change theory for
unsaturated soils described by Fredlund and Morgenstern
(1976). The theory of pore pressure generation under
undrained conditions is further discussed in Chapter 15.
The theory related to volume change is discussed in
Chapters 13 and 14.

2.5.1 Pore Pressure Development During Static
Compaction

The compaction process is assumed to involve the undrained
loading of the soil with respect to the air and water phases.
Hilf (1948) developed a relationship between changes in
pore-air pressure and the applied total stress. Other assump-
tions made by Hilf (1948) were that loading conditions
could be simulated as one-dimensional (K0) compression,
and Boyle’s law and Henry’s law were applicable. The
derived equation became known as the Hilf (1948) equation
and can be written as

�ua =

⎡
⎢⎢⎣

1

1 +
(
1 − So + hSo

)
no[(

ūao + �ua

)
mv

]
⎤
⎥⎥⎦�σy (2.104)

where:

�ua = change in pore-air pressure,
So = initial degree of saturation,
h = coefficient of solubility (i.e., 0.02 by volume),

no = initial porosity,
ūao = initial absolute air pressure, and

�σy = change in applied vertical stress.

The coefficient of volume change, mv, was used to repre-
sent the volume change property of the soil. Overall volume
change was assumed to be equal to the amount of air dissolv-
ing in the water and the compression of free air. The liquid
and solid phases were considered to be incompressible. It

was also assumed that the change in pore-air pressure was
equal to the change in pore-water pressure, and therefore,
changes in matric suction were insignificant. Experimental
results show that during compaction suction changes can be
large.

Following compaction the soil is unloaded. Unloading the
soil forces matric suction from the wetting SWCC toward
the drying SWCC (Tarantino and De Col, 2008; Tarantino
and Tombolato, 2005). Hilf’s (1948) assumption of suction
remaining constant during compaction appears to be reason-
able based on later laboratory tests performed by Kurucuk
et al. (2007).

2.5.2 Computation of Volume Change and Dry Density

The volume change relationship for K0 loading of an unsat-
urated soil can be written in terms of two independent stress
variables as proposed by Fredlund and Morgenstern (1976):

εv = �Vv

Vo

= ms
1�(σy − ua) + ms

2�(ua − uw) (2.105)

where:

εv = volumetric strain,
�Vv = overall volume change of soil element,

Vo = initial total volume of soil element,
ms

1 = compressibility of soil structure with
respect to net applied stress (σy − ua),

ms
2 = compressibility of soil structure with

respect to matric suction (ua − uw),
�(σy − ua) = change in net applied stress, and
�(ua − uw) = change in matric suction.

Deformation during undrained loading of the soil mass is
assumed to be due primarily to compression of the pore-
air phase and air going into solution. The volume change
constitutive relationship along with Hilf’s (1948) equation
provides the basic physical relationship for formulating a
compaction model for unsaturated soils. The challenge is to
determine the appropriate soil parameters for the prediction
of the compaction curve.

2.5.3 Compaction Model Assumptions

Initially the assumption was made that the compressibility
coefficients of the soil remained constant during the com-
paction process. However, this assumption did not produce
the required parabolic shape for the compaction curve, par-
ticularly on the dry side of optimum water content (Kurucuk
et al., 2007). The results showed that volume change during
compaction was primarily controlled by the compressibil-
ity of the soil with respect to the total stress state variable
for the soil structure (i.e., ms

1). There appeared to be some
influence due to changes in matric suction, but its influence
was relatively small. Superior results were obtained when
the volumetric compressibility of the soil was assumed to
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be linear on a semilog plot (i.e., slope of the normal com-
pression line).

2.5.4 Comparison of Predicted and Measured
Compaction Curves

The performance of the compaction model has been demon-
strated by comparing predicted compaction curves with the
experimental results (Montanez, 2002; Kenai et al., 2006).
Figures 2.49 and 2.50 show compaction curves for sand-
bentonite mixtures with 5 and 15% bentonite content (by
weight). The specific gravity of the mixture was 2.66. Mon-
tanez (2002) used the standard Proctor test procedure with
an energy input of 637 kJ/m3). The compaction model pre-
dictions are also shown in Figs. 2.49 and 2.50.

The curves shown as dashed lines represent static com-
paction curves predicted using the undrained model loading
up to an external quasi-static pressure of 637 kPa. The
curves shown as solid lines are for equal-energy input that
was calculated by integrating the applied stress with respect

to volumetric strain. The actual energy input into the soil was
computed based on values applicable at optimum water con-
tent. The results show a reasonable shape for the predicted
compaction curves.

Figure 2.51 shows the compaction curve for a sandy clay
soil with a liquid limit of 39% and a plasticity index of
15% (Kenai et al., 2006). Experimental results correspond
to a static pressure of 2100 kPa and a dynamic energy input
of 3000 kJ/m3. Both predicted compaction curves were pro-
duced using quasi-static compaction pressures of 2100 and
4000 kPa, respectively.

Compaction curves computed using undrained Ko load-
ing conditions appear to be similar to laboratory measured
results. Unsaturated soil mechanics theories appear to pro-
duce the familiar inverted parabolic shape for the com-
paction curve. A number of assumptions are necessary when
predicting the compaction curve. The controlling soil prop-
erty governing the compaction process appears to be the
coefficient of compressibility with respect to net applied
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Figure 2.49 Comparison of the predicted and experimental compaction curves for well-graded
sand with 5% bentonite (data from Montanez, 2002).
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Figure 2.51 Comparison of the predicted and experimental compaction curves for clayey sand
soil (data from Kenai et al., 2006).

total stress, ms
1. Further research is necessary in order to

better understand all factors influencing compaction curves.

2.6 VOLUME-MASS RELATIONS WHEN MASS IS
LOST FROM SYSTEM

A special class of geotechnical engineering problems exists
where mass is lost from the system while one or more pro-
cesses are taking place. One such situation involves heap
leach processes. Another example involves the processes
associated with the management of municipal solid waste
(MSW). While these two examples may appear to be quite
different, there are a number of features that are similar to
both processes. Both problems have features that are not
commonly addressed in classical soil mechanics.

Some material properties involved in problems involv-
ing the loss of mass are different than those commonly
encountered in geotechnical engineering. However, it is the
change in solids content with time that makes these prob-
lems unique from most other modeling simulations common
to geotechnical engineering practice. Certain material prop-
erties change with time when the solids content changes
with time. There are independent processes associated with
the loss of material that must be taken into consideration
when formulating the mathematical equations to be solved.

2.6.1 Similarities between Heap Leach and Municipal
Solid Waste Problems

Let us consider some similarities between heap leach prob-
lems and municipal solid waste problems:

1. There is a loss of mass from the system with time in
both situations. This is a new feature that must be taken
into consideration.

2. There is a combining (or coupling) of more than
one process. In geotechnical engineering, the term
“coupled” is reserved for situations where more than
one type of partial differential equation is solved
simultaneously.

3. The processes involved may be thermally driven, par-
ticularly in the case of MSW.

4. The principles and theories of unsaturated soil mechan-
ics must be incorporated into the formulation of the
partial differential equations that describe the physi-
cal processes. In other words, the materials involved
in both situations are commonly subjected to varying
degrees of saturation as the processes proceed.

5. The partial differential equations being solved are
nonlinear in form, meaning that special “numerical
solvers” will likely be needed to ensure that the
solutions converge to the “correct” answer.

6. Consideration of air flow and heat flow may be relevant
to both situations with air flow playing a key role in
the MSW problem.

7. Modeling may be of the transient form, which means
that starting conditions (or initial conditions) must be
determined or assumed.

8. There are significant geoenvironmental issues that need
to be addressed for both the MSW and heap leach
problems.

2.6.2 Differences between Heap Leach and Municipal
Solid Waste Problems

The differences between heap leach problems and municipal
solid waste problems are as follows:

1. The generation of gas (predominantly methane) is a
dominant and significant process associated with pro-
cesses involved with MSW.
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2. Heterogeneity of MSW can be extreme, particularly
when there has not been prior sorting of the waste
materials.

3. The void ratios are commonly in the range of 2–4 for
MSW but are much lower for heap leach materials.

4. The specific gravity of MSW materials can vary
widely. The amount of organic matter can vary widely
from one site to another and the specific gravity of
organics can be quite low.

5. The natural water contents can be extremely high
for MSW. Special laboratory testing procedures are
required in order to obtain meaningful measures of
the water content in organic-rich MSW.

These are a few of the similarities and differences asso-
ciated with engineering heap leach and MSW materials.

2.6.3 Continuity When Mass Is Lost

The modeling of heap leach problems and municipal solid
waste problems is somewhat different from routine seepage
problem simulations in that the mass of solids can be removed
during the modeling period. From a continuum mechanics
standpoint, there are two primary issues to ensure: (i) that
the conservation of mass and energy is satisfied at all times
and (ii) that the physical model accounts for the removal of
solid mass from the system with time.

The conservation of mass is usually satisfied in soil mechan-
ics through use of a volumetric requirement referenced to a
referential elemental volume, REV. The REV is attached to a
fixed mass of soil solids. The mass of solids remains constant
during the processes under consideration.

Let us consider the case of an unsaturated material where
there can be a loss of solids from the system. The con-
servation of mass states that the sum of the components
constituting the REV must be equal to the total mass at all
times. The conservation of mass can be stated as follows:

Mt = Ms + Mw + Ma (2.106)

where:

Ms = mass of the solids in the REV,
Mw = mass of water,
Ma = mass of air, and
Mt = total mass of the overall REV.

When processes or changes occur with time, the sum of
the changes in any component of the system must also equal
the change in the overall mass of the REV. Mathematically,
this requirement can be stated as

�Mt

Mt

= �Ms

Mt

+ �Mw

Mt

+ �Ma

Mt

(2.107)

The mass of solids lost from the system is zero for most
conventional soil mechanics problems, and so Eq. 2.97
reduces to the form

�Mt

Mt

= �Mw + �Ma

Mt

(2.108)

A “volume-based” formulation is most commonly used in
soil mechanics rather than a “mass-based” formulation of the
derived partial differential equations that describe each pro-
cess. Consequently, it is possible to write the conservation
of mass in terms of a “volumetric requirement” that must
be satisfied. The volumetric requirement can be written as

Vt = Vs + Vw + Va (2.109)

During a process, the sum of the volume changes asso-
ciated with any component of the system must equal the
change in the overall volume of the REV. Mathematically
this principle can be written as

�Vt

Vt

= �Vs

Vt

+ �Vw

Vt

+ �Va

Vt

(2.110)

Usually the change in volume of soil solids is zero for soil
mechanics problems, and as a result Eq. 2.110 reverts to the
following volumetric requirement that must be satisfied:

�Vt

Vt

= �Vw

Vt

+ �Va

Vt

(2.111)

For heap leach problems and MSW problems, volume
(and mass) will be lost from the system with time. There-
fore, it is necessary to retain the change in volume of solids
term in the volumetric requirement. It may also be more
appropriate to directly satisfy the conservation of mass (i.e.,
Eq. 2.106).

2.6.4 Incorporation of Constitutive Relations into
Physical Processes

Constitutive relations, flow laws, compressibility laws, and
dissolution laws can now be used to determine how each of
the components in Eq. 2.106 can be represented.

2.6.4.1 Water Flow Processes

Changes in the amount of water in a soil (i.e., an REV) at
any time during a process can be determined by solving the
saturated-unsaturated seepage partial differential equation,
PDE. The seepage equation is solved by setting the time
derivative of the volumetric water content constitutive
equation equal to the spatial variation of water velocity.

The water-phase PDE is used to compute the water leaving
and entering the system. Solving the PDE provides informa-
tion on changes in hydraulic head, which can then be used
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to calculate the changes in water volume. The water-phase
volumetric constitutive relationship takes the form:

�Vw

Vt

= m1
w�(σ − ua) + m2

w�(ua − uw) (2.112)

where:

σ = total stress,
ua = pore-air pressure,
uw = pore-water pressure,
m1

w = coefficient of water volume change associated with
the net normal stress state variable, and

m2
w = coefficient of water volume change associated with

the matric suction.

The total stress state may also be more complex than what
has been suggested. The assumption can generally be made
that changes in the total stress do not significantly change the
volume of water in the soil for heap leach and MSW problems.
Under this assumption, Eq. 2.112 reverts to the equation for
the SWCC written in terms of volumetric water content:

�Vw

Vt

= m2
w�(ua − uw) = �θ (2.113)

2.6.4.2 Air Flow Processes

The air flow PDE can also be derived in a similar manner
to the water flow PDE; however, air is also compressible
and involves additional terms. The air phase constitutive
relationship is used in deriving the air phase PDE.

2.6.4.3 Overall Volume Change

There must be a constitutive relationship that relates overall
volume change to the stress state variables on the left-hand
side of Eq. 2.111. The constitutive relationship needs to
change when dealing with heap leach or municipal solid
waste problems. In other words, there will be an additional
volume change associated with the loss of mass (or solids)
from the system. The regular constitutive relationship for an
unsaturated soil takes the form

�Vt

Vt

= m1
t �(σ − ua) + m2

t �(ua − uw) (2.114)

where:

m1
t = coefficient of overall volume change associated

with the net normal stress state variable and
m2

t = coefficient of overall volume change associated
with the matric suction.

Overall volume change can be computed using a stress
state–strain analysis (e.g., incremental elasticity model).

There is an additional term that needs to be added to the
overall volume change constitutive relationship when dealing

with problems where mass is lost from the system. Conse-
quently, the overall constitutive relationship will take the form

�Vt

Vt

= m1
t �(σ − ua) + m2

t �(ua − uw) + md�Ms

(2.115)
The md term in Eq. 2.115 is a coefficient that designates

the volume change associated with a particular amount of
mass loss. The term �Ms designates a loss of solid mass.
In other words, a change in the mass of solids will produce
a certain amount of volume change. If the term md is zero,
it means that there is no volume change even when there is
a change in the mass of solids. It is necessary to consider
the term md as an additional soil parameter that must be
estimated, measured, or determined in some way.

The loss of solid mass appears in two places in the formu-
lation: on the left-hand side of the volumetric requirement
equation and in the last term on the right of the equal sign
in Eq. 2.115.

2.6.5 Model to Predict Removal of Solid Mass

The prediction of solids lost from the system involves an
independent physical process. There needs to be another
partial differential equation (or some other form of equation)
that is solved independent of the other partial differential
equations. The partial differential equation must describe the
chemical reactions taking place and in the process predict the
solid mass lost from the system with time. It is the change
in the solids volume which in turn produces a change in the
overall volume in the REV:

dVs = dMs

ρwGs

(2.116)

where:

dMs = change in mass of solids that is predicted using an
independent physical and chemical model and

dVs = corresponding change in volume of solids.

There is not a one-to-one correspondence between the
change in volume of solids and the change in overall vol-
ume. There must be a constitutive relationship to relate these
two volume changes:

dVts

Vt

= mts dVs

Vt

(2.117)

where:

dVts = total or overall volume change produced by a
change in volume of solids lost from the system
and

mts = soil property linking a change in volume of solids
to an overall volume change.

If mts = 1.0, the overall volume change bears a
one-to-one correspondence to the volume of solids lost. If
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mts = 0.0, it means there will be no overall volume change
as the volume of solids is lost from the system. The real
situation will likely be somewhere in between these two
extremes and it may also be a nonlinear function.

Equation 2.117 can also be written in a more appropriate
form but should have the same meaning as shown above:

�Vt

Vt

= m1
t �(σ − ua) + m2

t �(ua − uw) + mts�Vs

(2.118)

Both the heap leach and municipal solid waste problems
have an important environmental component. It is antici-
pated that there will be increased public pressure to be
responsible stewards of the environment. Geotechnical engi-
neering will likely play a key role in performing advanced
numerical model simulations of complex systems.



CHAPTER 3

State Variables for Unsaturated Soils

3.1 INTRODUCTION

The ability to describe the “state” of a material sets the stage
for the development of a science to describe the physical
behavior of the material. The term “state variables” was
defined in previous chapters as the non–material variables
required to describe the physical behavior of the material
under consideration, in this case, an unsaturated soil. The
identification of satisfactory state variables forms the basic
building block for the emergence of a scientific continuum
mechanics framework for unsaturated soil behavior.

The state variables associated with stress conditions play
the most important role in formulating a science for material
behavior. The discovery of the effective stress variable for
saturated soils set the stage for the development of a science
for saturated soil mechanics (Terzaghi, 1936). The identifi-
cation of the stress state variables for an unsaturated soil
likewise forms the necessary building blocks for the devel-
opment of a science for unsaturated soil mechanics. This
chapter is devoted to presenting the basis and the importance
of state variables for an unsaturated soil.

There are state variables other than those related to the
stress state that are required when formulating a science for
unsaturated soils. For example, it is also important to have
acceptable designations for deformation state variables. It
should also be mentioned that temperature and time are also
state variables. The primary state variables of importance
when developing a science for unsaturated soil mechanics
are those variables that can be used to describe volume
change, distortion, and shear strength. The state variables
control the behavior of the soil structure as well as other
phases of the multiphase system.

The fluid phases also have independent state variables
that need to be used when describing flow. For example,
hydraulic head (i.e., consisting of the components of pres-
sure head and elevation head) is the state variable that is used
to describe the flow of water through a saturated or unsatu-
rated soil. The state variable for describing air flow can be
either a concentration or a pressure. In the case of a gas such
as air there is a fixed relationship between air concentration

and air pressure. When dealing with contaminant transport
problems it is the concentration of each of the chemical
components that constitute the state variables for describing
chemical movement.

Water can also move in the form of a vapor. For example,
water leaves the ground surface as vapor and the state vari-
able used to describe vapor flow is vapor pressure. In other
words, vapor pressure is the state variable for vapor movement.

It is a temperature gradient that causes heat flow. There-
fore, temperature is the state variable that can be used when
describing heat flow.

State variables for describing flow are readily apparent when
considering a variety of fluids. On the other hand, the state
variables that describe the mechanical behavior of multiphase
materials are key identifiers for the formation of a science. It
is the stress state variables for the solid phase of a multiphase
system such as an unsaturated soil that have been the most
difficult to determine and become universally agreed upon.

The mechanical behavior of a soil (i.e., the volume
change, distortion, and shear strength) needs to be described
in terms of fundamental state variables. The state of stress
in a soil consists of a combination of stress state variables.
By definition, these variables must be independent of the
physical properties of the soil (Fung, 1965). The stress
state variables need to be put into the form of a stress
tensor because of the three Cartesian coordinate system
generally used when solving engineering problems. Also, it
is possible for there to be more than one stress state tensor
for a multiphase system. It is possible for there to be two or
more independent tensors containing stress state variables
for a multiphase system. The number of phases involved in
a multiphase system provides an indication of the number
of independent stress tensors that might be required for the
description of the stress state.

3.1.1 Basis for State Variables

The state of a system can be defined within the context of
thermodynamic considerations. The mechanical behavior of
saturated soils has historically been described mainly within
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an isothermal environment. Temperature is known to be
a state variable, but the assumption is usually made that
isothermal conditions exist. When considering unsaturated
soil behavior, however, it becomes increasingly important
to be aware that temperature is a state variable that plays a
prominent role in some physical processes (e.g., evaporation
from ground surface). Unsaturated soils are usually found
near to the ground surface in an environment subjected to
significant changes in thermal conditions on a daily basis.

The basis for the state variables for a material can be
understood by considering the basic conservative laws of
physics, namely, the conservation of energy and the conser-
vation of mass. If the system under consideration is assumed
to be in an isothermal environment, then the state vari-
ables embedded within the conservation of energy are those
related to the stress state. Thermodynamic considerations
are therefore reduced to the conservation of momentum. A
multiphase system can be assumed to be in static equilib-
rium or subjected to negligible velocities with the exception
of earthquake or seismic loadings. Consequently, the sys-
tem reduces to the consideration of Newton’s second law of
statics (i.e., summation of forces and moments).

The stress state variables associated with a multiphase
material can be obtained by considering Newtonian equi-
librium for each phase of a multiphase system. Free-body
diagrams with designated spatial variation can be drawn for
each phase of a multiphase system. The superposition of
coincident equilibrium stress fields for a multiphase system
such as saturated or unsaturated soil systems is presented in
this chapter.

Newtonian equilibrium considerations become a theoret-
ical justification for the choice of acceptable stress state
variables. There are specific requirements that must be sat-
isfied when performing an equilibrium type of analysis. For
example, the summation of forces across a wavy plane can-
not be considered as an equilibrium analysis since a wavy
plane does not constitute a legitimate free-body diagram.
Rather, the starting free-body diagram must be multidimen-
sional and have unbiased, smooth surfaces to be acceptable
within the context of continuum mechanics (Fung, 1965).

The state variables associated with states of deformation
must satisfy the conservation of mass. As such, systems of
mapping the movement of each phase of a multiphase sys-
tem must satisfy the conservation-of-mass requirements for
the system as a whole. There are different types of elements
that can be used when defining the deformation state vari-
ables (e.g., spatial element or referential element). An REV
will be used in this book when describing both the stress and
deformation state variables for saturated and unsaturated soil
systems.

Continuum mechanics has provided a valuable context in
which to study material behavior for engineering purposes.
Continuum mechanics principles provide an important rela-
tionship between the conservative laws of physics and the
development of a science for the behavior of a multiphase

system. The conservative laws reveal the basic “building
blocks” required for the development of a science. These
building blocks are called state variables.

3.1.2 Background on Stress State for Saturated Soils

The effective stress variable σ − uw commonly used in satu-
rated soil mechanics is a stress state variable to which saturated
soil behavior can be related. The effective stress variable is
applicable to sands, silts, or clays and it is independent of
the soil properties. The volume change process and the shear
strength characteristics of a saturated soil are both controlled
by effective stress variables. The effective stress state variable
can be independently applied in each of the three Cartesian
coordinate directions. In so doing, effective stress takes on
the form of a stress tensor (i.e., a 3 × 3 matrix).

Soil mechanics as a science has been successfully applied
to many geotechnical problems involving saturated soils.
The success of the stress state variables is largely due to the
ability of engineers to uniquely relate observed soil behavior
to stress conditions in the soil. Terzaghi (1936) described the
stress state variables controlling the behavior of saturated
soils as follows: “The stresses in any point of a section
through a mass of soil can be computed from the total prin-
cipal stresses, σ1, σ2, σ3, which act at this point. If the voids
of the soil are filled with water under a stress, uw, the total
principal stresses consist of two parts. One part, uw, acts in
the water and in the solid in every direction with equal inten-
sity. It is called the neutral (or the pore-water) pressure. The
balance, σ ′

1 = σ1 − uw, σ ′
2 = σ2 − uw, and σ ′

3 = σ3 − uw
represents an excess over the neutral stress, uw, and it has its
seat exclusively in the solid phase of the soil. All the mea-
surable effects of a change in stress, such as compression,
distortion, and a change in shearing resistance, are exclu-
sively due to changes in the effective stress σ ′

1, σ ′
2, and σ ′

3.”
Effective stress is a stress state variable for a saturated

soil. Effective stress has also been expressed in the form of
an equation:

σ ′ = σ − uw (3.1)

where:

σ ′ = effective normal stress,
σ = total normal stress, and

uw = pore-water pressure.

Effective stress is the term used to describe the general
stress state that can subsequently be used to describe the
physical behavior of saturated soils. Experimental evidence
has shown that the effective stress variable (i.e., σ − uw) is
sufficient to describe the mechanical behavior of a saturated
soil. A more complete understanding of the stress state for a
saturated soil is achieved by writing the effective stress vari-
ables for each of the three orthogonal directions to form a
tensor. Shear stress components arise from consideration of
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moment equilibrium and should also be added to the stress
tensor, as shown in the equation

⎡
⎣ σx − uw τyx τzx

τxy σy − uw τzy

τxz τyz σz − uw

⎤
⎦ (3.2)

The effective stress concept provides a fundamental basis
for studying saturated soil mechanics. The effective stress
concept states that all mechanical behavior in a saturated
soil is governed by effective stresses (and shear stresses) in
each of the three Cartesian coordinate directions. Changes
in volume and shear strength are controlled by changes in
effective stress. An effective stress change (i.e., a change in
pore-water pressure or a change in total stresses) will alter
the equilibrium state of a saturated soil. Consequently, the
effective stress variables qualify as stress state variables.

3.1.3 Background of Stress State for Unsaturated Soils

In 1941, Biot proposed a general theory of consolidation for
an unsaturated soil with occluded air bubbles. The consti-
tutive equations relating stress and strain were formulated
in terms of two independent stress state variables, namely,
effective stress (σ − uw) and pore-water pressure, uw. It was
recognized that there needed to be a separation between
the effects of total stress changes and pore-water pressure
changes when attempting to describe unsaturated soil con-
stitutive behavior.

Coleman (1962) suggested the use of three “reduced”
stress variables, namely, σ1 − ua , σ3 − ua , and uw − ua ,
to represent the axial, confining, and pore-water pressures,
respectively, in the interpretation of triaxial test results. Con-
stitutive relations for volume change in unsaturated soils
were then formulated in terms of the above stress variables.

In 1963, Bishop and Blight reevaluated their previously
proposed effective stress equation for unsaturated soils and
noted that a variation in matric suction

(
ua − uw

)
did not

result in the same change in soil behavior as did a change
in the net normal stress

(
σ − ua

)
. Laboratory test results

were presented using three-dimensional graphical plots with
matric suction and net normal stress forming independent
orthogonal axes. In other words, net normal stress and matric
suction were presented as independent stress variables.

Matyas and Radhakrishna (1968) introduced the concept
of “state parameters” in describing the volume change behav-
ior of unsaturated soils. Volume change was presented as a
three-dimensional graphical surface with respect to two state
parameters, namely, σ − ua and ua − uw. Changes in degree
of saturation were likewise plotted versus the matric suc-
tion and net normal stress indicating that two independent
constitutive relations were required for the complete char-
acterization of volume-mass behavior. Barden et al. (1969a)
also suggested that volume change in unsaturated soils be ana-
lyzed in terms of separate components of net applied stress(
σ − ua

)
and matric suction

(
ua − uw

)
.

In the 1970s (Fredlund, 1973; Fredlund and Morgenstern,
1977), a theoretical equilibrium analysis was formulated for
an unsaturated soil element using concepts consistent with
multiphase continuum mechanics. An unsaturated soil had
generally been viewed as a three-phase system; however,
it was shown that the contractile skin (i.e., the air-water
interface) should be introduced as a fourth and indepen-
dent phase when studying the equilibrium conditions for
each phase. The equilibrium analysis on an unsaturated soil
element provided justification for the use of independent
stress state variables for an unsaturated soil. The soil par-
ticles were assumed to be incompressible and the soil was
treated as being chemically inert. These assumptions have
been historically applied in saturated soil mechanics.

The analysis concluded that any two of three possible
stress state variables can be used to describe the stress state
of an unsaturated soil. The three possible combinations
which can be justified as stress state variables for an
unsaturated soil are (1) σ − ua and ua − uw, (2) σ − uw
and ua − uw, and (3) σ − ua and σ − uw. Out of the three
possible combinations of stress state variables that can be
justified, it is the σ − ua and ua − uw combination that
received the widest acceptance in formulating unsaturated
soil mechanics problems.

The stress state variables for an unsaturated soil take on
the form of two independent stress tensors when consider-
ing a three-dimensional Cartesian coordinate system. The
proposed stress state variables for unsaturated soils were
experimentally tested by Fredlund (1973a) and subsequently
used to formulate constitutive equations to describe shear
strength behavior and volume change behavior.

Stress tensors that contain stress state variables form the
basis for developing a science for both saturated and unsat-
urated soils. It is possible to write first, second, and third
stress invariants for each stress tensor. While it is not imper-
ative that the stress invariants be used in developing consti-
tutive models, the stress invariants should be given consid-
eration because all three Cartesian coordinates are indepen-
dently taken into consideration.

In summary, it is the two independent stress tensors con-
taining stress state variables [e.g., net normal stress (σ −
ua), matric suction (ua − uw), and shear stresses] that form
a fundamental basis for the development of a science for
unsaturated soil mechanics. Constitutive relationships con-
necting various state variables can then be used in con-
junction with soil properties (and soil property functions) to
solve practical engineering problems. All proposed consti-
tutive relationships must be tested for uniqueness in the lab-
oratory on a variety of soil types. The laboratory equipment
must be able to independently control each stress component
of the stress state variables.

3.1.3.1 What about Effective Stress Equations?

There have been numerous equations proposed that relate
one or more of the stress variables to other stress variables



3.1 introduction 83

through the inclusion of a soil property. It is important to
differentiate between the role of these equations and the
description of the stress state at a point in a continuum.
There are theoretical and formulation limitations associated
with the use of effective stress equations. Little attention
is given to these equations in this book; however, a brief
summary is given of effective stress equations that have
been proposed.

The oldest and most-often-referred-to single-valued effec-
tive stress relationship is that proposed by Bishop (1959).
The equation is commonly referred to as Bishop’s effective
stress equation for unsaturated soils and has the form

σ ′ = (
σ − ua

) + χ
(
ua − uw

)
(3.3)

where:

σ ′ = effective stress and
χ = a soil parameter related to degree of saturation and

ranging from 0 to 1.

Bishop’s equation relates net normal stress to matric suc-
tion through the incorporation of a single-valued soil prop-
erty, χ . Bishop’s equation should not be referred to as a
fundamental description of stress state for an unsaturated
soil. The equation contains a soil property and should be
referred to as a constitutive equation. Within the context of
continuum mechanics it is not proper to elevate the Bishop
equation to the status of a stress state variable for an unsat-
urated soil.

Morgenstern (1979) explained the limitations of Bishop’s
effective stress equation as follows: Bishop’s effective
stress equation “proved to have little impact on practice.
The parameter, χ , when determined for volume change
behavior was found to differ when determined for shear
strength. While originally thought to be a function of degree
of saturation and hence bounded by 0 and 1, experiments
were conducted in which χ was found to go beyond these
bounds. The effective stress is a stress variable and hence
related to equilibrium considerations alone.”

Morgenstern (1979) went on to explain: Bishop’s effec-
tive stress equation “contains the parameter, χ , that bears
on constitutive behavior. This parameter is found by assum-
ing that the behavior of a soil can be expressed uniquely
in terms of a single effective stress variable and by match-
ing unsaturated soil behavior with saturated soil behavior in
order to calculate χ . Normally, we link equilibrium consid-
erations to deformations through constitutive behavior and
do not introduce constitutive behavior into the stress state.”

Other equation forms similar to the Bishop (1959)
equation have been proposed by several researchers for
the development of unsaturated soil behavior models (e.g.,
Jommi, 2000).

σ ∗
ij = σij − (Suw + (1 − S)ua)δij (3.4)

where:

σij = total stress tensor,
δij = Kroneker delta or substitution tensor,
σ ∗

ij = Bishop’s average soil skeleton stress, and
S = degree of saturation.

The degree of saturation has been substituted for the χ

soil parameter in Eq. 3.4. The equation is once again empir-
ical and constitutive in character. Consequently, the equation
must face the rigor of tests for “uniqueness” in order to
determine whether it proves satisfactory for geotechnical
engineering practice. It is the philosophical and theoretical
justifications that present the greatest hurdles with regard to
acceptance of Eqs. 3.3 and 3.4.

It can be reasoned that the need for an effective stress
equation for unsaturated soils has been replaced through
the use of independent stress tensors containing stress
state variables. Reexamination of proposed effective stress
equations has led many researchers to conclude that inde-
pendent stress state variables (e.g., σ − ua and ua − uw)
provide the increased flexibility needed for describing
unsaturated soil behavior. However, there continues to
be ongoing attempts to form a simple, so-called effective
stress relationship between total stresses and soil suction.
The simplified stress component relationship is then used
to develop shear strength and volume change constitutive
relations. This approach places serious constraints on
subsequent formulations and violates the basic assumption
inherent to classical continuum mechanics.

3.1.4 Designation of Deformation State Variables

Deformation state variables are necessary for describing rel-
ative volume changes and distortions of the various phases
comprising an unsaturated soil. Deformation state variables
may take on a variety of forms but must always satisfy conti-
nuity, compatibility, and conservation of mass requirements
for a multiphase system (i.e., Fredlund, 1973a).

The mapping of deformation state changes has histori-
cally started with the definition of selected volume-mass soil
properties such as void ratio e, gravimetric water content
w, and degree of saturation S . These variables are related
to one another through the following basic volume-mass
relationship:

Se = wGs (3.5)

where:

Gs = specific gravity of the soil solids.

The basic volume-mass relationship shows that it is nec-
essary to have at least two independent constitutive relations
in order to predict phase deformation state changes for an
unsaturated soil. Changes in void ratio (i.e., distortion and
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volume changes) are related to directional changes in the
soil structure (i.e., arrangement of the soil solids), form-
ing an REV. Volume changes and distortions can be written
in the form of a strain tensor in a manner consistent with
continuum mechanics (or theory of elasticity or plasticity):

⎡
⎣ εxx γyx γzx

γxy εyy γzy

γxz γyz εzz

⎤
⎦ (3.6)

where:

εxx, εyy, εzz = longitudinal strain in the x -,
y-, and z -directions, respec-
tively, and

γyx, γzx, γxy, γzy, γxz, γyz = shear strains on the x-, y-,
and z -planes.

The trace of the strain tensor (i.e., εxx + εyy + εzz ) yields
volumetric strain εv:

εv = εxx + εyy + εzz (3.7)

The amount of air and water in the same REV can be
described on a volumetric basis, θa (volumetric air con-
tent) and θ (volumetric water content). The overall volume
change εv of a REV must equal changes in the volumes
representing air and water:

εv = dθ + dθa (3.8)

Equation 3.8 can be referred to as a volumetric requirement
for a referential element. Volume changes associated with the
air and water phases refer to changes in the volume of the
referential element that is represented by air and the volume
that is represented by water. In other words, when reference is
made to a change in water volume, dθ , in the REV, reference
is being made to a change in the portion of the REV that is
comprised of water. The same logic is true for the air phase.
Even though the air phase is highly compressible, a change
in the volumetric air content, dθa , simply refers to a change in
the portion of the REV that is comprised of air. A change in
the volume of air in the REV, for example, could be the result
of overall volume changes in the REV or the result of flow
of either water or air from the element.

The overall volume change of a REV can be due to strains
in the x-, y-, and z-directions; however, the terms dθ and
dθa should not be considered as strains. It is for this reason
that the term deformation state variables is used rather than
strain state variables when referring to the water and air
phases.

3.1.5 Constitutive Relations Stage

Once the stress state variables and the deformation state
variables are defined for a multiphase system (e.g., an
unsaturated soil), the stage is set for proposing constitutive
relationships that can be used to represent changes in inde-
pendent state variables. Constitutive relations require the
incorporation of soil properties. The types of geotechnical
engineering problems that are addressed will dictate the
number of required constitutive relations. The constitutive
relations stage of development of a science brings in the
need to test the “uniqueness” of any proposed constitutive
relation on a variety of soil types. In other words, there is
no need to test for uniqueness at the state variable stage;
rather, tests for uniqueness are a characteristic associated
with the constitutive stage of the development of a science.

Constitutive relations are largely empirical in nature. Con-
stitutive relations can also be thought of as the stage in the
development of a science where the geotechnical engineer
becomes involved in establishing workable empirical laws
for solving practical engineering problems.

A variety of empirical constitutive models can be pro-
posed for the relationship between the stress and deformation
state variables. In each case assumptions need to be made
with respect to anticipated soil behavior and limitations in
the type of soil behavior being represented. Volume-mass
models can range from those consistent with historical soil
mechanics properties (e.g., coefficient of compressibility and
coefficient of volume change) to incremental elasticity mod-
els (i.e., Young’s modulus and Poisson’s ratio) (Fredlund and
Rahardjo, 1993a). There can also be elastoplastic constitutive
models that use other soil properties (e.g., λ and κ) to repre-
sent initial compression and rebound-reloading compression,
respectively, on a semilog scale (Alonso et al, 1990; Wheeler
and Sivakumar 1995, 2003; Blatz and Graham, 2003). A com-
plete critical state model must also embrace shear strength
behavior.

Shear strength models may take the form of an extension
of a Mohr-Coulomb representation (Fredlund et al., 1978)
or the representation of shear strength at critical state con-
ditions (Wheeler and Sivakumar, 1995; Sheng et al., 2009).

3.2 BASIS FOR STRESS STATE VARIABLES

Let us further examine the justification for the proposed
stress state variables. There does not appear to be any theory
which can be used to prove that a particular set of stress state
variables must be used as the basis for formulating a sci-
ence for unsaturated soils. The selection of the most suitable
stress state variables should be judged based on the follow-
ing criteria: (1) variables that can be experimentally tested
in the laboratory, (2) variables that can be theoretically jus-
tified using equilibrium considerations, (3) variables where
the component stresses can be measured in engineering prac-
tice, and (4) variables that meet the requirements set out by
the definition of state variables in continuum mechanics.
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It is possible that the above conditions might be met
by more than one set of stress state variables. The final
selection of state variables may come back to personal pref-
erence and in the end constitute a philosophical preference.
In any case, it is not prudent to incorporate soil properties
into the selection of stress state variables. Developments
within continuum mechanics have, in general, adhered to
this condition and the framework of continuum mechanics
has proven to be an all-encompassing and unifying theory
embracing the behavior for many types of materials.

3.2.1 Experimental Evidence for Stress State Variables

Numerous laboratory experiments have been performed
which assist in understanding the stress state description
of unsaturated soils. The laboratory tests are not a test for
“uniqueness” but rather are a test based on deviations from
equilibrium conditions. Stress state variables can only be
“tested” for equilibrium considerations.

A key experiment on unsaturated soils was performed
by Bishop and Donald (1961) (Fig. 3.1). In this experi-
ment, a specimen of loose Braehead silt was subjected to
drained triaxial compression where there was independent
control of σ3 (i.e., the all-round confining pressure), ua ,
and uw. The pressure components were changed during the
experiment with the restriction that changes in net confining
pressure [i.e., �

(
σ3 − ua

)
] remained at zero and changes in

matric suction [i.e., �
(
ua − uw

)
] remained at zero while the

individual components of stress were changed. Deviatoric
stresses and volumetric strain were monitored and found to
vary monotonically with axial strain, as shown in Fig. 3.1.
The results can be interpreted as confirming that each of the
stress state variables (i.e., σ3 − ua , ua − uw, and σ3 − uw),
was not altered and therefore the unsaturated soil behav-
ior remained monotonic. It is interesting to note that the
experimental results can also be used to lend support to the
Bishop (1959) type of effective stress equation in this case
because the material soil property linking the state variables
remained constant.

The experimental results support the validity of using
independent stress state variables but do not allow exclu-
sive interpretation of the data in favor of a particular set
of stress state variables. It is also possible to suggest that
any one of three possible combinations of the stress state
variables is experimentally justifiable.

In 1956, Hilf proposed the axis translation testing tech-
nique along with test results on several soils. The axis trans-
lation technique made it possible to measure matric suc-
tions greater than 1 atm. Unsaturated soil specimens were
placed onto a high-air-entry disk and the negative pore-
water pressure was measured (i.e., provided the matric suc-
tion was less than 1 atm). Results in Fig. 3.2 show that
when the air pressure above the soil specimen was changed
by a particular amount, the measured pore-water pressure
reaction was always equal to the air pressure change. This
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Figure 3.1 (a) Drained triaxial test on unsaturated loose silt with
σ3, ua , and uw, varied while keeping σ3 − ua and ua − uw constant.
(b) Pressure changes versus strain. (c) Deviator stress versus strain.
(Data from Bishop and Donald, 1961.)

meant that the measured matric suction remained at a con-
stant value.

Examination of the axis translation procedure reveals that
the test constituted a special “null” type of test under which
the stress state remains constant. It should be noted that in
this test the total pressure is equal to the applied air pres-
sure [i.e., �

(
σ − ua

) = 0]. Therefore, the stress variables
σ − ua and ua − uw, remain constant throughout the axis
translation test. As a consequence, the axis translation type
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Figure 3.2 Determination of matric suction using axis translation
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Figure 3.3 Null-type triaxial test for verification of stress state
variables.

of test can be successfully used to measure the stress state
of an unsaturated soil.

In 1977, Fredlund and Morgenstern reported a series
of null-type tests on compacted and natural clays. The
null tests subjected an unsaturated soil specimen to equal-
magnitude changes in total pressure, pore-air pressure, and
pore-water pressure while the overall volume and water
volume of the specimens were monitored (Fig. 3.3). The
stress components were varied by equal magnitudes but the
stress state variables [i.e.,

(
σ − ua

)
,

(
ua − uw

)(
σ − uw

)
]

were kept constant:

�σx = �σy = �σz = �uw = �ua (3.9)

The stress components were either increased or decreased
by an equal amount while overall volume changes and water
volume changes were monitored. If the proposed stress state
variables are valid, there should not be any change in the
overall volume of the soil specimen, and the degree of satu-
ration of the soil specimen should remain constant through-
out the null test. In other words, positive results from the

null test should show zero overall volume change and zero
water volume change. The null tests were interpreted in view
of the following criteria justifying independent stress state
variables.

A suitable set of independent stress state variables are
those variables that produce no distortion or volume change
of an element when the individual components of the stress
state variables are modified but the stress state variables
themselves are maintained constant (Fredlund, 1973a). Thus
the proposed stress state variable should maintain equilib-
rium conditions. The equilibrium conditions should apply
to the overall soil structure and the contractile skin: the two
solid phases of an unsaturated soil. Equilibrium relative to
the contractile skin is maintained if there is no change in the
degree of saturation when the null-type test is performed. In
other words, it is the contractile skin which constitutes an
equilibrium boundary between the air and water phases.

A total of 19 null tests were performed on compacted
kaolin (Fredlund, 1973a). The soil specimens were com-
pacted according to the standard AASHTO procedure. Two
types of equipment were used in performing the null tests.
The first apparatus was a modified one-dimensional enclosed
oedometer. The second apparatus used isotropic loading in
a modified triaxial cell. The axis translation technique was
used in both cases.

The measured volume changes of the overall soil specimen
and the water inflow or outflow were measured during each
test. The results from one test are presented in Fig. 3.4. The
results show essentially no volume change in the overall spec-
imen and little water flow during the null tests. The stress state
variables are therefore “tested” in the sense that equilibrium
conditions were not changed for the unsaturated soil specimen
while the stress components were changed by equal amounts.
Consequently, the suggested stress state variables qualify for
describing the mechanical behavior of unsaturated soils.

The measured overall volume changes and water volume
changes were approximately 2% of the volume changes that
would have occurred if only one stress component had been
changed. These tests demonstrate that it is the differences
between the stress components that form stress state variables
that can be used to describe the behavior of an unsaturated
soil. Stated another way, it is the difference between the stress
components that forms stress state variables that maintain
equilibrium conditions in the unsaturated soil specimen.

It should also be noted that it appears to be impossible to
experimentally verify that there is an exclusive combination
of stress variables for the description of the stress state. Other
shear strength and volume change laboratory studies on unsat-
urated soils have also supported the use of independent stress
state variables (Escario, 1980; Gulhati and Satija, 1981).

3.2.2 Theoretical Evidence of Stress State Variables

A multiphase system can be subdivided into a series of com-
ponent phases where the sum of the parts must constitute the
combined or overall system. A total stress field applies to
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Figure 3.4 Results of null tests N-37 and N-38 on compacted kaolin (from Fredlund, 1973a).

the combination of all the component stress fields. In 1977,
Fredlund and Morgenstern used the concept of multiphase
continuum mechanics to write the equilibrium equations that
act on the soil particle phase (or soil structure) of an unsat-
urated soil. The principle of superposition of coincident
equilibrium stress fields was used as described in continuum
mechanics (Truesdell and Toupin, 1960; Green and Naghdi,
1965; Truesdell, 1966).

The assumption was made that an independent continuous
stress field was associated with each phase of the multi-
phase system. The number of independent force equilibrium
equations that can be written for a multiphase system is
equal to the number of Cartesian coordinate directions mul-
tiplied by the number of phases constituting the continuum.
Equilibrium equations can also be written for various combi-
nations of phases, but the number of independent equations
is limited by the number of phases.

The stress variables appearing in the equilibrium equations
for the soil structure can be taken as the stress state vari-
ables. The stress state variables must be expressed in terms
of the measurable stresses, such as total stress σ , pore-
water pressure uw, and pore-air pressure ua in the case of
an unsaturated soil. It was observed that the surface trac-
tions appearing in the force equilibrium equations for the
soil structure were the same as those for the equilibrium
equations for the contractile skin (i.e., air-water interface). It
was also observed that three possible sets of stress state vari-
ables could be combined to form two stress tensors where
each set of tensors depended on the reference phase used
when deriving the equilibrium equations.

The force equilibrium equations for the multiphase sys-
tem support the concept of independent stress state vari-
ables. However, the derivation cannot be viewed as exclu-
sive proof of a particular set of stress state variables. It
would appear that the selection of the most suitable com-
bination of stress state variables must be based on practical
preference considerations rather than theoretical considera-
tions. There has been a general consensus that σ − ua and
ua − uw form the most easy-to-use combination of stress
state variables for geotechnical engineering practice. This
combination of stress state variables allows for the indepen-
dent consideration of the effects of external total stresses and
the effect of internal pore-water pressure uw. Each of these
stress variables are referenced to the pore-air pressure ua ,
which in most real-world situations is equal to atmospheric
pressure.

3.3 STRESS STATE VARIABLES
FOR UNSATURATED SOILS

The mechanical behavior of soils is controlled by the same
stress variables that control the equilibrium of the soil struc-
ture. Therefore, the stress variables required to describe the
equilibrium of the soil structure can be taken as the stress
state variables for the soil. The following sections illustrate
the role of equilibrium considerations in providing a clear
understanding of stress state variables in the development
of an engineering science for multiphase systems.

3.3.1 Equilibrium Analysis for One-Phase Solid

There are two types of forces that can act on an element of
soil. These are body forces and surface forces (i.e., surface
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tractions). Body forces act through the centroid of a soil
element and are expressed as a force per unit volume.
Gravitational and interaction forces between phases are
examples of body forces. Surface forces such as external
loads act only on the boundary surfaces of a soil element.
The average value of a surface force per unit area tends
to a limiting value as the surface area approaches zero.
This limiting value is called the stress vector or the surface
traction on a particular face of the element. The component
of the stress vector perpendicular to a face of the element is
defined as a normal stress, σ . The stress components parallel
to a face of an element are referred to as shear stresses, τ .

There are an infinite number of planes that can be passed
through a point in a soil mass. The stress state at a point
can be analyzed by considering all the stresses acting on the
planes that form a cubical element of infinitesimal dimen-
sions. Body forces act through the centroid of the soil ele-
ment and also need to be considered.

A cubical element that is completely enclosed by imagi-
nary, unbiased boundaries can be used as a free-body dia-
gram for a stress equilibrium analysis (Fung, 1977). The
cubical element is referred to as a referential elemental vol-
ume. Figure 3.5 shows a cubical soil element with infinitesi-
mal dimensions of dx , dy , and dz in the Cartesian coordinate
system. The normal and shear stresses on each surface of
the element are shown. The body forces are not shown.

Normal and shear stresses act on every plane in the x -, y-,
and z -directions. The normal stress, σ , has one subscript to
denote the plane on which it acts. Soils are most commonly
subjected to compressive normal stresses. In soil mechanics,
a positive normal stress is used to indicate compression in
the soil. All the normal stresses shown on the element are
positive or compressive. Opposite directions would indicate
negative normal stresses or tensions. The shear stress τ

has two subscripts. The first subscript denotes the plane on
which the shear stress acts, and the second subscript refers
to the direction of the shear stress. As an example, the shear
stress τyz acts on the y-plane and in the z -direction. All
of the shear stresses shown have positive signs. Opposite
directions would indicate negative shear stresses. Equating
the summation of moments about the x -, y-, and z -axes to
zero results in the following shear stress relationships:

τxy = τyx (3.10)

τxz = τzx (3.11)

τyz = τzy (3.12)

The stress components can vary from plane to plane across
an element. The spatial variation of a stress component can
be expressed as its derivative with respect to space. The
stress variations in the x -, y-, and z -directions are expressed
as stress fields.
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Figure 3.5 Normal and shear surface tractions on cubical soil element of infinitesimal dimen-
sions, dx, dy , and dz .
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The equilibrium analysis of a one-phase solid can be writ-
ten based upon the conservation of linear momentum. The
conservation of linear momentum in the y-direction can be
written as(

∂τxy

∂x
+ ∂σy

∂y
+ ∂τzy

∂z
+ ρg

)
dx dy dz =

(
ρ

Dvy

Dt

)

(3.13)
where:

τxy = shear stress on the x -plane in the y-direction,
σy = total normal stress on the y-plane,
τzy = shear stress on the z -plane in the y-direction,
ρ = total density of the soil,
g = gravitational acceleration,

dx, dy, dz = dimension of the element in the x -, y-, and
z -directions, respectively,

Dvy

Dt
= ∂vy

∂t
+ ∂vy

∂y

∂y

∂t
= acceleration in the y-

direction, and
vy = velocity in the y-direction.

Let us assume that the REV does not undergo acceleration.
Then the right-hand side of the above equation becomes zero
and is referred to as the Newtonian equation of equilibrium:

(
∂τxy

∂x
+ ∂σy

∂y
+ ∂τzy

∂z
+ ρg

)
dx dy dz = 0 (3.14)

Similarly, equilibrium equations can be written for the
x -direction,

(
∂σx

∂x
+ ∂τyx

∂y
+ ∂τzx

∂z

)
dx dy dz = 0 (3.15)

and the z -direction,
(

∂τxz

∂x
+ ∂τyz

∂y
+ ∂σz

∂z

)
dx dy dz = 0 (3.16)

Once the equilibrium equations have been written for each
of the Cartesian coordinate directions, it is possible to extract
the surface tractions and place them in the form of a tensor
(i.e., a 3 × 3 matrix). The tensor represents the stress state
at a point for a one-phase solid:

⎡
⎣ σx τyx τzx

τxy σy τzy

τxz τyz σz

⎤
⎦ (3.17)

The stresses in the uppermost row in the matrix (i.e., σx , τyx ,
τzx) were extracted from the x-direction equilibrium equation.
The middle row of stresses was from the y-direction equilib-
rium equation and the lowermost row of stresses was from the
z-direction equilibrium equation. The 3 × 3 matrix is related
to the three Cartesian coordinate directions commonly used to
formulate engineering problems and is called a stress tensor.

The stress tensor shown in Eq. 3.17 can be used as the
building block for a science for any one-phase material (e.g.,
steel, concrete). It can also be viewed as the total stress or
overall stress tensor for a multiphase material.

3.3.2 Equilibrium Equations for Multiphase System

An equilibrium analysis can also be applied to a cubical
element of a multiphase system such as a saturated soil or
an unsaturated soil. Newton’s second law is applied to the
soil element by summing forces in each direction (i.e., x -,
y-, and z -directions). A saturated soil can be considered
as a two-phase system and equilibrium equations can be
written for each of the phases. Equilibrium equations can
also be written for each phase of the four phases of an
unsaturated soil element (i.e., air, water, contractile skin,
and soil particles). Each phase is assumed to behave as an
independent, linear, continuous, and coincident stress field
in each of the three Cartesian coordinate directions.

Equilibrium equations can also be overlain or summed
using the principle of superposition. However, this may not
give rise to equilibrium equations with stresses that can be
measured. For example, the interparticle stresses between the
soil solids cannot be directly measured. The force equilibrium
equations for the air phase, water phase, and contractile skin
together with the total equilibrium equation for the soil ele-
ment can be used in formulating the equilibrium equation for
the soil structure (Fredlund, 1973b). It is necessary to com-
bine the independent phases in such a way that measurable
stresses appear in the equilibrium equation for the soil solids.

The total number of independent equilibrium equations
will be equal to 3 times the number of phases in a multiphase
system. The stress variables that control the equilibrium of
the soil structure also control the equilibrium of the contrac-
tile skin (Fredlund, 1973b).

3.3.3 Independent Phase Equilibrium

The soil particles and the contractile skin are assumed to
behave as solids in an unsaturated soil. In other words, it
is assumed that these phases come to equilibrium under
applied stress gradients. The arrangement of soil particles
is referred to as the soil structure. The water phase and the
air phase qualify as fluids since they flow under an applied
stress gradient. Each phase is assumed to have an indepen-
dent, linear, continuous, and coincident stress field in each
direction. The principle of superposition can be applied to
the equilibrium equations for each of the phases because the
stress fields are linear. The sum of the equilibrium equations
for each phase is equal to the total or overall equilibrium
of the soil element (Westergaard, 1952; Green and Naghdi,
1965; Truesdell, 1966; Faizullaev, 1969).

The equilibrium equations for the water phase, air phase,
and contractile skin can be written independently. The three
individual phase equilibrium equations together with the
total equilibrium equation form the basis for formulating
the equilibrium equation for the soil structure.



90 3 state variables for unsaturated soils

The areas or volumes associated with each phase can be
written relative to the dimensions of the soil element (i.e.,
dx , dy , and dz ). This is done using a porosity designation for
the volume and area associated with individual phases. The
porosity n of a phase is the ratio of the volume (or surface
area) of each phase relative to the total volume. The volume
porosity is assumed to be equal to the area ratio of each
phase relative to the total cross-sectional area. This concept
is referred to as the “theorem of the equality of volume
and surface porosities in a homogeneous porous medium”
(Faizullaev, 1969). Therefore, the same porosity term can
be applied to the body force as to the surface tractions.

3.3.4 Water Phase Equilibrium

The water phase is used to illustrate how the equilibrium
equation can be written for an individual phase (Fig. 3.6).
Let us consider the case of a saturated soil (i.e., a two-phase
system). It is necessary to include an interaction force which
acts between the soil particles and the water when the water
phase is separated from the remainder of the unsaturated
soil element. The interaction force is a body force and can
be given the designation F w

sy . The water phase equilibrium
in the y-direction also includes the gravity force due to the
volume of water. Summing forces in the y-direction for the
water phase gives

(
nw

∂uw

∂y
+ nwρwg + F w

sy

)
dx dy dz = 0 (3.18)

where:

uw = pore-water pressure,
ρw = density of water,
nw = porosity with respect to the water phase, and
F w

sy = interaction force (i.e., body force) between
the water phase and the soil particles in the
y-direction.

The interaction force between the water and the soil solids,
F w

sy , has the form of a “seepage force” associated with water
flow through a saturated soil. Similar equilibrium equations
can be written in the x- and z-directions for the water phase.

Since the sum of the parts (i.e., each of the phases) is equal
to the overall element, it is possible to subtract the water phase
equilibrium equation from the total or overall equilibrium
equation. The resulting equation is the equilibrium equation
for the soil solids. The resulting equation contains the surface
tractions known as the effective stress variable.

3.3.5 Air Phase Equilibrium

Let us consider the case where a soil is completely dry.
Once again the soil is a two-phase system consisting of soil
solids and air. Equilibrium equations can be written for the
air phase in a manner similar to that shown for the water
phase (Fredlund and Rahardjo, 1993a).

nw (uw + )
∂uw

∂y
dy

nw uw

nw rw g

dy

y

z
x

dx

dz

F w
sy

Figure 3.6 Surface tractions and body forces associated with
water phase force equilibrium in y-direction for saturated soil.

Since the sum of the parts is equal to the overall element,
it is possible to subtract the air phase equilibrium equation
from the total or overall equilibrium equation. The resulting
equation is the equilibrium equation for the soil solids when
the pore fluid is air. The resulting equation contains the
surface tractions equal to the difference between total stress
and pore-air pressure.

3.3.6 Contractile Skin Equilibrium

The contractile skin is only a few molecular layers in thick-
ness. However, its presence affects the equilibrium con-
ditions in an unsaturated soil. The contractile skin influ-
ences the soil structure through its ability to exert surface
tension, Ts . The contractile skin also allows for equilib-
rium conditions to be maintained between the air and water
phases. That means that constant-degree-of-saturation condi-
tions can be established in an unsaturated soil. It also means
that it is possible for air and water to flow through the soil
in an independent manner. The independent flow of air and
water takes place while the contractile skin maintains a con-
stant degree of saturation in the soil.

The magnitude of the unit surface tension is constant at
a particular temperature. The interdependency of the con-
tractile skin with the other phases causes its equilibrium
equation to be somewhat complex (Fredlund and Rahardjo,
1993a). Details of the analysis are not presented herein
(Fredlund and Morgenstern, 1977).

3.3.7 Equilibrium for the Soil Structure
(Arrangement of Soil Particles)

The total equilibrium of an unsaturated soil element is equiv-
alent to the resultant of the equilibrium equations for the
individual phases. The equilibrium of the soil structure in



3.3 stress state variables for unsaturated soils 91

the y-direction can be written as the difference between the
total equilibrium equation and the sum of the water, air,
and contractile skin equilibrium equations. The following
equation is obtained when using the air phase as a reference
phase during the derivation of the equilibrium equation for
the soil structure in the y-direction:

{
∂τxy

∂x
+ ∂σy

∂y
− na

∂ua

∂y
− nw

∂uw

∂y
+ ncf

∗ ∂(ua − uw)

∂y

+∂τzy

∂z
+ ρg − naρag − nwρwg − ncρcg − F w

sy − Fa
sy

+nc

(
ua − uw

) ∂f ∗

∂y

}
dx dy dz = 0 (3.19)

where:

na = porosity with respect to the air phase,
nc = porosity with respect to the contractile skin,
f ∗ = an interaction function between the contractile

skin and the soil structure (Fredlund and Rahardjo,
1993a), and

Fa
sy = an interaction body force between the solids and

the air phase in the y-direction.

Similar equilibrium equations can be written for the x-
and z-directions, respectively:

{
∂σx

∂x
+ ∂τyx

∂y
− na

∂ua

∂y
− nw

∂uw

∂y
+ ncf

∗ ∂(ua − uw)

∂y

+∂τzx

∂z
− F w

sx − Fa
sx + nc(ua − uw)

∂f ∗

∂y

}
dx dy dz = 0

(3.20){
∂τxz

∂x
+ ∂τyz

∂y
− na

∂ua

∂y
− nw

∂uw

∂y
+ ncf

∗ ∂(ua − uw)

∂y

+∂σz

∂z
− F w

sz − Fa
sz + nc(ua − uw)

∂f ∗

∂y

}
dx dy dz = 0

(3.21)
The stress variables controlling the equilibrium of the

soil structure are the stress state variables that control the
mechanical behavior of soils. Fredlund and Morgenstern
(1977) also showed that the stress variables controlling the
equilibrium of the soil structure were the same as those
controlling the equilibrium of the contractile skin.

There are three independent sets of normal stresses (i.e.,
surface tractions) that can be extracted from the equilibrium
equations for the soil structure to form the stress state vari-
ables. The three stress state variables are σ − ua , ua − uw,
and ua . The stress variable ua can be eliminated if the soil
particles are assumed to be incompressible. Therefore, the
stress state variables for the soil structure and the contractile
skin in an unsaturated soil are σ − ua and ua − uw.

The stress state variables act in three Cartesian coordi-
nate directions and the variables can be collected to form

two independent stress tensors. The two independent stress
tensors can be written as the stress state at a point in an
unsaturated soil:

⎡
⎣ σx − ua τyx τzx

τxy σy − ua τzy

τxz τyz σz − ua

⎤
⎦ (3.22)

⎡
⎣ ua − uw 0 0

0 ua − uw 0
0 0 ua − uw

⎤
⎦ (3.23)

The pore-air pressure appears in both stress tensors; how-
ever, it is the difference between stress components that
allows the two tensors to qualify as independent stress state
variables. The stress variables in Eqs. 3.22 and 3.23 can be
placed on the surface of a cube to give the stress state at a
point as shown in Fig. 3.7.

As an unsaturated soil approaches saturation, the degree of
saturation S approaches 100%. The pore-water pressure uw
approaches the pore-air pressure ua and the matric suction
term ua − uw goes toward zero. The second stress tensors
for the unsaturated soil disappear because the matric suc-
tion ua − uw becomes zero. It should be noted that it is not
necessary for the pore-water pressure to go to zero in order
for the soil to behave as a saturated soil. Rather, it is neces-
sary for the pore-water pressure to increase until it becomes
equal to the pore-air pressure for the soil to behave as a
saturated soil (i.e., a two-phase system).

Once pore-water pressure is equal to pore-air pressure,
only the first stress tensor is left to represent the stress state
for a saturated soil. The pore-air pressure term in the first
stress tensor becomes equal to the pore-water pressure uw
as the soil becomes saturated. The stress state at a point in a
saturated soil is illustrated in Fig. 3.8. The stress tensor for
a saturated soil is consistent with that presented by Terzaghi
(1936) as the effective stress variable σ − uw.
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y
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tyx tyz

sx − ua

sz − ua

Figure 3.7 Stress state at point based on surface tractions
extracted from soil structure force equilibrium equations for unsat-
urated soil (i.e., x-, y-, and z-directions).
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Figure 3.8 Stress state at a point based on the surface tractions
extracted from the soil structure force equilibrium equations for a
saturated soil (i.e., x-, y-, and z-directions).

3.3.8 Other Combinations of Stress State Variables

The soil structure equilibrium equations can have three dif-
ferent forms depending upon the reference phase used during
the derivation of the equilibrium equations. Equation 3.17
is the result of using the air phase as the reference phase
during the derivation. Other forms of the derivation can use
the water phase or else the total stress field as the reference.
Each form of the equilibrium equations contains a combi-
nation of two stress state variables. In other words, any two
of three possible stress variables (i.e., σ − ua , σ − uw, and
ua − uw) can be used to describe the stress state for the soil
structure and contractile skin in an unsaturated soil.

3.3.9 Saturated Soils as Special Case
of Unsaturated Soils

A saturated soil can be viewed as a two-phase system. The
equilibrium equations for the soil structure (i.e., the arrange-
ment of soil solids) of a saturated soil can be derived in the
manner described above. Equilibrium equations can be writ-
ten for the water phase and the overall total stress field. The
equilibrium equation for the soil solids will be the difference
between the total or overall stress field and the water phase
stress field. The extraction of the surface tractions from the
resulting equilibrium equations gives rise to the following
stress tensor containing effective stress variables which can
be placed on a cube to represent the stress state at a point
(Fig. 3.8):

⎡
⎣ σx − uw τyx τzx

τxy σy − uw τzy

τxz τyz σz − uw

⎤
⎦ (3.24)

txz

txy

tzy

tzx

tyx

tyz

x

y

z

sy − ua

sy − ua

sy − ua

Figure 3.9 Stress state at point based on surface tractions
extracted from soil structure force equilibrium equations for dry
soil (i.e., x-, y-, and z-directions).

It is interesting to note that no area correction appears in
the stress tensor when the analysis is performed in a manner
consistent with multiphase continuum mechanics principles.

3.3.10 Case of Dry Soil (Solids and Air)

As a soil becomes extremely dry, a change in soil suction
may no longer produce significant changes in mechanical
properties. However, soil suction remains as a stress state
variable even if it is not required to describe the behavior of
the dry soil. The first stress tensor with σ − ua will have the
most significant influence on the shear strength and volume
change of the dry soil. The stress tensor for a dry soil can
be written as

⎡
⎣ σx − ua τyx τzx

τxy σy − ua τzy

τxz τyz σz − ua

⎤
⎦ (3.25)

The stress state at a point in a dry soil is illustrated in
Fig. 3.9. There are some physical processes where it is nec-
essary to consider soil suction as a stress state variable when
there is a change from the completely dry state (e.g., volume
increase or swelling).

3.3.11 Smooth Transition from Saturated
to Unsaturated Conditions

There is a smooth transition between the stress state for a
saturated soil and the stress state required for an unsaturated
soil. As a soil approaches saturation, the pore-water pressure
uw approaches the pore-air pressure ua and the matric suc-
tion term ua − uw goes toward zero. In other words, the
second stress tensor (i.e., the soil suction tensor) disappears
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as pore-water pressure becomes equal to pore-air pressure.
This is true regardless of the pore-air pressure. When matric
suction goes to zero, the pore-air pressure term in the first
stress tensor becomes equal to the pore-water pressure uw
and soil behavior can be described using the stress state
variables for a saturated soil (i.e., σ − uw).

There is a hierarchy of limiting stress conditions related
to the magnitude of the individual stress components for an
unsaturated soil. The total stress must always be the largest
value and the pore-water pressure must be the smallest value.
The pore-air pressure must be intermediate or equal to the
pore-water pressure or the total stress:

σ ≥ ua ≥ uw (3.26)

The above hierarchy must be maintained in order to ensure
stable equilibrium conditions. Limiting stress state condi-
tions occur when one of the stress state variables becomes
zero. For example, if the pore-air pressure ua is momentar-
ily increased in excess of the total stress σ , an “explosion”
of the soil may occur. In other words, once the σ − ua

variable goes to zero, a limiting stress state condition is
reached. This limiting stress condition occurs when testing
unsaturated soils in a pressure plate apparatus.

Another limiting stress state condition occurs when matric
suction ua − uw vanishes. If the pore-water pressure is
increased and approaches the pore-air pressure, the degree of
saturation of the soil approaches 100% and matric suction
goes toward zero. The behavior of the soil can then be
described in terms of one stress state variable (i.e., σ − uw).
A smooth transition from the unsaturated case to the saturated
case takes place under the limiting stress state condition
where the pore-air pressure becomes equal to the pore-water
pressure.

A limiting condition also occurs in saturated soils when
the σ − uw stress state variable (i.e., effective stress) reaches
zero. Any attempt to force effective stress to become nega-
tive results in the soil structure of the saturated soil becom-
ing unstable. The soil is said to “quick.” A further increase
in the pore-water pressure results in a “boil” being formed.

3.3.12 Consideration of Equilibrium
across Wavy Plane

There have been numerous attempts to prove the form of
an appropriate effective stress equation for both saturated
and unsaturated soil by passing a wavy plane through a soil
mass (Fig. 3.10). The wavy plane verification analysis is
unacceptable for a number of reasons even though it is found
in many soil mechanics textbooks. Consideration of a biased
plane or a wavy plane is unacceptable within the context of
a Newtonian equilibrium-type analysis (Fig. 3.11).

Force equilibrium across a plane is comparable to New-
ton’s third law, which states that “action must be equal to
reaction.” A wavy plane allows one set of stresses to be
set equal to another variable; however, this does not qualify

Unit area

Wavy plane through a
soil mass

Area of contact, a

Pore-water
pressure, uw

Contacts

Figure 3.10 Consideration of force equilibrium across wavy
plane.

as a proof or statical equilibrium. Rather, it is necessary to
introduce spatial variation into the stress fields in order to
write legitimate force equilibrium equations.

Continuum mechanics and the mechanics of statics require
that equilibrium considerations must commence with a legit-
imate free-body diagram. The starting point must make use
of an REV that has unbiased, planar sides in three orthog-
onal directions. In a multiphase system, it is also necessary
for the volume phase percentages of the element to be equal
to the area phase percentages. Only in this way can the
fundamental definition of a continuum be maintained.

The definition of a continuum dictates that the density
function for the mixture under consideration must remain
constant as the size of the REV is reduced. Then the results
of an equilibrium analysis cannot be biased by the analyst.

Vertical view of
mineral cut by

horizontal surface

(a)

(b)

(c)

Horizontal
surface

Wavy surface through
contacts

Vertical view of minerals
cut by wavy surface

Figure 3.11 Shortcomings associated with passing plane through
multiphase medium.
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The use of a wavy plane through a soil mass can bias the
final outcome toward a preconceived notion.

The stress state variables for a multiphase system must rely
on accepted principles of statics and continuum mechanics
where spatial variation is brought into the analysis through
the use of stress field representations applied to the phases of
an REV. When stress field equations are written for the overall
element and the various phases of a multiphase system, the
area of contact and other soil properties do not appear in the
designation of stress state variables.

3.4 REPRESENTATION OF STRESS STATES

Stress state variables become part of the mathematical
equations used in the engineering design process. The
stress state conditions are required for three dimensions
of the Cartesian coordinate system. In some cases it
might be possible to reduce engineering formulations to a
two-dimensional or one-dimensional formulation.

It is necessary to be able to take the components of the
stress state variables and determine how each stress com-
ponent can be computed under field conditions (i.e., in situ
stress states) on a practical engineering project. The ques-
tion being addressed can be stated as follows, “How can the
magnitude and distribution of total stresses and pore fluid
stresses be determined in the field?”

3.4.1 In Situ Designation of Stress Components

The magnitude and distribution of the stress components
in the field need to be computed as part of a geotechnical
engineering analysis. The distribution of the components of
stress allows the computation of in situ profiles for net nor-
mal stress σ − ua and matric suction

(
ua − uw

)
. Procedures

are necessary for the assessment of each of the stress com-
ponents. The stress components can then be used to compute
the stress state variable distributions with space.

Totals stresses in three orthogonal directions need to be
computed as well as the pore-water and pore-air pressure

values with respect to space (i.e., depth and laterally). Soil
behavior can then be visualized in terms of the magnitudes
of the stress state variables and potential changes in the
stress state variables. The components of stress revert to
effective stress states

(
σ − uw

)
as the soil becomes satu-

rated. The effect of in situ stress history is often assessed on
the basis of laboratory oedometer measurements. Possible
final (or future) stress state profiles are often assumed on
the basis of engineering experience or computed based on
other theoretical considerations.

The total vertical stress under geostatic conditions is a
function of the density or the total unit weight of the soil.
The magnitude and distribution of the total normal stress
are also affected by the application of external loads such
as buildings or the removal of soil through excavation.

Let us consider geostatic conditions where the ground sur-
face is horizontal and the vertical and horizontal planes do
not have shear stresses (Lambe and Whitman, 1979). The net
normal stresses in the vertical and horizontal directions are
related to the density of soil. The net vertical stress σv − ua

is called the overburden pressure, which can be computed
as follows (Fig. 3.12):

σv − ua =
∫ y1

y2

ρ (y) g dy − ua (3.27)

where:

σv − ua = vertical net normal stress,
ua = pore-air pressure,
dy = incremental distance in the vertical direction,

ρ (y) = density of the soil as a function of depth,
y1 = ground surface elevation,
y2 = elevation under consideration, and
g = gravitational acceleration.

The vertical net normal stress distribution with respect
to depth is a straight line as long as the soil density is a

Horizontal ground surfacez1

z2

(a) (b)

sv − ua

sh − ua

sv − ua = rg(z1 − z2)

sh − ua = K0(sv − ua)

Figure 3.12 In situ net normal stress profile under geostatic conditions: (a) vertical net normal
stress; (b) horizontal net normal stress.
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constant value with depth. The pore-air pressure is generally
assumed to be in equilibrium with atmospheric pressure (i.e.,
zero gauge pressure). Figure 3.12a shows a typical profile
of the vertical net normal stress for geostatic conditions.
Total stresses can be computed by integration of Eq. 3.27
across each layer when there are soil strata with distinctly
different densities. The total vertical stress in a level soil
mass is computed in the same manner for both saturated
and unsaturated soils (Fig. 3.12). The total vertical stress σv
can be computed as follows if only one soil is involved:

σv =
∫ H

0
ρg dy (3.28)

where:

y = vertical distance from ground surface and
H = depth of soil under consideration.

The total vertical stress at any depth can be written as
follows if the soil mass is homogeneous:

σv = ρgH (3.29)

The pore-air pressure is generally at equilibrium with atmo-
spheric pressure. The pore-water pressure above the ground-
water table can be either estimated or measured. The negative
pore-water pressure profile is largely controlled by the loca-
tion of the water table in the immediate region above the
water table. The negative pore-water pressures are largely
controlled by the net moisture influx at the ground surface in
the region near the ground surface. In other words, the local
climatic conditions significantly influence the near-ground-
surface pore-water pressures. The negative pore-water pres-
sure profile tends toward hydrostatic conditions if the annual
net moisture flux at ground surface approaches zero.

The matric suction profile is closely related to the near-
ground-surface climatic environment. The approximation or
determination of the initial soil suction profile is required
when analyzing a geotechnical engineering problem. The
in situ profile of pore-water pressures (and thus soil suc-
tion) can vary significantly throughout each year. The effect
of climatic conditions in a region should be analyzed by
taking moisture flux boundary conditions into consideration
throughout a year.

3.4.2 Coefficient of Lateral Earth Pressure

It is difficult to theoretically quantify the coefficient of earth
pressure at rest due to complexities arising from the stress
history to which the soil mass has been subjected. Consid-
eration of elastic equilibrium within a soil mass can provide
some insight into the coefficient of earth pressure at rest.
Elastic equilibrium can also provide some indication of the
depth of potential cracking in a soil mass. Further details on
elastic equilibrium can be found in Chapter 13.

The coefficient of lateral earth pressure K0 can be defined
as the ratio of horizontal net normal stress to vertical net
normal stress (Fig. 3.12). This is a slight variation from
saturated soil mechanics since the horizontal and vertical
stresses are now referenced to the pore-air pressure (which
is generally at atmospheric pressure):

K0 = σh − ua

σv − ua

(3.30)

where:

σh − ua = horizontal net normal stress.

The geostatic stress condition where there is no horizontal
strain is referred to as the coefficient of lateral earth pressure
at rest, K0 (Terzaghi, 1925). The coefficient of lateral earth
pressure at rest depends on several factors such as the type
of soil, its stress history, and its density. Saturated soils
commonly have K0 values ranging from as low as 0.4 to
values in excess of 1.0. Unsaturated soils are often over
consolidated and can have coefficients of earth pressure at
rest greater than 1.0 (Brooker and Ireland, 1965). On the
other hand, the coefficients of earth pressure at rest can go
to zero for the case where the soil becomes desiccated and
cracked. A profile of the horizontal net normal stresses under
at-rest conditions is shown in Fig. 3.12b.

The application of the theory of lateral earth pressures to
cracked, unsaturated soils is challenging to understand. The
horizontal total stress in the crack through a soil mass is
zero. However, the soil immediately adjacent to the crack is
being held together by soil suction. Consequently, one hor-
izontal stress condition can be observed in the crack of the
soil mass while another completely different stress condition
is observed in the adjacent intact soil.

The theory of elasticity can be used to compute changes
in total stress states. Elastic theory can be applied in a
similar manner for both saturated and unsaturated soils.
The total stress state within a continuum (i.e., including the
horizontal stress state) can be solved as a “boundary value”
problem when the ground surface is not horizontal and
where several soil types may be present. In this case, the
ground surface geometry and the soil strata can be modeled
using a finite element numerical stress analysis. Elasticity
parameters, including Young’s modulus and Poisson’s ratio,
need to be input for each soil layer. The computed stress
state is quite insensitive to the input soil parameters and as
a result it is possible to calculate reasonable estimates of
the total stress state. Figure 3.13 shows contours of vertical
stresses and horizontal stresses computed by “switching
on” the gravity forces in a numerical modeling analysis.
The switching-on type of analysis can readily be performed
even for complex geometric and soil conditions. Further
details pertaining to the stress-versus-strain relationship for
an unsaturated soil are presented in Chapter 13.
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Figure 3.13 Total (a) vertical and (b) horizontal stresses in soil mass with sloping ground
surface with stresses computed by switching on gravity forces.
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The stress-versus-strain equation in the vertical direction
for a homogeneous, isotropic, linear elastic, unsaturated soil
can be written as

εv = σv − ua

E
− 2μ

E

(
σh − ua

) + ua − uw

H
(3.31)

where:

εv = normal strain in the vertical direction,
σv = total normal stress in the vertical direction,
σh = total normal stress in the horizontal direction,
μ = Poisson’s ratio,
E = elastic modulus with respect to a change in σ − ua ,
H = elastic modulus with respect to a change in ua − uw,
ua = pore-air pressure, and
uw = pore-water pressure.

The stress-versus-strain equation in the horizontal direc-
tion is written as

εh = σh − ua

E
− μ

E

(
σv + σh − 2ua

) + ua − uw

H
(3.32)

The above equation applies to both horizontal directions.
For the at-rest or K0 condition in an intact, homogeneous,
unsaturated soil mass, the strain in the horizontal directions
can be set to zero (i.e., εh = 0). The net horizontal stress
can then be written in terms of the vertical stress:

σh − ua = μ

1 − μ

(
σv − ua

) − (1 − μ)
E

H

(
ua − uw

)
(3.33)

The above equation can be normalized to the net vertical
stress, and the equation takes the form for the coefficient of
earth pressure at rest, K0:

K0 = μ

1 − μ
− E

(1 − μ)H

ua − uw

σv − ua

(3.34)

The above equation reverts to the form common to a sat-
urated soil when matric suction goes to zero. When matric
suction is present in the soil, the horizontal stress is reduced
as the soil tends toward cracking. The reduction in horizon-
tal stress is also a function of the depth under consideration.
At shallow depths, the second part of Eq. 3.34 shows that a
small matric suction may cause the net horizontal stress to
go to zero, or tend to go negative. If the soil cannot sustain
tensile strain, cracking of the soil will occur commencing at
ground surface.

Typical K0 values for the first loading of clay ranges
between approximately 0.3 and 0.7, depending upon Pois-
son’s ratio. Let us consider the slow drying of a lacus-
trine clay deposit. For illustrative purposes, the following
properties are assumed; μ = 0.35, E/H = 0.17, and ρ =
1886 kg/m3. Figure 3.14 illustrates the relationship between
the coefficient of earth pressure at rest and matric suction
for various overburden pressures. When the soil is saturated
with zero pore-water pressure, the at-rest coefficient of earth
pressure is 0.538. The at-rest coefficient then decreases as
the matric suction of the soil increases. This behavior applies
for all depths, but the rate of reduction in the at-rest coeffi-
cient is greater at shallow depths. An at-rest coefficient K0
of zero indicates a tendency for cracking.

The above example is a simplification which does not
take into consideration the effects of prior processes such as
wetting and drying, freezing and thawing, and loading and
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Figure 3.14 Relationship between coefficient of earth pressure at rest, K0, and matric suction.
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(a)

(b)

Figure 3.15 Relationship between horizontal stresses and verti-
cal overburden stresses during sedimentation, erosion, and reload-
ing of saturated soil. (a) Effective horizontal stress for various
effective vertical stresses. (b) Coefficient of earth pressure at rest,
K0, with changing overburden stresses.

unloading cycles. Figure 3.15 illustrates typical horizontal
and vertical effective stress paths where a saturated soil
is subjected to a history of sedimentation followed by
erosion and subsequent reloading. The stress paths can
become even more complex for unsaturated soils subjected
to cycles of drying and wetting and freezing and thawing.
The coefficients of earth pressure can go from as low
as zero to as high as the coefficient of passive earth
pressure.

If all of the elastic parameters were known and the above
analyses were applied to a soil that had undergone a com-
plex stress history, the coefficient of earth pressure should
be a tangent value of K0 as opposed to a secant value of
K0 (Fig. 3.15). The engineer is generally interested in the
secant value. The above analysis is most relevant immedi-
ately following sedimentation.

It must be recognized that the soil behaves in a nonlinear
manner and the incremental elastic parameters are difficult
to assess accurately. The assessment of the horizontal stress
state of an unsaturated soil is a complex topic. It is pri-
marily for this reason that empirical expressions have been
proposed for at rest coefficient of earth pressure. Bishop
(1957) presented the results of a laboratory study into the
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Figure 3.16 Relationship between effective angle of internal fric-
tion and coefficient of earth pressure at rest, K0 (after Bishop,
1957).

coefficient of earth pressure at rest. The results supported
Jaky’s (1944) earth pressure expression (Fig. 3.16):

K0 = 1 − sin φ′ (3.35)

where:

φ′ = effective angle of internal friction.

The equation applies for initial or first loading of the soil.
Other researchers have also lent support for this equation
(Simons, 1958; Brooker and Ireland, 1965). Test results
obtained by Bishop (1957, 1961b) and Simons (1958) are
shown in Table 3.1.

The compaction of granular soils against an unyielding
wall can produce horizontal pressures greater than the verti-
cal pressure (i.e., K0 greater than 1.0). Expansive soils can
also exert lateral pressures greater than the vertical pres-
sure. It is even possible to reach the passive pressure state,
at which time the soil may fail in shear. This condition is
illustrated in the oedometer specimen shown in Fig. 3.17.
The K0 value for soils has also been shown to be a function
of the over consolidation ratio of the soil. An increase in
the over consolidation ratio produces an increase in K0.

3.5 EQUATIONS FOR MOHR CIRCLE

The state of stress at a point in the soil is three dimensional
but often a practical engineering problem can be represented
in a two-dimensional form. In two dimensions, there always
exists a set of two mutually orthogonal principal planes with
real-valued principal stresses. The principal planes are the
planes on which there are no shear stresses. The direction
of the principal planes depends on the general stress state
at a point. The largest principal stress is called the major
principal stress and is given the symbol σ1. The smallest
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Figure 3.17 Passive-type failure in compacted clay till resulting
from swelling in confining oedometer ring.

principal stress is called the minor principal stress and is
given the symbol σ3. The horizontal and vertical planes
constitute the principal planes in the case of a horizontal
ground surface. The vertical net normal stress is often near
the net major principal stress

(
σ1 − ua

)
and the horizontal

net normal stress is near to the net minor principal stress(
σ3 − ua

)
.

If the magnitude and the direction of the stresses acting
on any two mutually orthogonal planes (e.g., the principal
planes) are known, the stress condition on any inclined plane
can be determined. In other words, the net normal stress
and shear stress on any inclined plane can be computed
from the known net principal stresses. The matric suction
ua − uw on every inclined plane through a point is constant
since it is an isotropic tensor. Therefore, only the net nor-
mal stress and shear stress on an inclined plane need to be
considered.

Let us consider an unsaturated soil under at rest condi-
tions beneath a horizontal ground surface. The net normal
stress and shear stress on a plane with an inclination angle
α from the horizontal plane are illustrated in Fig. 3.18. The
inclined plane has an infinitesimal length ds and results in
a triangular free-body element with horizontal and vertical

ds

dx

x

y

dy

sa − ua

s1 − ua

s3 − ua

ta

a

Figure 3.18 Net normal and shear stresses on inclined plane at
point in soil mass below horizontal ground surface.

planes. The horizontal plane has an infinitesimal length of
dx. Its length can be written in terms of the sloping length
ds and the angle α.

dx = ds cos α (3.36)

The vertical plane has an infinitesimal length of dy :

dy = ds sin α (3.37)

All the planes have a unit thickness in the perpendicular
direction. The equilibrium of the triangular element requires
that the summation of forces in the horizontal and vertical
directions be equal to zero. Summing forces horizontally
gives

− (
σα − ua

)
ds sin α + ταds cos α + (

σ3 − ua

)
dy = 0

(3.38)
Summing forces vertically gives

− (
σα − ua

)
ds cos α − ταds sin α + (

σ1 − ua

)
dx = 0

(3.39)

Table 3.1 Coefficients of Earth Pressure At Rest

Type of Soil Liquid Limit, wL Plastic Limit, wp Plasticity Index, PI Activity K0

Loose, saturated sand — — — — 0.46
Dense, saturated sand — — — — 0.36
Compacted residual clay — — 9.3 0.44 0.42
Compacted residual clay — — 31 1.55 0.66
Undisturbed, organic, silty clay 74.0 28.6 45.4 1.2 0.57
Remolded kaolin 61 38 23 0.32 0.66
Undisturbed marine clay 37 21 16 0.21 0.48
Quick clay 34 24 10 0.18 0.52

Source: From test results of Bishop (1957, 1961b) and Simons (1958).
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Substituting dx and dy ( i.e., Eqs. 3.36 and 3.37) into
Eqs. 3.39 and 3.38, respectively, and multiplying Eq. 3.38
by sin α and Eq. 3.39 by cos α gives

− (σα − ua) ds sin2 α + τα ds sin α cos α

+ (σ3 − ua) ds sin2 α = 0 (3.40)

− (σα − ua) ds cos2 α − τα ds sin α cos α

+ (σ1 − ua) ds cos2 α = 0 (3.41)

Summing Eqs. 3.40 and 3.41 gives

− (σα − ua) ds(sin2 α + cos2 α) + (σ3 − ua) ds sin2 α

+ (σ1 − ua) ds cos2 α = 0 (3.42)

Using trigonometric relations to solve for σa − ua gives

σα − ua = (σ1 − ua)

(
1 + cos 2α

2

)

+ (σ3 − ua)

(
1 − cos 2α

2

)
(3.43)

Rearranging Eq. 3.43 gives

σα − ua =
(

σ1 + σ3

2
− ua

)
+

(
σ1 − σ3

2

)
cos 2α (3.44)

The shear stress τα is obtained by substituting dx and dy
(i.e., Eqs. 3.36 and 3.37) into Eqs. 3.39 and 3.38, respec-
tively, and multiplying Eq. 3.38 by cos α and Eq. 3.39 by
sin α:

− (
σα − ua

)
ds sin α cos α + τα ds cos2 α + (

σ3 − ua

)
ds

× sin α cos α = 0 (3.45)

− (
σα − ua

)
ds sin α cos α − τα ds sin2 α + (

σ1 − ua

)
ds

× sin α cos α = 0 (3.46)

Subtracting Eq. 3.46 from Eq. 3.45 gives

τa ds
(
sin2 α + cos2 α

) + (
σ3 − ua

)
ds sin α cos α

− (
σ1 − ua

)
ds sin α cos α = 0 (3.47)

Using trigonometric relations, it is possible to solve
for τα:

τα =
(

σ1 − σ3

2

)
sin 2α (3.48)

Equations 3.44 and 3.48 give the net normal stress and
the shear stress on an inclined plane through a point. The
term σ1 − σ3 is called the deviator stress and is an indication
of the shear stress in the soil. The largest shear stress for
a given stress state

(
σ1 − σ3

)
/2 occurs on a plane with an

inclination angle α such that sin 2α is equal to unity.

The net normal stress and shear stress at a point can also be
determined using a graphical method. If Eqs. 3.44 and 3.48
are squared and added, the result is the equation of a circle:

[(
σα − ua

) −
(

σ1 + σ3

2
− ua

)]2

+ τ 2
α =

(
σ1 − σ3

2

)2

(3.49)
The circle is known as the Mohr diagram and represents

the stress state at a point. In saturated soils, the Mohr dia-
gram is often plotted in terms of the principal effective
normal stress on the abscissa and the shear stress on the ordi-
nate. For unsaturated soils, an extended form of the Mohr
diagram can be used as shown in Fig. 3.19.

The extended Mohr diagram uses a third orthogonal axis
to represent matric suction. The circle described in Eq. 3.49
is drawn on a plane with the net normal stress σ − ua as the
abscissa and the shear stress τ as the ordinate. The center
of the circle has an abscissa defined by

(
σ1 + σ3

)
/2−ua and

a radius defined by (σ1 − σ3)/2.
The matric suction must also be included as part of the

description of the stress state. The matric suction determines
the position of the Mohr diagram along the third axis. Matric
suction goes to zero as the soil becomes saturated, and the
Mohr diagram reverts to a single (σ − uw)-versus-τ plane.

3.5.1 Construction of Mohr Circles
for Unsaturated Soils

The construction of the Mohr diagram on the (σ − ua)-
versus-τ plane is shown in Fig. 3.20. A compressive net
normal stress is plotted as a positive net normal stress in
accordance with the sign convention for the Mohr diagram.
A shear stress that produces a counterclockwise moment
about a point within the element is plotted as a positive
shear stress. This shear stress sign convention is different
from the convention normally used in continuum mechanics
(Desai and Christian, 1977). This convention should only be
used for plotting the Mohr diagram. The major and minor
net principal stresses, σ1 − ua and σ3 − ua are plotted on
the abscissa while the center of the Mohr circle is located
at (σ1 + σ3)/2−ua . The radius of the circle is (σ1 − σ3)/2.
The Mohr circle represents the net normal stress and shear
stress on any plane through a point in an unsaturated soil.

The net normal stress and shear stress on any plane can be
determined if the pole point or the origin of planes is known.
Any plane drawn through the pole point will intersect the
Mohr diagram and give the net normal stress and the shear
stress acting on that plane. On the other hand, if the net
normal stress and shear stress on a plane are known and
plotted as a stress point on the Mohr circle, the direction of
the plane under consideration is given by the orientation of
a line joining the stress point and the pole point.

The pole point for the condition shown in Fig. 3.20 is deter-
mined from the known net normal stress and shear stress on
a particular plane. Consider, for example, the case where the
major principal stress acts on a horizontal plane. The stress
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Figure 3.19 Use of extended Mohr diagram to represent stress states in unsaturated soil.

Figure 3.20 Construction of Mohr circle using net normal stresses.
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condition on the horizontal plane is represented by the stress
point σ1 − ua on the Mohr circle. If a horizontal line is drawn
through the stress point σ1 − ua , the line will intersect the
Mohr circle at the stress point σ3 − ua . This is the pole point.
The net normal stress and shear stress on the inclined plane
shown in Fig. 3.20 can then be determined using the same
pole point. A line at an orientation α can be drawn through
the pole point to intersect the Mohr circle at the stress point
(σα − ua), τα . The horizontal coordinate of the intersection
point is the net normal stress σa − ua acting on the inclined
plane (Fig. 3.20). The shear stress τα on the plane is positive
and is given by the ordinate of the intersection point.

The plane with the maximum shear stress +(σ1 − σ3)/2
goes through the top point of the Mohr circle (i.e., stress point
T in Fig. 3.20). The maximum negative shear stress −(σ1 −
σ3)/2 occurs at the bottom point T ′ on the Mohr circle. The
planes with the maximum positive and negative shear stresses
are oriented at an angle of 45◦ from the principal planes or
from the horizontal and vertical planes in this case.

The principal planes are not always the vertical and hor-
izontal planes. A more general case is shown in Fig. 3.21
where shear stresses may be present on the vertical and hor-
izontal planes. The principal stresses and principal planes
can be found graphically using the known stresses on the
vertical and horizontal planes. The vertical net normal stress
σy − ua is a compressive stress, and the horizontal net nor-
mal stress σx − ua is negative because it is in tension. The
matric suction ua − uw acts on every plane with equal mag-
nitude. The shear stresses τxy and τyx are always equal in
magnitude and opposite in sign.

The extended Mohr circle for the stress state shown in
Fig. 3.21 is presented in Fig. 3.22. The Mohr circle is drawn
on the τ -and-(σ − ua) plane. Its position along the ua − uw
axis is determined by the magnitude of the matric suction.
The first step in plotting the Mohr diagram is to plot the
stress points which represent the stresses corresponding to

Figure 3.21 Stress state at point in unsaturated soil.

the vertical and horizontal planes (i.e., (σx − ua), τxy and
(σy − ua), τyx , respectively). A line joining the two stress
points intersects the σ − ua axis at a point (σx + σy)/2−ua .
The intersection point is the center for the Mohr circle. The
Mohr circle can then be drawn with the two stress points
forming the diameter of the circle. The intersection points
between the Mohr circle and the σ − ua axis (i.e., where
the shear stress is zero) are the net major and net minor
principal stresses (i.e., σ1 − ua and σ3 − ua) (Fig. 3.22). The
net minor principal stress is negative, which indicates that
the net minor principal stress is in tension.

The second step is to locate the pole point by drawing a
horizontal plane through the stress point (σy − ua), τyx . The
intersection of the horizontal line and the Mohr circle is the
pole point. The pole point can also be obtained by drawing
a vertical line from the stress point corresponding to the
vertical plane (i.e., (σx − ua), τxy). A line joining the pole
point and the net major or net minor principal stress point
gives the orientation of the major or minor principal plane
(Fig. 3.22). The major and minor principal planes are at an
angle of α and β with respect to the horizontal, respectively.

The top and the bottom stress points on the Mohr circle
correspond to the planes on which the maximum and mini-
mum shear stresses occur. The maximum and minimum shear
stress planes are oriented at an angle of 45◦ from the principal
planes.

3.5.2 Stress Invariants

There are three principal stresses on three mutually orthog-
onal principal planes in a three-dimensional analysis. The
three principal stresses are named according to their mag-
nitudes, namely, the net major stress, the net intermediate
stress, and the net minor principal stress. The symbols used
for the net major, net intermediate, and net minor principal
stresses are σ1 − ua , σ2 − ua , and σ3 − ua , respectively. A
corresponding Mohr circle is shown in Fig. 3.23. The matric
suction acts equally on all three principal planes.

The principal stresses at a point can be visualized as
the characterization of the physical state of stress. These
principal stresses are independent of the selected coordi-
nate system. The independent properties of principal stresses
are expressed in terms of constants called stress invariants.
There are three stress invariants that can be derived from
each of the two independent stress tensors for an unsatu-
rated soil. The first stress invariants of the first and second
stress tensors, respectively, are

I11 = σ1 + σ2 + σ3 − 3ua (3.50)

and
I12 = 3(ua − uw) (3.51)

where:

I11 = first stress invariant of the first tensor and
I12 = first stress invariant of the second tensor.
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Figure 3.22 Extended Mohr diagram showing general stress state for unsaturated soil.

Figure 3.23 Mohr diagram for representing three-dimensional stress state of unsaturated soil.
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The second stress invariants of the first and second stress
tensors, respectively, are

I21 = (σ1 − ua)(σ2 − ua) + (σ2 − ua)(σ3 − ua)

+ (σ3 − ua)(σ1 − ua) (3.52)

and
I22 = 3(ua − uw)2 (3.53)

where:

I21 = second stress invariant of the first tensor and
I22 = second stress invariant of the second tensor.

The third stress invariants of the first and second stress
tensors, respectively, are

I31 = (σ1 − ua)(σ2 − ua)(σ3 − ua) (3.54)

I32 = (ua − uw)3 (3.55)

where:

I31 = third stress invariant of the first tensor and
I32 = third stress invariant of the second tensor.

The stress invariants of the second tensor, I12, I22, and
I32, are related as follows:

I32 = ( 1
3I12

)3 = 1
9I12I22 (3.56)

Therefore, only one stress invariant is required to repre-
sent the second tensor. In other words, a total of four stress
invariants are required to characterize the stress state of an
unsaturated soil as opposed to three stress invariants for a
saturated soil.

3.5.2.1 Stress Points (Lambe, 1967)

Geotechnical engineering analyses often require an under-
standing of the development or change in the stress state
resulting from following various loading patterns. These
changes can be visualized by drawing a series of Mohr circles
which follow the loading process. However, the pattern of
the stress state change may become confusing when the
loading pattern is complex. There are benefits associated
with using an approximate single-stress-point representation
from a Mohr circle to indicate the stress path followed during
a process (Lambe, 1967). A selected stress point at the top
of the Mohr circle (i.e., point of maximum deviator stress)
can be used to represent the stress path being followed. The
stress point suggested by Lambe (1967) is representative of
stress changes in a two-dimensional plane strain problem.

Figure 3.24 shows a Mohr circle for a two-dimensional
case where the vertical and horizontal planes are principal
planes. The stress point selected to represent the Mohr circle
has coordinates of (p, q, r), where

p =
(

σv + σh

2
− ua

)
or p =

(
σ1 + σ3

2
− ua

)

(3.57)

q =
(

σv − σh

2

)
or q =

(
σ1 − σ3

2

)
(3.58)

r = ua − uw (3.59)

where:

(σv − ua) = vertical net normal stress and
(σh − ua) = horizontal net normal stress.

Figure 3.24 Designation of stress point for unsaturated soil using extended Mohr circle.
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The q-coordinate is one half the deviator stress (σv − σh).
The selected stress point represents the state of stress on a
plane with an orientation of 45◦ from the principal planes,
as shown in Fig. 3.24.

The vertical net normal stress for the condition shown in
Fig. 3.24 is greater than the horizontal net normal stress (i.e.,
σv − ua is greater than σh − ua). This results in a positive
q-coordinate. A negative q-coordinate would indicate the
condition where σh − ua is greater than σv − ua . For the
hydrostatic or isotropic stress state (i.e., σh − ua = σv − ua),
the q-coordinate is equal to zero. A zero q-coordinate means
the absence of shear stresses.

There are three independent stress points and as a result it
is somewhat difficult to graphically present the stress paths
being followed in practical engineering problems.

3.5.2.2 Stress Points (Elastoplastic system; Wheeler
and Sivakumar, 1995)

The laboratory testing of saturated and unsaturated soils is
most commonly performed in a triaxial test. The mean net
total stress can be defined for the triaxial test specimen as
the vertical total stress plus two times the horizontal stresses.
In other words, the stress state is defined for the special
three-dimensional coordinate system defined by the triax-
ial test.

The triaxial test representation of the stress state can then
be used as the reference condition for describing the physi-
cal properties of the soil. Wheeler (1996) suggested the use
of the net mean total stress, the maximum principal stress
difference, and the matric suction to describe the stress path
followed when testing and analyzing an unsaturated soil
problem:

p =
(

σv + 2σh

3
− ua

)
or p =

(
σ1 + σ2 + σ3

3
− ua

)

(3.60)

q = σv − σh or q = σ1 − σ3 (3.61)

r = ua − uw (3.62)

where:

σ2 = intermediate principal stress.

The shear stress is defined in terms of the difference
between the maximum and minimum principal stresses,
σ1 − σ3.

Wheeler (1996) selected specific volume as the deforma-
tion state variable for overall volume change or soil struc-
ture deformations. The state variables proposed were used
to advance an elastoplastic framework for unsaturated soil
behavior. Once again, it is a challenge to graphically illus-
trate multidimensional stress and deformation changes due
to the number of variables involved.

3.6 ROLE OF OSMOTIC SUCTION

Total suction ψ is made up of two primary components,
namely, matric suction ua − uw and osmotic suction π , and
can be mathematically represented by

ψ = (ua − uw) + π (3.63)

Matric suction is known to vary with time mainly as a
result of conditions imposed by environmental changes. Any
change in suction affects the overall equilibrium of the soil
mass. Changes in soil suction may be caused by a change
in either one or both components of soil suction.

The role of osmotic suction has been associated more
with unsaturated soils than with saturated soils. However,
osmotic suction is related to the salt content in the pore-
water. It should be remembered that salts are present in the
pore-water of both saturated and unsaturated soils. The role
of osmotic suction is therefore equally applicable to both
unsaturated and saturated soils. Osmotic suction changes can
have an effect on the mechanical behavior of a soil. There
can be a change in the overall volume and shear strength of
the soil if the salt content changes.

Most engineering problems involving unsaturated soils
are commonly the result of environmental changes. The
accumulation of water below a house may result in a reduc-
tion in matric suction and subsequent heaving of the struc-
ture. Similarly, the stability of an unsaturated soil slope
may be endangered by excessive rainfall that reduces the
suction in the soil. These weather-imposed conditions pri-
marily affect the matric suction component. Osmotic suc-
tion changes are generally less significant and consequently
receive less attention. However, there are situations where
the salt content of a soil is changed and, as a result, there
can be a change in the physical properties of the soil.

Figure 3.25 shows the relative importance of changes
in osmotic suction as compared to changes in matric suc-
tion when water content is varied. The total and matric
suction curves are almost congruent one to another, par-
ticularly in the higher water content range. In other words,
a change in total suction is essentially equivalent to a change
in the matric suction [i.e., �ψ ≈ �(ua − uw)]. Matric suc-
tion changes are almost the same as total suction changes,
and vice versa, for many geotechnical problems involving
unsaturated soils as long as additional salts are not added to
the soil.

There is another reason why it is generally not neces-
sary to take osmotic suction into account. The reason is
related to the laboratory test procedures adopted when solv-
ing geotechnical engineering problems. Changes in osmotic
suction that occur in the field are essentially simulated dur-
ing the laboratory testing for pertinent soil properties. For
example, let us consider the swelling process of a soil as
a result of rainfall infiltration into the soil. The rainfall,
which is essentially distilled water, dilutes the pore-water
and changes the osmotic suction. In the laboratory, the soil
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Figure 3.25 Total, matric, and osmotic suction measurements on
compacted Regina clay (from Krahn and Fredlund, 1972).

specimen is generally immersed in distilled water at the
start of the test (e.g., volume change test in an oedome-
ter). The matric suction is reduced to zero by immersing
the soil specimen. The osmotic suction in the sample may
also be changed in the process. It is not necessary to know
the change in osmotic suction provided changes occurring
in the field are simulated in the laboratory test.

In the case where the salt content of the soil is altered by
chemical contamination or deliberate chemical change, the
effect of the osmotic suction change on the soil behavior may
be significant. In this case, it is necessary to consider osmotic
suction as part of the stress state or as an independent stress
state variable. The significance of the osmotic suction com-
ponent can apply equally for saturated and unsaturated soils.

The role played by osmotic suction in influencing the
mechanical behavior of a soil may or may not bear a one-to-
one correspondence with the role played by matric suction.
The osmotic suction is more closely related to the diffuse
double layer around the clay particles whereas matric suc-
tion is mainly associated with the air-water interface (i.e.,
contractile skin). It is possible and likely more reasonable
to consider osmotic suction π as an independent, isotropic
stress state variable.

In the case where matric and osmotic suctions have the
same quantitative influence on the behavior of a soil, the
soil suction stress tensor can be written in the form⎡

⎣
(
ua − uw

) + π 0 0
0

(
ua − uw

) + π 0
0 0

(
ua − uw

) + π

⎤
⎦

(3.64)
Research has been published that suggests it may be pos-

sible to algebraically combine matric suction and osmotic
suction when analyzing some geotechnical problems (Bai-
ley, 1965; Chattopadhyay, 1972).

3.6.1 Independence of Components of Soil Suction

Total suction ψ has two primary components of suction,
namely, matric suction ua − uw and osmotic suction π .
There may be a tendency to think that the components of
suction can always be added together and then used in a
combined form. However, each component of soil suction
may act in independent manners in the soil.

For example, it is unacceptable to use total suction to
model water flow in an unsaturated soil. It is possible for the
matric suction to result in water flow in a particular direction
while the chemical concentration gradient may result in flow
in another direction. The independent flow mechanisms can
only be taken into consideration if the matric suction and
osmotic suction are handled in an independent manner.

Equation 3.63 simply provides a mathematical relation-
ship between the components of suction and can only be
used for that purpose. Through use of thermodynamic con-
siderations, Edlefsen and Anderson (1943) showed that Lord
Kelvin’s equation applied to both capillary phenomena as
well as osmotic phenomenon. However, this does not mean
that the components of suction can be added and then used
to describe all physical processes.

Total suction is measured through the assessment of vapor
pressure. Evaporation from a soil is controlled through a
vapor pressure gradient. The calculation of actual evapora-
tion or potential evaporation from a soil surface requires a
vapor pressure gradient in the soil or external to the soil.

Matric suction is written as the difference between the
pore-air pressure ua and the pore-water pressure uw. Matric
suction does not cause liquid or vapor flow. Rather, it is the
independent components of air and water that can be used
to calculate the flow of the independent phases. A gradient
in the air density or an air concentration gradient can cause
the flow of air through a soil. Water pressure combines with
elevation head to produce hydraulic head, which causes the
flow of water through a soil. It is possible to have water
flowing in one direction through a soil while having air
flow in another direction. In other words, total suction or
total potential should not be used to model the process of
water flow.

Osmotic suction is related to the salt concentration in the
free pore-water of a soil. Differences in salt concentration
at different points in a soil can cause the movement of salts
due to a concentration gradient. However, there may or may
not be any movement of water.

Equation 3.63 is of significant value when solving unsat-
urated soil mechanics problems; however, it is important
that the relationship be used in a proper manner. Formu-
lations that use total suction to model the flow of liquid
water through a soil would constitute a questionable usage
of Eq. 3.63. The physics associated with a particular phys-
ical mechanism must be adhered to in order to ensure the
correct usage of soil suction.
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3.6.2 Description of Osmosis

Osmosis is the term used to describe the phenomenon by
which a solvent passes from a solution of lower solute con-
centration through a semipermeable membrane into a solu-
tion of higher solute concentration. A membrane is described
as semipermeable if it allows the passage of solvent but not
solute. If the flow of water is restricted, a pressure imbal-
ance equal to the osmotic pressure difference between the
two solutions needs to be present. Osmotic pressure can be
calculated from thermodynamic principles (Robinson and
Stokes, 1968). Osmotic pressure can also be approximated
by the van’t Hoff equation (Metten, 1966):

π = RTKC (3.65)

where:

π = osmotic pressure, kPa,
C = sum of the molar concentrations in solution, mol/L,
R = universal gas constant = 8.314 J/(mol·K), and

TK = absolute temperature, K.

3.6.3 Mechanisms Associated with Osmotic Suction

Conceptual models have been used to explain the influence
of pore fluid chemistry on the mechanical behavior of clays
in a quantitative way (Barbour, 1987). Macroscopic descrip-
tions of physical processes such as the flow of the pore
fluid, volume change, and change in shear strength must
all commence with the selection of suitable state variables.
Studies on two particular processes related to the physico-
chemical processes in clay soils have assisted in under-
standing the state variables that should be used to describe
mechanical processes. The processes can be referred to as
(i) osmotic consolidation and (ii) osmotically induced con-
solidation (Barbour and Fredlund, 1989a).

Osmotic consolidation occurs as a result of a change in
the electrostatic repulsive stress minus the attractive stress
(R − A) between clay particles. Osmotically induced con-
solidation occurs as a result of fluid flow from the clay in
response to osmotic gradients. The volume of a clay spec-
imen will change as a result of the combined processes
of osmotic flow and osmotic compressibility when clay is
exposed to a concentrated salt solution. Changes occur in the
interparticle repulsive stresses as salt moves into the clay.
These changes lead to the suppression of the double layer
and changes in void ratio. Changes in the osmotic suction
π in the pore fluid are referred to as osmotic consolidation.

There is another volume change process that occurs as
a result of fluid flow responding to osmotic gradients. An
osmotic gradient between the electrolyte concentration inside
the clay and the external electrolyte solution results in water
flow in or out of the clay soil. An outward flow causes negative
pore fluid pressures to develop within the specimen, which
then leads to increases in the intergranular stresses between
particles and possible volume changes in the soil. Changes in

pore-water pressure are the result of osmotic pressures and
are called osmotically induced consolidation.

The osmotic flow of water through a soil can be described
using a flow law:

qπ = kπ

�π

�x
= oekh

�π

�x
(3.66)

where:

qπ = water flux, m/s,
kπ = coefficient of osmotic permeability, m/s,
kh = coefficient of (hydraulic) permeability, m/s,
π = osmotic pressure head (πo/ρf g), m,
πo = osmotic pressure, kPa,
ρf = pore fluid density, kg/m3,

g = gravitational acceleration, m/s2,
oe = osmotic efficiency, and
x = distance, m.

The coefficient of osmotic permeability, kπ , is similar to
the coefficient of hydraulic permeability if the soil behaves
as a perfect semipermeable membrane. In this case, pure
water will flow in response to osmotic gradients. However,
if the membrane is “leaky,” the osmotic permeability kπ will
be the hydraulic permeability multiplied by an osmotic effi-
ciency. The moving water will carry some dissolved salts
in this situation. Osmotic efficiency is a measure of the
degree to which the clay behaves as a perfect semipermeable
membrane. The above description clearly defines the state
variables associated with flow even though the efficiency of
the water flow system is not perfect.

Force equilibrium considerations can be applied to a sat-
urated clay-water system within the context of multiphase
continuum mechanics. The procedure is similar to that used
for determining the state variables associated with a sat-
urated or unsaturated soil. Barbour and Fredlund (1989b)
analyzed a clay-water system from a continuum mechanics
equilibrium standpoint. The soil was considered as a three-
phase system consisting of soil particles, pore fluid, and
the diffuse double hull surrounding each clay particle. The
resulting stress state tensor was as follows:

⎡
⎢⎣

(σx − uf ) − (R − A) τyx τzx

τxy (σy − uf ) − (R − A) τzy

τxz τyz (σz − uf ) − (R − A)

⎤
⎥⎦

(3.67)

where:

σx, σy, σx = total normal stresses,
τxy, τyx, τyz, τzy, τzx, τxz = shearing stresses,

uf = pore fluid pressure, and
R − A = net interparticle repulsive

stress minus attractive stress.
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The stress state variable for the normal stress in Eq. 3.67
can be subdivided into two components. The first component
is the conventional effective stress for a saturated soil (σ −
uf ). The second component is the net interparticle repul-
sive stress minus attractive stress (R − A). The two stress
components can also be visualized as a single stress state
variable ((σ − uf ) − (R − A)) provided there is a means of
measuring the R − A stress variable. This expression is sim-
ilar to that proposed equation for “true” effective stress by
Balasubramonian (1972) and Chattopadhyay (1972):

σ ∗ = σ − uf − (R − A) (3.68)

where:

σ ∗ = true effective stress.

Two requirements need to be met to justify the usage of
a combination of stresses as a single stress state variable.
The first requirement is that a particular change in one com-
ponent of the stress state variable be equally as effective
in changing physical soil properties as changing the other
component of the stress state variable. Fredlund and Morgen-
stern (1977) demonstrated that a null-type test could be used
to confirm the correct components for the stress state vari-
ables for unsaturated soils using this technique. Balasubramo-
nian (1972), Morgenstern and Balasubramonian (1980), and

Chattopadhyay (1972) experimentally demonstrated that cal-
culated values of R − A produced equal changes in effective
stress when constant-volume conditions were maintained.

The second requirement for the use of a combined stress
state variable is that all components of the proposed stress
state variable be measurable. When using the true effective
stress σ ∗, it is not possible to directly measure R − A. The
computation of R − A is possible only under ideal condi-
tions. This results in a severe restriction to the use of R − A

as a component of stress state. However, it is still possible
to use an independent approximation of R − A as a state
variable provided it is used in a manner independent of the
other components shown in Eq. 3.68.

The osmotic suction π concept relates the change in
repulsive stress between clay particles to the change in
the osmotic suction between the interparticle fluid and the
bulk pore fluid. Mitchell (1962) suggested that the double
layer interactions and the subsequent repulsions between
particles are a reflection of osmotic pressure.

Osmotic pressure can be visualized as having two compo-
nents: one component associated with the free salt in the bulk
solution and the other component caused by the additional
ions required to satisfy the double diffuse layer. The osmotic
suction π of the bulk solution can be evaluated using sam-
ples of the pore fluid; however, the net interparticle repulsive
stress minus attractive stress (R − A) is difficult to measure.



CHAPTER 4

Measurement and Estimation of State Variables

4.1 INTRODUCTION

The state variable of greatest relevance to unsaturated soil
mechanics is soil suction. Soil suction is the general term
which may be used when referring to matric suction, osmotic
suction, or total suction. There are also other state variables
associated with unsaturated soils that may need to be mea-
sured or estimated, namely, the amount of water in the soil
or its natural water content.

The variables of soil suction and water content measure-
ments combine to form the SWCC, a function that is used
for the assessment of unsaturated soil properties. Unsaturated
soil mechanics engineering designs can be verified in the field
through in situ measurement of soil suction and water content.
In situ measurements can verify that the actual response of an
unsaturated soil in the field is consistent with the SWCC used
during design. There are some situations where it is sufficient
to simply measure soil suction in situ or water content in situ.
These situations are discussed later.

There are other state variables that might need to be mea-
sured in the field for verification purposes. There are vari-
ables that may be related to ground movements in the hor-
izontal and/or vertical directions. These measurements are
related to the deformation state variables. The instrumen-
tation required for the measurement of field movements is
quite similar for both saturated and unsaturated soils. Lim-
ited attention will be given to the measurement of ground
movements in this chapter.

4.2 MEASUREMENT OF SOIL SUCTION

It is paramount to be able to measure soil suction in the lab-
oratory and in the field. The application of unsaturated soil
mechanics in engineering practice is closely related to the
ability to measure soil suction. Soil suction (i.e., matric suc-
tion and total suction) has proven to be a difficult variable
to measure. The cavitation of water in soil suction measur-
ing systems has made it difficult to measure soil suctions
that exceed 1 atm of tension. While much progress has been
made with regard to the measurement of soil suction, there

are still significant challenges to overcome. The geotechnical
engineer should understand the physics associated with soil
suction and the range of suction values that can be measured
with various suction devices.

4.2.1 Theory Related to Measurement of Soil
Suction Components

The theoretical concept of soil suction was developed in soil
physics in the early 1900s (Buckingham, 1907; Gardner and
Widtsoe, 1921; Richards, 1928; Schofield, 1935; Edlefsen
and Anderson, 1943; Childs and Collis-George, 1948; Bolt
and Miller, 1958; Corey and Kemper, 1961; Corey et al.,
1967). The soil suction theory was mainly developed in rela-
tion to soil-water-plant systems. The importance of soil suc-
tion in explaining the mechanical behavior of unsaturated
soils encountered in civil engineering was introduced at the
Road Research Laboratory in England (Croney and Coleman,
1948; Croney et al., 1950). In 1965, the review panel for the
soil mechanics symposium “Moisture Equilibria and Mois-
ture Changes in Soils” (Aitchison, 1965) provided quantitative
definitions of soil suction and its components from a thermo-
dynamic standpoint. These definitions have become accepted
concepts in geotechnical engineering (Krahn and Fredlund,
1972; Wray, 1984; Fredlund and Rahardjo, 1988).

The components of soil suction have a common context
when considering the free-energy state of soil-water (Edlef-
sen and Anderson, 1943). The free energy of the soil-water
can be measured in terms of the partial vapor pressure adja-
cent to the soil-water (Richards, 1965). The thermodynamic
relationship between soil suction (or the free energy of the
soil-water) and the partial pressure of the pore-water vapor
can be written as follows:

ψ = − RTK

vw0ωv
ln

(
ūv

ūv0

)
(4.1)

where:

ψ = soil suction or total suction, kPa,
R = universal (molar) gas constant [i.e., 8.31432

J/(mol K)],
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TK = absolute temperature [i.e., TK = 273.15 + T (K)],
T = temperature, ◦C,

vw0 = specific volume of water or the inverse of the den-
sity of water (i.e., 1/ρw), m3/kg,

ρw = density of water (i.e., 998 kg/m3 at temperature
T = 20 ◦C),

ωv = molecular mass of water vapor (i.e., 18.016 kg/
kmol),

ūv = partial pressure of pore-water vapor, kPa, and
ūv0 = saturation pressure of water vapor over a flat sur-

face of pure water at the same temperature, kPa.

The reference state for quantifying the components of suc-
tion is the vapor pressure above a flat surface of pure water
(i.e., water with no salts or impurities). The relative vapor
pressure in the air immediately adjacent to the water, ūv/ūv0,
is called relative humidity (hr or RH, %). If we select a ref-
erence temperature of 20 ◦C, the constants in Eq. 4.1 give
a value of 135,022 kPa. Equation 4.1 can now be written as
a fixed relationship between total suction in kilopascals and
relative vapor pressure:

ψ = −135,022 ln

(
ūv

ūv0

)
(4.2)

Figure 4.1 shows a plot of Eq. 4.1 for three different tem-
peratures. Soil suction ψ approaches zero when the relative
humidity (i.e., ūv/ūv0) is equal to 100%. A relative humid-
ity value less than 100% in a soil indicates the presence of
suction in the soil. Figure 4.1 also shows that suction can
become extremely large. For example, a relative humidity
of 94.24% at a temperature of 20 ◦C corresponds to a soil
suction of 8000 kPa. The range of soil suctions of most

common interest in geotechnical engineering correspond to
high-relative-humidity values.

4.2.2 Components of Soil Suction

Soil suction can be quantified in terms of the relative humid-
ity immediately adjacent to the water surface and is called
“total suction.” There are two primary components to soil
suction, namely, matric* and osmotic suction. There also
appears to be a component of soil suction related to the
adsorptive forces associated with water and a solid surface
(Yong and Warkentin, 1966). However, it is difficult to iso-
late and quantify the adsorptive component of suction. It
has been possible to formulate solutions for most geotechni-
cal engineering problems through use of matric suction and
osmotic suction, recognizing the sum of the two components
as total suction.

Total, matric, and osmotic suctions can be defined as fol-
lows (Aitchison, 1964):

Matric or capillary component of free energy: Matric suc-
tion is the equivalent suction derived from the mea-
surement of the partial pressure of the water vapor in
equilibrium with the soil-water relative to the partial
pressure of the water vapor in equilibrium with a solu-
tion identical in composition with the soil-water.

Osmotic (or solute) component of free energy: Osmotic
suction is the equivalent suction derived from the mea-
surement of the partial pressure of the water vapor in
equilibrium with a solution identical in composition

*The spelling of the term “matric” is in accordance with the recommenda-
tion of the Committee on Terminology of the Society of Soil Science of
America. The definition is from their Glossary of Soil Science Terminology
(1963, 1970, and 1979).
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with the soil-water relative to the partial pressure of
water vapor in equilibrium with free pure water.

Total suction or free energy of soil-water: Total suction is
the equivalent suction derived from the measurement of
the partial pressure of the water vapor in equilibrium
with the soil-water relative to the partial pressure of
water vapor in equilibrium with free pure water.

The above definitions state that total suction corresponds
to the free energy of the soil-water, while the matric and
osmotic suctions are the components of the free energy. The
mathematical relationship between the components of soil
suction can be written as follows:

ψ = (
ua − uw

) + π (4.3)

where:

ua − uw = matric suction, kPa,
ua = pore-air pressure, kPa,
uw = pore-water pressure, kPa, and
π = osmotic suction, kPa.

Figure 4.2 illustrates the concept of total suction and its
components relative to the free energy of the soil-water.
Matric suction is commonly associated with the capillary
phenomenon arising from the surface tension of water. The
capillary phenomenon can be illustrated by the rise of water
in a capillary tube (Figure 4.2).

Figure 4.2 Total suction and components of matric suction and
osmotic suction.

Figure 4.3 Capillary tubes showing air-water interfaces at vary-
ing heights for different radii of curvature (after Janssen and
Dempsey, 1980).

The pores in a soil are analogous to capillary tubes with
small radii. Soil-water rises above the water table because
of the capillaries created by the soil (Fig. 4.3). The capillary
water has a negative pressure with respect to the air pressure.
The air pressure in the field is generally atmospheric (i.e.,
ua = 0). The pore-water pressures can be highly negative
at low degrees of saturation (Olson and Langfelder, 1965).
The adsorptive forces between soil particles and water are
believed to play an important role in sustaining highly neg-
ative pore-water pressures.

Let us consider a capillary tube filled with water squeezed
from a soil. The surface of the water in the capillary tube
is curved and is called a meniscus. The same soil water will
have a flat surface when placed in a large container. The partial
pressure of the water vapor above the curved surface of soil
water, ūv, is less than the partial pressure of water vapor above
a flat surface of the same soil water, ūv1 (i.e., ūv < ūv1). In
other words, the relative humidity in a soil will decrease due
to the presence of the curved water surface produced by the
capillary phenomenon. The water vapor pressure or the rela-
tive humidity decreases as the radius of curvature of the water
surface decreases. The radius of curvature is inversely propor-
tional to the difference between the air and water pressures
across the surface (i.e., ua − uw) and is called matric suction.
Therefore, one component of total suction is matric suction,
and it contributes to a reduction in the relative humidity.
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The pore-water in a soil generally contains dissolved salts.
The water vapor pressure over a flat surface of solvent (i.e.,
salt solution), ūv1, is less than the water vapor pressure over
a flat surface of pure water, ūv0. In other words, the relative
humidity decreases with increasing dissolved salts in the
pore-water of the soil. The decrease in relative humidity
due to the presence of dissolved salts in the pore-water is
referred to as the osmotic suction π .

4.2.3 Typical Suction Values and Measuring Devices

Table 4.1 shows typical matric, osmotic, and total suction
values for two soils often used as subgrade material for roads
built in the province of Saskatchewan, Canada (Krahn and
Fredlund, 1972). Regina clay is highly plastic, inorganic clay
with a liquid limit (LL) of 78% and a plastic limit (PL) of 31%.
Glacial till has a liquid limit of 34% and a plastic limit of 17%.
Suction values are given in Table 4.1 for soils compacted to
standard AASHTO conditions at water contents near optimum
water content and 2% dry of optimum water content.

Figure 4.4 shows experimental data illustrating that matric
suction plus osmotic suction are essentially equal to the total
suction in a soil. The glacial till data presented in Fig. 4.4 are
for specimens compacted to modified AASHTO conditions
at various initial water contents. The components of soil
suction (i.e., matric suction and osmotic suction) and total
suction were independently measured.

Several devices commonly used for measuring total,
matric, and osmotic suctions are listed in Table 4.2 along
with the range over which measurements can be made.

4.2.4 Measurement of Matric Suction

Matric suction is the difference between the pore-air and
pore-water pressures (ua − uw) and can be measured either
in a direct or indirect manner. Direct methods measure the
negative pore-water pressure. The pore-air pressure compo-
nent of matric suction is generally atmospheric in the field.
Indirect methods measure a variable other than the negative
pore-water pressure (e.g., thermal conductivity) through use
of a specially designed ceramic material. A calibration of
the measuring device is required to determine the matric
suction in the soil when using an indirect method.

High-air-entry ceramic disks are used as the primary separa-
tor between air and water pressures when direct measurements

Figure 4.4 Total, matric, and osmotic suctions for glacial till
(from Krahn and Fredlund, 1972).

are made of negative pore-water pressure. Properties of high-
air-entry ceramic disks are presented to assist in understanding
the operation of direct measurement devices. Conventional
tensiometers measure matric suctions up to almost 1 atm.
More recently, direct high-suction tensiometers have been
developed based on a special treatment procedure where the
water in the measuring device is subjected to high pressures
prior to usage in the measuring device.

Several types of porous material sensors have been used
for making indirect measurements of matric suction. A fea-
ture common to all indirect methods of measuring matric
suction is the need to calibrate the sensors. Calibration is
required because a property other than the pore-water pres-
sure is being measured. The thermal or electrical properties
of a specially designed porous material are a function of its
water content. The water content of the ceramic, in turn, is a
function of matric suction or the tension in the water phase.

A measurement of the electrical or thermal properties of the
porous sensor provides an indication of the matric suction in
the sensor and the surrounding soil through use of a calibration

Table 4.1 Typical Suction Values for Compacted Soils

Water Content Matric Suction Osmotic Suction, Total Suction,
Soil Type ω, % (ua − uw), kPa π , kPa ψ , kPa

Regina clay, γmax = 13.81 kN/m3 30.6 (optimum) 273 187 460
28.6 354 202 556

Glacial till, γmax = 19.24 kN/m3 15.6 (optimum) 310 290 600
13.6 556 293 849
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Table 4.2 Devices for Measuring Soil Suction and Its Components

Name of Device Suction Component Measured Range, kPa Comments

Psychrometers (Peltier type) Total 100a to ∼8000 Constant-temperature
environment required

Filter paper Total Entire range May measure matric suction
when in good contact with
moist soil

Tensiometers Negative pore-water pressures
or matric suction when
pore-air pressure is
atmospheric

0–90 Difficulties with cavitation
and air diffusion through
ceramic cup

Null-type pressure plate (axis
translation)

Matric 0–1500 Range of measurement is a
function of the air-entry
value of ceramic disk

Thermal conductivity sensors Matric 10 to ∼1500 Indirect measurement using
variable-pore-size ceramic
sensor

Pore fluid squeezer Osmotic Entire range Used in conjunction with
psychrometer or electrical
conductivity measurement

aControlled temperature environment to ±0.001◦C.

curve. The electrical output of the indirect sensor must first be
calibrated against a series of applied or known suction values.
The sensors are then ready for usage in measuring matric
suction in the soil. The indirect methods of measuring matric
suction based on the thermal properties of a standard porous
ceramic are described later in this chapter.

4.2.4.1 High-Air-Entry Ceramic Disks

High-air-entry ceramic disks have small pores of relatively
uniform size. The disk acts as a membrane or separator
between air and water (Fig. 4.5). The disk is generally made of
a ceramic* material such as sintered kaolin. Once the high-air-
entry disk is saturated with water, air cannot pass through the
disk since the contractile skin resists the flow of free air.

The ability of the ceramic disk to withstand the flow of
free air is related to the surface tension Ts of the contractile
skin. The contractile skin acts as a thin membrane joining the
small pores of radius Rs on the surface of the ceramic disk.
The difference between the air pressure above the contractile
skin and the water pressure below the contractile skin is
equal to matric suction. The maximum matric suction that
can be maintained across the surface of the disk is called its
air-entry value

(
ua − uw

)
d
. The air-entry value of the disk

can be illustrated using Kelvin’s capillary equation:

(
ua − uw

)
d

= 2Ts

Rs

(4.4)

*Manufactured by Soilmoisture Equipment Corporation Santa Barbara, CA.

Figure 4.5 Operating principle of high-air-entry disk described
in terms of capillary model.

where:

(ua − uw)d = air-entry value of the high-air-entry disk,
kPa,

Ts = surface tension of the contractile skin or the
air-water interface (e.g., Ts = 73.75 mN/m
at 20 ◦C), and

Rs = radius of curvature of the contractile skin
or the radius of the maximum pore size, m.
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Surface tension Ts changes slightly with temperature (see
Chapter 2). The air-entry value of a disk is largely controlled
by the radius of curvature Rs of the largest pore in the
disk. The pore sizes in the ceramic are controlled by the
manufacturing procedure and the sintering technique used to
produce the ceramic disks. The air-entry value of a ceramic
disk increases as the largest pore size in a disk is decreased.

The ability of the high-air-entry disk to withstand a dif-
ference between air and water pressures makes the disk a
suitable separator for the direct measurement of negative
pore-water pressures in an unsaturated soil. The disk is used
as an interface between the unsaturated soil and the pore-
water pressure measuring system. The water in the ceramic
disk provides continuity between the pore-water in the soil
and the water in the measuring system. At the same time,
free air is not allowed to pass through the high-air-entry disk
into the measuring system.

The separation of air and water pressures by a high-air-
entry disk can be achieved only as long as the matric suction
in the soil does not exceed the air-entry value of the disk.
Once the air-entry value of the disk is exceeded, free air will
freely pass through the disk and enter the measuring system,
as shown in Fig. 4.6. The release of air in the measuring
system forces water through the ceramic disk back to the
soil specimen. The end result is an erroneous measurement
of the pore-water pressure in the soil.

The properties of several high-air-entry disks manufac-
tured by Soilmoisture Equipment Corporation are tabulated
in Table 4.3. The disks are identified by specified air-entry
values expressed in bars (i.e., 1 bar = 100 kPa). The water
coefficient of permeability of a ceramic disk can be mea-
sured by mounting the disk in a triaxial apparatus and plac-
ing water above the disk. It is important that there is a seal

between the sides of the ceramic disk and the triaxial cell
pedestal. A gradient can be applied across the high-air-entry
disk by applying an air pressure to the water above the
ceramic disk. The volume of water flowing through the disk
is measured using a water volume change indicator.

The air-entry value and the coefficient of permeability of
high-air-entry disks should be measured prior to usage in
testing unsaturated soils. Figure 4.6 presents the air pas-
sage characteristics of high-air-entry disks from Soilmois-
ture Equipment Corporation. The measured air-entry values
appear to be higher than the nominal values specified by the
manufacturer. The results of measurements of the air-entry
values and the coefficients of permeability for various high
air-entry disks are summarized in Table 4.4.

4.2.5 Direct Measurements (Low Suctions
up to 100 kPa)

There are several suitable devices that can be used for the
direct measurement of negative pore-water pressures. For
example, there are several low-range tensiometers that are
commercially available. Tensiometers utilize a high-air-entry
ceramic cup as the interface between the measuring system
and the negative pore-water pressure in the soil. The axis
translation technique can be used in the laboratory to extend
the range over which matric suctions can be measured. The
axis translation technique is discussed later in this chapter.

4.2.5.1 Tensiometers

Tensiometers measure the negative pore-water pressure in
a soil. The tensiometer consists of a high-air-entry, porous
ceramic cup connected to a pressure measuring device
through a small-bore tube. The tube is usually made from
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Table 4.3 Properties of High-Air-Entry Disks
Manufactured by Soilmoisture Equipment Corporation
(Manufacturer’s Results)

Coefficient of
Approximate Permeability Air-Entry

Pore with Respect Value,
Diameter to Water, (ua − uw)d ,

Type of Disks (×10−3 mm) kd , m/s kPa

1/2 Bar,
high flow

6.0 3.11 × 10−7 48–62

1 Bar 2.1 3.46 × 10−9 138–207
1 Bar,

high flow
2.5 8.60 × 10−8 131–193

2 Bars 1.2 1.73 × 10−9 241–310
3 Bars 0.8 1.73 × 10−9 317–483
5 Bars 0.5 1.21 × 10−9 >550
15 Bars 0.16 2.59 × 10−11 >1520

Note: Soilmoisture Equipment Corporation, Santa Barbara,
CA.

plastic due to its low heat conduction and noncorrosive
nature. The tube and the cup are filled with deaired water.
The cup can be inserted into a predrilled hole. It is important
that there be good contact between the high-air-entry ceramic
and the soil. It is also important that the soil particles not
be too large; otherwise there may be inadequate contact
between the ceramic and the water in the soil.

The water in the tensiometer will have the same negative
pressure as the pore-water in the soil once equilibrium is
achieved between the soil and the measuring system. The
pore-water pressure that can be measured in a tensiometer

is limited to approximately negative 90 kPa due to the
possibility of cavitation of the water in the tensiometer.
The measured negative pore-water pressure is numerically
equal to the matric suction when the pore-air pressure is
atmospheric (i.e., ua = zero gauge pressure). When the
pore-air pressure is greater than atmospheric pressure (i.e.,
during axis translation), the tensiometer reading can be
added to the ambient pore-air pressure reading to give the
matric suction of the soil. The measured matric suction must
not exceed the air-entry value of the ceramic cup on the
tensiometer. The osmotic component of soil suction is not
measured with tensiometers since soluble salts are free to
move through the porous cup.

There are several types of tensiometers commercially
available from Soilmoisture Equipment Corporation and
other companies. The tensiometer tube in Fig. 4.7 has a
diameter of approximately 20 mm and various lengths up to
1.5 m. The tensiometer cups can be installed in the field to
a depth of 1.5 m below the ground surface. However, the
negative water pressure recorded at the ground surface must
be corrected for the elevation head difference between the
tensiometer tip in the soil and the gauge at ground surface.
The elevation correction results in a more negative water
pressure being measured at ground surface than that being
experienced by the soil. A length of 1.5 m corresponds to a
pressure correction of 15.2 kPa.

The tensiometer must be properly serviced prior to usage in
order to obtain reliable results. Details regarding the prepara-
tion, installation, and usage of a tensiometer are presented by
Cassel and Klute (1986). The ceramic cup should be checked
for signs of cracks and air bubbles should be removed from
the tensiometer prior to installation. The response time of
the tensiometer should be checked by placing the empty ten-
siometer upright in a pail of water and allowing the cup to
soak in water. Later, the ceramic tip of the tensiometer can

Table 4.4 Permeability and Air-Entry Value Measurements on High-Air-Entry Disks from Soilmoisture Equipment
Corporation

Air-Entry Coefficient of
Diameter of Thickness of Value of Disk, Permeability of

Type of Disks Disk, mm Disk, mm (ua − uw)d , m/s Disk, kd , m/s

1 Bar, high flow 19.0 6.4 115 5.12 × 10−8

19.0 6.4 130 3.92 × 10−8

19.0 6.4 110 3.98 × 10−8

19.0 6.4 130 5.09 × 10−8

19.0 6.4 150 5.60 × 10−8

101.6 10.0 >200 4.20 × 10−8

5 Bars 56.8 6.2 1.30 × 10−9

15 Bars 56.8 3.1 8.41 × 10−9

57.0 3.1 6.82 × 10−10

Source: From Fredlund, 1973a; Rahardjo, 1990.
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Figure 4.7 Conventional tensiometer manufactured by Soilmoisture Equipment Corporation.

be exposed to the air and evaporation can be allowed for the
buildup of tension in the water in the tensiometer.

The response time of a tensiometer can be checked by
allowing the development of a negative water pressure of
approximately 80 kPa. The negative pressure is developed
by allowing evaporation from the ceramic cup. The ceramic
cup is then immersed in water. The negative water pres-
sure in the tensiometer should increase toward atmospheric
pressure within 5 min after immersion of the ceramic tip in
water. A sluggish response may indicate a plugged porous
cup, the presence of entrapped air in the system, or a faulty
gauge that requires rezeroing.

The ceramic cup must be kept immersed in water prior to
its installation in order to avoid desaturation due to evapo-
ration from the cup. The prepared tensiometer can then be
installed in a predrilled hole in the field or in a soil spec-
imen (e.g., a compacted soil specimen) in the laboratory.
It is important to ensure good contact between the ceramic
cup and the soil in order to establish continuity between the
pore-water in the soil and the water in the tensiometer tube.

4.2.5.2 Jet-Fill Tensiometers

A jet-fill-type tensiometer is shown in Fig. 4.8 and is an
improvement on the regular tensiometer. A water reservoir
is provided at the top of the tensiometer tube for the purpose
of removing air bubbles. The jet-fill mechanism is similar to
the action of a vacuum pump. The accumulated air bubbles
are removed by pressing the button at the top to activate the
jet-fill action. The jet-fill action causes water to be injected
from the water reservoir to the tube of the tensiometer, and
air bubbles move upward to the reservoir. The jet-fill action
also leaves the tensiometer reading at zero, and therefore,
time must be allowed for the tensiometer to return to a value
indicative of the suction in the soil.

4.2.5.3 Small-Tip Tensiometer

A small-tip tensiometer with flexible coaxial tubing is shown
in Fig. 4.9. The tensiometer is prepared for installation using
a similar procedure to that described for the regular ten-
siometer tube. A vacuum pump can be initially used to
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Figure 4.8 Jet-fill tensiometer manufactured by Soilmoisture Equipment Corporation.

Figure 4.9 Small-tip tensiometer with flexible coaxial tubing (from Soilmoisture Equipment
Corporation).
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Figure 4.10 Typical time responses of small-tip tensiometer
placed in decomposed volcanic soil (after Sweeney, 1982).

remove air bubbles from the top of the tensiometer tube.
Subsequent removal of air bubbles can be performed by
flushing water through the coaxial tube.

Flushing is conducted by circulating water from the top
of the tube and opening the water vent screw to the atmo-
sphere. Water containing air bubbles will be forced into the
inner nylon tube and released to the atmosphere through
the opened water vent. This procedure may be required on
a daily basis when matric suctions are greater than about
50 kPa. It is sometimes difficult to obtain an accurate suction
measurement because water moves from the tensiometer into
the soil each time the tensiometer is serviced. The movement
of water into the soil reduces the soil suction.

The small ceramic tip with the flexible tube allows the
installation of the tensiometer into a relatively small soil
specimen during laboratory experiments. As an example, the
small-tip tensiometer has been installed in a consolidation
specimen to measure changes in matric suction during the
collapse of compacted silt (Tadepalli, 1990).

Figure 4.10 illustrates typical time responses of a small-
tip tensiometer inserted into decomposed volcanic soil. The
response is plotted in terms of matric suctions by referenc-
ing measurements to atmospheric air pressures. Sweeney
(1982) found that this type of tensiometer could only main-
tain matric suction equilibrium for about one or two days
before the suction readings began to drop. The time that
equilibrium can be maintained is a function of the matric
suction value being measured.

4.2.5.4 Quick Draw Tensiometers

Figure 4.11 shows a Quick Draw tensiometer equipped with
a coring tool and a carrying case. The Quick Draw ten-
siometer has proven to be a particularly useful portable
tensiometer to rapidly measure negative pore-water pres-
sures. The water in the tensiometer is subjected to tension
for only a short time while each measurement is being made.
Therefore, air diffusion through the ceramic cup over time is
minimized.

The Quick Draw tensiometer can repeatedly measure pore-
water tensions approaching 1 atm when it has been properly
serviced. The probe is maintained in water-saturated cotton
in a carrying case when the Quick Draw tensiometer is not in
use. The rapid response of the Quick Draw tensiometer in a
sand soil is illustrated in Fig. 4.12.

4.2.5.5 Tensiometer Performance for Field
Measurements

Tensiometers have been used to measure negative pore-water
pressures for numerous geotechnical engineering applica-
tions. One example is a cut slope consisting of 5–6 m of
colluvium overlying deep weathered granite in Hong Kong.
Figure 4.13 illustrates the construction of the shaft, along with

Probe

Null knob

Porous ceramic
sensing tip

Dial gauge

Carrying case Coring toll Cleaning rod

Figure 4.11 Quick Draw tensiometer with coring tool and carrying case manufactured by Soil-
moisture Equipment Corporation.
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Figure 4.12 Typical responses of Quick Draw tensiometer in
sandy soil (after Sweeney, 1982).

four circular openings along each caisson ring. The openings
functioned as access holes for installing tensiometers into
the soil at various locations along the shaft. The shaft was
equipped with wood platforms at various elevations, a ladder,
and lighting facilities, as shown in Figure 4.13.

Measurements of negative pore-water pressures along the
shafts are presented in Fig. 4.14. The results are plotted in
terms of matric suction and hydraulic head profiles through-
out the depth of the shaft. The results indicate the fluctuation
in matric suction values with respect to the time of the
year. The largest variations occur near the ground surface
(Fig. 4.14). The hydraulic heads along the depth of the shaft
are plotted by adding the negative pore-water pressure head
to the elevation head. The hydraulic head plots indicate a
net downward water flow toward the water table through the
unsaturated zone.

4.2.6 Direct Measurements (High Suctions
Exceeding 100 kPa)

The direct measurement of high suction values suffers from
the fact that water tends to cavitate whenever its pressure
drops below about –100 kPa. However, the tensile strength
of water has been measured by many physicists and shown
to be greater than several atmospheres (Knapp et al., 1970;
Trevena, 1987).

Figure 4.13 Observation shaft used to install tensiometers at var-
ious depths in the field (after Sweeney, 1982).

In recent years, direct high-suction tensiometers have been
developed and used primarily at a research level. The water
in the high-suction tensiometer must initially be subjected
to a number of high-pressure cycles that are sustained for
a period of time. Studies have shown that water in a small
chamber can sustain tensions greater than 1 atm for a period
of time.

It should be noted that the term tensile strength of water
is somewhat of a misnomer since the tensile strength of
water has never been directly measured. The measured ten-
sile strength of water is significantly influenced by a number
of conditions including the surface condition of the walls of
the container and the manner in which the tension is applied
to the water. The term tensile strength of water is used in
the sense that it represents the overall ability of the water-
container system to withstand tension applied to the water.

High positive pressures need to first be used to dissolve
potential cavitation nuclei and increase the tensile strength
of the water in the suction probe. A pressure plate cell can
be used to test the accuracy and response time of suction
probes.

4.2.6.1 Historical and Theoretical Background

The theoretical tensile strength of water has been estimated
to be on the order of several hundred atmospheres (Vincent
1941; Temperley, 1947; Harvey et al., 1947; Fisher, 1948).
The tensile strength of a liquid is the tensile stress at which
the liquid ruptures or cavitates. Cavitation starts when vapor
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Figure 4.14 Measured matric suction profiles along shaft through colluviums and residual soil
in Hong Kong (after Sweeney, 1982).

bubbles begin to form in water. Vapor bubbles are triggered
at gaseous or other hydrophobic surfaces called potential
cavitation nuclei.

It is normally assumed that water will began to boil (or
cavitate) when the absolute pressure above the water surface
approaches the vapor pressure. This is true; however, if the
radii of the cavitation nuclei in the water are sufficiently small,
the water will be able to sustain a high tensile stress without
undergoing cavitation. For example, if the radius is assumed
to be the size of a water molecule (i.e., about 3 × 10−7 mm),
at the inception of the formation of a gas bubble, the tensile
strength of water should be about 480,000 kPa.

The tensile strength of water measured by physicists is
widely scattered with most values greater than 500 kPa. Liquid
water under high tension is in a metastable state (Temperley
and Chambers, 1946; Temperley, 1947; Chapman et al., 1975;
Green et al., 1990). Rupture of the water can occur due to the
presence of potential cavitation nuclei in the liquid and on
the container walls. Tiny crevices on the surfaces of container
walls and dust particles are a common source of cavitation
nuclei. High positive pressures can suppress cavitation nuclei
in the water and on container walls. The end result is a signifi-
cant increase in the tensile strength of the water (Knapp, 1958;
Winterton, 1977). Research studies have focused mainly on
the maximum tensile strength of water as opposed to how long
a tensile stress can be sustained by the water.

Chapman et al., (1975) and Winterton (1977) measured
high tensions in water which were sustained for a few min-
utes. Henderson and Speedy (1980) reported a tension of

10,000 kPa that was sustained for over a week. Guan (1996)
studied the behavior of a small volume of water subjected to
high tensions using a high-air-entry ceramic disk and a high-
range-pressure transducer. Based on past studies it appears
that there is a cavitation tension that is somewhat related to
each prepressurization procedure and each particular suction
probe. A tension can be sustained for several hours or days
if the applied tension does not exceed the cavitation tension.

The methods used by physicists for measuring high ten-
sions in water are not directly adaptable to the measurement
of soil suction. Gilbert (1960) attempted to measure high
tensions in sucrose solutions in a triaxial cell. Ridley (1993)
prepressurized a small volume of water in a tensiometer-
type device (Fig. 4.15) and measured matric suctions up
to 1500 kPa. Ridley and Burland (1993) found reasonable
agreement between matric suction values in London clay
measured using the Ridley-tensiometer-type probe and the
filter paper method. It was suggested that the microstructure
of the soil, particularly the size of the voids, may affect the
measurement of matric suction when using the high-suction
probe. The device was later modified to measure matric suc-
tion in osmotically controlled oedometer tests (Dineen and
Burland, 1995).

A direct high-suction tensiometer was developed at the
University of Saskatchewan for the direct measurement of
high soil suctions. Studies by Guan (1996) indicated that the
direct high-suction tensiometer could sustain tensile stresses
of 1250 kPa. The suction probe has been tested for measur-
ing suctions in various types of soils.
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Figure 4.15 Schematic of Imperial College, London, high-
suction range tensiometer (after Ridley, 1993).

4.2.6.2 Design of Direct High-Suction Tensiometers

The Guan and Fredlund (1997b) direct high-suction ten-
siometer was developed independent of the research under-
taken at Imperial College by Ridley (1993). Although the
two research studies were independent, the outcome of the
studies was quite similar. Both studies produced similar
direct high-suction tensiometers and both used Entran pres-
sure transducers.

The Guan and Fredlund (1997b) direct high-suction ten-
siometer consisted of a high-range-pressure transducer (i.e.,
15,000 kPa) and a stainless steel shroud which was precisely
machined to embrace the transducer (Fig. 4.16). The sens-
ing area of the transducer had a smooth, circular surface
with a diameter of 7.0 mm. A 15-bar high-air-entry ceramic
disk was fitted into the shroud. Shrouds of different sizes
were manufactured and tested. The transducer and shroud
were assembled while being held under water. The separa-
tion between the pressure transducer and the ceramic disk
ranged from 0.1 to 0.5 mm.

A mini direct high-suction probe was also developed at
Nanyang Technological University in Singapore by Meilani
et al., (2002). The suction probe used a 1500-kPa minia-
ture PDCR-81 pressure transducer manufactured by Druck
(Leicester, England). The miniature pressure transducer was
able to operate under water. The suction probe was placed
in a steel tube as shown in Fig. 4.17. The miniature suc-
tion probe consisted of a 0.09-mm-thick silicon diaphragm
mounted within 1.2 mm of a 5-bar high-air-entry disk. The
high-air-entry disk was ground to a thickness of only 1.0 mm
in order to achieve a rapid response when measuring nega-
tive pore-water pressures. The probe had negligible weight
(i.e., 3 g) and could be mounted on the side of a triaxial
soil specimen. The ceramic disk was glued in place using
Araldite 2021 epoxy.

Three miniature direct high-suction sensors were mounted
along the side of a triaxial specimen as shown in Fig. 4.18.
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15-bar ceramicEpocast nine

Electronic connection
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Figure 4.16 Schematic of University of Saskatchewan, Canada,
high-suction-range tensiometer (from Guan, 1996).
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Figure 4.17 Schematic of Nanyang Technological University,
Singapore, mini high-suction-range tensiometer (from Meilani
et al., 2002).

Matric suction measurements were made as the triaxial spec-
imen was slowly sheared to failure.

Several laboratory research studies have led to conclusions
on a number of issues that need to be given careful consider-
ation when designing a direct high-suction sensor. Marinho
and Chandler (1994) stated that the following factors could
affect the successful performance of a direct high-suction
sensor:

1. The water and all surfaces internal to the high-suction
sensor must be pure and clean (Henderson and Speedy,
1980).

2. The surfaces in contact with the internal water system
must be smooth in order to reduce or avoid the num-
ber and size of small crevices that could initiate the
cavitation process.
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Figure 4.18 Mounting Nanyang Technological University mini
high-suction-range tensiometer on side of triaxial specimen (from
Meilani et al., 2002).

3. A vacuum should be applied to the water in the system
to remove entrapped air (Jones et al., 1981).

4. Prepressurization of the water to a high pressure is
required to dissolve all free air (Harvey, 1944). The
prepressurization has become a key part of ensuring
the successful functioning of direct high-suction
tensiometers.

4.2.6.3 Conditioning of Water for a High-Suction
Tensiometer

A manual pressurization system can be used to prepressurize
the water in the high-suction tensiometer. The high-suction
tensiometer can be mounted into a pressurizing device. A
cylinder and piston arrangement can be used to produce
pressures as high as 15,000 kPa. A vacuum inlet should
also be part of the design in order that a negative pressure
of about 85 kPa can be applied.

Experiments by Guan and Fredlund (1997b) indicated that
six cycles of pressurization produced the maximum sus-
tainable tension in the high-suction tensiometer. Each cycle
included the application of a positive pressure of 12,000 kPa
for 1 h followed by a tensile stress of 85 kPa for 1 h. The
sustainable tension in the high-suction tensiometer appeared
to also be partly related to the characteristics of the ceramic
disk. The size of the water chamber did not appear to have
an appreciable effect on the sustainable tension in the high-
suction tensiometer.

Laboratory studies have shown that it is possible to use
ordinary water in a high-suction tensiometer. The pressur-
ization cycling technique appeared to be quite important.
A small water compartment between the pressure trans-
ducer and the high-air-entry ceramic disk appears to be
preferable; however, it has been shown that relatively high
suctions can also be achieved when the water compartment
is enlarged. A 15-bar ceramic stone has generally been used

when constructing the high-suction probes except for the
mini suction probes developed by Meilani et al. (2002)
where a thin 5-bar ceramic disk was used with success.

There has been discussion in the literature regarding
whether a 15-bar ceramic disk may serve as a low-efficiency
osmotic membrane. The concern was that the high-suction
sensor might actually measure total suctions. Ridley and
Burland (1993) showed results that indicated that the high-
suction probes only measure the matric suction in a soil.

4.2.6.4 Comparison between Applied
and Measured Suctions

An experimental study was undertaken by Guan and Fred-
lund (1997b) to test the accuracy and response time of a
high-suction tensiometer. A modified pressure plate appara-
tus was used to apply a specified suction to a soil specimen
(Fig. 4.19). The soil specimen was placed on a 5-bar ceramic
plate at the bottom of the pressure plate apparatus. Water
drained from the bottom of the soil specimen until the matric
suction in the soil was equal to the applied air pressure.

A high-suction tensiometer was then placed on top of the
soil specimen of Regina clay. The high-suction tensiometer
should read the matric suction induced by the applied air
pressure once equilibrium is achieved with the soil speci-
men. When the applied air pressure is released to atmospheric
pressure conditions, the soil should have a negative pore-
water pressure numerically equal to the air pressure previously
applied to the soil once equilibrium conditions are achieved.

The air pressure initially applied to the soil was 200 kPa.
Water flowed out from the soil through the 5-bar ceramic
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Figure 4.19 Modified pressure plate apparatus used to apply
known matric suctions to a soil (from Guan and Fredlund, 1997).
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plate. The water below the 5-bar ceramic plate was
removed using an air pump when outflow from the soil
had ceased. The air pressure in the pressure chamber was
quickly released to zero and the reduction in the water
pressure in the high-suction tensiometer was recorded.

When the water pressure recorded on the high-suction
tensiometer ceased to change significantly, the applied air
pressure was increased to 300 kPa and the above procedure
was repeated. The same test procedure was repeated using
pressures of 400 and 500 kPa. The above procedure was
also used for tests on a reconstituted silt specimen.

Figure 4.20 shows the changes in measured water pres-
sures with time for the tests on Regina clay using the high-
suction tensiometer. When an air pressure of 200 kPa was
applied to the pressure chamber, the suction probe recorded
an almost instantaneous increase in water pressure from 0
to 195 kPa. The water pressure gradually reduced to about
25 kPa after 42 h.

Reducing the air pressure from 200 to 0 kPa caused the
water pressure to immediately fall from 25 kPa to a reading
of –158 kPa. The change in air pressure (i.e., –200 kPa) was
close to the change in water pressure [i.e., −(25 + 158) =
−183 kPa]. The water pressure measured by the suction probe
gradually increased because water slowly flowed into the soil.

When the water pressure reached –151 kPa, an increase
in air pressure to 300 kPa produced an immediate jump of
water pressure to about 145 kPa, an increase of 296 kPa.
Further tests also showed that a change in air pressure in the
pressure chamber immediately produced an approximately
equal change in water pressure in the high-suction tensiome-
ter. The difference between the change in the air pressure
inside the pressure chamber and the change in water pres-
sure in the suction probe was generally less than 5%. The
Regina clay remained saturated throughout the test.

4.2.6.5 Measurement of Preapplied Matric Suction

Figure 4.21 shows the laboratory setup that was used to
measure the matric suction on reconstituted specimens of

Aluminum foil

1 kg weight

Saskatchewan suction probe

Electrical tape
Soil specimen

Figure 4.21 Laboratory setup for measuring soil suction with
direct, high-suction range tensiometer (from Guan and Fredlund,
1997a).

Regina clay and reconstituted silt. Matric suction values
were applied to Regina clay and silt using a pressure plate
apparatus. The soil specimens were then placed onto the
high-suction tensiometer. The soil specimens were immedi-
ately covered with tin foil to prevent the loss of water from
the soil.

The results of matric suction measurements on Regina
clay placed in direct contact with the ceramic disk of
the high-suction tensiometer are shown in Fig. 4.22. The
preapplied matric suctions varied from 150 to 550 kPa.
The recorded curves are in reasonable agreement with the
preapplied matric suctions up to 450 kPa. The recorded
negative pressures for preapplied matric suctions of 500
and 550 kPa developed more slowly than those of the lower
suction specimens. It was noted that a crack appeared in
the soil specimen when matric suctions exceeded 450 kPa.

Figure 4.23 shows the results of measurements of matric
suction on the reconstituted silt specimens. There was a
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Figure 4.20 Verification of high-suction measurements on Regina clay using University of
Saskatchewan direct high-suction range tensiometer (from Guan and Fredlund, 1997).
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Figure 4.22 Comparison of applied and measured matric suctions on Regina clay using Uni-
versity of Saskatchewan direct high-suction range tensiometer (from Guan and Fredlund, 1997).
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Figure 4.23 Comparison of applied and measured matric suctions on reconstituted silt using
University of Saskatchewan direct, high-suction tensiometer (Guan and Fredlund, 1997).

slight drift in the recorded suctions when the preapplied
matric suction exceeded 300 kPa. A matric suction of
300 kPa corresponded to a degree of saturation of about
38% for the silt specimen.

Differences between applied matric suctions and the mea-
sured negative pressures were less than 5%. The accuracy
of matric suction measurements appear to have been lim-
ited in part by the accuracy of the transducer in the high-
suction tensiometer. The response time of the high-suction
probe to a change in the applied matric suction was on
the order of seconds. The fast response of the high-suction
tensiometer is attributable to the rigidity of the chamber
of the suction probe and the high degree of saturation of
the soil.

The mini probe developed by Meilani et al. (2002) was
successfully used to measure suction up to 400 kPa along
a triaxial specimen. Suctions on the order of 400 kPa were
maintained for about 15 h while suctions of 200 kPa were

maintained without cavitation for about 155 h (i.e., ∼6 days).
The time period over which a particular matric suction can
be maintained is believed to be related to factors affecting
the diffusion of dissolved air through the water in the high-
air-entry disk.

Figure 4.24 shows the results from one experiment where
the soil specimen was subjected to a net confining pressure
of 25 kPa and a matric suction of 100 kPa. The matric suc-
tion of 100 kPa was achieved by applying an air pressure
of 290 kPa to the top of the soil specimen. The water pres-
sure at the bottom of the specimen was then lowered from
290 to 190 kPa. The difference between the air and water
pressures then produced a matric suction of 100 kPa which
remained in the soil specimen for 130 h until the shear-
ing of the specimen was complete. The use of the mini
high-suction probe meant that the matric suction in the soil
specimen could be directly measured without use of the axis
translation technique.
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Figure 4.24 Use of Nanyang Technological University mini high-range tensiometers at three
locations along triaxial specimen during shear at net confining pressure of 25 kPa (from Meilani
et al., 2002).

4.2.6.6 Moisture Transfer When Using High-Suction
Tensiometer

Moisture can transfer between the high-suction tensiometer
and the soil in both the liquid and vapor phases. Moisture from
the suction probe can evaporate into the soil in the vicinity of
the ceramic disk. Liquid water transfer occurs through direct
contact between the soil and the ceramic disk of the high-
suction tensiometer. Tension appears to be developed in the
high-suction tensiometer as a result of combined vapor and
liquid flow between the soil and the ceramic disk. If moisture is
continuously lost from the system through evaporation during
the measurement of suction, there is a continuous increase in
observed pore-water tension. The amount of moisture lost
through evaporation may be minuscule; however, this loss
can have a significant effect on the suction measurement. The
response of the high-suction tensiometer can be divided into
the following three phases (Fig. 4.25):

Phase I: This is the initial phase of tension develop-
ment. Significant tension is rapidly developed during

a relatively short period of time (e.g., 5–10 m). In
phase I, liquid water transfer is more dominant than
the evaporation process (curve 1). Curve 2 (Fig. 4.25)
occurs when tension in the high-suction tensiometer has
already developed due to evaporation that took place
before the suction probe was put in contact with the
soil. However, the process of suction equalization due
to liquid water transfer will quickly become dominant
when there is good contact between the soil and the
high-suction tensiometer. The tension developed due to
evaporation decreases and equilibrium is reached with
the suction in the soil.

Phase II: Following phase I there is a process during
which suction equalization due to liquid water transfer
is dominant but slow. At the end of this phase, equi-
librium between the high-suction tensiometer and the
suction in the soil is reached. The liquid water transfer
from the soil to the high-suction tensiometer can off-
set the loss of moisture from the suction probe due to
evaporation.
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Figure 4.25 Typical suction response curves when using direct, high-suction-range tensiometer.
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Phase III: After the suction response curve has come to
equilibrium (i.e., curve is essentially horizontal), there
is a slow increase in the observed suction measurement
for both saturated and unsaturated soils. The slow drift
in suction appears to be mainly attributable to mois-
ture loss due to evaporation from both the soil and the
high-suction tensiometer. Measurements showed that
the water content generally decreased by up to 0.1%
during the measurement of matric suction.

Test results to-date show that it is possible to sustain ten-
sile stresses in high-suction tensiometers for a considerable
time. It is important that the tension in the water phase not
exceed the air-entry value of the ceramic disk. The slow
drift in measured negative pressures should be further stud-
ied. The high-suction tensiometers are extremely sensitive
to minute losses of water during the measurement process.
The measurement of matric suction should be made in a
constant-temperature, high-humidity environment. The soil
specimens should also be at the same temperature as the
high-suction tensiometer at the start of the test (Fredlund
et al., 1997b).

High-suction tensiometers appear to have potential for rou-
tinely measuring soil suction in the laboratory. Direct mea-
surements can be made with suctions in excess of 1000 kPa.
It is not likely that the high-suction probes will find extensive
application for field usage in its present form because of the
need to occasionally recharge the high-suction tensiometer.

4.2.7 Axis Translation Technique for the Laboratory

Laboratory measurements of negative pore-water pressure
can be made using the axis translation technique. The mea-
surement is performed on either undisturbed or compacted
specimens. This technique was originally proposed by
Hilf (1956) and is illustrated in Fig. 4.26. Hilf placed an
unsaturated soil specimen in a closed pressure chamber. A
pore-water pressure measuring probe consisting of a needle
with a saturated high-air-entry ceramic tip was inserted into
the soil. The probe was connected to a null-type pressure
measuring system through a tube filled with deaired water
and a mercury plug in the middle of the line.

The water in the tube tended to go into tension and the
Bourdon gauge began registering a negative pressure as soon

as the probe was inserted into the specimen. The tendency
of the water in the measuring system to become negative
was countered by increasing the air pressure in the chamber.
Eventually, an equilibrium condition was achieved with the
mercury plug (i.e., the null indicator) remaining stationary.
The difference between the air pressure in the chamber and
the measured water pressure at equilibrium was taken to be
the matric suction of the soil

(
ua − uw

)
.

The matric suction value was numerically equal to the
negative pore-water pressure when the air pressure was atmo-
spheric (i.e., ua = 0). The axis translation technique simply
translates the origin of reference for the pore-water pressure
from standard atmospheric condition to the final air pressure
in the chamber (i.e., axis translation). The water pressure in
the measuring system does not become highly negative and
as a result the problem of cavitation is prevented.

Hilf (1956) demonstrated that the measured pore-water
pressure increased by an amount equal to the increase in the
ambient chamber air pressure. In other words, the matric
suction in the soil

(
ua − uw

)
remained constant when mea-

sured at various ambient air pressures. The condition of no
water flow during the measurement of matric suction justi-
fies the use of the axis translation technique.

The axis translation technique has also been used by other
researchers (Olson and Langfelder, 1965; Fredlund, 1989c).
The procedure used is as follows. A soil specimen is placed
on top of a saturated high-air-entry disk inside an air pres-
sure chamber. The air-entry value of the disk must be higher
than the matric suction in the soil. A 1-kg mass can be placed
on top of the specimen to ensure good contact between the
soil specimen and the high-air-entry disk. The placement of
the specimen onto the ceramic disk and the assemblage of
the cell are performed as rapidly as possible (i.e., within
approximately 30 s).

The water pressure in the compartment below the high-air-
entry disk is maintained as close as possible to zero pressure
by increasing the air pressure in the chamber. The pressure
transducer connected to the water compartment is used as
a null indicator. It is important for the apparatus to have a
system to flush air bubbles from below the high-air-entry
disk in order to keep the compartment above the transducer
saturated with water.

Figure 4.26 Null-type, axis translation device used to measure negative pore-water pressures
(after Hilf, 1956)
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Figure 4.27 Pressure changes associated with measurement of
matric suction when using null-type pressure plate apparatus (from
Fredlund, 1989c).

Pressure values shown in Fig. 4.27 illustrate how highly
negative pore-water pressures can be measured when using
this apparatus. Let us suppose that a soil specimen has
an initial pore-water pressure of –250 kPa when placed
onto the saturated, high-air-entry disk. The specimen will

immediately tend to draw water up through the ceramic
disk, causing the pressure transducer to commence regis-
tering a negative value. The cover must be quickly placed
on top of the device, and the air pressure in the chamber
can be increased until there is no further tendency for
the upward movement of water through the high-air-entry
disk. Let us assume that at equilibrium conditions the
chamber air pressure is reading 255 kPa, while the water
compartment is registering 5 kPa. Therefore, the matric
suction of the soil is 250 kPa (i.e., 255 − 5 = 250 kPa).

Typical response time curves when using the axis trans-
lation technique for the measurement of matric suction are
shown in Figs. 4.28 and 4.29 (Widger, 1976; Filson, 1980).
The response curves generally exhibit an S shape and a rela-
tively fast equilibration time. Pressure response versus time
is a function of the permeability characteristic of the high-
air-entry disk and the soil. The results shown in Figs. 4.28
and 4.29 were obtained when making matric suction mea-
surements on highly plastic clay (i.e., Regina clay).

Figures 4.30 and 4.31 present water content versus matric
suction relationships for compacted specimens of Regina
clay and glacial till, respectively. The matric suctions were
measured using the axis translation technique. Reasonably
good agreement and reproducibility in the measurement of
matric suction has been obtained by many researchers indi-
cating the reliability of the axis translation technique.

Similar water content versus matric suction relationships
were obtained for several compacted soil types by Olson
and Langfelder (1965), as shown in Fig. 4.32. Again, there
is a distinct relationship between decreasing water contents
and increasing matric suctions for as-compacted soils.

Figure 4.28 Matric suction response versus time for axis translation measurements on Regina
clay (from Widger, 1976).
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Figure 4.29 Matric suction response versus time for axis translation measurements on Regina
clay (after Filson, 1980).

Figure 4.30 Water content versus matric suction for as-
compacted specimens of Regina clay.

Figure 4.31 Water content versus matric suction for as-
compacted specimens of glacial till.
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Figure 4.32 Negative pore-water pressure measurements on as-compacted soil specimens using
axis translation technique (after Olson and Langfelder, 1965).

The null-type axis translation technique can be used to
measure negative pore-water pressures in the laboratory with
reasonable accuracy. High-air-entry disks with a maximum
air-entry value up to 1500 kPa are commercially available.
Theoretical studies on the axis translation technique sug-
gested that the technique is best suited to soils with a contin-
uous air phase (Bocking and Fredlund, 1980). The presence
of occluded air bubbles in the soil specimen can result in an
over estimation of the measured matric suction. In addition,
air diffusing through the high-air-entry disk can cause an
underestimation of the measured matric suction.

4.2.8 Indirect Measurement of Soil Suction

Indirect measurements of matric suction can be made using
a standard porous block as a measuring sensor. A range
of porous materials have been examined for their water
retention characteristics in order to select the most appro-
priate material for making the sensor. These materials have
included nylon, fiberglass, gypsum plaster, clay ceramics,
sintered glass, and porous metals.

The porous block sensor must be brought into equilibrium
with the matric suction of the soil. At equilibrium, the matric
suctions in the porous block and the soil are equal. The matric
suction is inferred from the water content of the porous block
through a calibration process. The water content of the porous
block can be determined by measuring the electrical or thermal

properties of the porous block. These properties are a function
of the water content of the porous block and matric suction
can be established through a calibration process. In the calibra-
tion process, the porous block is subjected to various applied
matric suction values, and its electrical or thermal properties
are measured. The measured electrical or thermal property of
the porous block under each equilibrium condition with the
soil can be used to determine the matric suction of the soil
through use of the calibration curve.

Indirect measurements of the water content of the sen-
sor based on electrical properties have been found to be
unsatisfactory due to the presence of dissolved salts in the
pore-water (Richards, 1974). On the other hand, indirect
measurements based of the thermal properties of a porous
block sensor show little effect from the dissolved salts in the
pore-water. As a result, the thermal-conductivity-type sen-
sor appears to be the most promising device for the indirect
measurements of matric suction (Richards, 1974).

4.2.8.1 Electrical Resistance Sensors

Electrical resistance sensors constitute the simplest type of
indirect sensor for the measurement of soil suction. Unfortu-
nately, these relatively inexpensive sensors do not have the
accuracy or the long-term stability in the calibration curve
for applications in geotechnical engineering. Gypsum blocks
with an internal electrical resistor are the oldest type of
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electrical resistance sensor. The gypsum blocks are based on
the principle that changes in water content produce changes
in electrical resistance. Unfortunately, electrical resistance is
even more sensitive to the presence of salts. With time salts
can move into the gypsum and result in a substantial change
in the calibration of the sensor. Gypsum block sensors have
generally been found to be unsuitable for geotechnical engi-
neering applications.

A more recent variation of electrical-resistance-type suction
sensor is the Watermark soil suction sensor. The Watermark
sensors consist of a granular matrix with embedded electrodes
for the measurement of electrical resistance. The granular
matrix is next to a gypsum wafer and forms a partial buffer
from salts in the soil. The entire sensor is placed within a stain-
less steel enclosure. The measurement range of the Watermark
sensor is 0–200 kPa. The Watermark sensor provides an indi-
cation of the wetness of the soil but does not provide a reliable
indication of the matric suction in the soil. The Watermark
sensor was patented in 1985 and is manufactured by Irrom-
eter Company. The Watermark suction sensors are relatively
inexpensive and can be connected to a data acquisition system
where they are used to trigger irrigation systems.

4.2.9 Thermal Conductivity Suction Sensors

The thermal properties of a soil have been found to be
indicative of the water content of a soil. Water is a bet-
ter thermal conductor than air. The thermal conductivity of
a soil increases with increasing water content. This is partic-
ularly true where the change in water content is associated
with a change in the degree of saturation of the soil.

Shaw and Baver (1939) developed a device consisting
of a temperature sensor and heater which could be installed
directly into the soil to measure thermal conductivity. It was
found that the presence of salts did not significantly affect
the thermal conductivity measurements. However, different
soils required different calibrations in order to relate ther-
mal conductivity measurements to the water contents of the
soil. Johnston (1942) suggested that the thermal conductiv-
ity sensor could be enclosed in a porous medium that would
have a standard calibration curve. The porous medium could
then be brought into equilibrium with the (negative) water
pressure in the soil. Johnston (1942) used plaster of Paris as
the porous medium to encase a heating element.

In 1955, Richards patented an electrothermal element for
measuring moisture in porous media. The element consisted
of a resistance thermometer which was wrapped with a small
heating coil. The electrothermal element was then mounted
in a porous cup and sealed with ceramic cement. Richards
proposed the use of a sandy silt material for the porous
block. It was suggested that the porous cup should have an
air-entry value less than 10 kPa.

Bloodworth and Page (1957) studied three materials for use
as a porous cup for the thermal conductivity sensors. Plaster of
Paris, fired clay, or ceramic and castone (i.e., a commercially
available dental stone powder) were used in the study. The
castone was found to be the best material for the porous cup.

Phene et al. (1971) developed a thermal conductivity sen-
sor using a germanium p-n diode as a temperature sensor.
The sensor was wrapped with 40-gauge Teflon-coated cop-
per wire that served as the heating coil. The sensing unit
was embedded in a porous block. The optimum dimensions
of the porous block were calculated based on a theoreti-
cal analysis. The block must be large enough to contain
the heat pulse without interference from the surrounding
soil. The distribution of the pore sizes in the sensor was
important.

Gypsum, ceramics, and mixtures of ceramics and castone
were examined as potential porous block materials by Phene
et al. (1971). Ceramic blocks appeared to exhibit a linear
response and provided a stable solid matrix.

In the mid-1970s, Moisture Control System (MCS) of
Findlay, Ohio, manufactured the MCS 6000 thermal con-
ductivity sensor. The sensor was built using the design and
construction procedures used by Phene et al. (1971). The
manufactured sensors were subjected to a two-point calibra-
tion. The suggested calibration curves were assumed to be
linear from zero suction to a suction of 300 kPa. Above
300 kPa, the calibration curves were empirically extrapo-
lated. In the region above 300 kPa, the calibration curves
became highly nonlinear and less accurate.

The MCS 6000 sensors were used for making some matric
suction measurements in the laboratory and in the field
(Picornell et al., 1983; Lee and Fredlund, 1984). The sensors
appeared to be quite suitable for field usage, being insensitive
to temperature and salinity changes. Relatively accurate
measurements of matric suction were obtained in the range
from 0 to 300 kPa. Curtis and Johnston (1987) used the MCS
6000 sensors in a groundwater recharge study. The sensors
were found to be quite responsive and sensitive. However,
Moisture Control System discontinued production in early
1980, and the MCS 6000 sensor is no longer commercially
available.

In 1981, Agwatronics in Merced, California, commenced
production of the AGWA thermal conductivity sensors. The
design of the sensor was changed from previous designs but
was based on the research by Phene et al., (1971). There
were several difficulties associated with the AGWA sensor
that resulted in a new design called the AGWA-II sensor in
1984.

A detailed calibration study on the AGWA-II sensors was
undertaken at the University of Saskatchewan, Canada (Wong
et al., 1989; Fredlund and Wong, 1989). Several difficulties
were reported with the use of the AGWA-II sensors. These
include the deterioration of the electronics and the porous
block with time. The AGWA-II sensors have been used for
laboratory and field measurements of matric suctions on sev-
eral research studies (van der Raadt et al., 1987; Sattler and
Fredlund, 1989; Rahardjo et al., 1989).

In 2000, the GCTS company (Tempe, Arizona) under-
took the production and marketing of the heat dissipation
suction sensors that had been researched and developed at
the University of Saskatchewan, Canada. The production of
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the heat dissipation sensors continues and is referred to as
the FTC-100 thermal conductivity suction sensor.

Around the year 2000, Campbell Scientific commenced
the production of another heat dissipation sensor that is
referred to as the CS-229 sensor. It operates on the same
basic principles as the sensor produced by Geotechnical
Consulting Testing Systems (GCTS); however, a number
of features are different. The diameter of the ceramic stone
is 15 mm in diameter, and the characteristics of the ceramic
stone are quite different from those of the FTC-100 sensor.
The heat pulse is delivered to the interior of the ceramic
stone through a needle that is inserted into the ceramic
stone. Initially, these thermal conductivity suction sensors
were reported to be independent of the ambient tempera-
ture. The calibration curve for the CS-229 sensor was later
found to be quite sensitive to ambient temperature, and as
a result, a study was initiated to better understand how a
temperature correction could be applied to the basic calibra-
tion curves for the sensors. The results of the temperature
affect study on the CS-229 sensors were reported by Flint
et al. (2002).

The primary application of heat dissipation suction sen-
sors has been for the monitoring of soil suctions in situ,
mainly in soil cover systems. Both the CS-229 and FTC-100
heat dissipation suction sensors have been installed in soil
cover systems and have been used to monitor soil suctions
over extended time periods. The FTC-100 suction sensors
have been installed and used for monitoring soil suctions in
subgrade soil under thin asphalt pavements in the province
of Saskatchewan, Canada. This study has been ongoing for
more than 8 years and the suction sensors are still function-
ing satisfactorily.

4.2.9.1 Theory of Operation for Thermal Conductivity
Suction Sensors

A thermal conductivity sensor consists of a porous ceramic
block containing a temperature sensing element and a
miniature heater (Fig. 4.33). The thermal conductivity of the
porous block varies in accordance with the water content

Figure 4.33 Cross section of AGWA-II thermal conductivity suc-
tion sensor (after Phene et al., 1971).

of the block. The water content of the porous block is
dependent upon the matric suctions applied to the block by
the surrounding soil (Fig. 4.34). The thermal conductivity of
the porous block must be calibrated against applied matric
suctions in the laboratory prior to their usage.

A calibrated sensor can then be used to measure matric
suction by placing the sensor in the soil and allowing it to
come to equilibrium with the state of stress in the pore-water
(i.e., the matric suction of the soil). Thermal conductivity
measurements at equilibrium are related to the matric suction
in the soil through use of a calibration curve.

Thermal conductivity measurements are performed by
measuring heat dissipation within the porous block. A
controlled amount of heat is generated by the heater at the
center of the block. A portion of the generated heat will
be dissipated throughout the block. The amount of heat
dissipation is controlled by the presence of water within
the porous block. A change in the thermal conductivity of
the porous block is directly related to a change in water
content of the block. In other words, more heat will be
dissipated as the water content of the block increases.

The heat that is not dissipated results in a temperature rise
at the center of the block. The temperature rise is measured
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Figure 4.34 Temperature rise in mV with time of heating as function of ratio of air to water
in ceramic.
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by the temperature sensing element after a specified time
interval, and its magnitude is inversely proportional to the
water content of the porous block. The measured temperature
rise can be expressed in terms of a change in voltage output.

4.2.9.2 Calibration of Thermal Conductivity Suction
Sensors

Thermal conductivity sensors are usually subjected to lim-
ited calibration prior to shipment from the factory. One
calibration reading can be taken with the sensors placed
in water (i.e., zero matric suction). A second calibration
reading can be taken when the sensors are dry. Other cal-
ibration points at specified applied suctions may also be
obtained. This calibration procedure may be adequate for
some applications. However, it is suggested that a more rig-
orous calibration procedure should be used for geotechnical
engineering applications (Fredlund and Wong, 1989).

A more thorough calibration of thermal conductivity sen-
sors can be performed by applying a range of matric suction
values to the sensors. Readings of the change in voltage
output, after the application of a heat impulse, provide a
measure of the thermal conductivity (or the water content)
of the porous block under the applied matric suction. Matric
suctions can be applied to the thermal conductivity sensors
using either a modified pressure plate apparatus (Fig. 4.35;
Wong et al., 1989; Fredlund and Wong, 1989) or a spe-
cially designed calibration device (Fig. 4.36; GCTS, 2008).
The maximum suction that can be applied through use of
the axis-translation technique depends on the air-entry value
of the ceramic disk in the calibration device. The air-entry
value of the calibration device is generally 500 kPa.

The use of the small independent calibration chamber
for each thermal conductivity suction sensor appears to be
preferable for calibration purposes. Figure 4.37 shows a
series of cells being used for the calibration of the thermal
conductivity suction sensors.

There have been a number of equations that have been
used to best fit calibration data for thermal conductivity
suction sensors. It is relatively easy to obtain two

Figure 4.35 Calbration of thermal conductivity suction sensors
in modified pressure plate apparatus.

Figure 4.36 Calibration cells and FTC-100 thermal conductivity
suction sensors (Manufactured by GCTS, Tempe, AZ).

“anchor-type” points on the calibration curve for thermal
conductivity suction sensors. The first calibration anchor
point represents the reading from the sensor when the
ceramic stone is completely dry (or dry to atmospheric
conditions). In other words, the measured thermal conduc-
tivity will represent the thermal conductivity of the ceramic
stone with air filling the voids. It is also important to define
what is meant by a dry ceramic stone. In other words, it
is possible for the “dry ceramic stone” to be initially air
dried, initially oven dried, or initially placed above salts
that create an extremely high total suction environment.
The relative humidity should be recorded that is associated
with the dry condition. This allows the computation of a
total suction value based on Lord Kelvin’s equation.

The second calibration anchor point represents the
reading on the thermal conductivity suction sensor when
the ceramic stone is saturated with water. In this case, the

Figure 4.37 Calibration of series of thermal conductivity suction
sensors (Manufactured by GCTS, Tempe, AZ).
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measured thermal conductivity will represent the thermal
conductivity of the ceramic stone with water filling the
voids. This is an easy reading to obtain, but once again,
it is important to define how the ceramic stone has been
saturated with water. It is possible for the “wet or saturated
ceramic stone” to be immersed in water for a period of
time or placed in a back-pressured environment to ensure
that all air has been dissolved in water. Previous research
studies (Feng, 1999; Feng et al., 2002; Feng and Fredlund,
2003) have shown that simply immersing the ceramic
stones in water for a period of time does not fully saturate
the ceramic stone. Rather, occluded air bubbles become
entrapped in some voids of the ceramic stone. It was found
that back-pressuring the ceramics resulted in higher degrees
of saturation and a change in the thermal conductivity
measurement.

The complete calibration of a thermal conductivity suc-
tion sensor generally involves placing the sensors onto a
pressure-plate-type device where three to seven additional
suctions are applied to the sensor while monitoring the out-
put from the sensors. The applied suction values usually
range from 10 to 500 kPa along the desorption calibration
curve. The complete set of data points can then be best fit
using an empirical calibration equation.

Figure 4.38 shows a typical set of calibration curve data
for the GCTS thermal conductivity (TC) suction sensors.
Figure 4.39 shows a typical set of calibration curve data for
the CS-229 TC suction sensors.

Hu et al. (2007) undertook the calibration of 16 GCTS
thermal conductivity suction sensors. The measured tem-
perature changes under the suction applied to each of the 16
TC suction sensors are shown in Fig. 4.40.
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Figure 4.38 Typical calibration curve for FTC-100 thermal conductivity suction sensor (man-
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Figure 4.39 Typical calibration curve for CS-229 thermal conductivity suction sensor (manu-
factured by Campbell Scientific 2006).
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sors (after Hu et al., 2007).

4.2.9.3 Calibration Equations for Thermal Conductivity
Suction Sensors

The electrical response from a thermal conductivity suction
sensor can be plotted versus the logarithm of soil suction.
The resulting curve is S shaped with anchor-type points at
minimum suction (i.e., assumed zero suction) and a maxi-
mum suction (i.e., near 106 kPa). The calibration curve has
a sigmoidal shape.

In 1999, Feng and Fredlund proposed the following form
for the calibration equation for thermal conductivity suction
sensors:

ψ = b (�T − a)

c − �T
(4.5)

where:

ψ = applied suction, kPa,
�T = temperature rise, ◦C, and

a , b, c, d = four parameters to define the shape of the
calibration curve.

Of the four fitting parameters, a and c are equivalent to
the temperature rise �T for the thermal conductivity sensors
under saturated and dry conditions, respectively. The parame-
ter b defines a particular horizontal position on the calibration
curve and the parameter d defines the slope of the curve
at point b. However, point b was not the most appropriate
point around which to perform the best-fit regression analysis.
Rather, it is better to use the inflection point on the semiloga-
rithm calibration curve for the definition of the b parameter.

In 2007, Hu et al. proposed a modification to Eq. 4.5 that
would give more significant physical meaning to each of the
fitting parameters. The new proposed calibration equation
was written as

ψ = b1

[(
�T − a1

)
c1 − �T

]d1
c1−a1

4b1

(4.6)

The a1 and c1 fitting parameters in Eq. 4.6 have the same
meaning as the a and c parameters in Eq. 4.5. The fitting
parameter b1 is the suction when �T is at the inflection
point of the calibration curve. In other words, it is midway
between the “dry” reading and the “saturated” sensor read-
ing. Stated another way, b1 is equal to the soil suction at
the inflection point (i.e., suction when �T = (a1 + c1)/2).
Then, d1 is the slope of the calibration curve at point b1
(i.e., dψ/dT |�T =((a1+c1)/2)) (see Fig. 4.41).

The Hu et al. (2007) revision to the calibration equation
was used to analyze the calibration data of 16 FTC-100
thermal conductivity suction sensors. The calibration mea-
surements are summarized in Table 4.5. The Shuai et al.
(2002) temperature correction was applied to the measured
data prior to determining the best-fit equation parameters.

The average values for the four calibration parameters on
the 16 sensors are as follows: a1 = 9.19◦C, b1 = 261.1 kPa,
c1 = 13.3◦C, and d1 = 185.0 kPa/◦C. The a1 parameter is
the thermal conductivity sensor reading when the ceramic
is saturated with water, and c1 is the thermal conductivity
sensor reading when the ceramic is dry. The b1 variable
is the soil suction corresponding to a temperature change
halfway between dry and water saturated conditions (i.e., the
inflection point along the calibration curve on a logarithm
scale). The d1 variable is the slope corresponding to point b1.

The following points are noteworthy from the calibration
of the 16 thermal conductivity suction sensors. First, the a1
and c1 parameters provide the most consistent measurements
on the calibration curve. The standard deviation is similar
for both variables with values of approximately 0.3–0.4◦C.
A typical value for the a1 parameter was 9.2◦C and a typi-
cal value for the c1 parameter was 13.2◦C. These values are
primarily a function of the constant current applied during
calibration. The b1 parameter provides an indication of the
range where the sensor has the greatest sensitivity to suc-
tion changes. The 16 suction sensors calibrated show the b1
parameter to be around 260 kPa. The b1 and d1 parameters
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Figure 4.41 Variables associated with calibration equation for FTC-100 thermal conductivity
suction sensors (after Hu et al., 2007).

Table 4.5 Calibration Parameters with Shuai et al., (2002) Temperature Correction Applied
to Laboratory-Measured Data

a1 b1 c1 dψ/d�T

Sensor (◦C) (kPa) (◦C) (kPa/◦C) Power Term

FTC1 9.546 265.197 13.301 187.915 0.665
FTC2 9.466 249.972 13.502 193.114 0.780
FTC3 9.466 251.427 13.683 146.760 0.615
FTC4 8.502 271.992 12.874 200.325 0.805
FTC5 9.111 247.115 13.512 162.070 0.722
FTC6 9.399 284.507 13.720 214.919 0.816
FTC7 9.391 265.434 13.479 199.341 0.768
FTC8 9.284 247.859 13.473 154.341 0.652
FTC9 9.187 272.298 13.184 208.399 0.765
FTC10 9.725 282.024 13.346 237.945 0.764
FTC11 8.708 259.302 12.788 169.213 0.666
FTC12 9.131 263.353 13.158 149.147 0.570
FTC13 9.758 259.571 13.593 207.638 0.767
FTC14 8.995 261.762 13.216 210.067 0.847
FTC15 8.833 263.482 12.928 173.399 0.674
FTC16 8.509 231.937 12.599 145.282 0.640

Maximum value 9.758 284.507 13.720 237.945 0.847
Minimum value 8.502 231.937 12.599 145.282 0.570
Average value 9.188 261.077 13.272 184.992 0.720
Standard deviation 0.394 13.468 0.333 28.374 0.080
Coefficient of variation 4.283 5.159 2.508 15.338 11.169
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are related to a common point along the calibration curve.
A typical value for the d1 parameter was about 190 kPa/◦C.

Figure 4.42 plots the response of the dry sensor to the
response of the wet sensor. The results show that whenever
the dry sensor response is a little higher than average, the wet
sensor response likewise seems to increase. Figure 4.43 com-
pares the difference between the wet and dry response of the
FTC sensors to the dry sensor reading. The difference between
the wet and dry response remains quite similar for all sensors,
with an average value of 4.02◦C. The temperature change is
a function of the applied constant current. Figure 4.44 com-
pares the slope of the calibration curve at the inflection point
with the suction reading at the inflection point.

The results from the calibrations study suggest that in-
creased quality control in constructing the thermal conduc-
tivity sensors should lead to multiple sensors having a similar
response.

Thermal Conductivity Suction Measurements in the
Laboratory. Results of laboratory measurements of soil
suction using thermal conductivity suction sensors on highly
plastic clays are shown in Figs. 4.45, 4.46, and 4.47. The
soils were sampled in the field using Shelby tubes near Scep-
tre and Regina, Saskatchewan.
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inflection point suction for FTC-100 thermal conductivity suction
sensors (after Hu et al., 2007)

Several laboratory measurements were conducted using
two sensors inserted into each soil specimen. One sensor
was initially air dried, and the other was initially water sat-
urated. The sensors were inserted into predrilled holes at
either end of the Shelby tube sample. The specimen with
the inserted thermal conductivity sensors was wrapped in
aluminum foil to prevent moisture loss as the sensors came
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Figure 4.42 Relationship between wet sensor readings and dry sensor readings for 16 FTC-100
thermal conductivity suction sensors (after Hu et al., 2007).
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Figure 4.45 Laboratory measurement of matric suction on high-plasticity clay from Sceptre,
Canada, using thermal conductivity suction sensors (w = 39.3%).

Figure 4.46 Laboratory measurement of matric suctions on high-plasticity clay from Sceptre,
Canada, using thermal conductivity suction sensors (w = 34.1%).
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Figure 4.47 Laboratory measurement of matric suction on high-plasticity clay from Darke Hall,
Regina, Canada, using thermal conductivity suction sensors (w = 35.1%).

to equilibrium with the water in the soil. The responses of
both sensors were monitored at various elapsed times after
their installation. The results indicate that the time required
for the initially dry sensor to come to equilibrium with the
soil specimen was less than the equilibrium time required
for the initially saturated sensor to come to equilibrium.

On the basis of numerous laboratory experiments, it would
appear that the thermal conductivity suction sensors that were
initially dry yielded a matric suction value which was close
to the correct value. In general, the initially dry sensor should
yield a value which is slightly high. On the other hand, the
initially wet sensor should yield a value which is lower than
the actual soil suction. Table 4.6 gives the interpretation of
the results presented in Figs. 4.45, 4.46, and 4.47.

It is suggested that if only one sensor is installed in an
undisturbed sample, the sensor should be initially dry. It may
take 4–7 days before suction equilibrium is achieved. If the
sensors are left in situ for a long period of time, there should
be no need to take readings any more often than about once

Table 4.6 Interpretation of Laboratory Matric Suction
Measurements

Initially Initially
Dry Wet Best

Water Sensor, Sensor, Estimate,
Soil Type Content, % kPa kPa kPa

Sceptre clay 39.3 120 100 114
34.1 136 108 126

Regina clay 35.1 160 150 157

every 3 h. Thermal conductivity suction sensors are not fast-
acting sensors and as such are not meant to register rapid
changes in pore-water pressure.

Laboratory measurements of matric suction have been used
to establish the negative pore-water pressures in undisturbed
samples of Winnipeg clay taken from various depths within a
railway embankment (Sattler et al., 1990). The samples were
brought to the laboratory for matric suction measurements
using thermal conductivity suction sensors. The measured
matric suctions were corrected for the removal of the over-
burden stress and plotted as a negative pore-water pressure
profile (Fig. 4.48). The results indicated that the negative
pore-water pressures approached zero at the average water
table. In general, the pore-water pressures tended to be more
negative than the hydrostatic line through the water table.

4.2.9.4 Thermal Conductivity Suction Measurements
in the Field

Field measurements of matric suction under a controlled
environment have been conducted in the subgrade soils
of a Department of Highways indoor test track at Regina,
Saskatchewan (Loi et al., 1992). The temperature and
the relative humidity within the test track facility were
controlled. Twenty-two thermal conductivity suction sensors
were installed in the subgrade of the test track. The subgrade
consisted of highly plastic clay and glacial till. The sensors
were initially air dried and installed into predrilled holes
at various depths in the subgrade. The sensor outputs were
recorded twice daily.

Typical matric suction measurements made on compacted
Regina clay and glacial till soils at the test track are shown
in Fig. 4.49. Consistent readings of matric suction ranging
from 50 to 400 kPa were monitored over a period of more



4.2 measurement of soil suction 139

Figure 4.48 Negative pore-water pressure measured using AGWA-II thermal conductivity
sensors.

Figure 4.49 Measurement of soil suctions using AGWA-II thermal conductivity sensors under
controlled environment (Test Track facility of the Department of Highways, Regina, Canada).
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than 5 months prior to flooding the test track. The results
demonstrated that the thermal conductivity suction sensors
can provide stable measurements of matric suction over rel-
atively long time periods.

Matric suction variations in the field can be related to
environmental changes. Several AGWA-II sensors have been
installed at various depths in the subgrade of roads and rail-
roads. Matric suctions in the soil were monitored at various
times of the year. The results clearly indicate seasonal varia-
tions of matric suctions in the field with the greatest variation
occurring near ground surface.

4.2.9.5 Influence of Ambient Temperature

The thermal conductivity suction sensor measurement is
dependent upon the thermal conductivity of the individual
components of the sensor, namely, the ceramic, the water,
the air, and the internal electrical and epoxy components.
Several research studies have been undertaken to assess the
effect of ambient temperature on the calibration curve.

The thermal conductivity λ of the ceramic portion is about
1.7 W/m ◦C. Published thermal conductivities have shown
the thermal conductivity of the ceramic to be essentially
independent of the ambient temperature. The thermal con-
ductivity of air is about 0.025 W/m ◦C. Published values
show that the thermal conductivity of air has a slight depen-
dence on temperature.

The thermal conductivity of water is known to change
with temperature. Table 4.7 provides a list of thermal con-
ductivities for water, λ over the range from the freezing
point to the boiling point of water.

Shuai et al. (2002) graphically presented results of the
thermal conductivity of water versus temperature (Fig. 4.50).
The results show some nonlinearity in the relationship
between the thermal conductivity of water and temperature,

Table 4.7 Thermal conductivity of Water at Various
Temperatures

Temperature, ◦C Thermal Conductivity, λ, W/m ◦C

0.01 0.5610
10 0.5800
20 0.5984
30 0.6155
40 0.6306
50 0.6436
60 0.6543
70 0.6631
80 0.6700
90 0.6753

100 0.6791

Source: Cooper and Dooley, 2008.

particularly in the low temperatures near freezing and
the high temperatures near the boiling point. The thermal
conductivity of water versus temperature can be best fit with
the following linear equation:

λ = 0.0014T + 0.5743 (4.7)

where:

λ = thermal conductivity of water, W/m ◦C, and
T = temperature, ◦C.

Campbell et al., (1994) proposed the following parabolic
equation for the thermal conductivity of water:

λ = 0.024 + (0.0000773) T − (0.000000026) T 2 (4.8)

Figure 4.51 provides a comparison of the thermal con-
ductivities of the ceramic, air, and water over a range of
temperatures. The water phase appears to show the greatest
dependency on ambient temperature. A number of studies
have been undertaken to assess the influence of temperature
on the measurements of soil suction when using thermal
conductivity suction sensors. The effect of ambient temper-
ature on thermal conductivity suction sensor readings has
been observed since the 1970s (Phene et al., 1971; Wong
et al., 1988). Concern over the effect of ambient tempera-
ture changes has been expressed when using both the GCTS
thermal conductivity suction sensor and the Campbell Sci-
entific CS229 thermal conductivity suction sensors.

In 2002, Shuai et al. conducted a series of tests in an
attempt to quantify the effect of ambient temperature on the
measurement of soil suction when using the GCTS type of
thermal conductivity sensors. (These tests were performed
on suction sensors manufactured at the University of
Saskatchewan but are of the same design as used by GCTS.)
Figure 4.52 shows the effect of temperature change on the
observed readings from the GCTS-type suction sensors.
A thermometer was placed next to the GCTS thermal
conductivity suction sensor embedded in a soil sample that
was wrapped in tin foil to maintain a constant suction value.
The results showed that when the ambient temperature
increased, the measured suction (i.e., obtained from the
23◦C calibration curve) decreased. When the temperature
decreased, the opposite behavior was observed.

It was suggested that the inter relationship between
temperature and the thermal conductivity suction measure-
ment might be due to the change in thermal conductivity
of the water in the soil. The dependency of the thermal
conductivity of water on temperature led Shuai et al., (2002)
to propose a correction equation that could be applied to
the observed measurement, taking ambient temperature into
consideration. The proposed temperature correction took
the form of Eq. 4.5. It should be noted that the temperature
variation was only about 3◦C and the sensor reading change
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Figure 4.50 Thermal conductivity of water versus temperature with linear best-fit equation
(after Shuai et al., 2002).
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2002).
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Figure 4.52 Observed reaction of thermal conductivity suction sensors to ambient temperature
changes (after Shuai et al., 2002).



142 4 measurement and estimation of state variables

was about 7 mV. The thermal conductivity suction sensors
were calibrated in the laboratory at a temperature of 23◦C:

�T23◦C = 0.0014T + 0.5743

0.6065
�TT (4.9)

where:

�T23◦C = corrected rise in temperature corresponding to
23◦C and

�TT = rise in temperature measured by the TC sensor
at the ambient temperature T .

The proposed correction equation was then applied to the
data presented in Fig. 4.52. The temperature-corrected soil
suction measurements are shown in Fig. 4.53. The results
show that the variation in the sensor reading was reduced to
about 2 mV when the ambient temperature correction was
applied.

Shuai et al., (2002) undertook a series of tests where the
ambient temperature was varied from 8 to 23◦C in a series
of steps. The output voltage was measured and the tem-
perature correction was applied to the recorded readings.
The constant suctions applied in each case were 10, 50, and
200 kPa. The results obtained when the applied suction was
50 kPa are shown along with the measured temperatures in
Fig. 4.54. The results indicate that the suctions remained
essentially constant when the proposed temperature correc-
tion was applied.

Nichol et al. (2003) observed that ambient temperatures
influenced the thermal conductivity suction sensor readings
and proposed a more rigorous model to take into account
the effect of ambient temperatures. His studies involved the
use of the GCTS thermal conductivity suction sensors and

the following temperature change correction equation was
proposed:

�T23◦C = �T
(
s1 + s2T + s3T

2) (4.10)

where:
�T = change in temperature measured by the

TC suction sensor,
�T23◦C = corrected temperature change that can be

applied to the 23◦C calibration curve,
T = ambient temperature recorded by the TC

suction sensor, and
s1, s2, and s3 = constants that depend on the range of

suction being measured.

The temperature correction proposed by Nichol et al.
(2003) is dependent not only on the ambient temperature
but also on the magnitude of the soil suction. It is apparent
that more variables are taken into consideration in the
development of the Nichol et al. (2003) correction. The
correction constants vary with the level of soil suction and
suggested values are presented in Table 4.8.

Table 4.8 Temperature Correction Constants
for Nichol et al. (2003) Equation

Suction Range
kPa s1, ◦C s2, ◦

C−1 s3, ◦
C−2

0–10 0.960 1.9 × 10−3 −0.8 × 10−6

10–30 0.962 1.8 × 10−3 −0.7 × 10−6

30–75 0.968 1.5 × 10−3 −0.6 × 10−6

75–300 0.973 1.3 × 10−3 −0.5 × 10−6

300–106 0.986 7.0 × 10−4 −0.3 × 10−6
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Figure 4.53 Soil suction readings “with” and “without” applied temperature corrections (after
Shuai et al., 2002).
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Figure 4.54 Effect of applying temperature correction as ambient temperature is increased (after
Shuai et al., 2002).

The measured GCTS thermal conductivity suction sensor
reading is then multiplied by the correction factor to obtain
the temperature rise that would have been measured at 23◦C.
The correction factor is largest near zero suction when the
ceramic has the highest water content. This is different from
the Shuai et al. (2002) correction, which multiplies the mea-
sured suction data by a constant value for all soil suctions.

Figure 4.55 shows a plot of the Nichol et al. (2003) temper-
ature corrections for the range from zero degrees to 40◦C. The
plot shows that the largest corrections are applied when the
soil suctions are the lowest (i.e., 0–10 kPa). The correction
factor in the low-suction range is calculated to be about 0.96
when the temperature is close to zero ◦C. When the temper-
ature increases to 40◦C the temperature correction becomes

1.024. The calibration temperature was 23◦C. Once again the
temperature corrections are quite modest.

The Nichol et al. (2003) correction factors appear to be
more reasonable from a theoretical standpoint; however, Hu
et al. (2007) undertook a study in which he applied the
Shuai et al. (2002) and the Nichol et al. (2003) correction
techniques and found that the results were quite similar.
The results of tests on 14 GCTS thermal conductivity suc-
tion sensors can be observed in Fig. 4.56. A study was also
undertaken by Tan et al. (2004b) where the Shuai et al.
(2002) temperature correction and the Nichol et al. (2003)
temperature correction were applied to 7 years of field mea-
surement data. The temperature corrections turned out to be
quite similar using both suggested procedures.
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Figure 4.55 Ambient temperature correction suggested by Nichol et al. (2003).
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parameters when using different temperature correction equations
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4.2.9.6 Influence of Temperature on the CS-229 Suction
Sensors

Campbell Scientific manufactures a thermal conductivity
soil suction sensor referred to as the CS-229 Water Matric
Potential Sensor (Fig. 4.57). The thermal conductivity
suction sensor measures soil water potential from 10 to
1000 kPa. The sensor consists of a heating element and
thermocouple placed in epoxy in a hypodermic needle
which is encased in a porous ceramic matrix.

The effect of the ambient temperature on the suction mea-
surement has also been realized for the CS 229 thermal

conductivity sensors. Reece (1996) suggested the use of a
normalization procedure to reduce the influence of varying
ambient temperature. Flint et al., (2002) suggested using the
following normalization equation to give a dimensionless
temperature rise, �T *:

�T ∗ = �Td − �T

�Td − �Tw
(4.11)

where:

�T = temperature rise of the source in the ceramic in a
specified elapsed time,

�Td = temperature rise for a dry ceramic, and
�Tw = temperature rise for a fully saturated ceramic.

Equation 4.11 normalizes the sensor output reading
between completely dry and fully saturated ceramic condi-
tions. The normalized temperature change would be equal to
zero for a dry sensor and unity for a water-saturated ceramic.

It was reasoned that the most significant effect of ambient
temperature would be realized when the ceramic was dry.
In other words, the largest temperature corrections would
occur when the ceramics contain considerable air. (Note that
this is opposite to the observations made with the GCTS
thermal conductivity sensors.) It was reasoned that the gas
phase thermal conductivity changed because of changes
in the latent heat of distillation across the pores of the
ceramic.
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Figure 4.57 Possible measurement error for range of ambient temperatures and soil suctions
up to 500 kPa (after Campbell Scientific Instruction Manual, 2009).
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Campbell et al. (1994) reported that a correction needed to
be applied to the thermal conductivity of dry air in order to
accommodate the latent heat transport term when moisture
vapor was present in the air. A procedure was proposed for
the calculation of the soil suction corrected for temperature
and the thermal conductivity of water vapor in the air phase.
Figure 4.58 shows the possible variation in thermal conduc-
tivity reading when the ambient temperature is different than
20◦C. The results show, for example, that if the soil suction
were 400 kPa and the temperature varied by plus or minus
10◦C, the error in the soil suction measurement could be plus
or minus 100 kPa (i.e., values between 300 and 500 kPa).

The research results reported by Flint et al., (2002) raise a
number of questions related to the calibration and usage of
heat dissipation sensors. The research suggests that the most
significant temperature effects occur as the temperatures and
soil suctions increase. The results assume that no temper-
ature correction is required when the thermal conductivity
suctions sensors are essentially filled with water. When the
measured soil suctions are about 250 kPa, it is estimated
that the measured suction could be as high as 310 kPa if the
ambient temperature were 30◦C, and as low as 180 kPa if
the ambient temperature were 10◦C.

4.2.9.7 Effect of Freezing Temperature on Thermal
Conductivity Suction Measurements

Shuai et al., (2002) conducted other tests to assess the
effect of temperature on suction measurements when using

thermal conductivity suction sensors. Figure 4.59 shows
the influence of changing the ambient temperature from
about 23◦C to the freezing point. The Shuai et al., (2002)
temperature corrections were applied to the measurements.
The results showed that soil suction remained essentially
constant except when the temperature was reduced to
freezing conditions. The soil suction readings dropped to
zero when the soil became frozen. Later the soil suctions
returned to their original values when the soil thawed.

There was no apparent damage to the sensors upon freezing.
It was reasoned that the soil suction readings dropped to zero
because the imposed heat pulse was absorbed by latent heat.

4.2.9.8 Effect of Hysteresis in the TC Suction Sensors

One of the limitations associated with any indirect measure-
ment system is the issue of hysteresis. The water content
versus matric suction curves for any porous material are not
the same during wetting and drying. The hysteresis associ-
ated with the water retention curves for the ceramic results
in hysteresis in the suction sensor response upon wetting
and drying. Attempts have been made to take the capillary
hysteresis of the porous ceramic tip into consideration when
measuring matric suction (Feng, 1999).

Desorption and adsorption curves have been measured
for the ceramic used for the GCTS thermal conductivity
suction sensors. A typical set of drying and wetting water
retention curves for the porous ceramic used for the sens-
ing tip is shown in Fig. 4.60. The results show that there is
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up to 1750 kPa (after Campbell Scientific Instruction Manual, 2009).
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Figure 4.59 Effect of imposing freezing temperatures to thermal conductivity suction sensors
(after Shuai et al., 2002).
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Figure 4.60 Typical hysteresis measured on FTC-100 thermal conductivity soil suction sensors
(from Feng et al., 2002).

a difference between the drying and wetting curves; how-
ever, the end points of the calibration curves are similar. The
maximum difference between the two curves occurs when
the thermal conductivity suction sensors are approximately
50% saturated.

Feng (1999) studied the difference between the drying
and the wetting calibration curves of the GCTS-type thermal
conductivity suction sensors. Several suction sensors were
calibrated to measure the difference between the drying and
wetting curves. The difference between the two calibration
curves was mathematically defined as follows:

�ψ∗ = ψd − ψw

ψw
× 100 (4.12)

where:

�ψ∗ = percent change in suction between the drying and
wetting calibration curves,

ψd = suction on the main drying calibration curve, and
ψw = suction on the main wetting calibration curve.

The measured difference between the drying and wetting
calibration curves, �ψ∗, was about 40% of the drying curve
value when suction values were greater than about 30 kPa.
As a result, the wetting calibration curve can be approx-
imated using Eq. 4.13 based on the test results of Feng
(1999):

ψw = 0.70ψd (4.13)

Equation 4.13 states that a drying curve suction of 50 kPa
corresponds to an average wetting calibration curve suction
of 35 kPa. Likewise, a drying curve suction of 500 kPa
would correspond to a wetting curve suction of 350, and
so on. Laboratory tests by Feng (1999) showed that the
hysteresis curves were stable and reproducible. In other
words, the drying and wetting calibration curves did not
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appear to change with time and were similar for all ceramic
stones tested.

A hysteresis model was proposed by Feng (1999) to mit-
igate the influence of hysteresis associated with the ceramic
block. The model was designed to trace scanning curves
both during the wetting process and during the drying pro-
cess. Calculated and measured scanning curves associated
with changing from the drying curve to the wetting curve
are shown in Fig. 4.61. The model can be used to subse-
quently modify a dataset of measurements obtained during
field monitoring.

The monitoring readings are collected and soil suction
values are first computed through use of the drying calibra-
tion curve. Once the data are compiled in a database, it is
possible to further process the data by examining whether
the past data points have been undergoing a drying or wet-
ting process. This information is used to determine which

calibration curve is best to use for the final calculation of
soil suction at any particular time. In this way it is possi-
ble to increase the accuracy of the measured soil suctions.
Figure 4.62 shows the difference between using the dry-
ing calibration curve or the wetting calibration curve when
interpreting field monitoring suction data. The improved
approach utilizes the drying calibration curve when the soil
is undergoing drying and the wetting calibration curve when
the soil is undergoing a wetting process.

Figure 4.63 shows a comparison between matric suctions
measured using a tensiometer and a GCTS thermal conduc-
tivity suction sensor where hysteresis was taken into con-
sideration. Both sensors were installed in the Indian Head
till and the soil was subjected to a series of drying and
wetting processes. During the drying process, the drying
calibration curve was used to calculate soil suction, and
during the wetting process, the wetting calibration curve
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Figure 4.61 Comparison of applied suctions and predicted suctions when using hysteresis model
proposed by Feng et al. (2002).
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Figure 4.63 Drying and wetting soil suction readings taking hysteresis in calibration curves
into account when using thermal conductivity suction sensors (from D.G. Fredlund et al., 2000b)
.

was used. The results show that the soil suction measure-
ment made using the thermal conductivity suction sensor
agrees well with those measured by the tensiometer. Some
differences occurred because of the water cavitation in the
tensiometer.

4.2.9.9 Effect of Chemicals on the Thermal
Conductivity Suction Sensors

It is possible that in situ monitoring might be required
under adverse acidity and alkalinity conditions. The effect
of adverse chemical conditions was studied by Shuai et al.
(2002). Following saturation, the thermal conductivity
suction sensors were calibrated as increased suction values
were applied in a calibration cell. The thermal conductivity
sensors were calibrated from zero suction to 400 kPa.

Three thermal conductivity suction sensors were sub-
merged in a hydrochloric acid (HCl) solution with a pH value

of 4.25 after calibration. Another three thermal conductivity
suction sensors were placed in a solution of sodium hydroxide
(NaOH) with a pH value of 10.9. The sensors remained
submerged in acid and base solutions for 3 weeks after which
time the sensors were recalibrated.

Typical calibration and recalibration curves for one of the
thermal conductivity suction sensors are shown in Fig. 4.64.
The results showed that the original calibration and recalibra-
tion curves were essentially the same after submergence in
the acid solution for 3 weeks. Similar results were observed
for the thermal conductivity suction sensors immersed in the
NaOH solution as shown in Fig. 4.65. Figure 4.66 shows
the results of regression analyses performed on all six ther-
mal conductivity suction sensors. While the tests continued
for only 3 weeks, the results showed negligible differences
between the initial calibrations and the recalibration values
for all sensors.
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Figure 4.64 Initial and recalibration curves for University of Saskatchewan thermal conductivity
suction sensors subjected to HCl (pH 4.25) for 3 weeks (after Shuai et al., 2002).
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Figure 4.65 Initial and recalibration curves for University of Saskatchewan thermal conduc-
tivity suction sensors submerged in NaOH (pH 10.9) for 3 weeks (after Shuai et al., 2002).
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Figure 4.66 Regression analysis of “before” and “after” calibrations on University of
Saskatchewan thermal conductivity suction sensors subjected to extreme chemical environments
(after Shuai et al., 2002).

4.3 MEASUREMENT OF TOTAL SUCTION

Environmental changes (i.e., weather at the ground surface)
are the primary cause of a change in the pore-water pres-
sures in a soil mass. Matric suctions in a soil mass change
as a result of moisture infiltration and evaporation at the
ground surface. Osmotic suction in the soil does not appear
to be highly sensitive to modest changes in the water con-
tent of the soil. As a result, a change in the total suction is
quite representative of a change in the matric suction. Total
suction measurements can sometimes be used in geotechni-
cal engineering to indicate changes in matric suction. This
is mainly true in the high-suction range when temperature
fluctuations are small.

The free energy of the soil water (i.e., total suction) can
be determined by measuring the vapor pressure adjacent to
the soil-water or the relative humidity in the soil. The direct
measurement of relative humidity in a soil is performed using
a device called a psychrometer. The relative humidity in a
soil can be indirectly measured using filter paper as a measur-
ing sensor. The water content of the filter paper is calibrated
against total suction. One or more filter papers are then equi-
librated with the vapor pressure in the soil (i.e., total suction).

4.3.1 Psychrometers

Thermocouple psychrometers can be used to measure the
total suction in a soil by measuring the relative humidity in
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the air phase of the soil pores or the environment immedi-
ately around the soil surface. The relative humidity can be
expressed in terms of relative vapor pressure (ūv/ūv0), which
is related to total suction.

There are two basic types of thermocouple psychrometers:
(i) the wet loop type (Richards and Ogata, 1958) and (ii) the
Peltier type (Spanner, 1951). Both types of psychrometers
operate on the basis of temperature difference measurements
between a nonevaporating surface (i.e., dry bulb) and an
evaporating surface (i.e., wet bulb). The difference in the
temperatures between these surfaces is related to relative
humidity. The wet-loop and the Peltier-type psychrometers
differ in the manner by which the evaporating junction is
wetted in order to induce evaporation.

4.3.1.1 Peltier-Type Psychrometers

A Peltier current causes a thermocouple junction to cool
below the dew point with the result that a minute quantity
of water is condensed onto the thermocouple junction. The
Peltier-type psychrometer has been quite commonly used
in geotechnical engineering. The Seebeck and the Peltier
effects constitute the main principles behind the operation
of the Peltier psychrometer.

Seebeck (1821) discovered that an electromotive force
(emf) was generated in a closed circuit of two dissimilar
metals when the two junctions of the circuit are at different
temperatures. This phenomenon is referred to as the Seebeck
effect. The Seebeck effect allows the use of two dissimilar
wires (i.e., a thermocouple) to measure temperature.

Peltier (1834) discovered that when a current is passed
through a circuit of two dissimilar metals, one of the junc-
tions becomes warmer, while the other junction becomes
cooler. This phenomenon allows the use of thermocouples
for the measurement of relative humidity.

The Peltier effect can be used to cool a thermocouple
junction to reach the dew-point temperature corresponding
to the surrounding atmosphere. As a result, water vapor con-
denses on the junction. After terminating the passage of the
applied current, the condensed water tends to evaporate to
the surrounding atmosphere, causing a further reduction in
the temperature at the junction. The temperature reduction is
a function of the evaporation rate, which is in turn affected
by the water vapor pressure in the atmosphere. If the ambient
temperature and the temperature reduction due to evapora-
tion are measured using the Seebeck effects, the relative
humidity of the atmosphere can be computed. There is a
maximum degree of junction cooling that can be achieved
using the Peltier current (Spanner, 1951).

The Peltier psychrometer is often called a Spanner
psychrometer and details of the design of the sensor are
shown in Fig. 4.67. The thermocouple consists of 0.025-mm-
diameter wires of constantan (i.e., copper-nickel) and
chromel (i.e., chromium-nickel). The wires are welded
together to form an evaporating or a measuring junction. The
other ends of the wires are connected to 26 American Wire

Gauge (AWG) copper lead wires to form a reference junction.
The highly conductive copper wires have a large diameter
(i.e., large thermal mass), in order to serve as heat sinks that
can maintain a constant temperature at the reference junction.
The heat sink absorbs the heat generated near the reference
junction when the measuring junction is being cooled.

The maximum degree of cooling generated by the chromel-
constantan thermocouple is about 0.6◦C below the ambient
temperature (Brown and Bartos, 1982). This maximum cool-
ing represents the lowest relative humidity (i.e., 94%) or the
upper limit of the total suction (i.e., 8000 kPa), which can be
measured using the thermocouple psychrometer. The low-
est suction which can be measured using a thermocouple
psychrometer is somewhat less than 100 kPa provided the
temperature environment is controlled to within ± 0.001◦C
(Krahn and Fredlund, 1972). The lower limit corresponds to
a relative humidity approaching 100%. A slight lowering of
the temperature as the 100% relative humidity is approached
will produce condensation on the thermocouple.

A protective housing is usually provided around the ther-
mocouple wires. The protective cover may take the form
of a ceramic cup, a stainless steel screen, or a solid tube
(stainless steel or teflon), with a screen end window. The
selection of the type of the protective cover depends on the
application of the psychrometer. The time required for water
vapor equilibration is significantly affected by the type of
the protective cover. The ceramic cup appears to have the
longest equilibration time and may not be practical in some
situations.

Measurements of total suction are conducted by sus-
pending a psychrometer near a soil specimen in a closed
environment. The relative humidity is measured after equi-
librium is attained between the air near the thermocouple

Figure 4.67 Screen-caged single-junction Peltier thermocouple
psychrometer (after Brown and Collins, 1980).
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and the pore-air in the soil specimen. Isothermal equilibrium
must be achieved between the soil and the air before the
psychrometer reading is taken. A temperature environment
controlled to within ±0.001◦C is required in order to
measure total suctions to an accuracy of ±10 kPa (Krahn
and Fredlund, 1972). Thermal equilibrium within the
psychrometer is assured by obtaining a zero reading on the
microvoltmeter.

4.3.1.2 Calibration of Peltier-Type Psychrometers

The calibration of a psychrometer consists of determining
the relationship between microvolt outputs from the thermo-
couple for a salt solution with a known total suction value.
The psychrometer can be mounted within a sealed chamber.

Filter papers can be saturated with a solution of NaCl or
KCl and placed at the base of the chamber. The osmotic
suctions for NaCl and KCl solutions at different molalities
and temperatures are summarized in Tables 4.9 and 4.10.

The water vapor pressure or the relative humidity in the
calibration chamber under isothermal equilibrium conditions
is related to the osmotic suction of the salt solution. The psy-
chrometer can be calibrated at various suction values by using
different molalities (or osmotic suctions) for the salt solution.
Isothermal conditions are maintained by placing the chamber
in a constant-temperature bath, as illustrated in Fig. 4.68.

4.3.1.3 Psychrometer Performance

In situ measurements of total suction using psychrometers
are generally not recommended because the thermal envi-
ronment is not sufficiently constant in the field. However,
laboratory measurements can be conducted under controlled
temperature environments using undisturbed soil specimens
from the field.

A soil specimen is placed into a stainless steel or Lucite
chamber together with the thermocouple psychrometer, as
illustrated in Fig. 4.69. The entire assembly is then placed

Table 4.9 Osmotic Suctions for NaCl Solutions

Molality 0◦C 7.5◦C 15◦C 25◦C 35◦C

0 0.0 0.0 0.0 0.0 0.0
0.20 836 860 884 915 946
0.50 2070 2136 2200 2281 2362
0.70 2901 2998 3091 3210 3328
1.00 4169 4318 4459 4640 4815
1.50 6359 6606 6837 7134 7411
1.70 7260 7550 7820 8170 8490
1.80 7730 8035 8330 8700 9040
1.90 8190 8530 8840 9240 9600
2.00 8670 9025 9360 9780 10,160

Source: From Lange, 1967.

Table 4.10 Osmotic Suctions for KCl Solutions

Molality 10◦C 15◦C 20◦C 25◦C 30◦C

0 0.0 0.0 0.0 0.0 0.0
0.10 436 444 452 459 467
0.20 859 874 890 905 920
0.30 1277 1300 1324 1347 1370
0.40 1693 1724 1757 1788 1819
0.50 2108 2148 2190 2230 2268
0.60 2523 2572 2623 2672 2719
0.70 2938 2996 3057 3116 3171
0.80 3353 3421 3492 3561 3625
0.90 3769 3846 3928 4007 4080
1.00 4185 4272 4366 4455 4538

Source: From Campbell and Gardner, 1971.
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Figure 4.68 Schematic diagram of double-buffered constant-temperature bath (from Krahn and
Fredlund, 1972).

in a constant-temperature bath, as shown in Fig. 4.68. The
temperature of the bath should be maintained at a con-
stant temperature with variations on the order of ±0.001◦C
(Krahn and Fredlund, 1972). As a result, the thermoregula-
tor must be able to respond to a fluctuation in temperature
of ± 0.001◦C. The soil temperature is expected to be main-
tained within the same degree of accuracy of the water bath
(or greater) due to the buffering effect of the glass beaker.

Figures 4.70 and 4.71 present measured data between
total suction and initial water content for compacted glacial

Figure 4.69 Stainless steel sample chamber with sealed psy-
chrometer in place (after Brown and Colllins, 1980).

till and compacted Regina clay, respectively. The total
suction measurements were conducted using thermocouple
psychrometers. It should be noted that these relationships do
not constitute a SWCC for the soils since the results were
obtained from various soil specimens compacted at different
water contents. A SWCC describes the water content versus
suction relationship for a single soil specimen where the
applied soil suction is changed on one sample. Figures 4.70
and 4.71 indicate a rather unique relationship between soil
suction and initial water content for a particular compacted
soil, regardless of its dry densities. The in situ total suction

Figure 4.70 Total suction versus as-compacted water content for
glacial till specimens (from Krahn and Fredlund, 1972)



4.3 measurement of total suction 153

Figure 4.71 Total suction versus as-compacted water content for
Regina clay (from Krahn and Fredlund, 1972)

of the same soil compacted in the field can be inferred
from the relationships illustrated in Figs. 4.70 and 4.71.

Comparisons between suction measurements using ther-
mocouple psychrometers and suction measurements using
the filter paper technique are shown in Fig. 4.72. The results
indicate reasonably close agreement between suction mea-
surements made using psychrometers or filter paper.

4.3.1.4 Wet-Loop-Type Psychrometers

The wet-loop psychrometer was described by Richards and
Ogata (1958). It differs from the Peltier-type psychrom-
eter in the manner by which the evaporating junction is
wetted. The evaporating junction in the wet-loop psychrom-
eter is mechanically wetted by placing a drop of water

Figure 4.72 Comparison of psychrometer and filter paper mea-
surements of total suction on compacted silty sand (after Daniel
et al., 1981).

into a small silver ring. The water then evaporates, cool-
ing the thermocouple junction. This procedure allows for
a more stable reading to be taken over a longer period
of time.

The Peltier psychrometer has an upper range for measur-
ing total suction of about 8000 kPa. This limit is governed
by an ability to condense a drop of water onto the tip of a
thermocouple. The wet-loop psychrometer does not rely on
the condensation of a water droplet and therefore extends
the range over which total suction can be measured. The
upper limit for measuring total suction with the wet-loop
psychrometer is 300,000 kPa.

4.3.2 Chilled-Mirror Psychrometer

The chilled-mirror psychrometer uses a dew-point measure-
ment to determine the total suction in a soil. The measure-
ment is performed under isothermal conditions in a sealed
container. Gee et al., (1992) introduced the chilled-mirror
technique that can be used for the measurement of total suc-
tion in the range from 3000 to 300,000 kPa. This allowed
the measurement of total suction in the mid- to high-suction
range. The device was first introduced as a water activity
meter and later commercialized by Decagon Co.

The chilled-mirror Water PotentiaMeter, WP4, from
Decagon has been studied by several geotechnical re-
searchers (Leong et al., 2003b; Thakur et al., 2006; Agus and
Schanz, 2005; Campbell et al., 2007; Cardoso et al., 2007). A
testing procedure has been set forth in the American Society
Testing and Materials (2008) standard D 6836–02. Some
new features have been added to the chilled-mirror Water
PotentiaMeter to minimize the effect of ambient temperature
fluctuations when making a total-suction measurement. The
new device with the internal temperature control is called
the WP4-T.

Figure 4.73 shows a schematic diagram of a dew-point
Water PotentiaMeter, WP4 (Leong et al., 2003b). The device
consists of a sealed chamber with a fan, a mirror, a photo-
electric cell, and an infrared thermometer. A soil specimen
is placed in a stainless steel or plastic container that has
a diameter of 40 mm. The specimen is then moved into
the chamber on a tray. The specimen thickness may vary
between 1 and 5 mm. The chamber is closed and the soil
specimen is thermodynamically equilibrated with the cham-
ber environment. A fan accelerates the equilibration process.

Mirror and photodetector

Sealed chamber Soil sample

Temperature 
sensor

Fan

Figure 4.73 Schematic diagram of chilled-mirror WP4 Water
PotentiaMeter (after Leong et al., 2003).
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A cooling system is used to reduce the temperature on
the surface of mirror to the dew-point temperature. A pho-
toelectric cell detects the first sign of condensation on the
mirror, a sign that signals the dew point. The dew-point
temperature is measured using a thermocouple. An infrared
thermometer is used to measure the temperature of the cham-
ber, which is assumed to be the same as the temperature of
the soil specimen.

The vapor pressure above the soil specimen in the cham-
ber and the saturated vapor pressure at the same temperature
are computed using the dew-point and specimen tempera-
tures, respectively. Kelvin’s equation is then used to calcu-
late the total suction of the soil specimen.

The WP4-T Water PotentiaMeter has proven to be a valu-
able laboratory tool for measuring total suction in the mid- to
high-total-suction range. The WP4-T apparatus can be cali-
brated using a standard solution of 0.5 M KCl, which yields
a total suction value of 2190 ± 100 kPa at 25◦C. The device
is reliable and easy to use for total-suction measurements as
high as 300,000 kPa. It is particularly useful for studying
unsaturated soil behavior in the residual soil suction range.

4.3.3 Filter Paper Method

The filter paper method can be applied over a wide range of
soil suctions, namely, from a few kilopascals to several hun-
dred thousand kilopascals (Fawcett and Collis-George, 1967;
McQueen and Miller, 1968a). However, the measurements
must be performed with great care. Only the noncontact fil-
ter paper procedure (i.e., the filter paper is not in contact
with the soil) can be assured of measuring total suction.
The contact filter paper procedure (i.e., the filter paper is
in contact with the soil) may measure either the total or the
matric suction depending on the degree of contact between
the soil and the filter paper.

The filter paper method for measuring soil suction was
developed in the soil science discipline and has mainly been
used in agriculture and agronomy (Gardner, 1937; Fawcett
and Collis-George, 1967; McQueen and Miller, 1968a; Al-
Khafaf and Hanks, 1974). Attempts have been made to use
the filter paper method in geotechnical engineering (Ho, 1979;
Tang, 1978; McKeen, 1981; Ching and Fredlund, 1984a;
Gallen, 1985; McKeen, 1985; Chandler and Gutierrez, 1986).
The filter paper method has been used, for example, in the
study of airport pavement subgrades and the swelling poten-
tial of profiles in expansive soils (McKeen, 1985). The filter
paper method has gained limited acceptance in geotechnical
engineering, but the technique is deserving of further research
and application.

4.3.3.1 Principle of Measurement (Filter Paper Method)

The filter paper method has been used to measure either total
suction or matric suction of a soil. The filter paper is used as
a sensor. The filter paper method is classified as an “indirect
method” of measuring soil suction since it is necessary to

Figure 4.74 Use of contact and noncontact filter paper tech-
nique for measuring matric and total suction, respectively (after
Al-Khafaf and Hanks, 1974).

calibrate the water content of the filter paper against soil
suction. The filter paper method is based on the assumption
that a filter paper will come to soil suction equilibrium with
the soil suction in the water phase.

Equilibrium can be reached by either liquid or vapor mois-
ture exchange between the soil and the filter paper. When a
dry filter paper is placed in direct contact with a soil speci-
men, it is assumed that moisture will flow from the soil to
the paper until equilibrium is achieved (Fig. 4.74). When
filter paper is suspended above a soil specimen (i.e., no
contact with the soil), vapor transfer can occur between the
filter paper and the soil until vapor pressure equilibrium is
achieved. The water content of the filter paper is measured
once vapor pressure equilibrium is established.

The water content of the filter paper corresponds to a
suction value provided by the filter paper calibration curve.
McQueen and Miller (1968a) have made extensive mea-
surements of the calibration curve for filter paper, and some
results are shown in Fig. 4.75. Several methods have been

Figure 4.75 Suggested calibration curve for filter paper (after
McQueen and Miller, 1968a).
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used to produce a controlled soil suction environment, as
shown in Fig. 4.75.

The equilibrium water content of the filter paper should
correspond to the matric suction in the soil if the filter paper
has been placed in contact with the soil-water. On the other
hand, the equilibrium water content of the filter paper should
correspond to the total suction of the soil if the paper has
had no contact with the soil-water. Originally it was assumed
that the same calibration curve could be used for determining
matric suction and total suctions. More recent information
on the filter paper calibration curves is presented later.

There appears to have been greater success in measuring
total suction than matric suction. The filter paper method
can be used to measure soil suction over a wide range of
values. The measurements are generally performed in the
laboratory by equilibrating a filter paper with an undisturbed
or disturbed soil sample obtained in the field. Measurements
should be made in a controlled temperature environment.

4.3.3.2 Measurement and Calibration Techniques
for the Filter Paper Method

The measurement and calibration technique for the filter
paper method was written into a tentative ASTM (1997b)
standard (D5298–94, Committee D18 on Soil and Rock).
The filter paper sensor must be of the ash-free, quantita-
tive type II as specified by ASTM standard E833. Whatman
No. 42 and Schleicher and Schuell No. 589 white ribbon
are two commonly used brands of filter paper. A typical
filter paper has a disk diameter of 55 mm. Filter papers
from the same brand are considered to be “identical” in the
sense that all filter paper disks are assumed to have the same
calibration curve.

The equipment associated with the filter paper method
consists of large and small metal containers, an insulated
box, a balance, and a drying oven. The large container must
be able to contain a soil specimen of approximately 200 g.
The container should be treated to prevent rusting. The large
container must have an air-tight lid. The container is used
to equilibrate the soil specimen and the filter paper for a
period of several days. The small container with a volume
of approximately 60 cm3 is used to contain the filter paper
during oven drying for its water content measurement. The
small container should be as light as possible because of the
small mass of the filter paper.

An insulated box can be used to store the large containers
with the soil specimens and filter papers during the equili-
bration period. The box should be maintained at a constant
temperature within ±1◦C. An accurate balance with a min-
imum capacity of 20 g and a readability of 0.0001 g should
be used when weighing the filter paper for determination of
water content.

The filter papers should be pretreated prior to usage to
prevent fungal and bacterial growth during the equilibration
period (Fawcett and Collis-George, 1967; McQueen
and Miller, 1968a). Solutions of 3% pentachlorophenol,

C6Cl5OH, or 0.005% HgCl have been used to pretreat the
filter papers. There have also been other studies that have
suggested that the results from pretreated and untreated
filter papers have given the same results (Hamblin, 1984;
Chandler and Gutierrez, 1986).

The most common practice is to have the filter paper ini-
tially dry and then allow water to be absorbed from the
soil specimen during equilibration. Filter paper calibration
curves have historically been established using initially dry
filter papers. It has been suggested that hysteresis in the filter
papers may affect the calibration curve (Lykov, 1961). More
recent studies on hysteresis and other factors are presented
in the next section.

The filter paper should be oven dried for several hours
prior to usage. The dry filter paper should then be cooled and
stored in a desiccant container. A soil specimen on which
suction is to be measured can be placed in a container. The
soil specimen should almost fill the container in order to
reduce the time to equilibration. The no-contact procedure
can be achieved by placing two dry filter papers on a per-
forated disk seated on top of the soil specimen, as shown in
Fig. 4.74. The contact procedure should have three stacked
filter papers placed in direct contact with the soil specimen,
as illustrated in Fig. 4.74. The contact filter papers can be
placed below the soil specimen or the soil specimen can be
cut in half and the filter papers placed such that there is con-
tact both above and below the filter papers. The center filter
paper is generally used for the measurement of soil suction
while the outer filter papers are primarily used to protect the
center paper from soil contamination.

The sample container can be sealed with plastic electrical
tape once the filter paper and the soil specimen are placed in
the large container. The sealed container is then stored in an
insulated box for the equilibration period. The ambient tem-
perature should remain within ±1◦C during the equilibration
period (Al-Khafaf and Hanks, 1974).

The filter papers can be removed from the large container
at the end of the equilibration period. A pair of tweezers can
be used when handling the filter papers. Each filter paper is
placed into a small metal container for the measurement
of water content. The water contents of each of the filter
papers used for the no-contact procedure can be indepen-
dently measured. The water content of the center filter paper
is of primary importance for the contact measurement.

Extreme care must be exercised when measuring the small
mass associated with the filter papers. The filter paper should
be transferred from the large container to the small container
within a short period of time (e.g., 3–5 s). A short period for
transferring the filter paper is necessary to minimize water
loss or gain between the filter paper and the surrounding
atmosphere. The small container containing the filter paper
must be closed and weighed immediately in order to deter-
mine the mass of the filter paper and the adsorbed water.

The container along with the filter paper is then placed
in an oven at a temperature of 110 ± 5◦C. The lid of the
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container should be removed to allow water to escape from
the filter paper. After drying, the container and the dry fil-
ter paper are weighed with the lid in place. The difference
between the dry and wet mass of the filter paper is used to
compute the equilibrium water content of the filter paper.

The equilibrium soil suction is obtained from the calibra-
tion curve using the measured equilibrium water content of
the filter paper. The equilibrium suction in the filter paper
is assumed to be equal to the suction in the soil specimen.

It is also possible to measure the calibration curve for
a specific filter paper by measuring the water content of
filter papers that have been equilibrated over salt solutions
having a known osmotic suction. In principle, the filter paper
calibration is similar to the calibration of psychrometers. The
filter paper should be suspended above at least 50 cm3 of a
salt solution. The procedure for ensuring equilibration and
the measurement of water content is the same as that used
for the measurements of soil suction. Various filter paper
water contents can then be plotted against the respective
osmotic suction value to produce a calibration curve.

The calibration curve for filter papers exhibits a bilinear
shape, as shown in Fig. 4.75. The lower part of the curve
represents the high range of filter paper water contents where
the water is believed to be held by the influence of capillary
forces. On the other hand, the upper part of the calibration
curve represents lower water contents where the water is
believed to be held as an adsorbed water film within the
filter paper (Miller and McQueen, 1978).

The filter paper technique is highly user dependent, and
great care must be taken when measuring the water content
of the filter paper. Each dry filter paper has a mass of about
0.52 g, and at a water content of 30%, the mass of water in
the filter paper is about 0.16 g.

The above filter paper procedure is primarily based on
ASTM standard E833. Recent research on the filter paper
method (Leong et al., 2002a; Rahardjo and Leong, 2006)
has provided further insight into variations and discrepancies
that have been reported when using the filter paper method.

4.3.3.3 Further Details on the Calibration Technique
and Factors Affecting Calibration of Filter Paper

Leong et al. (2002a) and Rahardjo and Leong (2006) under-
took studies on the factors influencing the calibration of filter
paper for the measurement of soil suction. The calibration
curve needs to be accurately measured and needs to be repro-
ducible. Gardner (1937) suggested that improved control in
manufacturing the filter paper might result in greater accu-
racy and repeatability when using the filter paper methodol-
ogy. However, relatively consistent calibration curves have
been observed when using different batches of a particular
brand and filter paper number.

Figure 4.76a shows the average calibration curves
measured on Whatman No. 42 filter paper by a variety
of researchers. All of the calibration curves are similar,
suggesting that the quality of the Whatman filter paper
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Figure 4.76 Proposed calibration curves for various filter papers
(from Rahardjo and Leong, 2006): (a) calibration of Whatman No.
42 filter paper; (b) calibration of Schleicher and Schuell No. 589
filter paper.

is consistent in terms of its adsorptive characteristics.
Figure 4.76b shows the average calibration curves measured
on Schleicher and Schuell No. 589 in several research
studies. There appears to be slightly more variation in the
calibration curves measured on the Schleicher and Schuell
No. 589 filter paper.

The calibration curves are bilinear in character on a plot
of gravimetric water content versus the logarithm of soil
suction. The transition between the wet and dry portions of
the calibration curve occurs around a water content of about
47% for the Whatman filter paper. The transition between
the wet and dry portions of the calibration curve on the
Schleicher and Schuell No. 589 filter paper appears to range
between water contents of 54 and 85%. The change in slope
on the filter paper calibration curve appears to occur at the
residual suction point on the water retention curve.

Two equations can be written for the bilinear calibra-
tion curve for filter paper. One equation can be written for
the high-water-content range (i.e., low suction range), and
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Table 4.11 Calibration Curves for Whatman No. 42 and Schleicher and Shuell No. 589 Filter Papers

(a) Whatman No. 42 Filter Paper

References Calibration curves

Hamblin (1981)
Chandler and Gutierrez (1986)
Chandler et al. (1992)
Greacen et al. (1987)
ASTM (1997b)

log ψ = 8.022 − 3.683 log wf

log ψ = 4.84 − 0.0622 log wf

log ψ = 6.05 − 2.48 log wf

log ψ = 5.327 − 0.0779 log wf

log ψ = 2.413 − 0.0135 log wf

wf < 47
wf ≥ 47
wf < 45.3
wf ≥ 45.3

(b) Schleicher and Schuell No. 589 Filter Paper

McQueen and Miller (1968a)

Al-Khafaf and Hanks (1974)

McKeen (1980)
Greacen et al. (1987)
ASTM (1997b)

log ψ = 5.238 − 0.0723 log wf

log ψ = 1.8966 − 0.01025 log wf

log ψ = 4.136 − 0.0337 log wf

log ψ = 2.0021 − 0.009 log wf

log ψ = 4.9 − 0.0624 log wf

log ψ = 1.25 − 0.0069 log wf

log ψ = 5.056 − 0.0688 log wf

log ψ = 1.882 − 0.0102 log wf

wf < 54
wf ≥ 54
wf < 85
wf ≥ 85
wf < 66
wf ≥ 66
wf < 54
wf ≥ 54

Note: ψ = suction (kPa), wf = filter paper water content (%).

another equation can be written for the low-water-content
range (i.e., high suction range). Various proposed calibration
equations by different researchers yield quite similar values
for soil suction provided consideration is given to the break-
ing point on the calibration curve. Table 4.11 shows a sum-
mary of calibration equations that have been proposed for
Whatman No. 42 and Schleicher and Shuell No. 589 fil-
ter papers. In each case [except for the Hamblin (1981)
case], two equations are written for the filter paper cali-
bration curves.

There are several factors that appear to have an influence
on the calibration curves for filter paper: the quality of filter
paper, the method used to control the applied soil suction,
hysteresis, and equilibration time.

Quality of the Filter Paper. Differences in filter paper
quality between batches of filter paper could possibly affect
the measured calibration curves. Hamblin (1981) found that
the calibration curves for batches of Whatman No. 42 filter
paper produced two years apart were almost identical. Simi-
lar results were found by Fawcett and Collis-George (1967),
Chandler and Gutierrez (1986), and Swarbrick (1995). The
quality of the filter paper was studied by comparing the cal-
ibration data using pressure plate and pressure membrane
apparatuses for soil suctions less than 1000 kPa. The vapor
pressure generated by salt solutions at high suctions was
used to establish suctions greater than 1000 kPa. Whatman
No. 42 and Schleicher and Schuell No. 589 filter papers are
shown in Figs. 4.77a and 4.77b, respectively. Measured data

are confined to a relatively narrow band even though the
results were obtained by different researchers, at different
times, with different batches of filter paper. The Whatman
No. 42 data appear to be slightly more consistent than the
Schleicher and Schuell No. 589 data. It can be concluded
that variations in the source of the filter paper do not appear
to be a serious problem.

Bacterial Growth on the Filter Paper. Gardner (1937)
pretreated Schleicher and Schuell No. 589 filter papers with
0.2% HgCl2 to prevent contamination by soil organisms prior
to installation. McQueen and Miller (1968a) and Al-Khafaf
and Hanks (1974) used a 3% solution of pentachlorophenol
in ethanol to prevent the growth of bacteria and other
organisms. Fawcett and Collis-George (1967) pretreated
Whatman No. 42 filter papers with 0.005% HgCl2 and
oven dried the filter paper at 105◦C, while Hamblin (1981)
did it with 0.005% HgCl2. Hamblin (1981) and Chandler
and Gutierrez (1986) reported that there was no need to
pretreat the filter paper before usage. There does not appear
to be any reports of serious concern over bacteria or algae
growth on filter papers when using filter paper to measure
soil suction.

Control of Applied Suction during Calibration. Several
methods have been used by various researchers to create a
controlled suction environment for filter paper calibration
with suggested methods listed in Table 4.12. Ridley (1995)
suggested that the calibration of filter paper be performed
under conditions close to expected experimental conditions.
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Figure 4.77 Calibration data obtained from different batches
of filter paper (from Rahardjo and Leong, 2006): (a) data from
Whatman No. 42 filter paper; (b) data from Schleicher and Schuell
No. 589 filter paper.

Soil samples of “known” soil suction have also been used
for the calibration of filter paper. Soil samples conditioned
at known heights above the groundwater table have been
used for suctions less than 20 kPa (Gardner, 1937; McQueen
and Miller, 1968a; Al-Khafaf and Hanks, 1974). Saturated
soil samples have also been consolidated in an oedometer
or triaxial apparatus and then rapidly unloaded. The matric
suction generated in a soil sample is assumed to be equal to
the applied effective stress. Matric suctions up to 2000 kPa
can be generated in this manner provided the soil sample
remains saturated (Gutierrez 1985; Chandler and Gutierrez,
1986; Duran, 1986; Chandler et al., 1992).

Matric suctions can also be generated in soil samples using
a pressure membrane extractor, a pressure plate apparatus, or
a suction plate apparatus (McQueen and Miller, 1968a; Al-
Khafaf and Hanks, 1974; Hamblin, 1981; Chandler et al.,
1992). Calibration data obtained using soil samples with
applied matric suctions are plotted in Fig. 4.78a for What-
man No. 42 filter paper and Fig. 4.78b for Schleicher and
Schuell No. 589 filter paper. The data show considerable
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Figure 4.78 Calibration data obtained when equilibrating filter
paper with soils of known soil suction (from Rahardjo and Leong,
2006): (a) data from Whatman No. 42 filter paper; (b) data from
Schleicher and Schuell No. 589 filter paper.

scatter, suggesting that the use of soil samples with applied
matric suction may not be the most reliable procedure to use
for the calibration of filter paper.

Hysteresis. The drying and wetting of porous materi-
als are known to show hysteretic behavior. It is possible
that filter paper may also show hysteresis during drying
and wetting. Experimental evidence of filter paper hysteresis
was suggested by Williams and Sedgley (1965) and Fawcett
and Collis-George (1967). Al-Khafaf and Hanks (1974) sug-
gested that filter paper should always be calibrated in the
same manner to avoid issues related to hysteresis. Sibley
and Williams (1990) and Swarbrick (1995) suggested that
soil suction measurements with filter paper should be con-
sistent with whether a wetting or drying procedure was used
during calibration.

Ridley (1995) showed matric suction calibration data on
Whatman No. 42 filter paper where hysteresis was notice-
able. Harrison and Blight (1998) showed calibration data for
Whatman No. 42 and Schleicher and Schuell No. 589 filter
papers under drying and wetting conditions and hysteresis
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Table 4.12 Suction Control Procedure for Filter Paper Calibration

Suction Generation Method Suction Range References

Suction plate, pressure membrane
extractor, pressure plate

0–1500 kPa Fawcett and Collis-George (1967)
McQueen and Miller (1968a)
Al-Khafaf and Hanks (1974)
McKeen (1980)
Hamblin (1981)
Greacen et al. (1987)
Sibley and Williams (1990)
Sibley et al. (1990)
Houston et al. (1994)
Harrison and Blight (1998)

Salt solutions 0–340,000 kPa Gardner (1937)
Fawcett and Collis-George (1967)
McQueen and Miller (1968a)
Al-Khafaf and Hanks (1974)
McKeen (1980)
Hamblin (1981)
Chandler and Gutierrez (1986)
El-Ehwany and Houston (1990)
Sibley and Williams (1990)
Sibley et al. (1990)
Houston et al. (1994)
Harrison and Blight (1998)

Field soil samples 0–2000 kPa McQueen and Miller (1968a)
Al-Khafaf and Hanks (1974)

Oedometer and triaxial samples 100–2000 kPa Gutierrez (1985)
Duran (1986)
Chandler and Gutierrez (1986)
Chandler et al. (1992)

Centrifuge 100–3100 kPa Gardner (1937)

was observed. Houston et al. (1994) reported no measurable
differences between the wetting and drying calibration curves
for matric suctions between 8 and 2500 kPa. Leong et al.
(2002a) conducted drying and wetting calibrations of the
Whatman No. 42 and Schleicher and Schuell No. 589 fil-
ter papers. Wetting and drying calibration data from Leong
et al., (2002a) along with other data from the research litera-
ture are plotted in Figs. 4.79a and 4.79b for Whatman No. 42
and Schleicher and Schuell No. 589 filter paper, respectively.
The data were obtained by either suspending the filter paper
above salt solutions (i.e., no contact) or placing the filter paper
on a suction plate, a pressure plate, or a pressure membrane
apparatus (i.e., contact).

No-contact hysteresis (i.e., total suction) of Whatman No.
42 and Schleicher and Schuell No. 589 filter papers on
drying and wetting was investigated using three methods:
(i) distilled water in a vacuum desiccator (i.e., suction of
0 kPa), (ii) salt solution in a vacuum desiccator (i.e., total

suction equal to 9700 kPa), and (iii) air environment with a
relative humidity of 60% (i.e., total suction equal to 70,000
kPa). The changes in the water content of the filter paper,
wf , with time under the three conditions are shown in Figs.
4.80a and 4.80b for Whatman No. 42 and Schleicher and
Shuell No. 589, respectively. Hysteresis can be observed in
the filter paper responses. Both types of filter paper show
12% differences in water content for distilled water equi-
libration; 1% differences in water content for salt solution
equilibration; and 0.5% differences in water content for the
air environment equilibration. The equilibration times when
using the drying mode were longer than the equilibration
times required when using the wetting mode. The equili-
bration time was about 28 days for drying and 14 days for
wetting when using the distilled water method. The results
showed that inadequate equilibration times can produce the
appearance of significant hysteresis between the wetting and
drying equilibrium conditions for the filter paper.
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Figure 4.79 Drying and wetting processes in coming to equilib-
rium (from Rahardjo and Leong, 2006): (a) data for Whatman No.
42 filter paper; (b) data for Schleicher and Schuell No. 589 filter
paper.

Figures 4.81a and 4.81b present the equilibrium drying
and wetting water contents, wf , for Whatman No. 42 and
Schleicher and Schuell No. 589 filter papers, respectively,
that were held over varying concentration salt solutions. The
equilibrium water content was taken as the water content
of the filter paper when there was no measurable change
in the weight of the filter paper with time. The hysteresis
observed was small (i.e., 1–5% in terms of the water content
of the filter paper), with the largest differences observed
for suctions less than 100 kPa. Hysteresis appeared to be
minimal when sufficient equilibration time was allowed.

Equalization Time. Table 4.13 presents various equilibra-
tion times that have been used when making suction mea-
surements with filter paper. ASTM D5298–94 recommends
a minimum equilibration time of seven days. Two points are
important when examining the time required for the equi-
libration of the filter paper with a suction source. Time is
required for equilibration between the environment and suc-
tion source. The water vapor in the air space of a closed
container takes time to reach equilibrium. The equilibrium
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Figure 4.80 Time required for water content equilibration in fil-
ter paper (from Rahardjo and Leong, 2006): (a) equilibrium for
Whatman No. 42 filter paper; (b) equilibrium for Schleicher and
Schuell No. 589 filter paper.

time is particularly important when calibrating filter papers
using salt solutions. Time is also required for equilibration
between the filter paper and the suction source. The water
vapor in the air space must first reach equilibrium and then
the filter paper will come to equilibrium with the water vapor
in the air space.

Matric suction is applied instantly when filter paper is
calibrated using a pressure plate apparatus. The equilibra-
tion time is the time required for the filter paper to achieve
equilibrium with the applied matric suction. The filter paper
equilibration time depends on suction source, contact con-
dition, and suction level, as illustrated by the differences in
equilibration time reported in Table 4.13.

The equilibration of water vapor with the suction source
appears to be particularly important when an enclosed envi-
ronment with a soil specimen is used. Water must be lost or
gained from the soil specimen to the environment in order to
establish an equilibrium condition. A small enclosed envi-
ronment enables equilibrium conditions to be achieved more
rapidly (McQueen and Miller 1968a).
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Figure 4.81 Wetting and drying responses of filter paper over
different concentrations of salt solutions in desiccators at 24oC
(from Rahardjo and Leong, 2006): (a) calibration for Whatman
No. 42 filter paper; (b) calibration for Schleicher and Schuell No.
589 filter paper.

Filter papers absorb water from the soil specimen when
the wetting method is used to measure soil suction. The soil
specimen becomes slightly drier and exhibits a higher suc-
tion. Figures 4.82a and 4.82b show the equilibration times
for Whatman No. 42 and Schleicher and Schuell No. 589
filter papers, respectively. The wetting method was used in
conjunction with (i) a pressure plate apparatus, (ii) equilibra-
tion over salt solutions, and (iii) equilibration over distilled
water. Equilibration times when using a 500-mL container
were between 2 and 5 days. The longest equilibration time
was 14 days which was required for filter paper placed over
distilled water (Fig. 4.82).

4.3.3.4 Total Suction and Matric Suction Calibration
Curves

Leong et al. (2002a) and Rahardjo and Leong (2006) devel-
oped total and matric suction calibration curves for What-
man No. 42 and Schleicher and Schuell No. 589 filter paper.
Total suction data were obtained by calibrating initially dry

Table 4.13 Equilibration Times When Using Filter
Paper Method ....

Equilibrium Filter Paper
References Time Method

Fawcett and
Collis-George
(1967)

6–7 days Contact

McQueen and
Miller (1968a)

7 days Contact

Al-Khafaf and
Hanks (1974)

2 days Contact and
uncertain
contact

Hamblin (1981) Minutes–
36 days

Contact

Chandler and
Gutierrez (1986)

5 days Contact

Duran (1986) 7 days No contact
Greacen et al.,

(1987)
7 days Contact

Sibley and Williams
(1990)

3 days
10 days

Contact
Noncontact

Lee and Wray
(1992)

14 days Contact and no
contact

Houston et al.,
(1994)

7 days Contact and no
contact

Harisson and Blight
(1998)

7–10 days

21 days

10 days

25–30 days

Wetting and no
contact

Drying and no
contact

Wetting and no
contact

Drying and no
contact

filter papers over salt solutions of various concentrations
in vacuum desiccators. Matric suction data for initially dry
filter papers were obtained using the pressure plate appara-
tus. The calibration data are shown in Fig. 4.83. The results
indicate that the filter paper responses are different for total
and matric suctions calibration curves. This behavior was
also observed by Houston et al., (1994) and Harrison and
Blight (1998).

The suction data indicate that for suctions less than
1000 kPa the water content of the filter paper has a lower
and different response to total suction than to matric suction.
Above 1000 kPa, the total and matric suction calibration
curves appear to converge. Houston et al. (1994) found that
filter paper buried in a soil had essentially the same water
content as filter papers suspended above the soil for suction
values of about 98,100 kPa. Fredlund (1992) and Al-Khafaf
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Figure 4.82 Equilibration of filter papers placed in pressure plate
apparatus over salt solution or distilled water (from Rahardjo and
Leong, 2006): (a) response of Whatman No. 42 filter paper; (b)
response of Schleicher and Schuell No. 589 filter paper.

and Hanks (1974) also reported that matric suction curves
were essentially the same as total suction curves in the
high-suction range.

Field measurements of soil suction using filter paper by
van der Raadt et al. (1987) showed that filter paper placed
in contact and no contact were similar for suctions greater
than 1000 kPa. It was suggested that at suctions greater
than 1000 kPa most moisture movement occurred through
vapor transfer rather than capillary transfer. It was suggested
that the contact filter paper method can be used to reliably
measure matric suction as long as the suctions were less
than 1000 kPa. It was suggested that the no-contact method
would tend to measure total suctions when the suction values
were greater than 1000 kPa.

Calibration Equations. A number of equations have
been suggested for Whatman No. 42 and Schleicher and
Schuell No. 589 filter paper calibration curves over the
years (Table 4.10). Hamblin (1981) suggested that the
calibration equation obtained by other researchers can be
used for Whatman No. 42 filter paper unless particular
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Figure 4.83 Proposed total and matric suction calibration curves
(from Rahardjo and Leong, 2006): (a) calibration of Whatman No.
42 filter paper; (b) calibration of Schleicher and Schuell No. 589
filter paper.

accuracy demands recalibration. The filter paper method is
particularly attractive for the measurement of soil suction
when the calibration of the filter paper can be avoided. The
calibration results presented in Fig. 4.76 indicate that the
performance of the Whatman No. 42 filter paper may be
slightly more consistent than the Schleicher and Shuell No.
589 filter paper.

The overall calibration curve is usually represented by
two equations that represent different sensitivity of the filter
paper response in the higher and lower suction range. All the
equations presented in Table 4.10, except that of Hamblin
(1981), are of the form

log ψ = a − bwf (4.14)

where:

log ψ = logarithm of suction (kPa) to base 10,
a, b = fitting constants for the calibration curve, and
wf = filter paper water content, %.



4.3 measurement of total suction 163

The experimental calibration curve evidence indicates that
separate equations should be used for the contact filter paper
and for the no-contact filter paper. Total and matric suction
calibration data can be best fit in the region above and below
the changes in slope on the calibration curves.

The matric suction calibration curves for Whatman No. 42
filter paper can be written as follows:

log ψ = 2.909 − 0.0229wf when wf ≥ 47% (4.15)

log ψ = 4.945 − 0.0673wf when wf < 47% (4.16)

The total suction calibration equations can be written as

log ψ = 8.778 − 0.222wf when wf ≥ 26% (4.17)

log ψ = 5.31 − 0.0879wf when wf < 26% (4.18)

The matric suction calibration curves for Schleicher and
Schuell No. 589 filter paper can be written as follows:

log ψ = 2.659 − 0.018wf when wf ≥ 54% (4.19)

log ψ = 5.438 − 0.069wf when wf < 54% (4.20)

The total suction calibration equations can be written as

log ψ = 8.778 − 0.191wf when wf ≥ 32% (4.21)

log ψ = 5.26 − 0.0705wf when wf < 32% (4.22)

Two sets of calibration equations are required for each
of the filter papers because of changes in sensitivity of the
filter paper in the different suction ranges and whether matric
suction or total suction is measured.

The filter paper calibration curves can also be viewed as a
water retention curve for filter paper. Consequently, it is pos-
sible to use either the van Genuchten (1980) or the Fredlund
and Xing (1994) equations proposed for a SWCC as a single
equation to fit either the total suction or matric suction cal-
ibration data. Applying the van Genuchten (1980) equation
to the Whatman No. 42 filter paper calibration data yields
the following equation for matric suction:

ψ = 0.051

⎡
⎣(

248

wf

)9.615

− 1

⎤
⎦

0.473

(4.23)

The van Genuchten (1980) equation for total suction can
be written as

ψ = 56,180

⎡
⎣

(
37

wf

)0.44

− 1

⎤
⎦

2.361

(4.24)

The van Genuchten (1980) equation for the Schleicher
and Schuell No. 589 filter paper for matric suction can be
written as

ψ = 0.048

⎡
⎣

(
251

wf

)5.621

− 1

⎤
⎦

0.896

(4.25)

The van Genuchten (1980) equation for total suction can
be written as

ψ = 64,940

⎡
⎣(

44

wf

)0.464

− 1

⎤
⎦

2.516

(4.26)

Applying the Fredlund and Xing (1994) equation to the
Whatman No. 42 filter paper calibration data yields the fol-
lowing equation for matric suction:

ψ = 0.23
[
e(268/wf )

0.629 − e
]2.101

(4.27)

The Fredlund and Xing (1994) equation for total suction
can be written as

ψ = 18, 500
[
e(37/wf )

0.242 − e
]2.248

(4.28)

The Fredlund and Xing (1994) equation for the Schleicher
and Schuell No. 589 filter paper for matric suction can be
written as

ψ = 0.844
[
e(282/wf )

1.071 − e
]0.779

(4.29)

The Fredlund and Xing (1994) equation for total suction
can be written as

ψ = 20, 000
[
e(42/wf )

0.246 − e
]2.058

(4.30)

Equations 4.23–4.30 require only one equation for either
matric or total suction. The van Genuchten (1980) and the
Fredlund and Xing (1994) provide a reasonable fit of the cali-
bration data and are convenient to use. However, the equations
used for an independent fit for the low- and high-suction range
are slightly more accurate (i.e., Eqs. 4.15–4.22).

4.3.3.5 Use of the Filter Paper Method in Engineering
Practice

A question in the mind of the practicing geotechnical engi-
neers is, “What is the accuracy of suction measurement made
when using the filter paper method?” This question is still
being addressed, but comparisons between measurements
with psychrometers and filter paper provide an indication
of the accuracy that can be anticipated when using the filter
paper method (Fig. 4.84). The results from the no-contact fil-
ter paper agree fairly closely with the psychrometer results,
indicating that total suction was measured.
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Figure 4.84 Comparisons of total-suction measurements obtained
using filter paper or psychrometers (after McKeen, 1981).

It appears to be difficult to ensure adequate contact
between the soil specimen and the filter paper for the
measurement of matric suction. Consequently, total suction
is generally measured when using the filter paper method.
Figure 4.84 demonstrates reasonably close agreement
between total-suction measurements obtained when using the
filter paper method and thermocouple psychrometers.

4.4 MEASUREMENT OF OSMOTIC SUCTION

Osmotic suction is related to the amount of salts dissolved in
the free pore-water. Several procedures can be used to mea-
sure the osmotic suction of a soil. For example, it is possible
to mix distilled water with a soil until the soil is in a near-
fluid condition and then drain off some effluent and measure
its electrical conductivity. This procedure is referred to as
the saturation extraction method. The electronic conductiv-
ity measurement then needs to be extrapolated back to the
natural water content in order to obtain the osmotic suction
for the soil. Although the test procedure is simple, there
is presently no reliable procedure for ensuring an accurate
measurement of in situ osmotic suction when using the sat-
uration extraction method (Krahn and Fredlund, 1972).

A psychrometer can also be placed over the fluid extract
to measure the vapor pressure; however, this procedure like-
wise does not produce reliable osmotic suction values. Stud-
ies have shown that the use of a pore fluid squeezer provides
the most reasonable values for osmotic suction (Krahn and
Fredlund, 1972).

4.4.1 Squeezing Technique

The osmotic suction of a soil can be indirectly computed
based on the electrical conductivity of a small amount of

Figure 4.85 Design of pore fluid squeezer (after Manheim, 1966).

pore-water extracted from the soil. The intent of the squeez-
ing technique is to obtain a sample of the free pore-water
which contains dissolved salts.

Pure water has a low electrical conductivity in comparison
to pore-water with dissolved salts. The electrical conductiv-
ity of the pore-water from the soil can be used to indicate
the total concentration of dissolved salts, which is related to
osmotic suction.

The pore-water in the soil can be extracted using a pore fluid
squeezer which consists of a heavy-walled cylinder and piston
squeezer (Fig. 4.85). The electrical conductivity of the pore-
water is then measured. A calibration curve (Fig. 4.86) relates
the electrical conductivity to the osmotic pressure of the soil.
The calibration relationship shown in Fig. 4.86 applies for
most salts commonly encountered in soils. The following
equation can be written to fit the line showing the relationship
between osmotic suction π in kilopascals, and the measured
electrical conductivity EC in millimhos per centimeter:

π = 0.024 EC1.08 (4.31)

Results obtained when using the squeezing technique are
known to be somewhat affected by the magnitude of the
applied extraction pressure. Krahn and Fredlund (1972) used
an extraction pressure of 34,500 kPa when collecting fluid
for osmotic suction measurements on the glacial till and
Regina clay.
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Figure 4.86 Osmotic suction versus electrical conductivity for
pore-water containing mixtures of dissolved salts (from USDA
Agricultural Handbook No. 60, 1950).

Figures 4.87 and 4.88 present the results of osmotic suction
measurements on glacial till and Regina clay, respectively.
The measurements were conducted using the squeezing tech-
nique. The measured osmotic suctions are shown to agree
closely with the difference between independently measured
total suction and matric suction values. The discrepancies
shown at low water contents for the glacial till (Fig. 4.87)
appear to be primarily related to inaccurate measurements of
matric suction (Krahn and Fredlund, 1972).

Figures 4.87 and 4.88 indicate that the squeezing tech-
nique can be used for the measurement of osmotic suc-
tion. The results also support the validity of the relationship
between matric and osmotic components of soil suction. It

Figure 4.87 Osmotic suction versus as-compacted water content
for glacial till (from Krahn and Fredlund, 1972).

Figure 4.88 Osmotic suction versus as-compacted water content
for Regina clay (from Krahn and Fredlund, 1972).

appears that osmotic suction is relatively constant over a
range of water contents. It would appear to be reasonable to
use osmotic suction as a relatively fixed value that can be
subtracted from total suction in order to provide an indica-
tion of matric suction.

Water is being removed from a soil as it dries. However,
the salts are left behind in the soil. Consequently, there can
be a significant increase in the salt content of the pore-water
near the evaporation front. As a result, the osmotic compo-
nent of suction increases. The increase in salts on or near the
evaporation surface of a soil is known to “shut off” or greatly
decrease the evaporation rate of water from the soil surface.
The decrease in evaporation rate is closely related to a signif-
icant increase in the osmotic component of soil suction. The
increase in osmotic suction increases total suction of the soil.

4.5 MEASUREMENT OF IN SITU WATER
CONTENT

The void ratio and the water content of a saturated soil
bear a fixed relationship by the specific gravity of the soil.
However, water content and void ratio become independent
variables for unsaturated soils. Consequently, it is often nec-
essary to measure or monitor water content when dealing
with unsaturated soils.

Both soil suction and the water content may need to be
measured in the field when monitoring performance of soil
cover systems. However, some projects may only require
that the water content be monitored while on other projects
it might only be necessary to measure soil suction. For
example, it might be preferable and sufficient to measure soil
suction when dealing with clay soil and it might be prefer-
able and sufficient to measure water content when dealing
with sand soils. On other occasions it might be preferable
to measure the changes in both soil suction and water con-
tent. Each situation needs to be studied and an engineered
instrumentation plan designed for each situation.

4.5.1 Measurement of Water Content

Gravimetric water content (i.e., ratio of mass of water to
mass of solids) is the easiest variable to measure in the
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laboratory to represent the amount of water in a soil. How-
ever, most field measurement of water content provides an
indication of the volume of water relative to the total vol-
ume of soil. Gravimetric water content is commonly used in
soil mechanics; however, volumetric water content becomes
a common representation of the amount of water in a soil
when dealing with unsaturated soil problems. It is important
to be able to convert between gravimetric and volumetric
water content.

There are three primary ways in which water content is
measured in geotechnical engineering. First, the measure-
ment of gravimetric water content is a simple and direct
means; however, it is a destructive measurement in the sense
that a soil sample must be taken into the laboratory for test-
ing. Other methods for the measurement of water content
are indirect methods and are commonly referred to as surro-
gate methods. Second, there are two radiological techniques
that can be used for the measurement of water content:
the neutron scattering technique and the gamma absorp-
tion technique. Third, water content can be derived from the
dielectric properties of a soil using time-domain reflectom-
etry. The radiological and dielectric procedures determine
volumetric water content and do not require an independent
measure of soil density. Details pertaining to technologies
available for the measurement of water content can be found
in the training course manual of the International Atomic
Energy Agency (IAEA, 2008).

4.5.2 Radiological-Based Methods

One of the radiological methods utilizes the neutron scatter-
ing methodology to measure volumetric water content. The
technique is based on the interaction of high-energy neutrons
and the nuclei of the hydrogen atoms in the soil. The other
radiological methodology utilizes the attenuation of gamma
rays that are passed through the soil. Both methodologies
have been packaged as portable devices that can be taken
to a field site. Safety and health precautions are necessary
when using any radiological method because of the poten-
tial for receiving doses of radiation. The only time that the
radioactive probe should leave its shield is when it is being
lowered into the access tube for measurements.

4.5.2.1 Neutron Scattering Methodology

The hydrogen nuclei have about the same mass as neutrons
in the soil. The nuclei are effective in slowing down neu-
trons upon collision with other nuclei in the soil. The slowed
neutrons in the vicinity of the probe are returned to the sen-
sor in the form of a “count” and can be empirically related
to the volumetric water content of the soil.

Figure 4.89 shows a field setup with the probe and shield
resting on top of an access tube. The probe is lowered into
the access tube and readings are taken at various depths. The
radius of influence in wet soil may be about 150 mm whereas
in dry soil it is increased to about 500 mm. This technique
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Figure 4.89 Schematic of nuclear neutron moisture meter placed
on depth control stand.

does not have the ability to measure the water content in
thin layers within the soil. The access tubes can be made
of a variety of noncorrosive materials ranging from stain-
less steel to plastic, although polyvinylchloride should be
avoided. The diameter of the access tubes are usually about
50 mm and the thickness of the tubes is about 1.25 mm. For
geotechnical engineering purposes the neutron probe should
be calibrated for the soils encountered at a particular site.

Nuclear moisture meters are manufactured by Campbell
Pacific Nuclear (model 503DR) and Troxler Electronics Lab-
oratories (model 4300). Nuclear moisture meters appear to
provide the most reliable measurements of water content
based on comparative studies involving a variety of surro-
gate methods (IAEA, 2008). There appears to have been
some reluctance toward the use of nuclear moisture meters
in geotechnical engineering. In part, this may be related to
safety issues associated with the usage of a radioactive probe
and also the inability to automate the recording of periodic
readings.
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4.5.2.2 Gamma Ray Attenuation Methodology

In contrast to the neutron method, the gamma ray adsorp-
tion technique scans a thin layer of soil. Dual-probe gamma
devices have been quite commonly used for research stud-
ies in the soil laboratory. The water content of the soil is
determined from the difference between the total density
and the dry density attenuation values. The attenuation of
the gamma rays is related to mass and therefore it is neces-
sary to know the dry density of the soil in order to monitor
changes in water content.

4.5.3 Dielectric-Based Methods

The dielectric constant (or permittivity) of a material is
defined as the ratio of the amount of electrical energy stored
when a voltage is applied through a material in comparison
to the amount of electrical energy stored in a vacuum. A
dielectric material is a substance that is a poor conductor of
electricity but an efficient supporter of electrostatic fields.

The dielectric constant of water is approximately one
order of magnitude less than that of dry soil. Table 4.14
presents the dielectric constants for the components found
in soils. The contrast in dielectric constant among water,
air, and soil forms the basis for the measurement of
volumetric water content in a soil.

The measurement of the dielectric constant for a soil
allows for a comparison between the value for a dry soil
and a wet soil. Consequently, the volumetric water content
of a soil can be determined. The technique is rapid and safe
to use and has increasingly been used for field measurements
of water content. Two methodologies have emerged which
make use of soil dielectric measurements for determining
the water content of a soil. The two methods are referred
to as (i) time-domain reflectrometry measurements and (ii)
frequency-domain measurements.

4.5.3.1 Time-Domain Reflectometry Methodology

The time-domain reflectometry (TDR) method determines
the dielectric constant of the soil by measuring the travel

Table 4.14 Typical Values for Dielectric Constants of
Soil Components

Dielectric Constant
Material (unitless) Temperature, ◦C

Air 1.0
Water 88 0.0
Water 80.1 20.0
Water 55.3 100
Dry silica sand 2.2
Quartz 4.3
Soil 2.4–2.9

time of an electronic pulse. The electrical pulse is in the
microwave (gigahertz) frequency range. The pulse is passed
along a waveguide consisting of two parallel rods that are
embedded in the soil. The pulse is reflected at the end of the
waveguide and its propagation velocity is measured. Theo-
retically, the propagation velocity is inversely proportional
to the square root of the dielectric constant of the material
in which the rods are embedded.

The parallel rods are commonly separated by 50 mm and
vary in length from 100 to 500 mm. The rods can be made of
any metallic material. A sampling volume a few centimeters
in radius is formed around each of the metal rods. It is
preferable to place the rods in a horizontal manner when
attempting to measure the water content at a particular depth.

The volumetric water content versus dielectric constant
relationship is quite similar for many soils; however, it is not
unique for all soils and may require calibration for particular
soils (Hu et al., 2010). A widely used relationship between
the dielectric constant and volumetric water content, θ , was
that published by Topp et al. (1980) and can be written as
follows:

θ = −0.053 + 0.029K − 0.00055K2 + 0.0000043K3

(4.32)
where:

K = dielectric constant for the soil-water system.

Equation 4.32 has been found to be applicable for many
soils. It is relatively independent of soil texture and gravel
content (Drungil et al., 1989). The dielectric constant can
also be written in terms of the volumetric water content:

√
K = 3.03 + 9.3θ + 146θ2 − 76.7θ3 (4.33)

Various types of time-domain reflectometry sensors have
been developed that measure the dielectric properties of a
soil. Conventional time-domain reflectometry systems have
been manufactured by (i) Tektronix Inc. (TDR Cable Tester),
(ii) Campbell Scientific Inc. (TDR100), (iii) Dynanax Inc.
(Vadose TDR), (iv) Soil Moisture Corporation (Trase TDR),
and (v) Delta-T (Thetaprobe). The TRIME FM3 moisture
meter is manufactured in Germany and is classified as a
quasi-time-domain reflectometry system.

The conventional time-domain reflectometry devices have
a pulse generator that generates a square-wave pulse. The
pulse travels along the cable to the header connected to the
rods that are inserted into the soil. The pulse reaches the end
of the TDR rods and then returns. An oscilloscope electronic
system captures the pulse as shown in Fig. 4.90. The water
content of the soil influences the travel time of the pulse
along the rods surrounded by soil. It is the permittivity of
the soil that affects the travel time and the permittivity of
the soil is related to the volumetric water content of the soil.

Originally it was suggested that a single calibration curve
might exist for all soils. However, it is now suggested that



168 4 measurement and estimation of state variables
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Figure 4.90 Characteristics of TRASE (manufactured by Soil-
moisture Corporation) signal using 30-cm-long rods (after Laurent,
1998).

the TDR method be calibrated for the specific soil where
measurements are being made. The oscilloscope electronic
system is quite costly and there have been attempts to develop
other technologies for the measurement of water content.
The result has been the development of a series of capaci-
tance sensor systems that still depend on the permittivity of
the soil.

4.5.3.2 Frequency-Domain Methodology

The frequency-domain or capacitance-type sensors measure
the dielectric constant using a single microwave (gigahertz)
frequency. A single open-ended coaxial cable is used that
has a single reflectometer at the end of the probe. The ampli-
tude and phase are measured at a particular frequency. The
device is generally calibrated in air and in blocks of material
and liquids with known dielectric constant properties.

A relatively small volume of soil is involved in the dielec-
tric constant measurement when using the frequency-domain
method. Consequently, the contact between the soil and the
probe becomes a critical factor. It has been suggested that
this method performs well in the laboratory but may be
subject to spatial variability in the field (Dirksen, 1999).

Electrode

Electrode

Fringing field

Main field

Access tube

Figure 4.91 Schematic of capacitance probe lowered into
access tube.

Several manufacturers produce capacitance-type sensors
that are used in a plastic access tube. For example, there is
a capacitor consisting of two hollow cylindrical metal elec-
trodes that are arranged coaxially but separated by several
millimeters by an insulating plastic (Fig. 4.91). An elec-
tronic oscillator is used to produce a sinusoidal waveform.
The capacitor forms part of the oscillating circuit and the
electrodes are arranged close to the inside of the access
tube. The intent is that the field of the capacitor will inter-
act with the soil outside the tube. The soil bulk permittivity
is measured and correlated with the water content of the soil.

There are a number of sensors that come within the capac-
itance or frequency-domain category. The Sentek Diviner
2000 and the Sentek Enviro-SCAN manufactured by Sen-
tek Sensor Technology are of the frequency-domain type.
Another capacitance-type sensor is the Delta-T PR1/6 sen-
sor. The capacitance-type sensors are practical and easy to
use for in situ monitoring of changes in water content in soil
cover systems and other near-ground-surface applications.

4.5.3.3 Comparative Study on the Measurement
of Water Content

A comparative study involving highly plastic clay (i.e.,
Regina clay with a liquid limit of 74%) selected three
types of time-domain sensors and undertook to measure the
calibration curves. It was found that the measured volumetric
water contents differed considerably from the commonly
used calibration equation (Hu et al., 2010). The three types of
dielectric probes used in the study are known by their brand
names: CS616, ML2x, and SM200 (Fig. 4.92). The CS616
device is known as a water content reflectometry (WCR) sen-
sor (Hansson and Lundin, 2006). The ML2x (or Thetaprobe)
and SM200 devices are known as amplitude-domain
reflectometry sensors (Munoz-Carpena, 2004).

Clay soils have high electrical conductivity because of the
electrically charged clay colloids and the electrolytes in the
soil solution. The electrolytes affect the measurement of
the dielectric constant. The square root of the bulk dielectric
constant and the volumetric water content tested on Regina
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Figure 4.92 CS616 (top), ML2x (middle), and SM200 (bottom)
probes for measuring volumetric water content.

clay is shown in Fig. 4.93 for the CS616 device. Similar cal-
ibration results are shown for the ML2x and SM200 devices
in Figs. 4.94 and 4.95. All three dielectric constant devices
showed a standard error between the measured and pre-
dicted volumetric water contents of slightly more than 3%.
A second-order polynomial equation was found to fit the
relationship between the dielectric constant and volumetric
water content.

Another comparative study was reported by the IAEA
(2008) where several surrogate water content measuring
systems were installed in two irrigated test plots (Fig. 4.96).
Dry and wet irrigation conditions are shown along with

variation of readings with depth. The most consistent results
were obtained when using the nuclear moisture meter.

Geotechnical engineers become involved with the field
monitoring of water content on a wide range of materials. As
a result, it is important to take into consideration the material
in which the water contents are being monitored. Calibration
checks should be undertaken to confirm the reliability of the
company-published calibration curves.

4.6 ESTIMATION OF SOIL SUCTION

Estimation techniques play an important role in approximat-
ing soil variables that might be needed as part of an engi-
neering analysis involving unsaturated soils. It is not always
possible to measure every variable of relevance; however, in
many situations it is sufficient to estimate certain variables
or possibly estimate a likely range of values that might be
encountered. Estimation procedures are particularly useful
when assessing the components of soil suction.

4.6.1 Estimation of Matric Suction

There are a number of observations that can provide an engi-
neer with an indication of the matric suction in the field. The
matric suction in the field will be less than the residual suc-
tion for the soil. Sandy soils may typically have an air-entry
value between 1 and 10 kPa. There is often about one order
of magnitude between the air-entry value and the residual
matric suction. Therefore, it would be anticipated that the
residual suction for a sand soil would often be between about
10 and 100 kPa. The classification of the soil can provide
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Figure 4.93 Dielectric constant as function of volumetric water content when using CS616
probe on Regina clay (after Hu et al., 2010).
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Figure 4.94 Dielectric constant as function of volumetric water content when using ML2x
probe on Regina clay (after Hu et al., 2010).
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Figure 4.95 Dielectric constant as function of volumetric water content when using SM200
probe on Regina clay (after Hu et al., 2010).

an indication of the air-entry value and the residual suction
conditions. The air-entry value and the residual suction pro-
vide an indication of the most likely suction range to be
encountered in the field.

The soil classification properties provide the first indica-
tion of the likely SWCC for a material. The shape of the
SWCC likewise provides an indication of the likely range
of matric suctions to be encountered in the soil profile.

4.6.1.1 Reference to Hydrostatic Conditions

The depth of the water table can provide valuable informa-
tion on the likely matric suctions that might be encountered
in the field. The matric suction at the water table must
be zero. In the region immediately above the water table,
the negative pore-water pressure will tend to be hydrostatic
and this provides an indication of the likely matric suction
values. The matric suction profile will tend to be strongly
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Figure 4.96 Soil-water contents measured using several different measurement sensors (from
Training Course No. 30, IAEA, 2008).

influenced by hydrostatic pressure conditions if the water
table is within a few meters of the ground surface. If it is
assumed that the net infiltration at the ground surface is zero
(i.e., precipitation is approximately equal to actual evapora-
tion over each year), then the matric suction profile will be
controlled by the hydrostatic pore-water pressure line.

The depth to the water table and the hydrostatic pore-water
pressure line provide an indication of the matric suction
values to likely be encountered. Figure 4.97 illustrates the
hydrostatic line corresponding to a water table at various
depths below ground surface. The hydrostatic line is an
equilibrium pressure line corresponding to either no net infil-
tration at ground surface or nearly equal inflow and outflow
of moisture at the ground surface.

Excessive infiltration of water at the ground surface will
tend to reduce the matric suction at ground surface. Dur-
ing a rainstorm water may temporarily accumulate on the
ground surface, reducing the matric suction to zero. The
infiltration of water at the ground surface will also affect the
underlying matric suction profile. In other words, the matric
suction profile can be thought of as being strongly influ-
enced by the water table and the ground surface boundary
conditions. Conversely, excessive evaporation of water from
the ground surface can result in a drying of the soil at the
ground surface with the result that the near-ground-surface

matric suction increases beyond what would be anticipated
based on hydrostatic conditions.

4.6.2 Use of SWCC to Estimate Soil Suction

The SWCCs are used extensively for the estimation of unsat-
urated soil property functions (Fredlund, 1995b; 2000a), and
have been pivotal to the implementation of unsaturated soil
mechanics into geotechnical engineering practice. Estima-
tion procedures for unsaturated soil property functions have
been proposed for virtually every physical process involving
unsaturated soils (Fredlund et al., 1997b; Fredlund, 2006b).

Engineers have desired to use SWCCs as a means to esti-
mate in situ soil suctions, but their usage for this purpose has
been discouraged (Fredlund et al., 2001b). SWCCs can be
used for the estimation of in situ suction but the user needs
to understand (i) the level of accuracy associated with using
the SWCC and (ii) the likely range of soil suction values
associated with a measured natural water content of the soil.

The use of SWCCs to estimate in situ soil suction must
take into consideration hysteresis associated with the dry-
ing (desorption) and wetting (adsorption) curves. Gener-
ally the drying curve is measured in the laboratory. The
asymptotic nature of most empirical equations used to rep-
resent the SWCC makes it possible to only estimate soil
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Figure 4.97 Equilibrium hydrostatic pore-water pressures for various depths of water table.

suction between the air-entry value and residual conditions
(Fredlund et al., 2007). The retrieval of water content sam-
ples from the field does not provide an indication of whether
the in situ soil is on the drying curve, the wetting curve, or
somewhere in between these two limiting conditions. Soil
suction varies on a logarithm scale with water content, which
also makes it more difficult to obtain an accurate estimation
of in situ soil suction.

The assumption must be made that the geotechnical engi-
neer has either measured or estimated the drying SWCC
for a particular soil deposit. The wetting SWCC branch can
either be measured in the laboratory or estimated based on
suggested empirical guidelines (Pham, 2002). The SWCC
can be plotted as (gravimetric) water content versus loga-
rithm of soil suction (Fig. 4.98). There are two points along
the SWCC that are pivotal to describing the SWCC: the
“air-entry value” of the soil and “residual conditions.”

The SWCC is not a single-valued, unique relationship but
rather is hysteretic, as shown in Fig. 4.99. Therefore, it is
not possible to determine a single soil suction value based
on a single water content measurement. Several observations
can be made from the drying and wetting SWCCs. First, the
hysteresis loops appear to be generally quite reproducible
during repeated drying and wetting cycles. Second, some
air becomes entrapped in the soil after it is wetted from
a high-suction stress state. Third, the slope of the desorp-
tion curve is approximately parallel to that of the adsorption
curve when the soil has been dried to a point beyond resid-
ual suction. Each of the bounding SWCCs has an inflection
point of maximum slope on a logarithmic scale. The inflec-
tion point can be used as a point to define the lateral shift
between the drying and wetting SWCCs.

4.6.2.1 Accommodation of SWCC Hysteresis Effect

There are a number of approaches that can be used for the
estimation of in situ suction (Fredlund et al. 2011). It is
possible to:

1. Ignore the effect of hysteresis and solely use desorption
SWCCs for the estimation of soil suction (i.e., the
upper bounding branch of the SWCCs in Fig. 4.99).
This would give an estimate of the maximum soil
suction value corresponding to the measured water
content.

2. Measure the desorption SWCC and approximate the
adsorption SWCC by estimating the lateral shift of the
hysteresis loop at the inflection point on the drying
curve. This would allow for an estimation of the max-
imum and minimum soil suctions corresponding to the
measured water content.

3. Measure the desorption branch and the adsorption
branch of the SWCCs. Often this type of laboratory
test is considered too costly. This approach would
tend to provide a more accurate estimate of maximum
and minimum soil suctions.

4. Determine a “median” SWCC midway between the
drying and wetting SWCCs (i.e., midway on a loga-
rithmic scale). The water content corresponding to the
inflection point on the drying curve can be used as the
reference point for the lateral shift of the SWCC. The
median SWCC can then be used to estimate the soil
suction corresponding to the median curve.

5. Use a more rigorous mathematical equation that
describes desorption, adsorption, and scanning SWCCs
(Pham et al., 2003). Such an approach would provide
little additional value since it is not possible to take the
wetting/drying history of the soil into consideration.

4.6.2.2 Rewriting SWCC Equations with Soil Suction as
the Dependent Variable

Most of the empirical equations that have been proposed to
best fit water content versus soil suction data can be rear-
ranged such that soil suction can be computed if the water
content of the soil is known. Let us first consider the dry-
ing or desorption SWCC and then consider how best to
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accommodate hysteresis. The SWCC equations are written
in terms of gravimetric water content; however, each of the
rearranged equations would have the same form if written
in terms of volumetric water content.

The parameters for the SWCC must be known when using
a SWCC to compute soil suction. Sigmoidal shapes for the
SWCC can be defined using three fitting parameters, gener-
ally identified as a, n, and m . The a-type parameter in most
SWCCs is a soil suction value that is somewhat greater than
the actual air-entry value. The n-type parameter is related
to the rate of desaturation of the soil as suction exceeds the
air-entry value, and in some cases, a further m-type param-
eter is used to give greater flexibility in fitting SWCC data.
In addition, the saturated gravimetric water content ws must
be known.

Gardner (1958a). The Gardner (1958a) equation was
originally proposed to describe the coefficient of permeabil-
ity function for an unsaturated soil. However, the mathe-
matical form proposed for the permeability equation has
also been applied to the water content versus soil suction
relationship. The Gardner equation can be written as

w (ψ) = ws

1 + aψn
(4.34)

where:

ψ = any soil suction value, kPa,
w(ψ) = water content at any soil suction, %,

ws = saturated water content, %, and
a , n = fitting parameters.

Equation 4.34 can be rearranged such that soil suction ψ

is dependent upon the measured water content w:

ψ =
[

1

a

(ws

w
− 1

)]1/n

(4.35)

The soil suction can be calculated corresponding to any
other water content, w, if the fitting parameters for the Gard-
ner equation are known.

Brooks and Corey (1964). Brooks and Corey (1964)
divided the SWCC into two zones: one zone where the soil
suctions are less than the air-entry value and the other zone
where soil suctions are greater than the air-entry value. This
gives rise to equations of the following form:⎧⎨

⎩
w (ψ) = ws ψ < ψaev

w (ψ) = ws

(
ψ

a

)−n

ψ ≥ ψaev
(4.36)

where:

ψaev = air-entry suction, kPa.

It is not possible to use the proposed SWCC equation for
estimating suctions prior to the air-entry value. The Brooks

and Corey equation can be rearranged to compute soil suc-
tion corresponding to the measured water content:

ψ = a
(ws

w

)1/n

(4.37)

Two fitting parameters, a and n , and the saturated water
content ws are required along with the measured water con-
tent for the calculation of soil suction.

Van Genuchten (1980). Van Genuchten (1980)
proposed a three-parameter SWCC equation which has the
following form:

w (ψ) = ws[
1 + (aψ)n

]m (4.38)

The van Genuchten (1980) equation can be rearranged to
solve for soil suction in terms of water content:

ψ = 1

a

[(ws

w

)1/m − 1

]1/n

(4.39)

The soil suction of a soil can be calculated if the three fit-
ting parameters a , m , and n for the van Genuchten equation
are known along with the saturated water content ws . The
usage of this equation is again limited to the range between
the air-entry value and the residual suction due to the asymp-
totic nature of the equation.

Van Genuchten (1980)–Mualem (1976). In 1976,
Mualem had suggested that the n and m parameters
in the SWCC equation bear a fixed relationship with
m = (n − 1)/n. This suggestion reduces the three-parameter
equation of van Genuchten (1980) to a two-parameter
SWCC equation:

w (ψ) = ws[
1 + (aψ)n

]1−1/n
(4.40)

The van Genuchten (1980)–Mualem (1976) equation can
be rearranged to solve for soil suction in terms of water
content:

ψ = 1

a

[(ws

w

)n/(n−1) − 1

]1/n

(4.41)

The van Genuchten (1980)–Mualem (1976) equation can be
applied between the air-entry value and residual conditions.

Van Genuchten (1980)–Burdine (1953). In 1953, Bur-
dine suggested that the n and m parameters for a SWCC
equation could bear a fixed relationship with m = (n − 2)/n.
This resulted in a two-parameter equation:

w (ψ) = ws[
1 + (aψ)n

]1−2/n
(4.42)

The van Genuchten (1980)–Burdine (1953) equation can
be rearranged to solve for soil suction in terms of water
content:

ψ = 1

a

[(ws

w

)n/(n−2) − 1

]1/n

(4.43)
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The van Genuchten (1980)–Burdine (1953) equation can be
applied between the air-entry value and residual conditions.

Fredlund and Xing (1994)—Without the Correction
Factor. The Fredlund and Xing (1994) equation for the
SWCC has a correction factor C(ψ) that extends the range
of suctions beyond residual suction to completely dry
conditions:

w (ψ) = C (ψ)
ws{

ln
[
e + (

ψ
/
a
)n]}m (4.44)

where:

a, n , m = fitting soil parameters for the SWCC,
e = base of the natural logarithm,

C(ψ) = correction factor, 1 − ln
(

1+ψ/ψr

)
ln

[
1+

(
1000000/ψr

)] , and

ψr = soil suction at residual conditions, kPa.

It is not easy to rearrange the Fredlund and Xing (1994)
equation and solve for soil suction when the “correction
factor” is kept within the equation. Therefore, the correction
factor for suctions greater than residual suction is set to 1.0.
The Fredlund and Xing (1994) equation for calculating soil
suction in terms of water content can then be written as
follows:

ψ = a
(
e(ws /w)1/m − e

)1/n

(4.45)

A numerical technique must be used to compute soil suc-
tion from a water content measurement if the entire Fredlund
and Xing (1994) equation along with the correction factor
is used.

Fredlund and Pham (2006). Fredlund and Pham (2006)
divided the SWCC into three zones: (i) a low-suction portion

from a small suction value (e.g., 1 kPa) to the air-entry suction
ψaev, (ii) an intermediate portion from the air-entry suction
ψaev to the residual suction ψr , and (iii) a high-suction por-
tion from the residual suction ψr to 106 kPa, as shown in
Fig. 4.100. The water contents corresponding to the air-entry
value and residual suction must be known as well as the satu-
rated water content under low-suction conditions (e.g., 1 kPa)
in order to use these equations over the entire suction range.

Each suction range has a SWCC equation of a similar form.
The three equations cover the entire water content range from
completely saturated conditions to completely dry conditions
with each portion having a meaningful slope representing
water content versus suction. It is necessary to know the water
contents at the start and end points for each line segment.
The slope of the straight-line portions of the three zones are
defined as S1, S2, and S3, when going from the low-suction
range of the SWCC curve to the high-suction range.

The SWCC equation for the low-suction range,
intermediate-suction range, and high-suction range can be
written as follows:

w1(ψ) = wu − S1 log (ψ) 1 ≤ ψ < ψaev

w2(ψ) = waev − S2 log

(
ψ

ψaev

)
ψaev ≤ ψ < ψr

w3(ψ) = S3 log

(
106

ψ

)
ψr ≤ ψ < 106 kPa

(4.46)
where:

wu = water content corresponding to a suction of 1 kPa
and

waev = water content corresponding to the air-entry
value, %.

Each of the above equations can be rearranged to solve for
suction in terms of water content. The equations for the low
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Figure 4.100 Three primary zones of desaturation for drying SWCC (Fredlund and Pham, 2006).
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suction zone, the intermediate zone, and the high-suction
zone of the SWCC are, respectively,

ψ= (10)(wu−w)/S1 1 ≤ ψ < ψaev

ψ= ψaev(10)(waev−w)/S2 ψaev ≤ ψ < ψr

ψ= (10)(6−w/S3) ψr ≤ ψ < 106 kPa

(4.47)

The three equations proposed by Fredlund and Pham
(2006) cover the entire range of suctions from a small
value to a value of 106 kPa.

4.6.2.3 Percent Error in Soil Suction Depending on the
Hysteresis Shift in the SWCC

The desorption (or drying) SWCC is generally the first curve
determined for a soil (Fredlund et al., 2001b, 2007). Then the
adsorption (or wetting) curve is usually estimated by assum-
ing an appropriate lateral shift for the bounding SWCC. The
drying and wetting curves are assumed to be congruent or
parallel to one another.

The adsorption and median SWCC is always shifted to
the left on a plot of the type shown in Fig. 4.99. The a
fitting parameter in the SWCC equations generally controls
the lateral shift of the boundary SWCCs. The Fredlund and
Xing (1994) SWCC equation can be used to illustrate the
lateral translation of the SWCCs. Figure 4.101 shows the
effect of changing the a fitting parameter. The n and m
fitting parameters were kept constant.

The “percent shift” of the SWCC boundary curves, ξ , can
be defined on a logarithmic scale. Therefore, a 100% shift of
the inflection point corresponds to one log scale of change.
This means that the a fitting parameter will change by one
order of magnitude. Similarly, a 50% shift means that the
a fitting parameter is shifted 1/2 log cycle to the left (i.e.,

to a lower value). The percent shift of the SWCC boundary
curves, ξ , can be mathematically written as follows:

ξ = 100
(
log ψad − log ψaw

)
(4.48)

where:

ψad = suction at the point of inflection, kPa,
ad = subscript for the a fitting parameter on the drying

curve,
aw = subscript for the a fitting parameter on the wetting

curve, and
ψaw = suction at the point of inflection, aw, on the wet-

ting curve, kPa.

The same equation can be used when moving from the
drying SWCC to the median SWCC:

ξm = 100
(
log ψad − log ψam

)
(4.49)

where:

ψad = suction at the point of inflection on the drying
curve, kPa,

ψam = suction at the point of inflection, am, on the
“median” curve, kPa, and

ξm = percent shift between the point of inflection on
the drying curve and the point of inflection on the
median SWCC.

Since the drying SWCC and the wetting SWCC (and the
median SWCC) are assumed to be congruent, the lateral
shift defined by Eq. 4.48 (and Eq. 4.49), ξ , applies not only
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Figure 4.101 Effect of changing inflection point fitting parameter a on SWCC.
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at the inflection points but at all points along the SWCCs.
Therefore, Eq. 4.48 can be written as follows:

ξ = 100
(
log ψd − log ψw

)
(4.50)

where:

ψd = suction at any point along the drying SWCC, kPa,
and

ψw = suction at any corresponding water content on the
wetting SWCC, kPa.

The equations representing the lateral shift of the SWCC
can be rearranged such that the suction on a congruent
SWCC can be computed from the drying curve. Then Eq.
4.50 can be written as follows:

ψw = 10
(

log ψd− ξ
100

)
(4.51)

Likewise, the suction on the median curve can be writ-
ten as

ψm = 10
(

log ψd− ξm
100

)
(4.52)

Let us define the percent change in suction between any
two congruent SWCCs, ζ , as the suction difference between
any two curves referenced to the suction on the drying
curve,

ζ = 100(ψd − ψw)/ψd (4.53)

where:

ψd = suction on the desorption (or drying) curve, kPa,
and

ψw = suction on the adsorption (or wetting) curve, kPa.

The same equation applies for a shift to the median curve
at the same water content. Equation 4.51 (or Eq. 4.52) can be

substituted into Eq. 4.53 to provide a relationship between the
percent change in suction between two congruent SWCCs, ζ ,
and the percent shift in the curves, ξ :

ζ = 100

[
ψd − 10

(
log ψd− ξ

100

)]
ψd (4.54)

Equation 4.54 shows that there is a fixed relationship
between the percent change in suction, ζ , and the percent
lateral shift between the drying and the wetting (or median)
curves, ξ , as shown in Fig. 4.102. Figure 4.102 shows that
for a lateral shift of 25% the percent error in suction would
be 43.8% for a particular water content. Similarly, for a lat-
eral shift of 50%, the percent change in suction would be
68.4%, and for a lateral shift of 100%, the percent change
in suction would be 90%.

Figure 4.102 can also be used to compare the suction value
computed from the median SWCC and the drying curve.
In this case, a percent shift between the drying and wet-
ting curves of 25% would correspond to a percent shift of
12.5% in going from the drying curve to the median SWCC.
Consequently, the median SWCC significantly reduces the
percent error in the estimated soil suction. Table 4.15 pro-
vides example calculations for the case where the lateral shift
is 50% between the drying and wetting curves. The results
show that the soil suctions on each drying curve produce a
68.4% change (reduction) in the suction on the wetting curve.

Figure 4.103 illustrates another way to visualize the rela-
tionship between suctions on the drying curve and any other
congruent curve. The log-log plot provides a quick estima-
tion of the relationship between suctions on the drying curve
and suctions on any other SWCC if the percent shift between
the two curves is known. The plot applies for any two con-
gruent SWCCs regardless of the a and n fitting parameters.
Table 4.16 provides a summary of the percent reduction in
moving from the drying curve to the wetting (or median)
curve for each percent lateral shift between the SWCCs.
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Figure 4.102 Percent change in calculated suction as function of lateral shift between drying
and wetting SWCCs.
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Table 4.15 Calculation of Soil Suction on Drying and
Wetting (or Median) SWCC Drying Curve

Water Dimensionless Suction on Suction on Change in
Content, Water Drying Wetting Suction,

% Content Curve, kPa Curve, kPa %

35.50 0.986 11.4 3.61 68.38
33.50 0.931 35.4 11.2 68.38
31.50 0.875 55.8 17.7 68.38
29.50 0.819 76.6 24.2 68.38
27.50 0.764 99.0 31.3 68.38
25.50 0.708 124. 39.3 68.38
23.50 0.653 154. 48.7 68.38
21.50 0.597 190. 60.1 68.38
19.50 0.542 236. 74.5 68.38
17.50 0.486 296. 93.8 68.38
15.50 0.431 383. 120. 68.38
13.50 0.375 515. 163. 68.38
11.50 0.319 741. 234. 68.38

9.50 0.264 1199. 379. 68.38
7.50 0.208 2417. 764. 68.38
5.50 0.153 7834. 2477. 68.38
3.50 0.097 95059. 30060. 68.38
2.50 0.069 1476477. 466900. 68.38

Note: Inflection Point ad = 100 kPa; n parameter = 1.5;
m parameters = 1.0; 50% lateral shift; and wetting curve
inflection point aw = 31.623 kPa.

Table 4.16 Percent Change in Soil Suction for Lateral
Shifts between Drying and Wetting (or Median) SWCCs

Lateral Shift, % Change (Reduction) in Suction, %

0.0 0.00
10.0 20.57
20.0 30.90
25.0 43.77
30.0 49.88
40.0 60.19
50.0 68.38
60.0 74.88
70.0 80.05
75.0 82.22
80.0 84.15
90.0 87.41

100.0 90.00
120.0 93.69
150.0 96.84

4.6.2.4 Approximate Shift and Estimation Procedure
When Using the Drying and Wetting SWCCs

It is possible to estimate the maximum suction, the minimum
suction, and the likely median suction for soil suction if the
drying and wetting SWCCs are known. Pham (2002) analyzed
the lateral shift between the drying and wetting SWCCs for
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Table 4.17 Suggested Lateral Shifts of Inflection Point
between Drying and Wetting Curves for Various Soils

Soil Type Range of Typical Shifts Average Shift
(% of log cycle) (% of log cycle)

Sand 15–35% 25%
Silt and loam 35–60% 50%
Clay —- Up to 100%

published data from various researchers. Experimental results
showed that the largest shift between the drying and wetting
curves occurred for clay soils and the smallest shift occurred
for uniform sand soils. Table 4.17 summarizes typical (aver-
age) lateral shifts at the inflection point of the SWCC for
various soils (Pham et al., 2002, 2003a).

Let us assume that the soil under consideration is sand
with the a parameter on the drying curve equal to 10.0 kPa.
Let us also select a lateral shift of 25% of a log cycle to
move to the wetting curve. The a parameter for the wetting
SWCC can be calculated using Eq. 4.55:

0.25 = log (10) − log
(
ψaw

)
(4.55)

Therefore, the suction corresponding to the a parameter
at the inflection point on the wetting curve is

ψaw = 100.75 = 5.62 (4.56)

The suction at the inflection points went from 10 kPa on
the drying curve to 5.62 kPa on the wetting curve. The suc-
tion at the inflection point on the median SWCC can be
calculated by using a lateral shift of 12.5% (i.e., 0.125).
The n fitting parameter remains the same for all SWCCs
because of congruency.

Three soil suction values can be computed for any mea-
sured water content. The following format can be used to
represent soil suction values corresponding to the measured
water content:

Wetting curve suction < median curve suction

< drying curve suction (4.57)

As an example, a water content corresponding to the
inflection points would have soil suctions written as
5.62 < 7.5 < 10.0 and read as

Most likely or median suction = 7.5 kPa,
Maximum estimated suction = 10.0 kPa,
Minimum estimated suction = 5.62 kPa, and
Estimated range of suctions = 5.62 − 10 kPa.

The above format provides a representation of the range and
central tendencies that can be anticipated. The geotechnical
engineer should view all three suction values and ask, “Does
an understanding of the suction range and central tendencies
assist me in making engineering judgements?” In some case,
the answer may be “yes” while in other cases it may be “no.”

4.6.2.5 Example Problem to Illustrate Typical Values
and Ranges of Values from the Proposed Procedure
to Obtain Soil Suction

Let us assume the soil parameters shown in Table 4.18 for
sand soil, silt, and clay soil. The Fredlund and Xing (1994)
equation is used to illustrate typical differences between var-
ious soil classifications.

Drying, wetting, and median SWCCs are computed for
three different soil types. The soil parameters are typical
values for a sand, silt, and clay but should not be taken as
fixed values for each soil classification. Figure 4.104 illus-
trates the relationship among the three SWCCs (i.e., drying
curve, median curve, and wetting curve) for a soil with a
lateral shift of 25%. The n parameter was set to 4, which
represents rather steep SWCCs typical of uniform sand.

Figures 4.105 and 4.106 illustrate the relationship among
the three SWCCs for soils with a lateral shift of 50 and
100%, respectively. The n parameters were reduced to 2.0
and 1.5, respectively. All three sets of SWCCs are shown
in Fig. 4.107 to show the wide range of SWCCs that can
occur for various soils.

4.6.2.6 Suggestions and Recommendations
for Using the SWCC to Estimate In Situ Soil Suction
in Geotechnical Engineering Practice

The following guidelines are suggested for usage of the
SWCCs for the estimation of in situ suction: (1) The

Table 4.18 Soil Properties Associated with Drying and Wetting SWCCs for Three Soils

Saturated ad Drying nd Drying aw Wetting am Median
Soil Type Water Content SWCC SWCC % Shift SWCC SWCC

Sand 30.0 10.0 4.0 25 5.623 7.500
Silt 40.0 200 2.0 50 63.25 112.5
Clay 60.0 3000 1.5 100 300.0 948.7

Note: SWCC variable m = 1.0 and correction factor C(ψ) = 1.0
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Figure 4.104 Comparison of drying curve, wetting curve, and median curve for soil with lateral
shift of 25% between drying and wetting curves (e.g., sand) and saturated gravimetric water
content of 30%.
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Figure 4.105 Comparison of drying curve, wetting curve, and median curve for soil with lateral
shift of 50% between drying and wetting curves (e.g., silt) and saturated gravimetric water content
of 40%.

desorption curve provides an estimate of the maximum
value for in situ soil suction. (2) The estimated adsorption
curve provides an estimate of the minimum value for in situ
soil suction. (3) The estimated median curve provides an
estimate closest to the most likely (or middle) in situ soil
suction.

The percent error in the estimated soil suction can be
referenced to the drying curve. Because of the logarithmic
nature of the SWCCs, it is possible for the errors in the
estimated soil suction to be quite large. The potential errors
are much smaller for sand soils than for soils with high clay
content.

The above analysis indicates that it is difficult to obtain
an accurate indication of in situ soil suction through use
of SWCCs and the measured natural water content of the
soil. The proposed procedure merely allows the engineer to
obtain a crude approximation of in situ suction conditions.
The analysis provides a warning to geotechnical engineers
who desire to indiscriminately use the SWCC to estimate in
situ suction. The analysis also provides a guide to engineers
who desire to assess the likely range of in situ suctions
that might correspond to a single water content measure-
ment. Users of the SWCCs should also be aware that in situ
suctions in any soil can range between zero and 106 kPa.
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Figure 4.106 Comparison of drying curve, wetting curve, and median curve for soil with lateral
shift of 100% between drying and wetting curves (e.g., clay) and saturated gravimetric water
content of 60%.
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Figure 4.107 Comparison of three sets of drying curves, wetting curves, and median curves for
wide range of possible soils.

4.6.3 Estimation of Total Suction

Total suction is equal to the sum of the matric suction and
the osmotic suction. The osmotic suction is related to the
salt content of the pore-water. The salts generally remain in
the soil and as a result there is always an osmotic component
of suction in the soil. Even when the soil is fully saturated
with positive pore-water pressures, there is still an osmotic
suction in the soil. Therefore, the minimum total suction in
a soil is equal to the osmotic suction of the saturated soil.

The largest total suction in a soil is controlled by the
minimum possible vapor pressure in the air next to the soil.

The minimum vapor pressure corresponds to zero relative
humidity and Lord Kelvin’s equation indicates that the
total suction goes to approximately 106 kPa. Lord Kelvin’s
equation can also provide an estimation of the total suction
in any soil at equilibrium with a particular relative humidity
environment. For example, if a soil was left in a relative
humidity environment of 30% for a period of time, Lord
Kelvin’s equation can be used to compute the equilibrium
total suction, which would be about 150,000 kPa. In other
words, the vapor pressure in the air surrounding a soil
becomes an equilibrium boundary condition for the soil.
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4.6.4 Estimation of Osmotic Suction

The salt content of a soil from a particular geological stratum
is usually found to be relatively constant, and as a result, the
osmotic suction component is relatively constant over a con-
siderable range of water contents. For example, the osmotic
suction of glacial till deposits in western Canada is com-
monly on the order of about 200 kPa and the osmotic suction
for Regina clay ranges from 150 to 200 kPa. Osmotic suction
measurements are not a routine part of geotechnical engineer-
ing practice; rather, typical values are often obtained from
special studies where the salt content has been measured.

The salt content of soils near ground surface can be altered
as a result of excessive evaporation or excessive infiltra-
tion. The conditions associated with excessive evaporation
of water at ground surface is a common occurrence. As water
evaporates from the ground surface, the salts are left behind
as a white deposit. The increased salts at ground surface
have the effect of increasing the total suction and reducing
the vapor pressure gradient between the soil and the atmo-
sphere. As a result, moisture loss from the ground surface
can be greatly reduced or “shut off.” White salt deposits on
the ground surface are an indication of an increased osmotic
suction (and total suction) and a subsequent reduction in
evaporation of water from the ground surface.

Special engineering studies might be encountered where
the salt content in the soil is altered over time. Under these
conditions it is osmotic suction that is the key variable being
altered and attention needs to be given to the engineering
significance of changing the salt content.

The concentration of salt in water can be designated in
several ways. Table 4.19 provides some typical values for
salt solutions found in bodies of water.

Osmotic suction can be estimated from the concentration
of salts found in the water. The same theory applies whether
the salt water is squeezed from the soil or exists in a large

Table 4.19 Typical Salt Concentrations in Bodies
of Water ..............................................

Concen- Concen- Electrical
tration, s tration, ss Conductivity

Water Source (g/g), % (g/L) (mmhos/cm)

Distilled water 0.0 0.0 5.5 × 10−8

Freshwater 0.02 0.2 0.005 – 0.05
Ocean water 3.5 36 48
Semisaline water 8.0 88
Potash brine 20 250
Dead-sea water 22 270

body of water. Osmotic suction can be designated in terms
of the molarity of a salt solution through use of the van’t
Hoff equation (Campbell, 1985):

π = νCRTK (4.58)

where:

π = osmotic suction, kPa,
R = universal (molar) gas constant [i.e., 8.31432

J/(mol K)],
TK = absolute temperature, K (i.e., TK = 273.16 + T ,

where T = temperature, ◦C),
C = molarity of the salt solution, and
ν = number of osmotic active particles per molecule

(e.g., 2 for NaCl).

The amount of salt in a solution can vary over a wide
range, and therefore, it is useful to plot both the molarity and
the osmotic suction on a logarithm scale. Figure 4.108 shows
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Figure 4.108 Osmotic suction versus molarity of NaCl solution.
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Figure 4.109 Osmotic suction versus salt concentration in grams per liter of NaCl.

the linear increase in osmotic suction with the molarity of a
salt solution of NaCl ranging from 0.001 M to 100 M. The
effect of temperature is small and only the computed results
corresponding to 20◦C are shown. The osmotic suction is
about 4870 kPa at 1 M.

The molecular weight of a salt corresponds to the weight
of Avagadro’s number of atoms (i.e., 6.022 × 1023). Let us
consider the molecular weight of NaCl. Sodium, Na, has an
atomic number of 11 and an atomic weight of 22.990 g.
Chlorine, Cl, has an atomic number of 17 and an atomic

weight of 35.453 g. Added together, the atomic weight of
NaCl molecules is 58.443 g. One mole is equal to Ava-
gadro’s number of atoms. Therefore, the molecular weight
is the weight of 1 mol of molecules. Or stated another way,
the atomis weight of 1 mol of NaCl is 58.443 g.

Figure 4.109 shows osmotic suction plotted versus the salt
concentration of NaCl in grams per liter. A salt solution of
10 g/L gives an osmotic suction of about 810 kPa. Compar-
ing Figs. 4.108 and 4.109 shows that 58.4 g/L of NaCl is
equal to a 1 M solution of NaCl.



CHAPTER 5

Soil-Water Characteristic Curves for Unsaturated Soils

5.1 INTRODUCTION

The SWCC provides a conceptual understanding between
the mass (and/or volume) of water in a soil and the energy
state of the water phase. The SWCC has proven to be an
interpretive model that uses the elementary capillary model
to provide an understanding of the distribution of water in
the voids. The effects of soil texture, gradation and, void
ratio have also become part of the interpretation of measured
laboratory SWCC data.

The SWCCs have an important role in the determination of
unsaturated soil property functions. The procedures that have
been proposed for unsaturated soil properties are approximate
but are generally satisfactory for analyzing unsaturated soil
mechanics problems. General agreement has emerged within
the geotechnical engineering profession with regard to proce-
dures for the measurement and interpretation of SWCC data
measured in the laboratory.

5.1.1 Background of Unsaturated Soil Mechanics

Early soil mechanics studies (e.g., 1930s and 1940s) focused
mainly on the behavior of saturated soils with positive
pore-water pressures. Common geotechnical engineering
examples involved the application of soil mechanics to
deep foundations and structures where positive pore-water
pressures were involved. Over time, it became common
practice to simply ignore negative pore-water pressures and
assume that consideration of positive pore-water pressures
would ensure a conservative and safe design. Many regions
of development were located in humid regions where the
groundwater table was high. Successes associated with the
application of saturated soil mechanics further promoted the
sole consideration of saturated soils. The ability to describe
the stress state of saturated soils in terms of effective stress
and the ability to model time-dependent behavior (e.g., the
consolidation process) provided technical tools that were
successful and financially rewarding.

Approximately one-third of the earth’s surface is situ-
ated in arid and semiarid regions; however, this did not
appear to provide sufficient impetus for the development of

unsaturated soil mechanics. Rather, it was a shift toward a
global economy and an emphasis on resource development
that began to bring about consideration of a science-based
understanding of unsaturated soil behavior. Many countries
of the world also began to press to be better stewards of
the environment. The design of containment facilities, cover
designs for landfills and mine wastes, the reclamation of
mining areas, and the remediation of spills were but a few
examples of unsaturated soil problems that needed to be bet-
ter understood. There was also a revisitation of compacted
soil behavior as well as more detailed consideration of the
behavior of residual soils, expansive soils, and collapsible
soils. These soils had become known as “problematic soils,”
and it was clear that there was need for a theoretical frame-
work that embraced all unsaturated soil behavior.

The progress toward establishing a scientific basis for
unsaturated soil behavior took time for two main reasons.
First, there was a lack of an appropriate science with a theo-
retical basis and, second, there was the lack of an appropriate
technology to render engineering practice financially viable
(Fredlund, 1979). It was the theoretically based, multiphase
continuum mechanics analysis of an unsaturated soil system
(Fredlund and Morgenstern, 1977) that provided the verifi-
cation of stress state variables for an unsaturated soil. The
analysis revealed that two independent stress state variables
should be used when describing unsaturated soil behavior.
Formulations that described each physical process associ-
ated with unsaturated soils were published. Fredlund and
Morgenstern (1976) formulated volume change behavior in
terms of independent stress state variables. Shear strength
behavior was also formulated in terms of stress state vari-
ables (Fredlund et al., 1978). Papagiannakis et al. (1984)
and Lam et al., (1987) published the formulations for steady-
state and transient seepage analysis for unsaturated-saturated
soil systems. Later, Wilson et al. (1994) published the solu-
tion of ground surface, climate-driven, moisture flux bound-
ary condition problems.

Unsaturated soil mechanics emerged in the 1960s and
1970s but there needed to be an improved understanding of
the linkages between theory, laboratory measurements, and
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methods for solving practical engineering problems. A more
in-depth understanding of the SWCC provided a constitu-
tive framework for combining the theory of unsaturated soil
behavior and unsaturated soil properties. The SWCC pro-
vided the necessary linkages for the emergence of a science
for unsaturated soil mechanics along with economical proce-
dures for the implementation of unsaturated soil mechanics.

5.1.2 Early Developments on the SWCC
in Soil Physics

Much of the theory and behavioral understanding of the
SWCC has arisen out of research in agricultural-related dis-
ciplines (e.g., soil science, soil physics, and agronomy). It is
important to acknowledge the important contributions made
in agriculture-related disciplines to unsaturated soil mechan-
ics. At the same time, it was important that there be a
reinterpretation of scientific findings to better fit geotechni-
cal engineering practice. Barbour (1998) provided a review
of the early understanding of the SWCC within soil physics.
Numerous researchers made significant contributions to our
understanding of the SWCC. Schumacher and Wollny, con-
sidered as the fathers of soil physics in Europe, made signif-
icant contributions in the 1800s to the understanding of soil
moisture and its movement in soils. In North America, King
(1899) and Slichter (1899) were forerunners in soil physics
while working for the U.S. Geological Survey.

Slichter (1899) developed a model for pore spaces in a soil
through use of a series of spheres packed together in vari-
ous arrangements. The geometry of the pore spaces was then
calculated. Briggs (1897) developed a centrifuge method for
determining the “moisture equivalent” of soils while working
for the Bureau of Soils of the U.S. Department of Agricul-
ture. An attempt was made to classify soils based on the
measured moisture equivalent. Briggs (1897) stated that “the
storage capability of soil is due to surface tension within films
of water around numerous capillaries.” Water in a soil was
classified on the basis of the mechanism by which the water
was held in the pores. Hygroscopic water was assumed to be
held on soil particles by attractive forces. Capillary water was
assumed to be held by surface tension forces. Gravitational
water was assumed to be water that could freely drain from
the soil because it was not held by the soil particles.

Haines (1927) further developed the concept of the air-
water interface introduced by Briggs (1897). The air-water
film or contractile skin was viewed as being wrapped around
the soil particles, thereby applying increased stress between
the particles. Consideration of the air-water interface led to
the use of a capillary model to describe soil behavior. The
capillary model was compared to a series of glass tubes of
varying diameters. Water would rise to differing heights in
the capillary tubes depending upon their respective diame-
ters. The capillary model was further expanded to include
individual tubes with varying diameter, thereby providing an
explanation of hysteresis associated with wetting and drying
processes.

The capillary model provided a mathematical relationship
between the radius of curvature of the air-water meniscus and
the pressure difference between the air and water phases. The
difference between the air pressure ua and the water pressure
uw was shown to be balanced by the surface tension Ts acting
at the wetting angle α along the solid surface. Terzaghi (1943)
and Taylor (1948) used the capillary model to explain the
differences in physical behavior between saturated and unsat-
urated soils. The capillary model assisted in explaining some
aspects of unsaturated soil behavior but was later found to
create serious limitations in the general application to unsat-
urated soil mechanics (Fredlund and Rahardjo, 1993a). The
capillary model was a micromechanics-type model that could
not be directly incorporated into a macrocontinuum mechan-
ics framework for solving practical geotechnical engineering
problems.

Buckingham (1907) is credited with introducing the con-
cepts of “capillary potential” and “capillary conductivity.”
These concepts were based on the ability of an unsaturated
soil to transmit and store water. Buckingham emphasized the
“energy” or “potential” of water in the soil. Water could be
stored and it was also assumed that it could flow in response
to a capillary potential. Buckingham (1907) held the view
that “the energy of the water in soil (was) representative of its
ability to hold water.” Buckingham (1907) held a phenomeno-
logical view of total potential suggesting that soil-water could
have various components. One component of energy was that
due to mechanical stresses across the air-water interface and
this led to the idea of capillary suction or matric suction,
which was defined as the difference between the pore-air,
ua , and pore-water, uw, pressures (ua − uw). Energy due to
the chemistry of the soil-water system was considered as an
adsorption component or the osmotic suction, π . The sum of
the matric suction component and the osmotic suction compo-
nent was referred to as the total energy or the total potential,
ψ , of the pore-water. Aitchison (1964) made use of the con-
cepts of Buckingham (1907) when introducing soil suction
into geotechnical engineering.

The concept of water having potential energy or water
potential was useful, but there appears to have been some
misuse of the physics associated with various processes
(Barbour, 1998). For example, it was suggested that com-
ponents of water potential were additive in a linear manner.
Some of the reported components of water potential were
(i) gravitational potential, (ii) osmotic potential, (iii) vapor
potential, (iv) matric potential, (v) hydrostatic pressure
potential, and (vi) overburden pressure potential, as well
as other potentials. In soil mechanics, the flow of water
through a saturated soil has been strictly related to hydraulic
head, which was a combination of a pressure head and an
elevation (or gravity) head. These two components were
linearly combined and operative in the vertical direction.
On the other hand, air flow, which is part of matric suction,
was considered to experience flow in response to its own
pressure gradient and was independent of water flow.



186 5 soil-water characteristic curves for unsaturated soils

The chemical potentials could also produce independent
processes.

The contributions of soil physics have been of significant
value in the development of unsaturated soil mechanics. It
has also been necessary to ensure that the successful con-
textual framework for saturated soil mechanics be retained
when embracing unsaturated soil behavior. In general, a
parallelism between saturated soil mechanics and unsatu-
rated soil mechanics has been maintained. Unsaturated soil
mechanics is largely taught as an extension of the concepts
fundamental to saturated soil mechanics. The SWCC has
played an important role in extending saturated soil mechan-
ics to embrace unsaturated soil behavior.

5.1.3 Early Equipment for Measuring the SWCC

Buckingham (1907) measured SWCCs for a variety of soils.
Long cylinders were filled with soil and water was allowed
to come to equilibrium with a water reservoir at the base of
the column. The gravitational potential energy within each
column of soil was calculated based on the distance above
the free-water surface in the reservoir and was referred to as
the “capillary potential.” Figure 5.1 shows two SWCCs plot-
ted as continuous functional relationships between capillary
potential and water content.

Richards (1928) placed thin soil specimens on a high-
air-entry ceramic disk that was connected to an underlying
water reservoir. A vacuum tank was used to place the water
in the underlying water reservoir under tension. The soil
specimens were subjected to a negative water pressure head
until equilibrium was established between the soil and the
pressure in the water reservoir. The water content of the soil
was measured once equilibrium conditions were established.
The equipment became known as the Richards pressure plate
apparatus (Richards, 1928).

Haines (1930) used a Buchner funnel with a high-air-entry
disk sealed in the base of the funnel to measure the SWCC.
A tensile stress was applied to the underlying water reservoir
and the soil was allowed to come to equilibrium with the
applied negative water pressure. The maximum tensile stress
that could be applied to the soil-water was somewhat less
than 1 atm.

Valle-Rodas (1944) performed open-tube and capillarime-
ter tests on uniform sands. Various sand particle size ranges
were separated using sieves. Each material with a limited
range of grain sizes was placed in the open tube and the
capillarimeter. The bottom end of the sand in the open
tube was immersed in water. Experimental results showed
a gradual change in the water content in the sand with dis-
tance above the water reservoir (Fig. 5.2). Further tests were
performed that illustrated hysteretic behavoir in the water
content versus matric suction relationship during wetting
and drying. Other open-tube and capillarimeter tests were
also performed on cohesionless soils ranging from silt sizes
to gravel sizes by Lane and Washburn (1946).

Richards (1928) also allowed soil samples to establish
equilibrium water content conditions with the water vapor
above a saturated salt solution (i.e., a fixed relative humidity
environment). The vapor pressures established above the salt
solutions could be computed using the Lord Kelvin energy
equation.

5.1.4 Early Conceptual Models of Flow
in Unsaturated Soils

In 1931 Richards derived a water flow equation for unsatu-
rated soils. The flow equation was based on capillary con-
duction and water storage was assumed to be a function of
capillary potential. Capillary potential was perceived to be
equivalent to the negative pore-water pressure in the soil.

Figure 5.1 Early measurements of water content versus matric suction on two soils (after
Buckingham, 1907).



5.1 introduction 187

0
–5

0

5

10

15D
is

ta
nc

e 
fr

om
 fr

ee
 w

at
er

 (
cm

)

25

20

30

35

40

45

50

55

60

65

Water content, w (%)

105 15 20 25 30 35

Fine gravel
Coarse sand
Coarse sand
Medium sand
Fine sand
Fine sand
Very Fine sand

Retained on
number

Passing
number

4
6
8

14
28
48

100

6
8

14
28
48

100
200

Passive capillary height

Free water surface

Figure 5.2 Distribution of capillary water in sands of varying
gradation (after Valle-Rodas, 1944).

The capillary model visualized water flow as occurring
through a series of capillary tubes. The air-entry value of the
soil corresponded to the difference between the air and water
pressure at which the largest diameter capillary drained.
Childs (1940) and Childs and Collis-George (1948, 1950)
expanded the capillary model to represent a random distri-
bution of pore sizes to represent the SWCC. Childs (1940)
suggested that there was a relationship between the SWCC
and the coefficient of permeability for an unsaturated soil.
The SWCC was assumed to contain valuable information on
the soil structure and the pore size geometry and distribution.
Childs (1940) noted, “Use of the soil moisture characteristics

in this way depends on the fact that these characteristics may
be interpreted as showing the pore size distribution within
the soil. Thus they play a part analogous and complementary
to mechanics analyses: they give the same sort of informa-
tion about the pores as that given by mechanical analysis
about the particles.”

Combining the capillary model and the SWCC led to the
definition of an effective pore-size diameter. The water was
viewed as being held within the smaller diameter pores at
specific soil suction values. The slope of the SWCC repre-
sented the water-filled pores of the soil. An illustration of
pore-size distribution interpreted from the SWCC for a sand
sample and an aggregated clay sample is shown in Fig. 5.3.
The void spaces can be seen to be similar between the sand
and the aggregated clay soil.

Early research in soil physics provided a conceptual model
showing the relationship between the amount of water in
the soil and the energy within the pore-water (Barbour,
1998). The relationship formed a continuous function from
saturated soil conditions to completely dry soil conditions.
Principles of thermodynamic equilibrium between the pore-
water and a reservoir of water at a known energy state were
used to measure the stress state in the water phase. The
energy concept associated with the water phase provided a
useful model for describing unsaturated soil behavior. The
capillary tube model was easy to visualize, but it was a
microtype model that proved to have serious limitations and
apparent anomalies when used to interpret certain unsatu-
rated soil phenomena (Fredlund and Rahardjo, 1993a).

5.1.5 The SWCC in Early Soil Mechanics

Some of the earliest soil mechanics articles by Karl Terzaghi
and other soil mechanics leaders contained discussions on
unsaturated soil behavior in engineering practice. Terzaghi
(1942) stated, “If the groundwater were subject to no forces
other than gravity there would be a sharp boundary between
dry and saturated soil. This boundary would be located at
the level at which water rises in observation wells. Below
this surface, which is called the watertable or the phreatic
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surface, the water is acted upon solely by the force of gravity
and behaves according to the laws of groundwater flow.”

Soil is capable of permanently retaining considerable
quantities of water within its voids above the phreatic
surface. The permanent presence of water within this
zone supports the existence of forces that counteract the
mechanical effect of the force of gravity. These forces are
referred to as capillary forces.

Terzaghi (1942) used the complexities of the SWCC to
explain the relationship between capillarity and negative
pore-water pressure or soil suction. Terzaghi’s writings made
it clear that water in the pores of a soil above the phreatic
line could participate in groundwater flow. Water was shown
to rise through capillary action to heights greater than 9 m.

The First International Conference on Soil Mechanics and
Foundation Engineering (1936) contained research papers
that discussed a wide range of unsaturated soil mechanics
problems. Vreedenburgh and Stevens (1936) studied unsat-
urated soil seepage problems and explained that the coeffi-
cient of permeability was a function of the degree of satura-
tion of the soil. Van Mourik Broekman and Buisman (1936)
noted that negative pore-water pressures played an important
role in the stability of slopes. The early developments in soil
mechanics appear to have included consideration of soils
in the unsaturated zone. Unfortunately, many of the early
findings seemed to become lost during subsequent decades.
Terzaghi (1943) devoted significant portions of two chapters
of his book to unsaturated soil behavior. Later textbooks on
soil mechanics gave less attention to the behavior of unsat-
urated soils.

Terzaghi was well aware of the research work undertaken
in soil physics and often quoted from their research findings.
Terzaghi recognized the nature of the SWCC and its value
in understanding the permeability function for an unsatu-
rated soil. His perception was that the uppermost part of the
moistened zone is in a state of partial capillary saturation.
The rate of flow of the water appeared to be determined by
capillary potential which was a function of the degree of
saturation of the sand (Baver, 1940). However, the methods
of computation which are based on the concept of the cap-
illary potential had not yet reached a stage such that they
could be applied to the solution of engineering problems.
Simplifications were made for solving seepage problems.
For example, the saturated coefficient of permeability was
used as long as the soils were within the capillary fringe
zone. In other cases, the phreatic surface was assumed to
form the uppermost boundary of flow, as was the case for
flownet solutions proposed by Casagrande (1937).

Lambe (1958b) attempted to find a single soil property
for flow in the negative pore-water pressure zone. “Capillary
head” was used to describe “draining” and “wetting” condi-
tions. Geotechnical engineers attempted to further understand
and apply water flow theories to unsaturated soils during
the 1950s and 1960s. A common misconception appears to
have prevailed which assumed that water could only flow in

saturated soils within the “capillary fringe” and in the positive
pore-water pressure range (Barbour, 1998).

The 1960 Conference on Pore Pressure and Suction in
Soils witnessed a difference of opinion with respect to for-
mulating mathematical equations for solving unsaturated soil
problems within the engineering profession. British engi-
neers attempted to explain unsaturated soil behavior through
use of a single-stress-state variable. Australian engineers
emphasized an approach that advocated the use of a con-
tinuous mathematical function to represent the SWCC. The
Australian approach found its basis in earlier research in
soil physics (Aitchison, 1961). The Australians felt that the
historical research in soil physics had much to contribute
toward establishing an acceptable fundamental, contextual
framework for solving unsaturated soil problems in geotech-
nical engineering.

Gardner (1961) combined the concepts of water potential
and its relationship to the coefficient of permeability for an
unsaturated soil. This gave rise to the application of a con-
tinuous function for describing seepage through unsaturated
soils. The result was a nonlinear analysis that would need
to wait for the development of the computer in order to
solve highly nonlinear engineering problems. The finite ele-
ment numerical methodology would later utilize continuous
permeability functions to solve steady-state seepage formu-
lations (Freeze, 1971; Papagiannakis and Fredlund, 1984).
Water storage functions were added shortly thereafter for
solving transient seepage analyses (Lam et al., 1987). The
computational power of the computer provided a powerful
tool for the solution of geotechnical engineering problems
that contained nonlinear soil property functions.

In 1977, Fredlund and Morgenstern began to establish
a common theoretical stress state basis for describing and
formulating geotechnical engineering problems involving
unsaturated soils. A macroscopic phenomenological approach
based on principles of multiphase continuum mechanics
was advocated and used to provide a theoretical basis for
defining the stress state variables for an unsaturated soil. The
stress state variables formed the basis for the formulation
of volume-mass, shear strength, and water flow constitutive
relations. In the 1980s and 1990s, the SWCC would become
the basis for the estimation of nonlinear unsaturated soil
property functions for all types of geotechnical engineering
problems.

5.1.6 Need for Unsaturated Soil Property Functions

The SWCC has had an important role to play in the imple-
mentation of unsaturated soil mechanics (D.G. Fredlund,
2002a). The SWCC was initially viewed as a means of esti-
mating in situ soil suctions by measuring the natural water
content and using the SWCC as a fixed relationship between
suction and water content. Laboratory data showed that the
drying and wetting SWCCs were significantly different (i.e.,
hysteretic), giving rise to a wide range of possible soil suc-
tion values. The SWCC later proved to be of significant
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value for the estimation of unsaturated soil property func-
tions (M.D. Fredlund, 2000).

One of the obstacles hindering the implementation of unsat-
urated soil mechanics was the excessive cost and demanding
laboratory testing techniques associated with the experimen-
tal measurement of unsaturated soil properties. Nonlinear soil
properties meant that it was necessary to make a series of soil
property measurements on a particular soil specimen. In other
words, the unsaturated soil properties needed to be measured
under various controlled stress state conditions.

High-air-entry ceramic disks have played an important
role in testing unsaturated soils for more than 50 years
and still remain the basic means of separating pore-air and
pore-water pressures (i.e., axis translation technique). High-
air-entry disks have two primary limitations: an extremely
low coefficient of permeability and a gradual diffusion of air
through the water phase. The low coefficient of permeability
places a limit on the rate of pore pressure response as well
as the impeded release of water from the soil. The high-
air-entry disk places a restriction on the largest coefficient
of permeability that can be measured in the laboratory. The
air-entry value of the ceramic disk also limits the maximum
matric suction that can be applied.

The measurement of unsaturated soil property functions
becomes unacceptably costly for routine geotechnical engi-
neering purposes. Consequently, the need arises for practical
solutions for the determination of unsaturated soil property
functions. SWCCs have emerged as a practical and suffi-
ciently accurate tool for the estimation of unsaturated soil
property functions for most geotechnical engineering prob-
lems. The SWCC has become viewed as the “key” to the
implementation of unsaturated soil mechanics in engineering
practice (D.G. Fredlund, 2002a). For this reason, an entire
chapter is devoted to better understanding the theory related
to the SWCC as well as procedures that can be used for its
measurement and estimation. Each subsequent chapter will
show how the SWCC can be used for the estimation of a
variety of unsaturated soil property functions.

5.1.7 Terminology and Definitions

There have been a number of terms that have been used
to describe the relationship between the amount of water
in the soil and soil suction. The variation in terminology
is somewhat related to the variety of disciplines that have
made use of the water content–soil suction relationship.
An attempt has been made to establish a level of consis-
tency with regard to the terminology used within the disci-
plines of geotechnical engineering. Some of the terms used
when referring to the relationship between the amount of
water in the soil and soil suction are as follows: (i) SWCC,
(ii) suction–water content relationship, (iii) retention curves,
(iv) moisture retention curves, (v) soil moisture retention
curves, and (vi) water retention curves (WRCs). These terms
can be independently applied to the drying and wetting water
content–soil suction curves.

The term soil-water characteristic curve has been selected
as the preferred terminology for this book on geotechnical
engineering with unsaturated soils. The preference is to use
“soil-water” because it is the water content of the soil that is
measured. The preference is to use the word “characteristic”
simply because it appears to have been the most common
term historically used in engineering. In addition, the term
implies that the curve describes some characteristic of the
soil. The word “retention” is more closely related to retain-
ing water for plant growth in agriculture or the retention of
water in materials other than soil (e.g., mine tailings).

SWCCs are pivotal to the solution of unsaturated soil prob-
lems. SWCCs constitute one of the bounding relationships
of the volume-mass constitutive properties for an unsaturated
soil (Pham, 2005). Figure 5.4 shows the volume-mass consti-
tutive surfaces for a clay soil. The degree of saturation–soil
suction relationship provides a definitive value for the air-
entry value for a clay soil that may undergo considerable
volume change prior to desaturation. If the volume change
of the soil is small, it is possible to use the gravimetric water
content versus soil suction relationship to determine the air-
entry value and residual water content for a particular soil.
The volume-mass constitutive surfaces for a sand soil are
illustrated in Fig. 5.5 (Pham, 2005). Gravimetric water con-
tent does not require a volume measurement in the laboratory
whereas degree of saturation and volumetric water content
require that the volume of the soil specimen be known. It is,
however, the volumetric water content that is most directly
required to represent the water stored in an unsaturated soil
and therefore consideration of the overall volume of the soil
is important in the determination of the SWCC.

Unsaturated soil properties are a function of all volume-
mass properties. The gravimetric water content versus soil
suction relationship is the easiest relationship to measure,
and for many applications (e.g., sands), it is an adequate rep-
resentation of the SWCC. Various measures of the amount
of water in the soil can be used in the estimation of the
unsaturated soil properties if the soil exhibits little volume
change as soil suction is changed. On the other hand, if
the soil exhibits substantial volume change when soil suc-
tion is changed, then greater care must be exercised when
establishing key variables associated with unsaturated soil
behavior.

Water storage is always measured as the slope of the vol-
umetric water content versus soil suction relationship. Most
permeability functions assume that it is the change in degree
of saturation that initiates the calculation of a significant
decrease in the coefficient of permeability. Figure 5.6 shows
a typical SWCC with its three distinct zones of desaturation.
The reliability of estimated unsaturated soil property func-
tions is quite closely related to the accuracy with which the
SWCC is defined.

The key transition points on the SWCC are the air-entry
value and the residual value for suction and water con-
tent. These transition points are defined on the degree of
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Figure 5.4 Volume-mass constitutive surfaces for highly plas-
tic clay preconsolidated to 200 kPa (from Pham, 2005a): (a) void
ratio constitutive surface, (b) gravimetric water content constitutive
surface, and (c) degree-of-saturation constitutive surface.

saturation versus soil suction plot and subdivide the SWCC
into the “boundary effect” zone, the “transition” zone, and
the “residual” zone. The same three zones of desaturation
can be defined for the drying (or desorption) branch and the
wetting (or adsorption) branch.

5.2 VOLUME-MASS CONSTITUTIVE RELATIONS

The SWCC constitutes the primary soil information required
for the analysis of seepage, shear strength, volume change,
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Figure 5.5 Volume-mass constitutive surfaces for sand soil (from
Pham, 2005a): (a) void ratio constitutive surface, (b) gravimet-
ric water content constitutive surface, and (c) degree-of-saturation
constitutive surface.

air flow, and heat flow problems involving unsaturated soils
(Fredlund, 1997a; M.D. Fredlund, 2000). The permeability
function and the water storage function for an unsaturated
soil are related to the SWCC. In each case, it is impor-
tant that the proper form of the SWCC be used to estimate
the unsaturated soil properties. The form of the SWCC that
should be used depends upon whether or not the soil under-
goes volume change as soil suction is changed.

The unsaturated soil property functions are estimated
using the SWCC and the saturated soil properties. The
SWCC becomes the single most valuable piece of soil
information for geotechnical engineering practice involving
unsaturated soils. It is necessary that the SWCC be properly
estimated (or measured) and interpreted. The SWCC can be
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viewed as a part of the water content constitutive surface
for the overall volume-mass constitutive relationships, as
shown in Figs. 5.4 and 5.5.

The SWCC is broadly defined as the relationship between
the amount of water in a soil and soil suction. This simplis-
tic definition means that the term SWCC refers to a class
of relationships and immediately gives rise to a number of
questions:

1. How should the amount of water in the soil be quan-
tified?

2. Are different ways of quantifying the amount of water
used for different estimation procedures?

3. What is the influence of deformation (or overall volume
change) on the interpretation of the data for geotechnical
engineering applications?

4. What influence does “initialization of stresses” at the
start of the SWCC test have on the interpretation of test
data? For example, the test results from an initial slurry
soil specimen is quite different from a compacted or
undisturbed soil specimen.

5. What component(s) of soil suction are plotted on the
SWCC?

6. How is the hysteresis of the SWCC taken into account
for various geotechnical engineering applications?

7. What is the primary SWCC information that is used
when solving geotechnical engineering problems?

5.2.1 Designation of Amount of Water in Soil

The SWCC defines the amount of water in a soil versus soil
suction. The amount of water in the soil can be defined using
more than one variable. Variables used to define the amount

of water in the soil are (i) gravimetric water content w ,
(ii) volumetric water content θ , (iii) degree of saturation S,
and (iv) volume of water, Vw, referenced to the original
volume of the specimen, V0 (i.e., Vw/V0).

Gravimetric water content w is the most common term
used in geotechnical engineering and is defined as follows:

w = Mw

Ms

(5.1)

where:

w = gravimetric water content,
Mw = mass of water, and
Ms = mass of soil solids.

Volumetric water content θ is commonly used in
agriculture-related disciplines and relates the amount of
water in the soil to the total volume of the soil:

θ = Vw

Vv + Vs

(5.2)

where:

θ = volumetric water content,
Vw = volume of water,
Vv = volume of voids, and
Vs = volume of solids.

It is difficult to measure the total volume of the soil speci-
men when testing an unsaturated soil. It is easier to reference
the amount of water in the soil to the original volume of the
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soil specimen at the start of the test. Using the original volume
of the specimen as a reference gives rise to another definition
for volumetric water content. The reference volume for defin-
ing volumetric water content becomes important in situations
where the soil specimen undergoes significant volume change
as soil suction is changed.

The degree of saturation S references the volume of water
to the instantaneous volume of voids and therefore requires
a measurement of the instantaneous total volume of the soil
specimen:

S = Vw

Vv
(5.3)

where:

S = degree of saturation.

Gravimetric water content is referenced to a mass of soil
solids while volumetric water content and degree of satu-
ration are referenced to volumes. Volumetric water content
and degree of saturation are referenced to instantaneous vol-
umes; however, these variables have often been referenced
back to the original volume with the assumption that overall
soil specimen volume changes are negligible.

All three designations of the amount of water in a soil are
the same if the volume of the soil specimen remains constant
as soil suction increases. If the soil specimen is essentially
nondeformable (i.e., Vv = Vv0

, where Vv0
is the original vol-

ume of voids), the measured amount of water in the soil is

referenced to a constant value. Only the gravimetric water
content is referenced to a constant value if the soil structure
is deformable.

Gravimetric water content has been the preferred designa-
tion for the amount of water in a soil since the inception of
soil mechanics in the 1930s. Agriculture-related disciplines
have mainly used volumetric water content. The amount
of water in the soil is generally referenced to the original
soil specimen volume and overall volume changes during
a test were not a major concern in the interpretation and
application of the test results. Each of the terms used to
represent the amount of water in a soil has advantages and
disadvantages when used in soil mechanics (see Table 5.1).

There are other designations of water content that have
also been used in unsaturated soil mechanics when describing
unsaturated soil property functions (D.G. Fredlund, 2002a).
Dimensionless gravimetric water content �dg is defined as
any gravimetric water content divided by the original satu-
rated water content:

�dg = w

ws

(5.4)

where:

w = any gravimetric water content and
ws = gravimetric water content at saturation

The saturated water content corresponds to a somewhat
arbitrary value where the soil is allowed to imbibe water and

Table 5.1 Advantages and Disadvantages of Various Designations for Amount of Water in Soil

Designation Advantages Disadvantages

Gravimetric water
content, w

• Consistent with usage in classic soil
mechanics

• Most common means of measurement
• Does not require a volume

measurement
• Reference value is a “mass of soil”

which remains constant

• Does not allow differentiation between
change in volume and change in degree of
saturation

• Does not yield the correct air-entry value
when the soil changes volume upon drying

Volumetric water
content, θ

• Is the basic form that emerges in the
derivation of transient seepage and
fluid storage in unsaturated soils

• Commonly used in databases of results
obtained in soil science and agronomy

• Requires a volume measurement
• Rigorous definition requires a volume

measurement at each soil suction
• Is the designation least familiar and least

used historically in geotechnical
engineering

Degree of saturation, S • Most clearly defines the air-entry value
• Appears to be the variable most closely

controlling unsaturated soil property
functions

• Requires a volume measurement
• Although volume measurements are

required, the degree of saturation variable
does not quantify overall volume change
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approach saturated conditions under near-zero confinement.
Dimensionless gravimetric water content can be written in
terms of the individual measured mass values as follows:

�dg = w

ws

= Mw/Ms

Mw0/Ms

(5.5)

where:

Mw0 = mass of water in the saturated soil at the start of
the test,

Ms = mass of the soil solids, and
Mw = mass of water at any point under consideration.

Dividing the top and bottom of Eq. 5.5 by the unit weight
of water, γw, allows dimensionless water content to be writ-
ten in terms of volumes:

�dg = Mw/γw

Mw0/γw
= Vw

Vw0
(5.6)

where:

Vw0 = volume of water in the saturated soil at the start
of the test.

Dimensionless volumetric water content �dv can be writ-
ten in equation form by dividing any water content by the
volumetric water content corresponding to initial (saturated)
conditions:

�dv = θ

θ0
= Vw/(Vv + Vs)

Vw0/(Vv + Vs)
(5.7)

Dimensionless gravimetric and volumetric water contents
can be used in either decimal or percent form. Dimensionless
gravimetric and volumetric water contents are equivalent in
magnitude. Dimensionless water contents are also equal to
the degree of saturation S of the soil provided (i) there is
essentially no deformation of the soil during the laboratory

test and (ii) the volumetric water contents are redefined at
each stage of applied suctions.

Normalized gravimetric water content �ng has the amount
of water in the soil normalized between residual water con-
tent and saturated water content:

�ng = w − wr

ws − wr

(5.8)

where:

wr = residual gravimetric water content.

Normalized volumetric water content form �nv has the
amount of water in the soil normalized between the residual
volumetric water content and the initial saturated volumetric
water content:

�nv = θ − θr

θs − θr

(5.9)

where:

θr = residual volumetric water content.

Normalized water contents isolate physical soil behavior
between saturated conditions and residual water content con-
ditions. Figure 5.7 shows a typical data set for a sandy soil
plotted in terms of dimensionless water content and normal-
ized water content. Residual conditions generally reflect a
significant change in the behavior of the soil. For example,
the permeability function appears to describe the hydraulic
head flow of water through an unsaturated soil as long as
the water content is greater than the residual water content
(Brooks and Corey, 1964). Vapor flow begins to dominate
moisture flow at soil suctions higher than residual suction
conditions. Both the dimensionless and normalized water
content forms of the SWCC serve a useful purpose in the
interpretation of SWCC data and the computation of unsat-
urated soil property functions.

Figure 5.7 Data from a sandy soil plotted in terms of dimensionless water content and normal-
ized water content.
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5.2.2 Deformable and Nondeformable Soils

The terms “deformable” and “nondeformable” are being used
mainly with respect to the material response to changes in
soil suction. Sands are essentially nondeformable materials
because of their low compressibility. Sands are essentially
nondeformable even when prepared as slurry. Clays can be
either deformable or essentially nondeformable depending
upon the initial water content, stress history, and nature of the
clay minerals. An initially slurry clay will be highly compress-
ible while compacted, low-activity clay may have relatively
low compressibility. An undisturbed clay soil can have low
to high deformability.

The influence of the applied net normal stress should also
be taken into consideration. It is possible for soils to undergo
volume decrease (i.e., collapse) upon wetting and there is
also the possibility for soils to increase in volume (i.e.,
swelling) upon wetting at the start of the SWCC test. Vol-
ume changes during the initial stages of the SWCC test setup
also need to be taken into consideration in the interpretation
of the final test results. There is justification for using slight
variations in the SWCC test procedure depending upon the
material being tested.

The initial state of the soil specimen should be recorded
whenever the SWCC is measured. The initial state of the soil
has an influence on data reduction and data interpretation.
SWCC datasets should be classified into one of the following
categories: slurry, compacted, or undisturbed (i.e., natural
structured soils or “real” soils).

Figure 5.8 suggests a categorization system for SWCC
datasets. A particular soil initially prepared in different ways
is expected to result in SWCCs with distinctly differing
shapes. The initial state should be recorded and in this way
the dataset will be of increased value when subsequently
used as part of a knowledge-based system (Fredlund et al.,
1997b). Compaction and other complex stress histories make
the estimation of a representative SWCC difficult. Estima-
tions of SWCCs from grain-size distribution data is most
feasible for silt and sand soils as well as soils prepared in
an initial slurry condition (Fredlund et al., 1997a).
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Figure 5.9 Shrinkage curves corresponding to various initial con-
ditions of soil specimen.

Shrinkage curves provide information on the amount of
deformation or volume change that is likely to occur as a soil
dries. Figure 5.9 illustrates the shrinkage characteristics for
various soils. A primary differentiation can be made between
soils where there is essentially no deformation as soil suction
increases and soils where large deformations take place as
soil suction increases. Figure 5.10 illustrates differences that
can be observed in SWCCs for a single soil with differing
stress histories and methods of specimen preparation.

Theoretical formulations for the flow of water through an
unsaturated soil are generally written in terms of volumetric
water content because a referential element is used during
the derivation of the partial differential flow equation. The
water storage input data should be in terms of volumetric
water content referenced to the instantaneous overall vol-
ume. The numerical modeler should be aware of the need

Soil-water characteristic curve

Change in volume as suction is increased

Essentially no
volume change

Significant
volume change

Initial preparation of soil specimen Initial preparation of soil specimen

Slurry Compacted Natural,
structured soil

Natural,
structured soil

CompactedSlurry

Figure 5.8 Classification of SWCCs based on amount of volume change that occurs as soil
suction is increased.
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Figure 5.10 Effect of stress history and method of specimen
preparation on measured SWCC.

for consistency between measurements of the SWCC in the
laboratory and the theoretical requirements of derived partial
differential formulation. The results of a numerical model-
ing simulation are often presented in terms of soil suction,
water contents, or degree of saturation. This is particularly
true in connection with soil cover design. Often a unique
SWCC relationship is used to move between the stress state
and the amount of water in the soil. The modeler must be
aware of the simplications and assumptions associated with
presenting model simulation results in this manner.

5.2.3 Designation of Stress State

The term “soil suction” has been used to designate matric
suction, osmotic suction, and total suction. Soil suction can
range from zero to 106 kPa. The low-suction range needs

to be expanded and the high-suction range needs to be
compressed, and consequently, a logarithmic scale is suit-
able for plotting laboratory results. It has become acceptable
practice to plot matric suction in the lower soil suction range
of the SWCC (e.g., up to approximately 1500 kPa). Above
1500 kPa it has become acceptable practice to plot total suc-
tion when graphing SWCC data.

It is the test procedures used when measuring soil suction
that indicate whether matric or total suction is being measured.
A change has been made from matric suction to total suction
along the abscissa. There is an apparent inconsistency in the
soil suction variables that are plotted, but the practice has
worked quite well for most geotechnical engineering applica-
tions. Most geotechnical engineering processes are associated
with either matric suction in the lower suction range (e.g.,
permeability and shear strength) or total suction in the higher
suction range (e.g., actual evaporation).

Laboratory desorption data for highly plastic clay (i.e.,
Regina clay with LL = 75% and PL = 25%) are used to
illustrate the influence of high volume changes as soil suction
is increased. The clay soil was initially placed in a slurry
state and then consolidated to various pressures, as shown
in Fig. 5.11. The components of soil suction when the clay
is consolidated to 6.2 and 400 kPa is shown in Fig. 5.12.
The difference between using gravimetric water content and
degree of saturation for the interpretation of the test results
on a highly compressible clay soil is shown in Fig. 5.13.
The results show that while there is a yield point related
to the preconsolidation pressure of the soil (e.g., about
400 kPa), the air-entry value is approximately 1500 kPa for
the highly plastic soil prepared as a slurry. The Regina clay
soil shows a consistent air-entry value of about 1500 kPa
as long as the preconsolidation pressure is lower than the
air-entry value.

The desaturation of a soil is commonly divided into three
main zones: boundary effect zone, transition zone, and
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Figure 5.11 Soil suction versus gravimetric water content for initially slurry Regina clay (from
Fredlund, 1964).
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Figure 5.13 Degree of saturation versus soil suction for a highly plastic clay prepared as a
slurry (from Fredlund, 1964).

residual zone. These zones are delineated by two distinct
points along the SWCC: the AEV of the soil and residual
conditions. Unsaturated soil behavior can likewise be
subdivided into three zones. The “boundary effect zone” up
to the air-entry value can be simulated using saturated soil
mechanics principles. The “transition zone” between the
air-entry value and residual conditions requires the usage of
the theories of unsaturated soil mechanics. The unsaturated
soil properties in the transition zone become nonlinear,
and as a result, subsequent mathematical formulations are
nonlinear. There are also differences in soil behavior that
occur once the “residual zone” is entered.

Unsaturated soil theories have mainly been proposed and
tested for uniqueness for seepage, shear strength, and volume
change in each of the degree of saturation zones. The perme-
ability function for a soil can be used to illustrate differences
in behavior as a soil desaturates. At soil suctions below the
air-entry value, water flows through the soil in response to the

soil property called the saturated coefficient of permeability.
Between the air-entry value and residual conditions, the coef-
ficient of permeability decreases in essentially a linear manner
on a plot of the logarithm of soil suction versus the logarithm
of coefficient of permeability. There is little information and
few measurements regarding liquid water flow at soil suctions
beyond residual conditions. However, the general consensus
appears to be that liquid flow essentially ceases and vapor
flow begins to dominate moisture flow once residual suction
is exceeded.

Van Genuchten (1980) suggested that residual conditions
correspond to soil suctions beyond 1500 kPa. A residual suc-
tion of 1500 kPa does not reflect a distinct break in every
SWCC but it does separate laboratory measurements of suc-
tion made using pressure plate apparatuses from those made
using vapor pressure equalization. An arbitrary construc-
tion procedure can be used for defining the residual point
on the SWCC (Fredlund, 1997a; Vanapalli et al., 1998). The
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construction procedure identifies the distinct residual suction
point common to most SWCCs.

Nonlinear unsaturated soil property functions are com-
monly used for seepage, shear strength, and volume change
problems when soil suction is less than 1500 kPa. The
SWCC for a soil is defined over the entire range of soil
suction; however, estimated unsaturated soil properties may
not be extended to suctions higher than residual suction.

The entire SWCC is used in the estimation of actual evap-
oration from a soil surface (Wilson et al., 1994). Evaporation
from the soil surface occurs as a result of a vapor pressure
gradient between the air and the soil. Vapor pressure, in
turn, is affected by both matric suction and osmotic suction
(i.e., total suction). Coupled heat and moisture flow analyses
make use of the entire SWCC when predicting liquid and
vapor flow. The osmotic effect of salts at the soil surface is
particularly important in the high-soil-suction range.

Certain phenomena appear to be dominant in the low-
suction range but disappear in the high-suction range. Other
phenomena become dominant in the high-suction range.
The matric suction range has been applied to many classic
geotechnical engineering analyses and the total suction has
likewise been applied to other geotechnical engineering
analyses.

A single SWCC with its mixed components of matric and
total suction has been successfully used in unsaturated soil
mechanics. It is anticipated that this will continue to be the
way in which the SWCC is plotted and used in geotechnical
engineering. There may be some exceptions that will arise
where it is important to understand the independent roles of
the components of soil suction.

5.2.4 Upper Limit for Soil Suction

The Gibbs free-energy state equation for water vapor has
formed the basis for the idea that the maximum soil suction
is approximately 106 kPa (Gibbs, 1873; Edlefsen and Ander-
son, 1943). The free-energy state equation is a thermodynamic
relationship between soil suction and the partial pressure of
water vapor (i.e., relative humidity). The Gibbs free-energy

equation can be viewed as the water retention curve for air
and can be written as follows:

ψ = − RTK

vw0ωv
ln

(
uv

uv0

)
(5.10)

where:

ψ = total suction, kPa,
R = universal gas constant [8.31432 J/(mol K)],

TK = absolute temperature, K (TK = 273.16 + T , where
T = temperature, ◦C),

vw0 = specific volume of water, m3/kg,
ωv = molecular mass of water vapor (18.016 kg/kmol),
uv = partial pressure of water, kPa, and

uv0 = saturation pressure of water vapor over a flat surface
of pure water.

Values of relative humidity (i.e., RH = uv/uv0) can
be substituted into Eq. 5.10 and presented graphically
(Fig. 5.14). The semilogarithm graph shows an asymptotic
behavior as relative humidity approaches 100% and also as
relative humidity approaches zero.

Figure 5.14 shows that soil suction changes from zero to
2700 kPa as relative humidity changes from 100 to 98%. Soil
suction changes rapidly in the high-relative-humidity range,
the range of significant interest in geotechnical engineering.

The free-energy curve in the low-relative-humidity range
(i.e., below 50% relative humidity) is shown in an expanded
form in Fig. 5.15. The extrapolation of a straight-line portion
on the semilog plot of relative humidity values below 50%
gives a total suction of approximately 400,000 kPa at zero
relative humidity. However, the low-relative-humidity por-
tion of the curve bends toward 106 kPa and beyond. A soil
suction value of 106 is not a singular total-suction value since
the curve theoretically extends to infinity. Figure 5.16 shows
the data from Fig. 5.15 plotted using a log–log format. The
results show that a total suction (or free-energy value) of 106

kPa corresponds to a relative humidity value of 0.06%.
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Figure 5.14 Soil suction as a function of relative humidity in the ambient or internal pore-air.
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Figure 5.15 Theoretical soil suctions corresponding to relative
humidities in extremely high total-suction range.

100,000 106 10 × 106

Total suction, kPa

0.001

0.01

0.1

1

10

100

R
el

at
iv

e 
hu

m
id

ity
, %

Figure 5.16 Theoretical soil suctions versus relative humidity in
extremely high total-suction range plotted on a log–log scale.

The maximum soil suction value (i.e., total suction) is con-
trolled by free-energy consideration of the water vapor in air
immediately adjacent to the air-water interface. This means
that high total-suction values are related to the free energy
associated with water in the soil. A total-suction value of
106 kPa is an easy value to remember, and this value is
often assumed as the soil suction value representing zero
relative humidity.

The maximum total suction is related to minimum relative
humidity conditions. When a soil is dried in an oven, it
is assumed that all water is driven from the soil. A water
content of zero is assumed equal to a relative humidity close
to zero percent. This is not necessarily true because the
environment inside the drying oven may not be zero relative
humidity. However, the differences are generally considered
insignificant.

The Gibbs free-energy equation is of particular interest
when solving problems related to “actual evaporation” from
the ground surface. The Gibbs equation can be viewed as the
water retention curve for air above the soil and as such defines
the evaporative potential at the ground surface. Evaporation
from the soil surface is “shut off” when the relative humid-
ity (i.e., water vapor pressure) in the soil at ground surface
becomes equal to the relative humidity in the air above the
ground surface. In this way, the Gibbs free-energy equation
defines the ground surface boundary condition for vapor flow.

5.2.5 Volume-Mass Constitutive Relationships

The relationship between the volume-mass properties of a
soil and stress state provides a conceptual framework for
visualizing the SWCC. Two volume-mass constitutive rela-
tions are required in order to relate all volume-mass soil
properties to the stress state (Fredlund and Morgenstern,
1976). The most common volume-mass properties used in
geotechnical engineering are void ratio e, gravimetric water
content w, and degree of saturation S .

The volume-mass constitutive relationships make use of
saturated soil conditions as a reference for the development
of unsaturated soil models. Overall volume change has histor-
ically been defined in terms of void ratio change, de, which is
then related to effective stress in a saturated soil. Critical state
models have used changes in specific volume, d (1+e), as the
deformation state variable. Figure 5.17 shows the reference
compression curve relationship for a saturated soil under K0
loading (plotted to the base-10 logarithm scale) and isotropic
loading conditions (plotted to a natural logarithm scale).

Loading along the virgin compression line, as well as the
unloading and reloading lines, is approximated as straight
lines on the semilogarithm plot. Isotropic loading conditions
act as a reference for elastoplastic models and provide a sep-
aration from the application of deviator stresses (or shear
stresses). The K0 loading conditions are also used because
the equipment is commonly available in soil mechanics labo-
ratories. The equation representing the reference deformation-
stress state line for a saturated soil under K0 loading conditions
can be written as follows:

e = eo − Cc log
p − uw

po − uw
(5.11)

where:

eo = initial or reference void ratio at po − uw,
uw = pore-water pressure,
po = initial or reference total stress (i.e., vertical stress for

K0 loading),
p = total stress state under consideration, and

Cc = compressive index (i.e., slope of the virgin compres-
sion branch).
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Figure 5.17 Reference compression curves for saturated soil (from Fredlund, 2006): (a) natural
logarithm scale; (b) base-10 logarithm scale.

One-dimensional oedometer results have conventionally
been plotted as void ratio versus logarithm of vertical
stress (to the logarithm base 10). Within the elastoplastic
framework, the specific volume (1 + e) is generally plotted
versus the logarithm of mean applied stress (i.e., mean of three
principal stresses plotted using a natural logarithm base). The
mathematical relationship between the soil properties on the
two logarithm scales can be written as follows:

λ = ln(10)Cc ∼ 0.434Cc (5.12)

κ = ln(10)Cc ∼ 0.434Cs (5.13)

where:

λ = slope of the virgin compression line on a plot of specific
volume and the natural logarithm of effective stress and

κ = slope of the rebound or reloading compression line on
a plot of specific volume and the natural logarithm of
effective stress.

The volume change versus effective stress equations for a
saturated soil can be converted to an incremental elasticity
form with respect to stress state. The elasticity modulus of
the soil changes with stress state and the solution of practical
problems becomes nonlinear. Stress reversals and complex
loading paths can also be simulated through use of more
rigorous elastoplastic models.

The constitutive relations for an unsaturated soil can be
visualized as an extension of the saturated soil model. The
extended models for an unsaturated soil include the effect of
changes in matric suction which results in further nonlinear-
ities in the soil properties. Fredlund and Morgenstern (1976)

used three-dimensional surfaces to represent the void ratio
change de and water content change dw constitutive rela-
tions for unsaturated soils. Figure 5.18 illustrates the limiting
(or bounding) relationships associated with a typical clayey
silt soil. General differential equations can be written for
small stress changes from a stress point on the void ratio
constitutive surface (Eq. 5.14) and water content constitutive
surface (Eq. 5.15):

de = ∂e

∂(σm − ua)
d(σm − ua) + ∂e

∂(ua − uw)
d(ua − uw)

(5.14)

dw = ∂w

∂(σm − ua)
d(σm − ua) + ∂w

∂(ua − uw)
d(ua − uw)

(5.15)
where:

σm = mean total stress, σm = 1
3 (σ1 + σ2 + σ3), and

σm − ua = mean net stress which is referenced to pore-air
pressure, ua .

Equations 5.14 and 5.15 have one part that designates
the stress point under consideration (i.e., σm − ua and
ua − uw) and another part that provides a general form
for associated soil properties [e.g., ∂e/∂(σm − ua),
∂w/∂(σm − ua), ∂e/∂(ua − uw), and ∂w/∂(ua − uw)]. The
soil properties at a point on the constitutive surface can be
approximated as a linear compressibility modulus provided
the stress increments are relatively small. The compressibility
modulus is also a function of the stress state. There is need for
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Figure 5.18 Limiting or bounding relationships for typical clayey
silt soil (from Fredlund, 2006).

equations that can represent the entire constitutive surfaces
for unsaturated soils. Once such equations are known, it
is possible to differentiate the equation to obtain the soil
properties at any stress state.

The volume-mass constitutive surfaces have distinctly dif-
ferent characteristics for clay soil and sand soil. Unsaturated
soils have distinct features such as the air-entry value and
residual conditions (i.e., residual suction and residual water
content), which are identifiable along the soil suction stress
state. Figures 5.4 and 5.5 previously showed typical volume-
mass constitutive surfaces (i.e., void ratio, gravimetric water
content, and degree of saturation) generated from measured
data on Beaver Creek sand and Regina clay (Pham, 2005).
Each of the constitutive surfaces are uniquely influenced by
the yield stress (or preconsolidation pressure), the AEV, and
the residual conditions of the soil. Each term is a function
of stress state.

The SWCC constitutes the water content–soil suction rela-
tionship portion of the overall volume-mass constitutive sur-
faces. The interpretation of the SWCC data on a clay soil
is quite different from the interpretation of SWCC data on a
sand soil. Either the water content or the degree-of-saturation
plot can be used to identify the air-entry value for sand; how-
ever, it is the degree-of-saturation plot that must be used
to identify the correct air-entry value for clay soil. Further
information on the volume-mass constitutive surfaces is later
provided during the discussion of volume change.

5.3 EQUATIONS FOR SWCC

A large number of closed-form, empirical equations have
been proposed to best fit laboratory data for SWCCs. A list
of some of the equations appearing in the research literature
is shown in Table 5.2. The equations can be classified as
two-parameter SWCC equations and three-parameter SWCC
equations. Each of these equations can be best fit to labora-
tory data using a least-squares regression analysis (Fredlund
and Xing, 1994).

Each SWCC equation is written in terms of gravimetric
water content with the realization that the equations can also
be written in terms of volumetric water content or degree of
saturation. Some equations are written in terms of dimen-
sionless water content �d , and others are written in terms
of normalized water content �n. The saturated gravimet-
ric water content is designated as ws , and the gravimetric
residual water content is designated as wr .

Each of the SWCC equations shown in Table 5.2 has one
variable that bears a relationship to the air-entry value of
the soil and a second variable that is related to the rate
at which the soil desaturates. A third variable is used for
some equations and it allows the low-suction range near the
air-entry value to have a shape that is independent of the
shape of the SWCC in the high-suction range near resid-
ual conditions. The use of three parameters for the SWCC
provides greater flexibility for the best-fitting analysis. It
should be noted that the three-parameter equations may not
have parameters that are fully independent of one another.

Each of the SWCC equations can be best fit to either
the drying (desorption) branch or the wetting (adsorption)
branch. There are two difficulties common to the empirical
equations shown in Table 5.2. The first problem occurs
in the low-suction range where the SWCC equations
become asymptotic to a horizontal line. In other words, a
differentiation of the equation gives a water storage value,
written in terms of volumetric water content, mw

2 that
approaches zero. This is not realistic and results in numeri-
cal instability when modeling unsaturated soil behavior in
the low-suction range. The last empirical equation shown in
Table 5.2 (i.e., Pham and Fredlund, 2006) does not provide
a continuous function for the SWCC, but it does provide
a more reasonable representation of the SWCC in the
low-suction range.

The second problem with the empirical SWCC equations
occurs at high-soil-suction values beyond residual condi-
tions where the results become asymptotic to a horizontal
line as soil suction goes to infinity. The Fredlund and Xing
(1994) equation overcomes this second problem by applying
a correction factor that directs the SWCC equation to a soil
suction of 106 kPa at zero water content. The Fredlund and
Xing (1994) equation is written as follows:

w(ψ) = C(ψ) = ws{
ln

[
e + (ψ/af )nf

]}mf
(5.16)
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Table 5.2 Empirical Equations Used to Best Fit SWCC Data

Reference Equation Description

Gardner (1958b) �d = 1

1 + agψ
ng

where

�d = w(ψ)

ws

ag = fitting parameter which is a
function of air-entry value of the
soil

ng = fitting parameter which is a
function of rate of water
extraction from soil once air-entry
value of soil has been exceeded

Brooks and Corey (1964) w(ψ) = ws or �n = 1 for ψ ≤ ψaev

�n =
[

ψ

ψaev

]−λbc

ψ > ψaev

where

�n = w(ψ) − wr

ws − wr

ψaev= air-entry value of soil
λbc = pore size distribution index
wr = residual water content located

through trial-and-error process
that yields straight line on semi
log plot of degree of saturation
versus suction

Brutsaert (1967) �n = 1

1 + [
ψ/ab

]nb

where

�n = w(ψ) − wr

ws − wr

ab = fitting parameter which is a
function of air-entry value of soil

nb = fitting parameter which is a
function of rate of water
extraction from soil once air-entry
value has been exceeded

Laliberte (1969) �n = 1

2
erfc

[
al − bl

cl + (ψ/ψaev)

]
where

�n = w(ψ) − wr

ws − wr

al, bl, cl = parameters assumed to
be unique functions of pore-size
distribution index λ

Campbell (1974) w = ws , ψ < ψaev

w = ws

[
ψ

ψaev

]−1/bc

, ψ ≥ ψaev

ψaev = air-entry value of soil
bc = fitting parameter

van Genuchten (1980)

van Genuchten (1980)–
Mualem (1976)

�n = 1

[1 + (avgψ)nvg ]mvg

where

�n = w(ψ) − wr

ws − wr

�n = 1

[1 + (avmψ)nvm ]mvm

where

mvm = 1 − 1

nvm

avg, avm, avb = fitting parameters
primarily related to inverse of
air-entry value (units equal to 1/
kPa)

nvg, nvm, nvb = fitting parameters
primarily related to rate of water
extraction from soil once air-entry
value has been exceeded

mvg,mvm,mvb = fitting parameters
that are primarily related to
residual water content conditions

(continued overleaf )
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Table 5.2 (Continued )

Reference Equation Description

van Genuchten (1980)–
Burdine (1953)

�n = 1

[1 + (avbψ)nvb ]mvb

where

mvb = 1 − 2

nvb

McKee and Bumb (1984)
(Boltzmann distribution)

�n = exp

[
am1 − ψ

nm1

]
where

�n = w(ψ) − wr

ws − wr

am1 = curve-fitting parameter
nm1 = curve-fitting parameter

McKee and Bumb (1987)
(Fermi distribution)

�n = 1

1 + exp[(ψ − am2)/nm2]

where

�n = w(ψ) − wr

ws − wr

am2 = curve-fitting parameter
nm2 = curve-fitting parameter

Fredlund and Xing (1994) w(ψ) = C(ψ)
ws{

ln
[
e + (ψ/af )

n
f
]}m

f

where

C(ψ) = 1 − ln(1 + ψ/ψr)

ln[1 + (106/ψr)]

�d = w(ψ)

ws

af = fitting parameter which is
primarily a function of air-entry
value of soil

nf = fitting parameter which is
primarily a function of rate of
water extraction from soil once
air-entry value has been exceeded

mf = fitting parameter which is
primarily a function of residual
water content

C(ψ) = correction factor which is
primarily a function of suction
corresponding to residual water
content.

Pereira and Fredlund
(2000)

w(ψ) = wr + ws − wr[
1 + [

ψ/ap

]np
]mp

ap = fitting parameter which is
primarily a function of air-entry
value of soil

np = fitting parameter which is
primarily a function of rate of
water extraction from soil, once
air-entry value has been exceeded

mp = fitting parameter which is
primarily a function of residual
water content

Pham and Fredlund
(2005)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

w1(ψ) = wu − S1 log(ψ) 1 ≤ ψ < ψaev

w2(ψ) = waev − S2 log

(
ψ

ψaev

)
ψaev ≤ ψ < ψr

w3(ψ) = S3 log

(
106

ψ

)
ψr ≤ ψ < 106 kPa

S1, S2, S3 = slope of straight line
portions of SWCC within each of
three zones

wu = water content at 1 kPa
waev = water content at air-entry

value
w1, w2, w3 = water content in line

segments 1, 2, and 3, respectively.



5.3 equations for swcc 203

where:

w(ψ) = water content at any soil suction, ψ ,
C(ψ) = correction factor directing the SWCC to 106 kPa

at zero water content,
e = irrational constant equal to 2.71828, used when

taking the natural logarithm,
af = fitting parameter indicating the inflection point

that bears a relationship to and is greater than
the air-entry value,

nf = fitting parameter related to the rate of desatura-
tion, and

mf = fitting parameter related to the curvature near
residual conditions.

Laboratory studies have shown that there is a relationship
between the SWCC for a particular soil and the unsatu-
rated soil properties (Fredlund and Rahardjo, 1993a). For
example, the permeability function for an unsaturated soil
bears a relationship to the SWCC. It has become accept-
able practice in geotechnical engineering (and other disci-
plines) to empirically estimate the permeability function for
an unsaturated soil by using the saturated coefficient of per-
meability and the SWCC (Marshall, 1958; Mualem, 1986;
van Genuchten, 1980; Fredlund et al., 1994a). Similar pro-
cedures have been proposed for estimating the shear strength
properties of an unsaturated soil (Vanapalli et al., 1996a) as
well as other unsaturated soil property functions.

Figure 5.19 shows a typical SWCC for a silt soil along
with identification of some of its main characteristics. The
air-entry value of the soil is the matric suction where air
starts to displace water in the largest pores in the soil. The
residual water content is the water content where a larger
suction change is required to remove additional water from
the soil. In other words, there is a change in the rate at which
water can be extracted from the soil (on a logarithm scale).
These definitions are quite vague and empirical construction

procedures have been proposed for the quantification of air-
entry value and residual conditions.

The empirical procedure for defining residual water con-
tent and residual soil suction is shown in Fig. 5.19 (Fredlund,
1997; Vanapalli et al., 1998). A tangent line is drawn through
the inflection point of the SWCC. The SWCC relationship
in the high-suction range is approximated using another line
that extends through zero water content and 106 kPa. The
residual water content θr is approximated as the ordinate of
the point at which the two lines intersect (Fig. 5.19).

The total suction corresponding to zero water content
appears to be essentially the same for all porous materials. A
value slightly below 106 kPa has been experimentally sup-
ported for a variety of soils (Croney and Coleman, 1961).
The 106 kPa value is also supported by thermodynamic con-
siderations (Richards, 1965).

The main curve shown in Fig. 5.19 is a desorption curve.
The adsorption curve differs from the desorption curve as a
result of hysteresis related to wetting and drying. The end
point of the adsorption curve may differ from the starting
point of the desorption curve because of air entrapment in
the soil. The drying and wetting SWCCs have similar forms
(i.e., are essentially congruent).

Typical SWCCs (i.e., desorption curves) for soils ranging
from sands to clays are shown in Fig. 5.20. The saturated
water content and the air-entry value (or bubbling pressure),
(ua − uw)b, generally increase with the plasticity of the soil.
Other factors such as stress history and secondary soil struc-
ture also affect the shape of the SWCCs.

5.3.1 Comments on Some Empirical SWCC Equations

Gardner (1958b), proposed an empirical equation for the
permeability function. The equation emulates the SWCC and
has subsequently been used to best fit the SWCC:

�d = 1

1 + agψ
ng

(5.17)
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Figure 5.19 Typical SWCC for silt soil.
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Figure 5.20 Comparative desorption SWCCs for sand, silt, and clay soils.

where:

�d = dimensionless volumetric water content, equal to
θ/θs where θ = any volumetric water content and
θs = saturated volumetric water content.

ag = curve-fitting parameter related to the air-entry
value of the soil and

ng = curve-fitting parameter related to the slope at the
inflection point on the SWCC.

Among the earliest equations proposed for the SWCC is
the power law proposed by Brooks and Corey (1964). The
proposed equation represents desaturation of the soil when
the soil suction is greater than the air-entry value:

�n =
[

ψ

ψaev

]−λbc

(5.18)

where:

�n = normalized volumetric water content [e.g., �n =
(θ − θr)/(θs − θr), where θs and θr are the sat-
urated and residual volumetric water contents,
respectively] and the fit can also be made on
the degree of saturation or the gravimetric water
content SWCC if there is negligible volume
change when measuring the SWCC,

ψ = soil suction,
ψaev = air-entry value (or bubbling pressure), and

λ = pore-size distribution index.

The degree of saturation S can be used in place of the nor-
malized water content. Equation 5.18 describes the SWCC
in the region between the air-entry value and residual condi-
tions (Campbell, 1974; Clapp and Hornberger, 1978; Gard-
ner et al., 1970a, 1970b; Rogowski, 1971; Williams et al.,

1983; McCuen et al., 1981). The equation was proposed for
describing moisture movement in agricultural soils.

McKee and Bumb (1984) suggested an exponential
function (i.e., Boltzmann distribution) for the relationship
between the normalized water content and soil suction:

�n = exp

[
am1 − ψ

nm1

]
(5.19)

where:

am1 and nm1 = fitting parameters.

Equation 5.19 is valid for suction values greater than the
air-entry value of the soil but is not valid near maximum
desaturation or under fully saturated conditions. McKee and
Bumb (1987) and Bumb (1987) suggested the following
equation to overcome some of the mathematical concerns
of Eq. 5.19:

�n = 1

1 + exp[(ψ − am2)/nm2]
(5.20)

where:

am2, nm2 = fitting parameters.

The McKee and Bumb (1987) equation provides a better
approximation of the SWCC in the low-suction range but
it is not suitable in the high-suction range where the curve
drops exponentially to zero.

The Brooks and Corey (1964) equation as well as other
proposed equations suggest that there is a sharp discontinu-
ity in the soil suction versus water content near the air-entry
value for the soil. Although some coarse-grained sands may
have a rapid change in water content at low soil suctions,
most medium- and fine-textured soils show a gradual cur-
vature in the air-entry region of the SWCC.
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Van Genuchten (1980) proposed the use of a continuous
function between soil suction and normalized water content:

�n = 1[
1 + (avgψ)nvg

]mvg
(5.21)

where:

avg, nvg,mvg = three soil fitting parameters and
�n = normalized water content (i.e., normal-

ized between saturated water content, θs

and residual water content, θr ).

The van Genuchten (1980) equation provides additional
flexibility to the SWCC. In an attempt to obtain a closed-form
expression for hydraulic conductivity, van Genuchten (1980)
fixed the relationship between the mvg and nvg parameters
through use of the equations shown in Table 5.2. However,
the linkage between the mvg and nvg parameters reduced the
flexibility of Eq. 5.21. More accurate best fits to measured
laboratory data can be obtained by leaving mvg and nvg param-
eters without a fixed relationship.

5.3.2 Theory of Pore-Size Distribution and the SWCC

Equations that have been proposed for the SWCC are empir-
ical in nature. Each equation was originally applied to a
particular group of soils. There are many different forms of
SWCC equations that could be tested to assess their fit of
experimental data. The pore-size distribution or slope of the
SWCC appears to have the form of a normal distribution
curve. Consequently, the following equation might be used
to approximate the SWCC:

�n = a5e
−(b5ψ)m (5.22)

where:

a5, b5,m = curve-fitting parameters.

Equation 5.22 is not suitable as a general form for the
SWCC, but it might apply for some soils over a limited
range of suction values. The pore-size distribution curve for
soils provides a theoretical basis for the shape of the SWCC.
Soils can be regarded as a set of interconnected pores that
are randomly distributed. The pores can be characterized by
a pore radius r and described by a function f (r), where
f (r) dr is the relative volume of pores between radius r to
r + dr. In other words, f (r) is the density of pore volume
corresponding to radius r . Since f (r) dr represents the pores
between radius r to r + dr that are filled with water, the
volumetric water content can be expressed as follows:

θ(R) =
Rmax∫

Rmin

F(r) dr (5.23)

where:

θ(R) = volumetric water content when all the pores with
radius less than or equal to R are filled with water,

Rmin = minimum pore radius in the soil, and
Rmax = the maximum pore radius, and for the saturated

case, θ(Rmax) = θs .

The capillary law indicates that there should be an inverse
relationship between matric suction and the radius of cur-
vature of the air-water interface (i.e., the meniscus). The
air-water interface should bear an inverse relationship to
the pore sizes that are desaturated at a particular suction as
indicated in the equation

r = C

ψ
(5.24)

where:

C = 2Ts cos α1 = constant,
T s = surface tension of water, and
α1 = angle of contact between water and soil.

Two particular suction conditions can be defined as
follows:

ψmax = C

Rmin
(5.25)

ψaev = C

Rmax
(5.26)

where:

ψmax = suction value corresponding to the minimum pore
radius and

ψaev = air-entry suction value of the soil.

Using the capillary law, Eq. 5.23 can be expressed in
terms of soil suction:

θ(ψ) =
ψ∫

ψmax

f

(
C

h

)
d

(
C

h

)
=

ψmax∫
ψ

f

(
C

h

)
C

h2
dh (5.27)

where:

h = a dummy variable of integration representing soil
suction.

Equation 5.27 is a general equation form that can be used
to describe the relationship between volumetric water con-
tent and soil suction. The SWCC can be uniquely determined
using Eq. 5.27 if the pore-size distribution f (r) of a soil is
known. Several special cases can be defined as follows:

1. Case of a constant-pore-size function. The pore sizes
can be assumed to be uniformly distributed, that is,
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f (r) = A, where A is a constant. Equation 5.27 can
then be written as

θ(ψ) =
ψmax∫
ψ

AC

h2
dh = AC

(
1

ψ
− 1

ψmax

)
= B

ψ
− D

(5.28)
where:

B = AC = constant and
D = AC/ψmax = constant.

2. Case where pore-size function varies inversely as r2.
For the case where f (r) = A/r2, the relationship
between volumetric water content and suction can be
written as

θ(ψ) =
ψmax∫
ψ

Ah2

C2

C

h2
dh = B − Dψ (5.29)

where:

B = Aψmax/C = constant and
D = A/C = constant.

Equation 5.29 represents a linear variation in the dis-
tribution of pore sizes. In other words, there is a linear
relationship between volumetric water content and soil
suction.

3. Case where pore-size function varies inversely as
r(m+1). For the case where f (r) = A/r(m+1), with
m as an integer, the relationship between volumetric
water content and soil suction can be written as

θ(ψ) =
ψmax∫
ψ

Ahm+1

Cm+1

C

h2
dh = B − Dψm (5.30)

where:

B = A(ψmax)
m/(mCm) = constant and

D = A/(mCm) = constant.

The power law relationship (i.e., Eq. 5.19) proposed by
Brooks and Corey (1964) is a special case of Eq. 5.30. In
other words, the Brooks and Corey (1964) power law rela-
tionship is valid when the pore-size distribution is close to
the distribution function f (r) = A/rm+1.

The volumetric water content θ over the entire soil suc-
tion range from 0 to 106 kPa can be referenced to zero water
content; otherwise, the normalized water content becomes
negative at water contents less than the residual value θr . In
this case, water content is written in a dimensionless form
(i.e., �d = θ/θs). Equation 5.27 suggests that the following

integration form can be used as a general form to approxi-
mate the SWCC:

θ(ψ) = θs

∞∫
ψ

f (h) dh (5.31)

where:

f (h) = pore-size distribution as a function of soil
suction.

Equation 5.31 will generally produce a nonsymmetrical
S-shaped curve. Several special cases follow.

Let us consider the case of a normal distribution curve
where the f (h) function is assumed to take the form of a
normal distribution:

f (h) = 1√
2πσ

e−(h−μ)2/2σ 2
(5.32)

where:

μ = mean value of the distribution of f (h),
e = irrational constant equal to 2.71828, and
σ = standard deviation of the distribution of f (h).

The SWCC defined by Eq. 5.31 can be expressed as
follows:

θ(ψ) = θs

∞∫
ψ

f (h) dh = θs

2

2√
π

∞∫
(ψ−μ)/

√
2σ

e−y2

dy = θs

2
erfc

(
ψ − μ√

2σ

)
(5.33)

where:

erfc(x) = 2√
π

∞∫
x

e−y2
/dy = 1 − erf(x) = 1 −

2√
π

∞∫
0

e−y2
/dy and

erfc(x) = complement of the error function, erf(x).

Equation 5.33 takes the form of a symmetrical S-shaped
curve. The SWCC of the soil will be close to a symmetrical
S-shaped curve if the pore-size distribution of a soil can be
approximated as a normal distribution. Equation 5.33 can
then be used as a model to describe the SWCC relationship.

The two fitting parameters (i.e., the mean value μ and the
standard deviation σ ) in Eq. 5.33 are related to the air-entry
value of the soil and the slope at the inflection point on
the SWCC. If the slope at the inflection point is s and the
air-entry value is ψaev, then the standard deviation σ can be
written as

σ = θs√
2πs

(5.34)
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and the mean value μ can be calculated as

μ = ψaev + θs

2s
(5.35)

Let us consider the case where a gamma-type distribu-
tion is used for the function f (r). In this case, f (h) takes
the form

f (h) = hα−1e−h/β

βα�(α)
α, β > 0 0 ≤ h < ∞ (5.36)

f (h) = 0 elsewhere

where

�(α) =
∞∫

0

hα−1e−h dh (5.37)

The SWCC defined by Eq. 5.31 has a smaller air-entry
value, a steeper slope near saturation, and a gentler slope
near the residual water content. In the special case when α

is an integer the SWCC defined by Eq. 5.31 becomes

θ(ψ) = θs

∞∫
ψ

hα−1e−h/β

βα�(α)
dh (5.38)

θ(ψ) = θs

�(α)

∞∫
ψ/β

hα−1e−h dh (5.39)

θ(ψ) = θs

α−1∑
i=0

ψie−ψ/β

i!βi
(5.40)

When α = 1, the gamma distribution becomes an expo-
nential type distribution:

f (h) = 1

β
e−h/β β > 0 0 ≤ h < ∞

f (h) = 0 elsewhere (5.41)

The SWCC defined by Eq. 5.31 can then be written as

θ(ψ) = θse
−ψ/β (5.42)

Equation 5.42 has the same form as Eq. 5.19, which was the
form used by McKee and Bumb (1984) to describe the SWCC.
Therefore, Eq. 5.19 gives good results when the pore-size
distribution of the soil reflects a gamma distribution.

Let us consider the case of a beta-type distribution for the
function f (r):

f (h) = hα−1(1 − h)β−1

B(α, β)
α, β > 0 0 ≤ h ≤ 1

f (h) = 0 elsewhere (5.43)

where

B(α, β) =
1∫

0

hα−1(1 − h)β−1dh = �(α)�(β)

�(α + β)
(5.44)

The SWCC given by Eq. 5.31 has greater flexibility when
using the beta-type distribution function. For α = β, Eq.
5.31 generates a symmetrical S-shaped curve. For α > β, the
curve is nonsymmetrical and has a higher air-entry value, a
gentler slope near saturation, and a steeper slope near the
residual water content. For α < β, the curve has a smaller
air-entry value, a steeper slope near saturation, and a gentler
slope near the residual water content. When α and β are
integers, the SWCC defined by Eqs. 5.31 and 5.44 is related
to the binomial probability function as follows (Mendenhall
et al., 1981):

θ(ψ) = θs

1∫
ψ

hα−1(1 − h)β−1

B(α, β)
dh

= θs − θs

α+β−1∑
i=α

(
α + β + 1

i

)
ψi(1 − ψ)α+β−1−i

(5.45)

Defining the pore radius r over the interval (0, 1) does not
restrict its usage. The beta density function can be applied
to any interval by translation and a change in the scale.

5.3.3 Proposed Fredlund-Xing (1994) Equation

The pore-size distribution function f (h) can also be written
in the form

f (ψ) = mnp(pψ)n−1

[1 + (pψ)n]m+1
(5.46)

Figure 5.21 shows a sample probability distribution for
Eq. 5.46 along with its integration. It can be seen that the
integration drops to zero over a narrow suction range. There-
fore, Eq. 5.21 is not suitable in the high-soil-suction region.
Experimental data show that beyond residual water content
the plot should decrease linearly (on a logarithm scale), to
a value of about 106 kPa. To describe the SWCC more
accurately, the following distribution can be used:

f (ψ) = mn(ψ/a)n−1

a[e + (ψ/a)n]{log[e + (ψ/a)n]}m+1
(5.47)

Equation 5.47 and its integration form are shown in Fig. 5.22
for the same set of parameters (i.e., a = 1/p, n,m). This dis-
tribution function drops more slowly than shown by Eq. 5.46 as
soil suction increases. Therefore, Eq. 5.47 produces a nonsym-
metrical curve that more closely emulates experimental data.

Integrating Eq. 5.47 using Eq. 5.31 gives the Fredlund and
Xing (1994) relationship between volumetric water content
and soil suction:

θ = θs

[
1

ln[e + (ψ/af )nf ]

]mf

(5.48)
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Figure 5.21 Pore-size distribution function along with corresponding integration function for
soil with little water storage in high-suction range.
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Figure 5.22 Pore-size distribution function along with integration function for soil where water
storage does not drop to zero in high-suction range.

where:

af , nf ,mf = three fitting parameters,
θ = volumetric water content corresponding to

a selected soil suction,
θs = saturated volumetric water content, and
e = irrational constant equal to 2.71828.

Figures 5.23–5.25 show the effect of varying each of the
three parameters af , nf , and mf on the shape of the SWCC.
Figure 5.23 shows that when nf and mf are fixed, the af

parameter (with units of kPa), is related to the air-entry
value. In general, the value for the parameter af is higher
than the air-entry value. However, for small values of mf ,
the air-entry value is close to the parameter af .

Figure 5.24 shows that when af and nf are fixed, the mf

parameter provides independent curvatures in the low- and
high-suction ranges.

Figure 5.25 indicates that parameter nf controls the slope
of the SWCC. The slope or differential of Eq. 5.48 attains its
maximum value approximately at the value of af . Therefore,
the point (a, θ(af )) can be used as the inflection point. A
graphical estimation for the three parameters can be obtained
from the SWCC. First, locate the inflection point (ψi, θi) on
the SWCC plot and draw a tangent line through this point
(Fig. 5.26). Let s denote the slope of the tangent line. The
three parameters af , nf , and mf can then be determined
as follows:

af = ψi (5.49)

mf = 3.67 ln

(
θs

θi

)
(5.50)

nf = 1.31m+1

mf θs

3.72sψi (5.51)
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Figure 5.23 Effect of af soil parameter on SWCC when nf = 2 and mf = 1 (from Fredlund
and Xing, 1994).
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Figure 5.24 Effect of mf soil parameter on SWCC when af = 100 and nf = 2 (from Fredlund
and Xing, 1994).
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Figure 5.25 Effect of nf soil parameter on SWCC when af = 100 and mf = 1 (from Fredlund
and Xing, 1994).
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Figure 5.26 Graphical solution for estimation of three fitting parameter (af , nf , and mf ) (from
Fredlund and Xing, 1994).

The slope s of the tangent line can be calculated as

s = θi

ψp − ψi

(5.52)

where:

ψp = suction at intercept of the tangent line with the zero
water content line (Fig. 5.26) and

ψi = suction at inflection point on the SWCC.

Small values of mf result in a moderate slope in the high-
suction range, and large values of nf produce a sharp curva-
ture near the air-entry value (see Fig. 5.25). An example of
a best-fit curve to the experimental data for a silt soil from
Brooks and Corey (1964) is shown in Fig. 5.27.

In Eq. 5.48, volumetric water content θ becomes equal to
the saturated volumetric water content θs when soil suction
is zero. On the other hand, when volumetric water content
θ becomes zero, soil suction goes to infinity. It is also pos-
sible to use the degree of saturation for curve fitting, since
the degree of saturation varies from 0 to 100%. Gravimetric
water content w can be similarly normalized for curve fit-
ting. Three plots are shown for the same silt soil in Fig. 5.28
using different variables to represent the water content of the
soil (i.e., degree of saturation, volumetric water content, and
gravimetric water content). It should be noted that the above
comparisons can be made because the silt soil is a relatively
low volume change soil.

Experimental data has shown that the suction of a soil
reaches a maximum value of approximately 106 kPa at zero
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Figure 5.27 Best-fit SWCC fitted to experimental data on a silt soil (data from Brooks and
Corey, 1964).
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Figure 5.28 Best-fit curves fitted to experimental data of silt soil using three representations of
water content (i.e., degree of saturation, volumetric water content, and gravimetric water content)
(data from Brooks and Corey, 1964).

water content. An upper limit of 106 kPa can be built into
Eq. 5.48; however, it should be noted that it is also pos-
sible to use a different maximum value for soil suction.
Equation 5.48 can have a correction factor C(ψ) applied that
can control the shape of the SWCC in the high-soil-suction
range:

θ(ψ, af , nf ,mf ) = C(ψ)
θs

{ln[e + (ψ/af )nf ]}mf
(5.53)

The correction factor C(ψ) can be written as follows:

C(ψ) = 1 − ln(1 + ψ/ψr)

ln[1 + (106/ψr)]
(5.54)

where:

ψr = soil suction corresponding to the residual water
content θr .

Equation 5.54 shows that the correction factor C(ψ) is
equal to zero when soil suction is 106 kPa. A sample SWCC
plot using Eq. 5.54 is shown in Fig. 5.29. The curve in the
low-suction range is not significantly affected since the cor-
rection function is approximately equal to 1.0 in this region.

Figure 5.30 shows a best-fit curve to the experimental
data obtained for glacial till without using the correction
function C(ψ) (i.e., Eq. 5.48). A best-fit curve to the
same experimental data when using the correction function
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Figure 5.29 Fredlund and Xing (1994) SWCC equation with the correction factor C(ψ) applied
for 106 kPa at zero water content.
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Figure 5.30 Best-fit SWCC for glacial till (Data from Vanapalli, 1994).

(i.e., Eq. 5.53) is shown in Fig. 5.31. It can be seen that
the application of the correction function improves the fit
of the SWCC equation to the measured data. The SWCC
curve is forced by the correction function C(ψ) to go to
zero at a suction of 106 kPa.

A graphical estimation of the four soil fitting parameters
af , nf ,mf , and ψr for a SWCC with the correction function
(i.e., Eq. 5.53) can be obtained as follows. The SWCC infor-
mation should be plotted on a semilog form. First, determine
the suction corresponding to the residual water content ψr

by locating a point where the curve changes slope in the
high-suction range (Fig. 5.32). Numerical results show that,
in most cases, an approximation of residual suction, ψr , is
satisfactory in Eq. 5.53. The magnitude of the residual suc-
tion will generally be in the range 1500–3000 kPa for most
silt and clay soils. Sand soil can have residual suction val-
ues that are in the range of 10–100 kPa. Figure 5.32 uses a

residual suction value ψr equal to 3000 kPa for illustration
purposes. Next, locate the inflection point (ψi, θi) on the
semilog plot and draw a tangent line through this point
(Fig. 5.32). Let s denote the slope of the tangent line on
the semilog plot. Then, the fitting parameters af , nf , and
mf can be determined as follows:

af = ψi (5.55)

mf = 3.67/ ln

(
θsC(ψi)

θi

)
(5.56)

nf = 1.31mf +1

mf C(ψi)
3.72s∗ (5.57)

where

s∗ = s

θs

− ψi

1.31m(ψi + ψr) ln[1 + (106/ψr)]
(5.58)
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Figure 5.31 Best-fit SWCC for glacial till with correction factor C(ψ) applied (Data from
Vanapalli, 1994).
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The slope s of the tangent line can be calculated as
follows:

s = θi

log(ψp/ψi)
(5.59)

where:

ψp = suction at intercept of the tangent line on the semilog
plot and the zero-water-content line (Fig. 5.32) and

ψi = suction at inflection point on the SWCC.

The graphical procedure provides an approximation of
each of the fitting parameters. To obtain a closer fit to
experimental data, the three parameters (af , nf , and mf ) in
Eq. 5.54 can be determined using a least-squares regression
method. When performing the best-fit regression analysis,
reasonable initial values should be selected for each of the
three parameters. The following objective function (i.e., sum

of the squared deviations of the measured data from the
calculated data) can then be minimized with respect to the
three parameters af , nf , and mf :

O(af ,mf , nf ) =
M∑
i=1

[θi − θ(ψi, af ,mf , nf )]2 (5.60)

where:

O(af , nf ,mf ) = objective function,
M = total number of measurements, and

θi, ψi = measured values.

The best-fit regression analysis is a nonlinear minimiza-
tion process. A curve-fitting utility can be used based on
Eqs. 5.53 and 5.60 along with a quasi-Newton method.
Best-fit curves for tailings sand, silt, and clay are shown in
Figs. 5.33–5.35. The regression analyses show that Eq. 5.53
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Figure 5.32 Graphical estimation of four SWCC soil fitting parameters (af , nf ,mf , and ψr).
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Figure 5.33 Best-fit Fredlund and Xing (1994) equation applied to experimental data on sand.
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Figure 5.34 Best-fit Fredlund and Xing (1994) equation applied to experimental data on silt.
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Figure 5.35 Best-fit Fredlund and Xing (1994) equation applied to experimental data on initially
slurry Regina clay (Data from Fredlund, 1964).

can be used to fit the experimental data reasonably well over
the entire suction range from 0.1 to 106 kPa.

If the SWCC needs to only be fit between saturated condi-
tions and residual conditions, another form of Eq. 5.48 can be
used to best fit to the data, as shown in the following equation:

θ = θr + θs − θr{
ln[e + (ψ/af )nf ]

}mf
(5.61)

where:

θr = residual volumetric water content.

The volumetric water contents θr and θs can be
treated as two additional parameters. The five parameters
af , nf ,mf , θs , and θr in Eq. 5.61 can be systematically
identified through a best-fit analysis on experimental data.
Equation 5.61 is for the Fredlund and Xing (1994) fit of
the data; however, the form is similar to that often shown
for the van Genuchten (1980) equation and other equations

that only fit the experimental data between saturated and
residual water content conditions.

5.4 REGRESSION ANALYSIS ON SWCC
EQUATIONS

The desorption (or drying) branch of the SWCCs is most
commonly measured in the laboratory. SWCCs are pre-
sented in terms of one of three variables to describe the
amount of water in the soil: gravimetric water content, volu-
metric water content, or degree of saturation (D.G. Fredlund,
2002a; 2006). Various regression analysis studies have been
performed to assess the closeness of fit of the proposed
SWCC equations to experimental data sets.

5.4.1 Equations for the SWCC

Several of the commonly used SWCC equations are
sigmoidal in character and as such do not provide a
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reasonable description of water storage in the low-suction
range (i.e., below the air-entry value). Many of the SWCC
equations have been derived for usage in disciplines
other than geotechnical engineering. The requirements for
numerical modeling in geotechnical engineering problems
need to be realized when selecting the SWCC equation.

SWCC equations can be categorized according to the por-
tion of the data that is adequately described by the proposed
equation. Figure 5.36 shows a typical SWCC along with
the manner in which a sigmoidal function can be best fit
to laboratory data. A sigmoidal curve is a continuous func-
tion that can fit the SWCC from near the air-entry value to
residual water content. A sigmoidal function does not per-
form well in the region below the air-entry value and above
residual conditions. Figure 5.37 provides a categorization
of some SWCC equations that have been proposed (Sillers,
1997; Sillers et al., 2001). Some equations have two fit-
ting soil parameters, while others have three and four fitting
soil parameters. Some equations are continuous while others
are discontinuous. The larger the number of fitting parame-
ters, the more likely the SWCC equation will closely fit the
laboratory data. However, even with the use of three fitting

parameters, the extremities of the SWCC may still not be
adequately defined. It is also useful for the SWCC functions
to have parameters that have physical meaning with respect
to the storage of water in a porous medium.

The van Genuchten (1980) equation is typical of proposed
sigmoidal equations. It has been widely used in agriculture-
related disciplines. The continuous function is defined over
the entire suction range; however, experimental data are
only adequately represented between the air-entry values to
residual suction. Equations have been proposed by Mualem
(1976a) and Burdine (1953) that place an empirical relation-
ship between the m and n fitting parameters.

The Fredlund and Xing (1994) equation is sigmoidal in
character up to residual suction conditions after which the
equation is extended to a suction value of 106 kPa at zero
suction. It is also possible to have soil suction values other
than 106 kPa corresponding to zero water content.

Fredlund and Pham (2006) proposed a SWCC equation
that more clearly captures the independent effects of
isotropic net normal stress and soil suction for the water
content and void ratio (and degree of saturation) constitutive
surfaces. The volume-mass constitutive model becomes
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Figure 5.36 Limitations associated with sigmoidal SWCC equations.
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Figure 5.37 Categorization of SWCC equations based on portion of SWCC that is well defined
for engineering applications.

stress path dependent and is able to more clearly describe
the water storage character of the soil for a wider range
of loading and soil suction conditions. The SWCC model
commences with an initially slurry material.

5.4.2 Comparative Studies of SWCCs

A number of statistical studies have been undertaken where a
variety of SWCC equations have been best fit to data sets of
laboratory test results. Tinjum et al. (1997) undertook a study
that applied several empirical SWCC equations to measured
data sets. A conclusion from the study was that both two-
parameter and three-parameter SWCC equations could be
best fit to laboratory data; however, the three-parameter
equations provided a better fit due to the greater flexibility of
the equation. Tinjum et al. (1997) also suggested that it was
appropriate to use estimated SWCCs for many geotechnical
and geoenvironmental engineering applications.

Leong and Rahardjo (1997) undertook a review of sev-
eral empirical SWCC equations by applying each equation
to a database of laboratory measurements. It was noted that
the SWCC equations with the highest number of soil fit-
ting parameters provided the closest fit to the data sets. The
Fredlund and Xing (1994) SWCC equation was found to
“perform marginally better” than the van Genuchten (1980)
equation. The Fredlund and Xing (1994) equation is found
to perform much better than other SWCC equations when
the data set contained measurements where some of the soil
suction measurements were greater than residual suction.

Figure 5.38 shows the results of a study in which a total of
nine SWCC equations were best fit to a database contain-
ing 231 soils (Sillers, 1997). The soil data sets contained

eight USDA soil classification system groups. The Akaike
(1974) information criterion statistical indicator was used to
assess the “fit” of each of the SWCC equations. The average
Akaike information was obtained from fitting each SWCC
equation to the SWCC data sets (Sillers, 1997).

The results showed that the Fredlund and Xing (1994)
equation performed the best with an Akaike number of
−1007. Note that the more negative the Akaike number,
the better the equation fit. The next best performing SWCC
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Averaged Akaike information criterion
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McKee and Bumb (1987) (Fermi assumption)
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van Genuchten (1980)

Figure 5.38 Averaged Akaike information criterion for various
empirical SWCC equations.
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equation was the van Genuchten (1980) equation where the
Fredlund and Xing (1994) “correction function” was applied
beyond residual suction, giving an Akaike number of −824.
The Akaike number was poorer when the Fredlund and
Xing (1994) correction function was not added to the van
Genuchten equation.

The Sillers (1997) study also showed that there was no
advantage associated with fixing the relationship between the
mvg and nvg variables in the van Genuchten (1980) equation
[i.e., using the fixed relationships suggested by Burdine (1953)
and Mualem (1976a)]. The best-fit analysis showed that the
same quality of fit was obtained by leaving the mvg variable
at 1.0 in the van Genuchten (1980) equation. The study also
showed that the Fredlund and Xing (1994) “correction factor”
could be applied to other SWCC equations and in each case
there was an improvement in the quality of fit.

An analysis of the SoilVision Systems database of results
showed that neither the Mualem (1976a) nor the Burdine
(1953) relationship between the m and n variables was close
to values computed using the van Genuchten (1980) equation
with independent m and n values. The results showed that the
n parameter generally varies between a small number and 10
with most of the n values being less than 3. The best-fit m
parameters appear to extend beyond values of 50, but most of
the values were less than 20. The data presented in Fig. 5.39
suggest that it is best to use m and n as independent variables.

5.5 HYSTERESIS, INITIALIZATION, AND
INTERPRETATION OF SWCC

Typical features of the drying and wetting portions of the
SWCCs are shown in Fig. 5.40. The hysteresis loop indicates
that there is no single or unique SWCC. Consequently, spe-
cial precautions must be taken when applying the SWCC in
geotechnical engineering. The wetting and drying branches
form extreme bounds of the water content versus soil suction

relationship. There are an infinite number of intermediate
drying and wetting scanning curves that bridge between the
wetting and drying curves, as shown in Fig. 5.41. The dry-
ing and wetting scanning curves become asymptotic to the
bounding curves.

An engineer cannot determine whether the soil is on a
drying path or a wetting path when the soil is sampled in
the field. The difference between the drying and wetting
branches of the SWCC may be as much as an order of
magnitude in terms of soil suction. This means that water
content could correspond to a soil suction ranging between,
for example, 10 and 100 kPa. Slight changes in the nature
of the soil can also produce a lateral shift in the SWCCs.
Consequently, it is difficult to use the SWCC for the esti-
mation of in situ soil suctions, other than to obtain a wide
range of approximate values. On the other hand, the SWCCs
have proven to be useful for the estimation of unsaturated
soil property functions in geotechnical engineering practice.

5.5.1 Hysteresis in SWCC

The drying and wetting SWCCs are significantly different,
and in many cases it becomes necessary to differentiate
the soil properties associated with the drying curve from
those associated with the wetting curve. This means that the
geotechnical engineer must make a decision regarding the
process that is to be simulated (i.e., the drying or wetting
process) and then use the appropriate estimated unsaturated
soil property function (Tami et al., 2004). More elaborate
soil models that include scanning curves and hysteresis have
been developed (Mualem, 1974, 1976a, 1976b; Pham et al.,
2003a, b) but it might be more practical at present to use
simpler unsaturated soil property models in geotechnical
engineering practice. It might also be appropriate in some
cases to use an average SWCC (i.e., between the drying and
wetting SWCCs) when estimating unsaturated soil property
functions.
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Figure 5.39 Best-fit regression n and m parameters for range of soils best fit with van Genuchten
(1980) SWCC equation.
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Figure 5.41 Bounding and scanning curves used to define drying and wetting of unsaturated
soil (after Pham et al., 2003a).

Desorption curves are the easiest SWCC to measure in the
laboratory and, consequently, are most commonly measured.
Desorption and adsorption curves have, however, been mea-
sured on numerous soil types. Pham et al., (2002) mea-
sured drying and wetting curves on sand (Fig. 5.42) and silt
(Fig. 5.43). Three specimens were tested in each case and
the results were found to be reproducible and consistent.
The air-entry value for the sand specimen was 2 kPa and
the residual suction was 13 kPa. The air-entry value for the
silt was 10 kPa and the residual suction was 120 kPa.

Pham et al., (2002, 2003a, b) analyzed the drying and
wetting curves for 34 data sets on a variety of soils reported
in the literature. The difference between the hysteresis loops

at the inflection points was used as the primary indicator of
the magnitude of hysteresis.

The bounding drying curve tends to be approximately con-
gruent (i.e., parallel on a semilog plot) to the bounding wetting
curves. Table 5.3 shows that the distance between the main dry-
ing and wetting curves varied between 0.15 and 0.35 of a log
cycle for sands. The bounding curve spacing for more well-
graded silt soils varied between 0.35 and 0.60 of a log cycle. It
was suggested that the approximate spacing between the dry-
ing and wetting SWCCs could be assumed to be 25% of a log
cycle for sands and 50% of a log cycle for well-graded silts.

Hysteretic behavior observed in the laboratory while per-
forming wetting and drying SWCCs has also been observed
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Figure 5.42 Measured drying and wetting SWCCs on Beaver Creek sand (from Pham, 2002).
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Figure 5.43 Measured drying and wetting SWCCs on processed
silt (from Pham, 2002).

Table 5.3 Approximate Shift between Drying and
Wetting SWCCs

Range of Shift at Approximate
Inflection Point Average Shift as

as Ratio of Percentage of
Soil Type Log Cycle Log Cycle

Sand 0.15–0.35 25%
Silt 0.35–0.60 50%
Clay 0.60 to >1.0 Highly variable

in large-scale laboratory and field tests. Tami et al., (2004b,
c) constructed and instrumented a 2-m long model of a slope
consisting of two cohesionless soils. The experiment was
undertaken to study the performance of capillary barriers
on slopes. A flux boundary condition was imposed while
water contents were measured using TDR devices and matric

Section M

1 10

V
ol

um
et

ric
 w

at
er

 c
on

te
nt

, θ
 

0.0

0.1

0.2

0.3

0.4

I&II-D

III-W
IV&V-D

IV&V-W

III-D

1 10

I&II-D

III-W
IV&V-D

IV&V-W

III-D

Section B Section T

Matric suction, ua − uw (kPa) 

1 10

I&II-D

III-W
IV&V-D

IV&V-W

III-D

Figure 5.44 SWCCs defined from independent water content and
matric suction measurements during wetting and drying model sim-
ulations (after Tami et al., 2004b, 2004c).

suctions were measured using tensiometers. The SWCC for
each of the soils was independently measured in the labora-
tory. Figure 5.44 presents some of the model test results and
clearly indicates that the SWCC relationships independently
measured in the laboratory provided a reasonable represen-
tation of the water content versus matric suction bounding
curves followed under in situ drying and wetting conditions
(Tami et al., 2004b).

5.5.2 Initialization of Stress State in SWCC Test

The suction in a soil specimen is released to zero at the start of
a SWCC test. Soil specimens can be placed within a confining
ring and given access to water. The water can be imbibed from
the bottom of the specimen or given excess water from the top
of the specimen. It is preferable to wet the specimen from the
bottom. In this way air is not as likely to be entrapped in the soil
specimen. The soil specimen is usually allowed one or more
days to take on as much water as possible. The soil specimen
should be covered with metallic foil during the equalization
process to prevent loss of moisture by evaporation.

The soil specimen is usually 20–30 mm in thickness. The
prepared soil specimen might also be placed into a pressure
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plate apparatus and allowed to imbibe water for one or more
days. The initial suction in the soil is assumed to be zero
once the soil has fully imbibed water. The stress state of
the soil has now been altered from in situ conditions and
the stress path followed during setup of the soil specimen is
illustrated in Fig. 5.45. The specimen may undergo a change
in volume if the soil has considerable clay content.

Once the specimen has fully imbibed water, the test data
for the SWCC can be obtained by applying a series of
applied suction values. Each applied soil suction should
be maintained until the specimen has reached an equilib-
rium state (i.e., no further release of water). The drying
(or desorption) bounding curve of the water content ver-
sus soil suction relationship is most commonly measured.
Figure 5.46 illustrates the change in state experienced by a
sand soil as it is given access to water prior to testing.

Understanding the changes in stress state that occur during
the setup of the soil specimen assists in the interpretation of
the test data. It is clear that the laboratory SWCC data do
not represent a soil being dried from its in situ stress state.
Rather, the laboratory-measured SWCC data corresponds to
a particular test procedure that does not currently represent
in situ conditions and may not represent later conditions.
However, the SWCC has proven to be of significant value
as a guide for the estimation of unsaturated soil property
functions.

The test procedure used to measure the SWCC is based
on a long history of measurements in agriculture-related dis-
ciplines. It could be reasoned that there might be merit in
modifying the test procedure to more accurately represent
in situ total stress conditions when performing a labora-
tory SWCC test. The possibility of applying total stresses
has been taken into consideration in the design of recent
laboratory testing apparatuses.

Figure 5.45 Stress path followed at start of pressure plate test on
clay soil.

Figure 5.46 Stress path followed during initial stages of pressure
plate test on sand.

Geotechnical engineers have been successful in using
SWCC data obtained using test procedures developed in
agriculture-related disciplines. It has also been possible
to successfully use existing data sets for the estimation
of unsaturated soil properties (Fredlund, 1998b). Most
of the existing data represent the drying or desorption
curve subsequent to saturating a soil specimen. Records
should also be kept related to details of the soil specimen
preparation and test procedure (Fig. 5.47). It is important
for the geotechnical engineer to know whether the soil has
been initially remolded near the LL, initially compacted
near PL-conditions, or tested from an undisturbed or
disturbed sample state.

5.5.3 Desaturation Stages along SWCC

The SWCC laboratory test procedure commences with the
saturation of the soil specimen. The soil then begins to

Preparation of the soil specimen for
laboratory measurement of SWCC

Remolded soil at
slurry conditions

Compacted sample Undisturbed
sample

Characteristic:
- Homogeneous
  soil structure
- Uniformly
 graded
  pore sizes

Characteristic:
- Induced artificial
  soil structure
- Bimodal void
  spaces at
 increased
 clay content

Characteristic:
- May contain
  macrostructure
  and cracks
- Difficult to
 estimate SWCC
 without
  measurement

Figure 5.47 Characteristics associated with initial conditions of
soil specimen for SWCC test.
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desaturate as it is subjected to ever-increasing applied soil
suctions. Figure 5.48 shows the desaturation stages along the
desorption branch of the SWCC (White et al., 1970). There
are three identifiable stages of desaturation: the boundary
effect stage, the transition stage (i.e., with primary and sec-
ondary transition stages), and the residual stage of desat-
uration. The air-entry value separates the boundary effect
stage and the transition stage. The residual value separates
the transition stage and the residual stage. These stages can
be clearly defined on a plot of degree of saturation versus
logarithm of soil suction. The entire picture of unsaturated
soil behavior is most clearly understood when the SWCC
data are plotted from a low suction value (e.g., 0.1 kPa) to
the maximum value of 106 kPa.

A line joining the air-entry value and the residual value (i.e.,
on a degree of saturation versus logarithm of soil suction plot)
defines the primary information required from SWCC. Similar
features can also be observed on the wetting SWCC branch.
However, the first break on the wetting curve (starting from a
high-suction value to a lower suction value) is called the water-
entry value and the next break on the wetting curve defines
the point where only occluded bubbles remain in the soil. The
occluded bubble point on the wetting curve is referred to as
the “air closure” soil suction value.

5.5.4 Interpretation of SWCC Data
for Low-Volume-Change Soil

The interpretation of pressure plate data is often based on the
assumption that the overall volume change of the soil spec-
imen is negligible during the laboratory test. In agriculture-
related disciplines, the water content versus soil suction
relationship is of greatest importance and the volume change
of the soil is of little consequence. In geotechnical engineer-
ing applications, the amount of volume change in the soil
can be of significance when interpretating laboratory data.

Most sand soils (and even most silt soils) undergo only
a small amount of volume change over a wide range of

applied soil suctions. Figure 5.49 shows the SWCCs for a
sand soil and a graded silt soil. The distinctive features that
must be identified along the desorption branch are the air-
entry value and the residual conditions (i.e., residual suction
and residual water content). It is useful to plot all data sets to
a similar abscissa and ordinate scale. It is suggested that the
abscissa be a logarithm scale in kilopascals that commonly
ranges from 0.1 to 106 kPa. For some coarse-grained soils
it might also be necessary to extend the soil suction scale
lower than 0.1 kPa. The variable and units used to designate
the amount of water in the soil should be clearly designated.
Each SWCC should be viewed as a desorption “fingerprint”
for the soil. When the volume change of the soil is small,
any of the three measures for the amount of water in the soil
(i.e., gravimetric water content, volumetric water content,
and degree of saturation) will yield a similar interpretation
of key breaking points on the SWCC.

The sand soil shown in Figure 5.49 has an air-entry value
of 1.3 kPa and a residual suction of 5 kPa with a residual
gravimetric water content of 7%. The graded silt has an
air-entry value of 3 kPa and a residual suction of approxi-
mately 100 kPa with a residual gravimetric water content of
11%. The slope of a line joining the air-entry value and the
residual point (i.e., slope at the inflection point) provides a
measure of the rate at which water is removed from the soil
as suction is increased past the air-entry value. The slope
of the SWCC indicates the rate of change of water storage
in the soil with respect to soil suction. The interpretation
of the SWCC for a low-volume-change soil is based on the
assumption that changes in void ratio approach zero as suc-
tion is increased. Consequently, dw or dθ or dS portray
similar information regarding unsaturated soil behavior.

5.5.5 Interpretation of SWCC Data
for High-Volume-Change Soil

The interpretation of SWCC data for a soil that undergoes a
high volume change in response to changes in soil suction

Boundary
effect stage

Residual
conditions

Transition
stage

Figure 5.48 Definition of variable associated with typical SWCC.
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Figure 5.49 Desorption SWCC data for sand (data from Dane and Hruska, 1983) and silt (data
from Vereecken et al., 1989).

is considerably different from that of a low-volume-change
soil. A highly plastic clay (i.e., Regina clay) was prepared in
an initial slurry state (i.e., slurry water content of 88%) and
then preconsolidated to various pressures. The test results on
the preconsolidated clay are used to illustrate the interpre-
tation of SWCC data on a high-volume-change soil. There
are changes in the amount of water in the soil (i.e., dw or
dθ or dS ) and also changes in overall volume (i.e., de or dn
or dv where n is porosity and v is specific volume).

The liquid limit of Regina clay is 75%, the plastic limit is
25%, and the soil has 50% clay size particles. Figure 5.50
shows the gravimetric water content versus soil suction plot
for Regina clay soil specimens that were preconsolidated
to 6.2 and 400 kPa. The initial saturated water content of
the soil specimen preconsolidated to 6.2 kPa was 70% and
the water content of the soil specimen preconsolidated to
400 kPa was 56%. The preconsolidated specimens show a

gradual curvature onto the virgin compression branch for the
soil as soil suction is increased. The curves lack a distinct
break in curvature common to specimens loaded in one-
dimensional compression. Fredlund (1964) observed that the
gradual curvature of the SWCC onto the virgin compres-
sion branch is probably due to the three-dimensional volume
change during suction change and is certainly not related to
the air-entry value of the soil. Figure 5.51 shows a shrinkage
curve for the same soil and Fig. 5.52 shows a plot of degree
of saturation versus water content for specimens of Regina
clay. Both plots show that the soil begins to desaturate near
the plastic limit of the soil (i.e., 25%). The soil suction at
the plastic limit is close to the limiting suction that can be
applied in the pressure plate apparatus (i.e., about 1500 kPa).

The above information can be cross-plotted to give two
additional graphs of the volume-mass soil properties versus
soil suction. A plot of void ratio e versus soil suction yields

Figure 5.50 Gravimetric water content versus soil suction for Regina clay prepared at two
preconsolidation pressure values (from Fredlund, 1964).
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Figure 5.51 Specific bulk volume versus gravimetric water con-
tent for Regina clay (from Fredlund, 1964).

Figure 5.52 Degree of saturation versus gravimetric water con-
tent for Regina clay (from Fredlund, 1964).

a graph that is similar in shape to the gravimetric water
content SWCC with the exception that the high-suction por-
tion remains horizontal at a void ratio corresponding to the
shrinkage limit (i.e., e = 0.45). The large volume changes
that occur as soil suction is increased tend to mask the actual
air-entry value of the soil. The shrinkage curve of the soil
can be measured and used to assist in the interpretation of
the SWCC test results. It is possible to plot degree of sat-
uration versus the logarithm of soil suction and determine
the correct air-entry value of Regina clay.

Figure 5.13 (i.e., previously shown in Chapter 5) is a plot
of the degree of saturation versus soil suction for Regina
clay soil specimens. The results show that all soil specimens
produce essentially one unique line with a distinct break for
the air-entry value around 1500 kPa. In other words, the

correct air-entry value must be determined from the degree
of saturation versus logarithm of soil suction plot. The air-
entry value of clay soils can be extremely high, particularly
when the soil is in an initial slurry state.

Residual conditions may not be clearly defined on any
of the forms of the SWCC plot. Residual conditions would
appear to be near to (or below) the shrinkage limit of the
soil. The measured shrinkage limit for Regina clay was 13%
and the corresponding degree of saturation would appear to
be around 50%. In this case, residual suction would appear
to be on the order of 30,000 kPa. The air-entry values and
the residual values for the highly plastic clay illustrate the
significantly different SWCC behavior that can be observed
for sand soils and clay soils. The degree of saturation versus
soil suction plot provides the most valuable information for
the estimation of the air-entry value of a soil. The degree
of saturation versus soil suction plot is generally the most
meaningful relationship to use for the estimation of unsatu-
rated soil property functions.

It is also possible to plot volumetric water content versus
soil suction for Regina clay samples tested. The differentiation
(or slope) of the volumetric water content versus soil suction
plot provides the water storage function required as input for a
transient unsaturated soil seepage analysis. Volumetric water
content can be calculated in one of two ways: with reference
to either the original total volume or the instantaneous total
volume. The volumetric water content is defined as follows
when calculations are referenced to the original total volume:

θ1 = Vw

Vt0
(5.62)

where:

θ1 = referential volumetric water content,
Vw = volume of water, and
Vt0 = total volume of the soil specimen at the start of the

test.

Volumetric water content (i.e., referenced to the original
total volume) versus soil suction results in similar limita-
tions to those encountered when using gravimetric water
content. On the other hand, a plot of instantaneous volumet-
ric water content versus soil suction exhibits the character
of the degree of saturation versus soil suction plot. It is
important to specify the manner in which volumetric water
content is computed when high-volume-change soils are
being analyzed.

The air-entry value and the residual conditions provide
the most important information for generating unsaturated
soil property functions. Consequently, a plot of degree of
saturation (or instantaneous volumetric water content) is of
greatest significance to the geotechnical engineer. This is
disconcerting since it is difficult to directly measure the
overall volume of the soil specimen when using conven-
tional pressure plate equipment.
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There are some pressure plate apparatuses available that
attempt to measure overall volume change as well as water
volume change. The equipment is more elaborate and more
costly to operate but may provide measurements of the degree
of saturation versus soil suction. A normal stress can be applied
to the soil specimen while vertical deformation is measured.
Volume changes can be measured provided the soil specimen
does not separate from the sides of the K0 ring during increases
in soil suction. The alternative is to measure the shrinkage
curve for the soil in conjunction with the SWCC test. The
degree of saturation versus soil suction relationship can then
be computed and used in the interpretation of the test results.

5.5.6 Linkage between SWCC and Unsaturated Soil
Properties

The SWCC can be used to undertake a subsequent set of
estimations related to unsaturated soil property functions
(USPFs). Examples of subsequent estimations of functions
are the hydraulic conductivity function, the water storage
function, the shear strength function, and the volume-mass
change functions. The accuracy of the computed USPFs
are dependent upon the accuracy with which the SWCC is
characterized.

There is an interrelationship between the SWCC and the
estimated USPFs (Fredlund et al., 1995b; 1997b). A consis-
tent linkage to the SWCC must be respected and maintained
throughout all estimations for modeling purposes. In other
words, it is not possible to use the SWCC to estimate a USPF
and then subsequently change any aspect of the USPF in order
to alleviate convergence problems associated with solving a
highly nonlinear partial differential equation. The numerical
modeler must be aware that a change in a USPF means that
there is a change in the soil being analyzed. Consequently,
any change in one of the USPFs produces an inconsistency
with respect to other USPFs used in the analysis.

USPFs can produce highly nonlinear water storage and per-
meability functions, particularly for sand soils. The highly
nonlinear functions may subsequently create convergence dif-
ficulties when solving partial differential equations such as the
unsaturated soil seepage equation. Convergence difficulties
may tempt the modeler to adjust one or more of the unsaturated
soil parameters in order to obtain a converged solution. This
is “ill-advised practice” and should not be advocated. Rather,
it is important to use partial differential equation solvers that
can ensure convergence under highly nonlinear conditions.

Misfeldt et al., (2006) reported on the “preliminary design”
of a cover system where it was shown that a change in one of
the soil parameters associated with the hydraulic conductiv-
ity function significantly affected the outcome of the cover
design. Changing any one soil parameter changes the soil that
is being analyzed. It should also be noted that while estima-
tion techniques can be used to obtain SWCCs for preliminary
design purposes, it is important that individual unsaturated
soil property parameters not be arbitrarily changed when per-
forming a numerical modeling simulation.

5.6 PHAM AND FREDLUND (2011) EQUATION
FOR ENTIRE SWCC

Early empirical equations proposed for the best fit of water
content–soil suction data (i.e., prior to about the year
2000) failed to adequately define the portion of the SWCC
below the air-entry value. The shortcoming in the empirical
SWCCs was pronounced when the soil exhibited significant
volume change as soil suction was increased (e.g., initially
slurry soils). An asymptotic equation was not appropriate
for the low-soil-suction range because water storage tended
toward zero and created numerical instability problems
during the modeling of water flow problems.

Pham and Fredlund (2011) proposed two SWCC equations
that assist in modeling the low-suction range as well as the
entire soil suction range for a soil (Fredlund and Pham, 2006).
The two proposed equations for the SWCC are referred to as
(i) the meaningful parameter SWCC equation, and (ii) the sim-
plified SWCC equation. The meaningful parameter SWCC
equation has curve-fitting parameters that have physical sig-
nificance and meaning. The simplified SWCC equation is
particularly useful when performing analytical solutions for
unsaturated soil engineering applications.

The SWCC (i.e., in terms of gravimetric water content)
typically is S shaped (i.e., for unimodel behavior). Soil suc-
tion changes have a similar influence on the soil to changes
in net mean total stress when suctions are less than the
air-entry value. The first portion of the gravimetric SWCC
should therefore have a slope consistent with the volume
change properties of the soil. The magnitude of the initial
slope depends on the stress history of the soil (Fig. 5.53).

Let us consider the drying or wetting of a soil under zero
net mean total stress. When soil suction is less than the
air-entry value, the volume change due to a soil suction
change is equal to the application of an isotropic net mean
total stress. The slope of the initial portion of the SWCC at
soil suctions less than the air-entry value can be calculated
as in Eq. 5.63. The differentiation applies for the virgin
compression branch (or the recompression branch) as long
as the applied suctions are less than the air-entry value:

dw

dψ
= d(e/Gs)

dψ
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Cc

Gs

for ψ > pc

Cs

Gs

for ψ ≤ pc

(5.63)

where:

w = gravimetric water content,
e = void ratio,

Gs = specific gravity,
Cs = unloading-reloading index,
Cc = virgin compression index,
pc = preconsolidation pressure, and
ψ = soil suction.
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Figure 5.53 Typical shapes for SWCCs (i.e., gravimetric water content) of a soil subjected to
various stress histories (after Pham, 2005).

Several typical forms for the gravimetric water content ver-
sus soil suction curve are shown in Fig. 5.53. A clay soil, for
example, can be subjected to different stress histories with the
result that the SWCC changes; however, the general form of
the equation remains the same. A slurry soil will be highly
compressible in the low-effective-stress range. Preconsoli-
dated soils may have been subjected to a stress state that is
higher than the air-entry value of the soil. Most originally
proposed empirical equations for the SWCC are sigmoidal in
shape. Consequently, these equations cannot adequately rep-
resent the SWCC in the region below the air-entry value since
the equations are asymptotic to a horizontal line. The sig-
moidal equations are more suitable for best fitting the degree
of saturation form of the SWCC. It is prudent to have a
curve-fitting equation that can be applied to soils that exhibit
significant volume change (Mbonimpa et al., 2006).

5.6.1 SWCC Equation with Meaningful Parameters
for Entire Suction Range

It is useful to have SWCC equations written in terms of vari-
ables that have physical significance (e.g., air-entry value;
residual soil suction; residual water content; maximum slope
of the SWCC). Such an equation is particularly useful when
conducting sensitivity studies where the fundamental prop-
erties of the soil can be varied. The basic properties of
a SWCC are shown in Fig. 5.54. Most SWCCs can be
represented by three straight lines with slopes of S1, S2, and
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Figure 5.54 Typical SWCC for a soil that changes volume along
with a designation of the variables required to define the curve
(after Pham, 2005).

S3. The water content at a soil suction of 106 kPa is assumed
to be equal to zero (Fredlund and Xing, 1994). Parameters t1
and t2 can be used to control the transitions between various
portions of the SWCC. Three equations correspond to the
three sloping lines that can be written as three mathematical
functions [i.e., w1(ψ), w2(ψ), and w3(ψ)]:

w1(ψ) = ws − S1 log

(
ψ

1

)
= S3 log(106) + (S1 − S2)

× log(ψaev) + (S2 − S3) log(ψr) − S1 log(ψ)

(5.64)
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where:

ws = gravimetric water content at soil suction of
1 kPa and

S1, S2, S3 = slopes of the three parts of the SWCC.

An arbitrary starting reference point for the w1(ψ) equation
is the water content corresponding to 1 kPa. Equation 5.64
can be modified so that reference suctions other than 1 kPa
are preferred:

w2(ψ) = waev − S2 log

(
ψ

ψaev

)
= S3 log(106)

+ (S2 − S3) log(ψr) − S2 log(ψ) (5.65)

where:

waev = gravimetric water content at the air-entry value,
ψaev = soil suction at the air-entry value of the soil,

S2 = slope of the SWCC for the portion between the air-
entry value and the residual soil suction, and

S3 = slope of the portion beyond the residual soil suction,

and

w3(ψ) = S3 log

(
106

ψ

)
(5.66)

A mathematical technique can be used to connect the
above three sloping line equations into a single SWCC
equation. A function f can be used to connect any two
straight lines. The function varies between 0 and 1 with an
inflection point at the intersection of the two straight lines.
This technique has been implicitly used in some SWCC
equations. A general form of the combined functions for
the SWCC-fitting equation is as follow:

w(ψ) = [w1(ψ)f1(ψ,ψaev) + w2(ψ)f2(ψ,ψaev)

+ f3(ψ,ψaev)]f4(ψ,ψr) + w3(ψ)f5(ψ,ψr)

+ f6(ψ,ψr) (5.67)

where:

ψ = soil suction and
f1, f2, f3, f4 = function that must satisfy the following

conditions:
f1 is increased to 1 when ψ is decreased from

ψaev to 0,
f1 is decreased to 0 when ψ is increased from

ψaev to + ∞,
f2 = 1 − f1,
f4 is increased to 1 when ψ is decreased from

ψr to 0,
f4 is decreased to 0 when ψ is increased from

ψr to + ∞,
f5 = 1 − f4,

f3 is added to control the transition at the air-
entry value, and

f6 is added to control the transition at the
residual soil suction.

The following equation can be used to represent the func-
tions f1 and f4:

f (s, s1) = sn′
1

sn′ + sn′
1

(5.68)

where:

s, s1, and n′ = three arbitrary variables.

Plots of Eq. 5.68 with s1 = 10 and varying n′ values (i.e.,
n′ = 1, 4, and 10) are shown in Fig. 5.55. Function f3
controls the transition at the air-entry value of the SWCC.
Function f3 can be obtained by differentiating function f1
on a logarithmic scale:

f3(s) = d[f1(s)]

log(s)
α (5.69)

where:

α = a scaling factor.

Function f6 can be obtained in a similar manner. Substi-
tuting Eqs. 5.64, 5.65, 5.66, 5.68, and 5.69 into Eq. 5.67
yields the following SWCC equation containing the slopes
of three parts of the SWCC:

w(ψ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A(ψ) × (S2 − S1)

[
log

(
ψ

ψaev

)
− ln(10)

2t1

[1 − A(ψ)]

]
+ (S3 − S2)

[
log

(
ψ

ψr

)

− ln(10)

2t2
(1 − B(ψ))

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

× B(ψ) + S3 log

(
106

ψ

)
(5.70)
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Figure 5.55 Plots of meaningful parameter SWCC equation used
to represent functions f1 and f4 (after Pham, 2005).
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where

A(ψ) = ψ
t1
aev

ψ
t1
aev + ψt1

B(ψ) = ψ
t2
r

ψ
t2
r + ψt2

and

t1, t2 are curve-fitting parameters that control the transi-
tions of the curve.

The slope of the curve at and beyond residual soil suction
is of particular interest in geotechnical engineering when
considering problems involving the calculation of actual
evaporation. The variable S3 can be replaced by a more
meaningful variable, ws (i.e., gravimetric water content at a
soil suction of 1 kPa). The relationship between S3 and ws

can be written as follows:

S3 = wsat + (S2 − S1) log(ψaev) − S2 log(ψr)

log

(
106

ψr

) (5.71)

Equation 5.70 can now be reduced to the form shown in
Eq. 5.72. Figure 5.56 shows typical plots of Eq. 5.72 for
various soil properties (i.e., curve-fitting parameters). The
transition parameters used for plotting Fig. 5.56 are t1 = 5
and t2 = 5:

w(ψ) = ws(M1 + M3) + S1[− log(ψaev)(M1 + M3) − M2]

+ S2

(
−M1 log

(
106

ψaev

)
− log

(
ψr

ψaev

)
M3 + M2

)
(5.72)

where

M1(ψ) =

[
log

(
ψ

ψr

)
− ln(10)

2t2
(1 − ψ

t2
r

ψ
t2
r + ψt2

]

× ψ
t2
r

ψ
t2
r + ψt2

log

(
106

ψr

)

M2(ψ) =

[
log

(
ψ

ψaev

)
− ln(10)

2t1
(1 − ψ

t1
ae

ψ
t1
aev + ψt1

]

ψ
t1
aevψ

t2
r

(ψ
t1
aev + ψt1)(ψ

t2
r + ψt2)

M3(ψ) = log(106) − log(ψ)

log(106) − log(ψr)

The curve-fitting parameter t1 controls the radius of
curvature at the air-entry value and curve-fitting parameter
t2 controls the radius of curvature at residual suction.
These two curve-fitting parameters have little influence on
the shape of the remainder of the SWCC. The transition
parameters t1 and t2 can be chosen as constants prior to
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Figure 5.56 Sample plots of the meaningful parameter SWCC
equation using various curve-fitting parameters (after Pham, 2005).

undertaking a curve-fitting process (e.g., t1 = 5 and t2 = 5).
Higher values for t1 and t2 result in more distinct breaks
along the SWCC. When best fitting the degree-of-saturation
SWCC, the curve-fitting parameter S1 can be set to
zero. The curve-fitting parameter ws (i.e., saturated water
content) should be replaced by a constant value (i.e., 100%
for the degree of saturation).

5.6.2 Pham and Fredlund (2009) Simplified Equation
for Entire SWCC

The simplified SWCC equation for high-volume-change
soils also has curve-fitting parameters that are independent
of one another; however, the parameters may not have
physical meaning. The equation has two parts: (i) a part of
the simplified SWCC equation that is for soil suction values
less than residual soil suction (i.e., ψr ) and (ii) a part that
makes use of the Fredlund and Xing (1994) correction factor.
The equation has the following form:

w(ψ) =
(

[ws − S1 log(ψ) − wr ]
a

ψb + a
+ wr

)

×
(

1 − ln[1 + ψ/ψr ]

ln[1 + 106/ψr ]

)
(5.73)

where:

ws = gravimetric water content at 1 kPa soil suction,
S1 = slope of the portion of the curve in the low soil suc-

tion,
wr = residual water content,

a, b = curve-fitting parameters,
ψb = soil suction at the b fitting parameter, and
ψr = residual soil suction [i.e., can be approximated as

(2.7a)1/b]

The water content of a soil at a soil suction of 1 kPa is
used as a reference starting point for the SWCC. The slope
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of the portion of the SWCC for soil suctions less than the
air-entry value is defined back to 1 kPa of suction, assuming
that the air-entry value is greater than 1 kPa. Therefore, ws

and S1 can be considered as two known values.
The bending point on an SWCC at residual conditions

occurs at a suction of approximately (2.7a)1/b. The user
can either choose to set the residual soil suction value ψras
(2.7a)1/b or select the residual suction value as an indepen-
dent curve-fitting parameter. If ψr is replaced by (2.7a)1/b,
the curve has only three additional curve-fitting parameters:
wr , a, and Gs). Plots of Eq. 5.73 with various soil parame-
ters are shown in Fig. 5.57.

5.6.3 Pham and Fredlund (2011) Equation Fit
of Soil Data

The performance of the two Pham and Fredlund (2008)
equations can be illustrated using published SWCC results
on several soils. The selected SWCC results are for
(i) Regina clay (Fredlund, 1964), (ii) Jossigny silt (Fleureau
et al., 1995), (iii) kaolin (Fleureau et al., 2004), (iv) Beaver
Creek sand, (v) processed silt, (vi) Saskatchewan silty
sand, and (vii) Indian Head till (Pham, 2005). All soils

used in the testing program were prepared as slurry. The
classification properties of some of the soils tested at the
University of Saskatchewan, Saskatoon, are presented in
Table 5.4. The grain-size distribution curves for these soils
are presented in Fig. 5.58.

The seven soils were best fit using the meaningful parameter
SWCC equation (Eq. 5.72). The parameter ws was estimated
for each soil and a curve-fitting procedure was used to find the
following soil properties: (i) slope of the SWCC at soil suc-
tions less than the air-entry value, S1; (ii) slope of the main
portion of the SWCC (i.e., desaturation zone), S2; (iii) air-
entry value of the soil, ψaev; and (iv) residual soil suction
ψr . Best-fitting curves for Regina clay (Fredlund, 1964), Jos-
signy silt (Fleureau et al., 1995), and kaolin (Fleureau et al.,
2004) are shown in Fig. 5.59. Best-fitting curves for the four
soils tested at the University of Saskatchewan, Saskatoon, are
shown in Fig. 5.60. Curve-fitting parameters associated with
the seven soils are summarized in Table 5.5.

The best-fit results for the seven soils using the simpli-
fied SWCC equation (i.e., Eq. 5.73) were also computed.
The slopes of the SWCCs at soil suctions less than the
air-entry values for the seven soils were estimated prior to
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Figure 5.57 Plot of SWCC equation when using different curve-fitting parameters (after Pham,
2005).

Table 5.4 Soil Properties for Four Soils Tested at University of Saskatchewan

Liquid Limit Plastic Limit Specific Gravity
Soil (LL) (PL) (Gs)

Beaver Creek sand N/A N/A 2.65
(Bruch, 1993)

Saskatchewan silty
sand

N/A N/A 2.65

Processed silt 26.8
(Wilson, 1990)

25.4
(Wilson, 1990)

2.70
(Wilson, 1990)

Indian Head till 36.1 16.4 2.73
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Figure 5.58 Grain-size distributions for four soils for which SWCCs were measured (after
Pham, 2005).
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Figure 5.59 Best-fitting curves using meaningful parameter SWCC equation along with pub-
lished data sets for three soils (Data fits by Pham, 2005).

Measured data for Beaver Creek sand

Measured data for processed silt

Measured data for Indian Head till

Measured data for Sask silty sand
Best-fitted curve for Beaver Creek sand

Best-fitted curve for Sask silty sand

Best-fitted curve for processed silt

Best-fitted curve for Indian Head till

50

45

40

35

30

G
ra

vi
m

et
ric

 w
at

er
 c

on
te

nt
, w

, %

25

20

15

10

5

0
0.1 1 10 100

Soil suction, kPa

1000 10,000100,000 106

Figure 5.60 Best-fitting curves using meaningful parameter
SWCC equation along with measured data sets for four soils (after
Pham, 2005).

undertaking the best-fitting procedure. The fitting procedure
was used to find the parameters a , b, S1, ws , and wr . Best-
fit SWCC parameters for three soils are shown in Fig. 5.61.
Best-fit SWCC parameters corresponding for the soils tested
at the University of Saskatchewan, Saskatoon, are shown in
Fig. 5.62. A summary of the curve-fitting parameters corre-
sponding to the simplified SWCC equation for seven soils
is shown in Table 5.6.

5.6.4 Comments on Pham and Fredlund (2011)
SWCC Equations

The Pham and Fredlund (2011) SWCC equations (i.e., Eqs.
5.72 and 5.73) make use of the curve-fitting parameters ws

and S1 corresponding to saturated initial slurry conditions.
The variable ws represents the gravimetric water content
at a soil suction of approximately 1 kPa (provided the soil
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Table 5.5 Curve-Fitting Parameters for Seven Soils Using Meaningful Parameter SWCC Equation

Curve-Fitting Parameters

ID Soil ws S 1 S 2 ψaev, kPa ψ r , kPa

1 Regina clayb 1.042 0.256 0.677 2310 2780
2 Jossigny silt 0.463 0.089 0.169 1010 4820
3 Kaolin 0.881 0.168 0.303 883 12,500
4 Beaver Creek sand 0.239 0.003 0.652 2.46 5.33
5 Saskatchewan silty sand 0.241 0.010 0.200 8.01 40.2
6 Processed silt 0.255 0.044 0.140 33.7 118
7 Indian Head tillc 0.387 0.088 0.498 801 958

aParameters t1 and t2 are chosen as constant values prior to the fitting procedure with t1 = 4 and t2 = 8.
bSeveral empirical data points were added along the desaturation part for the Regina Clay to assist in curve fitting.
cData points for the SWCC at suctions higher than 1500 kPa were measured by Sillers (1997).
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Figure 5.61 Best-fit SWCCs using simplified SWCC along with published data sets for three
soils (after Pham, 2005).
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Figure 5.62 Best-fit SWCCs using simplified SWCC equation
along with measured data sets for four soils (after Pham,
2005).

has an air-entry value greater than 1 kPa). For soils with an
air-entry value less than 1 kPa, ws represents the water content
at a soil suction of 1 kPa on an extension of the line through
a suction value less than the air-entry value. The curve-fitting
parameter S1 represents the slope of the gravimetric SWCC
at suction values less than the air-entry value.

Figures 5.59–5.62 show that the two SWCC equations
proposed by Pham and Fredlund (2009) result in close fits
of measured SWCC data for a wide range of soil types
(i.e., from sand to clay). Both equations make use of the
curve-fitting parameters ws and S1 (i.e., representing the
gravimetric water content at 1 kPa soil suction and the slope
of the SWCC at soil suctions less than the air-entry value).

The meaningful parameter SWCC equation requires five
curve-fitting parameters (i.e., in addition to the two transi-
tional parameters for curvature at the air-entry and residual
points along the SWCC). The five curve-fitting parameters
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Table 5.6 Curve-Fitting Parameters for Seven Soils Using Simplified SWCC Equation

Curve-Fitting Parameters

ID Soil ws S 1 a b wr ψ r , kPa

1 Regina clayb 1.057 0.261 1.07 × 1033 9.838 0.131 2520
2 Jossigny silt 0.467 0.086 7.13 × 104 1.404 0.064 5810
3 Kaolin 0.830 0.145 1.92 × 109 2.527 0.049 6990
4 Beaver Creek sand 0.242 0.0046 3.70 × 103 6.186 0.020 4.43
5 Saskatchewan silty sand 0.244 0.015 5.30 × 104 4.052 0.098 18.7
6 Processed silt 0.250 0.036 3.01 × 105 2.824 0.114 124.
7 Indian Head tillc 0.382 0.084 1.47 × 108 2.627 0.078 1880

aResidual soil suctions were calculated using the curve-fitting parameters a and b.
bSeveral empirical data points were added along the desaturation part of the Regina clay for ease in curve fitting.
cData points for the SWCC at suctions higher than 1500 kPa were measured by Sillers (1997).

are independent and have physical soil property meaning (e.g.,
water content at 1 kPa soil suction, slope of the curve at soil
suctions less than the air-entry value, the air-entry value,
residual soil suction, maximum slope of the SWCC). The
curve-fitting parameters for the SWCC can also be estimated
from basic soil classification properties. The proposed SWCC
equations closely represent gravimetric water content–soil
suction conditions over the entire range of soil suction values.

The simplified SWCC equation also requires five curve-
fitting parameters, but only four parameters are truly inde-
pendent (i.e., since residual soil suction can be approximated
using the curve-fitting parameters a and b). Of the four curve-
fitting parameters, only two parameters have physical mean-
ing (i.e., the gravimetric water content at 1 kPa soil suction and
the slope of the SWCC at soil suctions less than the air-entry
value). The advantage of this equation is its mathematical
simplicity while still retaining an accurate representation of
the entire SWCC. The simplified SWCC equation retains a
defined slope at soil suctions less than the air-entry value.
The equation is simple to use and can be readily implemented
in analytical solutions for geotechnical engineering problems.

5.7 GITIRANA AND FREDLUND (2004) SWCC

Gitirana and Fredlund (2004) proposed an equation with
independent physical parameters for the SWCC. The equation
is a combination of two rotated and translated hyperboles.
The equation was intended for use with the degree-of-
saturation SWCCs.

Three types of equations were proposed to fit various shapes
of the SWCC: (1) a unimodal equation with one bending point,
(2) a unimodal equation with two bending points, and (3) a
bimodal equation. The equations are based on the general
hyperbolic equation in the coordinate system, log ψ versus
degree of saturation S . The equation parameters are defined
as the coordinates where the hyperbola asymptotes meet. A

consistent geometric relationship exists between the shape of
the SWCC and the equation parameters.

Wetting SWCCs that achieve a maximum degree of sat-
uration that is less than 100% can be represented by multi-
plying the proposed equations by the maximum achievable
degree of saturation.

5.7.1 Unimodal Equation with One Bending Point

A rotated and translated hyperbola was used to represent the
first type of SWCC curve: the two straight lines defined by
the coordinates (0, 1) (ψaev, 1) and (106, 0) for the hyperbola
asymptotes. The degree of saturation, S, equation is written
as follows:

S = tan θg(1 + r2) ln(ψ/ψaev)

(1 − r2 tan2 θg)

− 1 + tan2 θg

1 − r2 tan2 θg

√
r2 ln2

(
ψ

ψaev

)
+ a2(1 − r2 tan2 θg)

(1 + tan2 θg)

(5.74)
where:

ψ = any soil suction value,
ψaev = air-entry value for the soil,

θg = –λ/2, the hyperbola rotation angle,
r = tan (λ/2), the aperture angle tangent, and
λ = arctan [1/ ln(106/ψaev)], the desaturation slope.

The first derivative of Eq. 5.74 with respect to suction,
ψ , is required to define the water storage function for a
transient seepage analysis and can be written as follows:

dS

dψ
= 1

ψ

[
tan θg(1 + r2)

1 − r2 tan2 θg

− r2 ln(ψ/ψaev)(1 + tan2 θg)/(1 − r2 tan2 θg)√
r2 ln2(ψ/ψaev) + a2(1 − r2 tan2 θg/(1 + tan2 θg)

⎤
⎥⎦

(5.75)
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5.7.2 Unimodal Equation with Two Bending Points

Two rotated and translated hyperbola are needed to define
an entire unimodal SWCC with two bending points. The
three straight lines defined by the coordinates (0, 1) (ψaev, 1)

(ψres, Sr) and (106, 0) are the asymptotes of the hyperbola.
These two hyperbola are merged through a third equation to
produce a continuous function with a smooth transition. The
proposed equation is as follows:

S = S1 − S2

1 + (ψ/
√

ψaevψres)
d

+ S2 (5.76)

where

Si = tan θgi(1 + r2
i ) ln(ψ/ψa

i )

1 − r2
i tan2 θgi

+ (−1)i
1 + tan2 θgi

1 − r2
i tan θgi

×
√

r2
i ln

(
ψ

ψa
i

)
+ a2(1 − r2

i tan2 θgi)

(1 + tan2 θgi)
+ Sa

i

and

i = 1, 2;
θgi = −(λi−1 + λi)/2, hyperbola rotation angles,
ri = tan[(λi−1–λi)/2], aperture angle tangents;
λ0 = 0 and λi = arctan {(Sa

i − Sa
i+1)/[ln(ψa

i+1/ψ
a
i )]} are

the desaturation slopes;
Sa

1 = 1, Sa
2 = S r , Sa

3 = 0, where Sr is the degree of satu-
ration at residual conditions,

ψa
1 = ψaev, ψ

a
2 = ψres, ψ

a
3 = 106,

d = 2 exp[1/ln(ψres/ψaev)], a weight factor for S1 and S2
that produces a continuous and smooth curve, and,

ψres = residual suction

The first derivative of Eq. 5.76 with respect to ψ is

dS

dψ
= dS1/dψ − dS2/dψ

1 + (ψ/
√

ψaevψres)
d

− S1 − S2

[1 + (ψ/
√

ψaevψres)
d ]2

(
ψ√

ψaevψres

)d
d

ψ
+ dS2

dψ

(5.77)
where

dSi

dψ
= 1

ψ

[
tan θgi(1 + r2

i )

1 − r2
i tan2 θgi

+ (−1)i

× r2
i ln(ψ/ψa

i )(1 + tan2 θgi)/(1 − r2
i tan2 θgi)√

r2
i ln2(ψ/ψa

i ) + a2(1 − r2
i tan2 θgi)/(1 + tan2 θgi)

⎤
⎥⎦

i = 1, 2

5.7.3 Bimodal SWCC Equation

Four hyperbolae are needed to model a bimodal SWCC
delineated by the five asymptotes that are defined by

coordinates (0, 1) (ψaev1, 1)(ψr1
, Sr1

)(ψaev2, Saev)(ψr2
, Sr2

)

and 106, 0):

S = S1 − S2

1 + (ψ/
√

ψaevψres1)
d1

+ S2 − S3

1 + (ψ/
√

ψres1ψaev2)
d2

+ S3 − S4

1 + (ψ/
√

ψaev2ψres2)
d3

+ S4 (5.78)

where:

Si, θgi, ri , and λi are as defined in Eq. 5.76,

i = 1, 2, 3, 4,
Sa

1 = 1, Sa
2 = Sr1

, Sa
3 = Saev, S

a
4 = Sr2

, Sa
5 = 0,

Saev2 = degree of saturation at the air-entry value for the
second part of the SWCC.

ψa
1 = ψaev1,

ψa
2 = ψres1,

ψa
3 = ψaev2,

ψa
4 = ψres2,

ψa
5 = 106, and

dj = 2 exp[1/ ln(ψa
j+1/ψ

a
j )] are weight factors, j = 1,

2, 3.

The derivative of Eq. 5.78 with respect to ψ can be obtained
in a manner similar to that shown above for Eq. 5.76.

5.7.4 Parametric Analysis of Gitirana and Fredlund
(2004) SWCC Equations

A parametric analysis shows the influence of the fitting
properties on the proposed equations. Figures 5.63–5.65
illustrate the independent influence of each of the equation
parameters. The SWCC curve parameters are shown to be
mathematically independent.

Figure 5.63 illustrates that larger values of a provide a
smoother curve. The air-entry value might appear to be
reduced as a increases but that is not the case. The apparent
reduction is simply a smoothing effect evenly distributed to
suction values lower and higher than both ψaev and ψres.
The curve limits may start deviating from S = 100% and S
= 0% when values of a are greater than 0.2 (Fig. 5.63). It
is suggested that a values should lie within the range from
0 to 0.15.

5.7.5 Fitting Gitirana and Fredlund (2004) SWCC
Equation to Experimental Data

Figure 5.66 shows the fitting of two data sets using the
Gitirana and Fredlund (2004) SWCC equation. The labora-
tory test data was from Patience Lake silt (Bruch 1993) and
Beaver Creek sand (Sillers, 1997). The best-fit parameters
are shown in Fig. 5.66.

Figure 5.67 illustrates how the Gitirana and Fredlund
(2004) SWCC equation can also be used to fit bimodal
SWCCs. Experimental data for two bimodal soils are used to
show the fitting capability of the proposed bimodal equation.
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Figure 5.67 Best-fit SWCC curves for experimental data on pelletized diatomaceous earth and
Brasilia collapsible clay (after Gitirana and Fredlund, 2004).

Figure 5.67 shows the best-fit curve, the fitting parameters,
and the experimental data for a pelletized diatomaceous earth
(Burger and Shackelford, 2001) and for residual, highly
collapsible clay from Brasilia (Camapum de Carvalho et al.,
2002). Close fits are observed for both materials.

5.8 MEASUREMENT OF SWCC USING PRESSURE
PLATE DEVICES

Several types of test equipment and test procedures have
been used for measuring the SWCC. Much of the original
laboratory testing equipment for measuring the SWCC
was developed in the agricultural discipline. The early
measurement of the SWCC generally involved the use of
large pressure chambers that tested several soil specimens
at one time (Fredlund and Rahardjo, 1993a). A number of
smaller pressure-plate-type cells have more recently been

developed in geotechnical engineering that test individual
soil specimens. Laboratory equipment for measuring the
SWCC can broadly be divided into equipment that provides
an applied matric suction and equipment that provides a
controlled total suction.

Matric suctions are applied to a soil specimen through use
of a high-air-entry disk (or a cellulose membrane). The max-
imum value of most high-air-entry disks is 1500 kPa. The
axis translation technique is used to develop a differential
air and water pressure without producing cavitations in the
water phase. Figure 5.68 shows a single-specimen pressure
plate device developed at the University of Saskatchewan,
Saskatoon, for applied suctions up to 500 kPa. An air pres-
sure can be applied to the specimen chamber through use of
an air pressure regulator. Water drains against atmospheric
pressure conditions and as a result a matric suction is applied
to the soil specimen (i.e., ua − uw, where ua = pore-air
pressure and uw = pore-water pressure).
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Soil specimen

High air-entry disk

Figure 5.68 Single specimen pressure plate cell developed at
University of Saskatchewan, Saskatoon, Canada.

The use of pressure regulators is satisfactory for matric
suctions greater than about 5 kPa. At matric suctions less
than about 5 kPa, an inverted column of water can be used to
apply small negative pressures to the water below the base
of the high-air-entry disk. The air pressure in the cham-
ber is maintained at atmospheric conditions when using an
inverted column to apply small suction values.

Matric suctions can be applied as high as about 1500 kPa
using pressure plate equipment. Generally 1500 kPa
has formed the dividing line between matric suction
measurements and total suction measurements.

A controlled relative humidity environment is used to
establish a fixed total suction. A small soil specimen is
brought into equilibrium with the surrounding vapor pres-
sure. Figure 5.69 shows the cross section of a desiccator
with a salt solution placed in the bottom to create a constant-
relative-humidity environment. The relative humidity envi-
ronment is converted to total suction through use of the Lord
Kelvin equation (Fredlund and Rahardjo, 1993a).

Tens of thousands of SWCC data sets have been
measured in various countries of the world (Fredlund,

Figure 5.69 Vacuum desiccator for equilibrating small soil spec-
imens in constant-relative-humidity environment created by con-
trolled salt solution.

1997). Most of the laboratory measurements have been
made within agriculture-related disciplines. Over the years
it became quite acceptable to perform SWCC measurements
in agricultural disciplines without applying total stresses to
the soil specimen. The data was primarily used to assess the
availability of water for plant growth near ground surface.
Most laboratory testing equipment has been developed
without consideration of applying total stresses and without
the ability to measure volume change as matric suction is
applied. The design of some pressure plate apparatuses is
somewhat restrictive when obtaining data for geotechnical
engineering applications (Ng and Pang, 1999, 2000a).
Geotechnical engineers have attempted to utilize soil testing
equipment used in other disciplines, but at the same time
several new devices have been developed that are better
suited for geotechnical engineering applications.

It has become common practice to measure matric suc-
tions below 1500 kPa and total suctions above about 1500
kPa. Data sets for a particular soil are generally plotted with
matric suction and total suction on the same graph (i.e.,
along the abscissa on a logarithm scale). It has also become
common practice to simply measure the desorption branch
of SWCCs. The desorption branch is the easiest and most
rapid branch of the SWCC to measure. Soil specimens are
commonly placed into a pressure plate apparatus, initially
saturated, and allowed to come to equilibrium prior to the
start of the test. Therefore, the initial matric suction in the
soil specimen is released to zero at the start of the test.

The SWCC has proven to be the most important
unsaturated soil property function to measure in unsaturated
soil mechanics. The SWCC provides the key relationship
needed to implement unsaturated soil mechanics in geotech-
nical engineering practice. SWCCs have been measured in
agriculture-related disciplines since the 1930s. A number
of devices have been developed for applying a wide range
of soil suction values. Typical pressure plate apparatuses
are Tempe cells (100 kPa) (Reginato and van Bavel,
1962) (Figs. 5.70 and 5.71), volumetric pressure plates
(200 kPa) (Figs. 5.72 and 5.73), and large pressure plate
apparatuses (500 and 1500 kPa) (Figs. 5.74, 5.75, and 5.76);
(Fredlund and Rahardjo, 1993a). These apparatuses use the
measurement of either a water mass or a water volume to
allow the back calculation of equilibrium water contents
corresponding to applied matric suctions.

ASTM designation D6836–02 (2008) provides a detailed
description for the determination of the SWCCs using
several testing procedures: (i) hanging column, (ii)
pressure plate extractor (with volumetric measurements and
gravimetric water content measurements of water content),
(iii) chilled-mirror hygrometer, and (iv) centrifuge. For
suction values greater than 1500 kPa, small soil specimens
are allowed to come to equilibrium in a fixed relative
humidity environment (i.e., vacuum desiccators). Various
molar salt solutions are used to create the fixed relative
humidity environments.



236 5 soil-water characteristic curves for unsaturated soils

(a)

(b)

Figure 5.70 Assemblage of a Tempe pressure cell: (a) disas-
sembled components of a Tempe cell; (b) assembled Tempe cell.
(Courtesy of SoilMoisture Equipment Corporation, Santa Barbara,
CA).
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Figure 5.71 Cross-section of a Tempe pressure plate cell manu-
factured by SoilMoisture Equipment Corporation.

(a)

(b)

Figure 5.72 Assemblage of volumetric pressure plate extractor:
(a) disassembled components of volumetric pressure plate extrac-
tor; (b) assembled volumetric pressure plate extractor. (Courtesy
of SoilMoisture Equipment Corporation, Santa Barbara, CA).

There is no single, unique SWCC; rather, there is an infi-
nite number of scanning curves contained within a drying
(desorption) boundary curve and an adsorption (wetting)
boundary curve (Fig. 5.77). It is the primary drying and
wetting curves that are of greatest relevance in unsaturated
soil mechanics. The drying SWCC is easier to measure in
the laboratory and has become the primary curve used in
estimating unsaturated soil property functions.

5.8.1 Tempe Cell Apparatus and Test Procedure

The term “Tempe cell” refers to a particular pressure plate cell
that was designed and built by Reginato and van Bavel (1962)
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Figure 5.73 Setup of volumetric pressure plate extractor along with its hysteresis attachment
(from SoilMoisture Equipment Corporation, 1985).

Figure 5.74 A 5-bar ceramic plate extractor (i.e., maximum
applied matric suction is 500 kPa). (Courtesy of SoilMoisture
Equipment Corporation, Santa Barbara, CA.)

Figure 5.75 A 15-bar ceramic plate extractor (i.e., maximum
applied matric suction is 1500 kPa). (Courtesy of SoilMoisture
Equipment Corporation, Santa Barbara, CA.)

Figure 5.76 Pressure membrance extractor (from SoilMoisture
Equipment Corporation, Santa Barbara, CA).
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Figure 5.77 SWCCs for drying and wetting processes for Aiken
clayey silt (after Richards and Fireman, 1943).
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at the Water Conservation Laboratory in Tempe, Arizona. The
Tempe cell has been subsequently manufactured by SoilMois-
ture Equipment Corporation of Santa Barbara, California.

A Tempe cell assemblage is shown in Fig. 5.70 and a
cross-sectional view is given in Fig. 5.71. A soil specimen
is placed onto the high-air-entry disk inside the retaining
cylinder of the Tempe pressure cell. An outlet tube located
at the base plate underneath the high-air-entry disk allows
the drainage of water from the soil specimen. Air pressure
is supplied through the inlet tube on the top plate.

A test is started by saturating the high-air-entry disk. The
soil specimen is also allowed to fully imbibe water at the
start of the test. Excess water is removed from the cell
after saturation of the soil specimen. The top plate is then
mounted and tightened into place. The lowest air pressure is
applied to the Tempe cell. The applied air pressure is equal
to the desired lowest matric suction value.

Water starts draining from the specimen through the high-
air-entry disk once the air pressure is applied. At equilibrium,
the matric suction in the soil is equal to the applied air pres-
sure. The time required to reach equilibrium depends upon
the thickness and permeability of the specimen and the per-
meability of the high-air-entry disk. The apparatus continues
to be used for sand soils that have an air-entry value (and resid-
ual water content) less than 100 kPa. The air-entry value of
the ceramic disk is slightly greater than 100 kPa. Changes in
water content are measured by weighing the specimen and the
cell after equilibrium is reached with the applied air pressure.

The procedure is repeated at higher applied air pressures
(i.e., high matric suctions). Once the highest matric suction
has been applied, the air pressure in the cell is released and
the soil specimen is removed. The water content correspond-
ing to the highest matric suction is measured by oven drying
the soil specimen. The final water content, together with
the previous changes in weight, is used to back calculate
the water contents corresponding to other applied suction
values. The matric suction values are plotted versus the cor-
responding water contents to give the SWCC.

5.8.2 Volumetric Pressure Plate Extractor Apparatus
and Test Procedure

Figure 5.72 shows an assemblage of a volumetric pressure
plate extractor manufactured by SoilMoisture Equipment
Corporation. The maximum matric suction that can be
attained with the volumetric pressure plate extractor is 200
kPa. This apparatus can also be used to study hysteresis
effects associated with the drying and wetting of the soil.
A hysteresis attachment is required, as shown in Fig. 5.73.

The hysteresis attachments allows for the measurement of
the volume of water that flows in or out of the soil speci-
men. The hysteresis attachments consist of a heater block,
vapor saturator, air trap, ballast tube, and burette. The heater
block is attached to the top plate to prevent water from
condensing on the inside walls of the extractor. The heater
block maintains the walls of the extractor at a slightly higher

temperature than the soil temperature. Water condensation
on the walls would introduce an error in the determination of
equilibrium water contents, particularly for long-term tests.
The vapor saturator is used to completely saturate the air
that flows into the volumetric pressure plate extractor. The
saturated air surrounding the soil specimen prevents the soil
from drying by evaporation.

The air trap is provided to collect air that may diffuse
through the high-air-entry disk. A “level mark” is provided
on the stem of the air trap as a reference point in measuring
the volume of water. A ballast tube is provided as a horizon-
tal storage for water flowing in or out of the soil specimen
under atmospheric conditions. A “level mark” on the ballast
tube also serves as a reference point. A burette is used to
store or supply water. The change in the volume of water
in the burette during the equalization process is equal to the
water volume change in the soil specimen.

Drying and wetting processes can be performed on the
same soil specimen when using the volumetric pressure
plate extractor. During the drying process, matric suction
is increased, and pore-water drains from the specimen into
the ballast tube. During the wetting process, matric suction
is decreased, and water in the ballast tube is slowly absorbed
back into the soil specimen. The drying branch of the SWCC
is first measured, followed by measurements for the wetting
branch. Further drying and wetting SWCCs can be measured
subsequent to the first cycle, if desired.

5.8.3 Test Procedure for Volumetric Pressure
Plate Extractor

The test procedure commences with the placement of the soil
specimen into the retaining ring. The ring and soil specimen
are then placed on top of the water-saturated high-air-entry
disk. The specimen is first saturated, and the hysteresis attach-
ments are connected to the extractor. The hysteresis attach-
ments are filled with water to the level mark. Air bubbles
should be flushed from below the ceramic disk at the start of
the test by running the roller over the connecting tube. This
action will push water from the air trap through the grooves
beneath the disk and cause air bubbles to move into the air
trap. The trapped air bubbles are then released by adjusting
the water level in the air trap to the level mark. This is accom-
plished by opening the stopcock at the top of the air trap and
applying a small vacuum to the outlet stem of the air trap. The
vertical position of the ballast tube is made level with the top
surface of the ceramic disk or with the center of the specimen
by placing the extractor on a support.

5.8.4 Drying Portion of SWCC

A starting point on the first drying curve is established by
applying a low matric suction to the soil specimen (i.e., raising
the air pressure in the extractor to a low pressure). Water starts
to drain from the soil specimen through the high-air-entry disk
to the ballast tube. Water should drain to the burette when the
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ballast tube is full of water. This is accomplished by applying
a small vacuum to the top of the burette and carefully opening
the stopcock on the burette. The outflow of water from the
specimen stops when equilibrium is reached.

Diffused air is removed from the grooves underneath the
ceramic disk using the pumping procedure described above.
Air may diffuse through the pore-water and the water in the
high-air-entry disk during the test. The air is called “diffused
air” and it comes out of the solution in the grooves beneath
the ceramic disk. The removal of diffused air should be
performed each time equilibrium is reached with a particular
applied suction. The accuracy of the measurement of water
flow from the soil specimen is increased through use of this
technique. Also, the accumulation of diffused air below the
ceramic disk may prevent the uptake of water by the soil
during the wetting process.

The above testing procedure can be repeated at each increas-
ing matric suction (i.e., increasing air pressure in the extractor)
until the drying curve is complete. The water volume readings
from the burette will provide the information necessary for the
calculation of the equilibrium water contents for each applied
pressure.

5.8.5 Wetting Portion of SWCC

The volumetric pressure plate test can be continued through
a wetting process upon completion of the drying portion
of the test. The soil matric suction is reduced by decreas-
ing the air pressure in the extractor. A decrease in the air
pressure causes water to flow from the ballast tube back
into the soil specimen. The water volume required for the
backflow may be in excess of the water volume in the bal-
last tube. In this case, water should be added to the ballast
tube by opening the burette stopcock. Equilibrium is reached
when the water flow from the ballast tube into the specimen
has stopped. Following equilibrium, the water levels in the
air trap and the ballast tube are again adjusted to the level
mark, and the burette reading is taken for computation of
water volume change. The procedure is repeated at decreas-
ing matric suctions until the desired range of the wetting
curve is obtained. Subsequent cycles of drying and wetting
can also be performed if desired.

The final water content of the specimen corresponding to
the last matric suction is measured at the end of the test. The
final water content and the water volume changes between
two successive applied pressures are used to calculate the
equilibrium water contents. A typical plot of matric suction
versus water content for the drying and wetting processes
is shown in Fig. 5.77. The plot illustrates the effect of hys-
teresis between the drying and wetting curves.

The volumetric pressure plate extractor has also been used
to measure the coefficient of permeability in unsaturated
soils using the outflow method described by Klute (1965a).
The coefficient of permeability of the high-air-entry disk
must be measured to ensure that there is no flow impedance
resulting from the low permeability of the ceramic disk. It is

quite common that impedance from the high-air-entry disk
will not allow the coefficient of permeability of the soil to
be measured.

5.8.6 Pressure Plate Extractors for Drying Tests

Pressure plate extractors such as the type manufactured by
SoilMoisture Equipment Corporation can be used to mea-
sure the SWCC (see Figs. 5.74–5.76). The extractors are
commonly used to apply various matric suctions to one or
more soil specimens, and the test is called a pressure plate
test [ASTM D2325]. The pressure plate extractor consists
of a high-air-entry ceramic disk contained in an air pressure
chamber. The high-air-entry disk is saturated and is always
in contact with water in a compartment below the disk. The
compartment is maintained at zero water pressure.

Tempe cells and volumetric pressure plate extractors are
two types of extractors which can be used on single soil speci-
mens in the low range of matric suction. Pressure plate extrac-
tors for the high-matric-suction range (i.e., up to 1500 kPa)
are presented in Figs. 5.74, 5.75, and 5.76. The pressure
membrane extractor utilizes cellulose membranes instead of
a high-air-entry ceramic disk. In addition, a compression
diaphragm is provided on the lid of the pressure membrane
extractor. A pressure regulator maintains a slightly higher
pressure behind the diaphragm than inside the extractor in
order to keep the soil specimens in contact with the cellu-
lose membrane. The increased contact pressure is particularly
important for the high range of matric suctions where the soil
specimens may shrink and an air gap may tend to form at the
contact with the high-air-entry disk.

Soil specimens are placed on top of the high-air-entry
disk, and the airtight chamber is pressurized to the desired
matric suction. The disk does not allow the passage of air
as long as the applied matric suction does not exceed the
air-entry value of the disk. The air-entry value of the disk is
related to the diameter of the pores in the ceramic disk. The
air-entry value of the disk and the strength of the pressure
chamber control the maximum air pressure which can be
applied to a soil specimen.

The application of matric suction to a soil causes the pore-
water to drain to the water compartment through the disk.
At equilibrium, the soil will have a reduced water content
corresponding to the increased matric suction. Since more
than one soil specimen is generally tested, it is necessary to
dismantle the chamber and measure the weight of each speci-
men after equilibrium at the applied pressure. This procedure
is commonly used with 5- and 15-bar ceramic plate extrac-
tors when several specimens are tested at the same time. The
plot of equilibrium water content versus the logarithm of the
corresponding soil suction constitutes the SWCC.

5.8.7 Typical Results from Pressure Plate
Extractor Tests

The SWCCs obtained from pressure plate tests provide infor-
mation regarding the water phase constitutive surface for
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an unsaturated soil. An unsaturated soil in the field is often
subjected to significant and frequent changes in matric suc-
tion which result in changes in the unsaturated soil proper-
ties. Changes in soil suction are often more significant than
changes in total stress. The soil undergoes processes of dry-
ing and wetting because of the imposed climate. On the other
hand, the applied total stress on the soil is seldom altered. It is
important to know the SWCC of an unsaturated soil in order
to predict soil behavior associated with drying or wetting.

Croney and Coleman (1954) show SWCCs which compare
the behavior observed for incompressible and compressible
soils. Figure 5.78 compares the SWCCs of soft and hard
chalks, which are considered relatively incompressible. The
drying curves of the incompressible soils exhibit essentially
constant water contents at low matric suctions and rapidly
decreasing water contents at higher suctions. The point where
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Figure 5.78 SWCCs for soft and hard chalks with incompressible
soil structures (after Croney and Coleman, 1954).

the water content starts to decrease significantly indicates the
air-entry value of the soil. The data show that the hard chalk
has a higher air-entry value than the soft chalk. The high pres-
sure applied during the formation of the hard chalk bed results
in smaller average pore sizes than in the soft chalk.

Another noticeable characteristic is that the drying curves
for both hard and soft chalks become identical at high matric
suctions (Fig. 5.78). This indicates that under high-suction
conditions both soils have similar pore size distributions.
There is marked hysteresis between the drying and wetting
curves for both soils.

The effect of initial water content on the drying curves
of incompressible mixtures is demonstrated in Fig. 5.79. An
increase in the initial water content of the soil results in a
decrease in the air-entry value. The decrease can be attributed
to the larger pore sizes in the high-initial-water-content mix-
tures. The soils with the high initial water contents drain
quickly at relatively low matric suctions. As a result, the
water content in the soil with the large pores is less than the
water content in the soil with small pores at matric suctions
beyond the air-entry value. The soils with low initial water
content (i.e., small pore sizes) require larger matric suction
values to commence desaturation. There is a slower rate of
water drainage from the pores at higher soil suctions.

The initial dry density of incompressible soils has a sim-
ilar effect on the SWCC, as was illustrated by the initial
water contents. As the dry density of a soil increases, the
pore sizes become small and the air-entry value becomes
higher, as illustrated in Fig. 5.80. The high-density speci-
mens desaturate at a slower rate than the low-density spec-
imens. As a result, the high-density specimens have higher
water contents than the low-density specimens at matric suc-
tions beyond their air-entry values. Hysteresis associated

Figure 5.79 Effects of initial water content on the drying curves of incompressible mixtures
(after Croney and Coleman, 1954).
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Figure 5.80 Effect of initial dry density on SWCCs of compacted
silty sand (after Croney and Coleman, 1954).

with the high-density specimens is less than the hysteresis
exhibited by the low-density specimens.

Croney and Coleman (1954) used the SWCC for London
clay (Fig. 5.81) to illustrate the behavior of a compressible
soil upon wetting and drying. The gradual decrease in water
content upon drying does not provide a clear indication of
the air-entry value. In this case, the shrinkage curve of the
soil (Fig. 5.82) must be used together with the SWCC in
order to determine the correct air-entry value of the soil. The
shrinkage curve clearly indicates the compressible nature of
the soil. The total and water volume changes caused by
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Figure 5.82 Shrinkage curve for London clay (after Croney and
Coleman, 1954).

an increase in matric suction are essentially equal until the
water content reaches 22%. The shrinkage curve above a
water content of 22% is parallel and close to the saturation
line indicating essentially a saturation condition. The soil
starts to desaturate when the water content goes below 22%,
causing the shrinkage curve to deviate from the saturation
line. The void ratio of the soil reaches a limiting value (i.e.,
e = 0.48), corresponding to a water content of 0%. A water
content of 22% in the natural soil corresponds to a matric
suction of approximately 1000 kPa according to the SWCC
(Fig. 5.81).

Some irreversible structural changes causing an irreversible
volume change occur primarily during the first drying process,
as indicated by curve A in Fig. 5.81. Subsequent wetting and
drying cycles follow curves B and C (Fig. 5.81), respectively.
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Curves B and C have lower water contents than curve A, with
the difference indicating irreversible volume change.

Curve D in Fig. 5.81 was obtained from initially slurry
specimens where the soil structure was slightly disturbed.
Curve A for the natural soil joined curve D at a matric suc-
tion of 6300 kPa, indicating the maximum suction to which
the clay may have been subjected during its geological his-
tory. The deviations of the natural soil curves A, B , and C
from the initially slurry soil curve D represent the influence
of past drying and wetting cycles.

Another curve plotted in Fig. 5.81 is curve G , which relates
the water content to the matric suction of a continuously dis-
turbed soil specimen. Curve G is different from the other mea-
sured SWCCs mainly because the soil structure was contin-
uously being changed throughout the test. An SWCC should
be measured on a single specimen or several specimens with
“identical” initial soil structures. Curve G appears to be unique
for London clay. State points along the drying curve D or
curve A will move to corresponding points on curve G when
disturbed at constant water content. Similarly, state points
along any wetting curve will move to curve G when dis-
turbed at constant water content. Disturbance can take the
form of remolding or thoroughly mixing the specimens. Sim-
ilar relationships to curve G have also been found for other
soils. There appears to be a unique relationship between water
content and matric suction for a disturbed or remolded soil,
regardless of the stress path (Croney and Coleman, 1954).

5.9 SINGLE-SPECIMEN PRESSURE PLATE
DEVICES FOR GEOTECHNICAL ENGINEERING

Most pressure plate apparatuses were originally developed for
testing soils for agricultural applications. Pressure plate equip-
ment and laboratory test procedures have been transferred
into geotechnical engineering as unsaturated soil mechanics
emerged. However, the testing of unsaturated soils in geotech-
nical engineering has a number of additional requirements that
should be addressed. Some of the desirable features benefi-
cial to geotechnical engineering applications can be listed as
follows:

1. It is desirable to test individual soil specimens.
2. It is desirable to test undisturbed soil samples.
3. It is desirable to be able to apply in situ total stresses in

the laboratory when testing the soil samples.
4. It is desirable to be able to measure changes in overall

volume as well as changes in the amount of water in the
soil specimen.

5. It is desirable to be able to measure both the drying and
wetting SWCCs.

6. Increased accuracy is required with respect to perform-
ing and interpreting the SWCC tests.

7. The apparatus must be easy to assemble and safe to oper-
ate under high pressures.

8. Attention must be paid to the measurement of air diffused
through the high-air-entry disks.

Some of the features desirable for engineering applica-
tions have been met in equipment developed by geotechnical
engineers in recent years. There has been an attempt to con-
tinuously monitor water volume change and overall volume
change in order that all volume-mass soil properties can be
measured (e.g., w, S, and e). There are several recent appa-
ratuses that have been developed that better meet the needs
for measuring the SWCC in geotechnical engineering. Some
of the desired specifications for an apparatus to measure the
volume-mass properties along matric suction and applied
total stress paths are as follows. The suction range of oper-
ation should be up to at least 500 kPa and possibly up to
1500 kPa. The air pressure source to operate the device will
also need to be at least 500 or 1500 kPa.

It is desirable to independently apply total stresses to the
soil. The application of isotropic stresses may be preferable;
however, it is considerably more economical to develop
equipment for K0 loading. It is also desirable that both
the water volume change and overall volume change of the
specimen be measured in order that all volume-mass soil
properties can be determined (e.g., w, S, and e).

It is important that provision is made to independently mea-
sure the volume of air which might diffuse through the water
in the high-air-entry disk. The measured water flowing from
or to the soil specimen must be corrected for diffused air flow.

It appears preferable to test individual soil specimens for
geotechnical engineering purposes. The initial state of the
soil should be recorded (i.e., initially remolded at a high
water content, compacted or undisturbed). It is preferable
if the apparatus can accommodate both drying and wetting
procedures.

Several pressure plate cells have been developed over
the past few years that meet many of the above-mentioned
requirements. One cell was developed at the Technical Uni-
versity of Catalonia (UPC) in Barcelona, Spain (Gens et al.,
1995; Romero et al., 1995). Wille Geotechnik (Germany)
has also developed a pressure plate cell with many of the
above-mentioned features (Lins and Schanz, 2004). As well,
GCTS United States has developed a similar pressure plate
cell (Pham et al., 2004).

5.9.1 Barcelona Cell

The Barcelona K0 pressure plate was developed in 1999 for
testing sand-bentonite mixtures at UPC (Hoffmann et al.,
2005). The suction-controlled oedometer can also accom-
modate the application of vertical load to the soil specimen.
Figure 5.83 shows the design drawings of the cell. The base
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Figure 5.83 Barcelona K0 pressure plate cell. (Courtesy of
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plate of the cell has a high-air-entry ceramic disk and uses
the axis translation technique to apply various matric suc-
tion values.

Total suctions can also be controlled using the vapor cir-
culation from above a saturated salt solution (Fig. 5.83).
A coarse disk is substituted for the high-air-entry disk in
the base plate. Air at a constant relative humidity can be
circulated through the coarse disk. In this way, it has been
possible to apply extremely high suctions to a soil specimen.

5.9.2 Wille Geotechnik Cell

A single-soil-specimen pressure plate apparatus was designed
and built by Wille Geotechnik in Gottingen, Germany. The
soil specimen is contained inside a metal ring for K0 loading
conditions. Both water content changes and volume changes
can be measured provided the specimen does not shrink away
from the sides of the metal ring. Figure 5.84 shows the cell
placed in the hydraulic loading frame. Figure 5.85 shows
drying and wetting curve water contents measured on sand
using the Wille cell (Lins and Schanz, 2004). Volume changes
were also recorded and void ratio was calculated; however,
the sand showed small changes in void ratio, as shown in
Fig. 5.86. Figure 5.87 shows the computed degrees of sat-
uration as applied suctions were changed. The apparatus is
capable of measuring water content and void ratio changes
with applied matric suction and total stresses. These results
show that it is possible for a variety of stress paths to be
followed and in this way the entire constitutive surfaces for
water content and void ratio can be measured. The Wille cell
can be placed within a loading frame for the application of
vertical stresses.

5.9.3 Fredlund Pressure Plate Cell
(D.G. Fredlund, 2001)

The Fredlund cell shown in Fig. 5.88 was manufactured by
GCTS in Tempe, Arizona. The pressure plate cell accommo-
dates the measurement of water content and overall volume
change on a single soil specimen under various K0 total
stress loading conditions (Pham et al., 2002). Desorption
SWCC can readily be measured. More time is required and
greater experimental care is needed when measuring the
adsorption SWCC curve. Soil suctions as high as 1500 kPa
can be applied. A small air pressure booster system can also
be purchased for the application of high air pressures.

The Fredlund SWCC device comes with interchangeable
high-air-entry disks. The device consists of a pressure cell
assembly and a pressure panel as shown in Fig. 5.89. The
pressure plate device can accommodate various sizes of
specimens ranging between 62 and 75 mm in diameter. The
height of the specimen can be between 12 and 25 mm.
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Vertical loads can be applied to the soil specimen either
through use of dead weights placed on the loading plate
or through use of a pneumatic pressure loading system
(Fig. 5.89). A pressure “compensator” is used to balance the
uplift force generated by internal air pressure acting on the
loading shaft. The loading shaft slides up and down through
the compensator on a set of O-rings with minimal friction.

The apparatus has the ability to measure changes in the
volume of water in the soil specimen without dismantling the
apparatus during testing. This is accomplished by measuring
water released (or absorbed) from the specimen using two
volume indicator tubes on the pressure panel. The base-plate
compartment is connected to two volume indicator tubes on
the pressure panel via plastic tubing. The volume indicator
tubes are graduated to read the amount of water released or
absorbed during the test.

The diffusion of air into the compartment below the high-
air-entry disk (during a test) is registered as a water volume
change. The diffused air bubbles can be removed from the
system through use of a flushing technique. The amount of

diffused air is measured by recording the volume change
burettes before and after flushing the base-plate compart-
ment. An alternating air pulse is applied to the top of one
of the burettes through use of a squeeze bulb. The puls-
ing motion flushes the air from the compartment below the
high-air-entry disk.

The Fredlund pressure plate cell has an ability to measure
the overall volume change of the soil specimen during the
test. The movement of the load plate indicates the move-
ment of the top surface of the soil specimen. The movement
of the load plate can be measured using a dial gauge or
a linear vertical displacement transducer (LVDT). The vol-
ume change of the soil specimen can be computed based on
vertical movement of the load plate provided the specimen
does not contract diametrically. The pressure plate cell is
equipped with either a small heater or a heating jacket that
can maintain the chamber temperature slightly above ambi-
ent temperature in the laboratory. The heater helps prevent
condensation of water vapor inside the chamber.

A “hanging-column” accessory is also available for the
application of low suctions (Fig. 5.90).

Soil specimens can be saturated either in the pressure plate
cell or prior to testing by partial submergence in water. The
saturated soil specimen is placed on a saturated ceramic
stone. A vertical load (i.e., token or higher loads) can be
applied to the soil specimen.

Water moves out from the soil specimen and drains
through the ceramic disk until equilibrium is established
with the applied suction. The water level in the volume
indicator tubes shows the amount of water released and
movement ceases when equilibrium is attained. Following
equilibrium, the water levels in the volume indicator tubes
are recorded, and generally diffused air is flushed from
the compartment below the soil specimen. The volume
indicator tubes should be read before and after flushing. The
tops of the water volume change tubes should be covered
with metal foil in order to minimize the evaporation of
water. The water content of the soil specimen is computed
based on back calculation of the volume indicator tube
readings. The overall volume change of the soil specimen is
also measured using the initial and final vertical movement
measurements.

The above procedure can be repeated by applying pressure
decrements to obtain the “wetting” curve. At the end of
the test, the soil specimen is removed from the cell and its
water content is determined by oven drying the specimen.
The volume of the soil specimen can be measured using
calipers.

Four different ceramic stones rated as 1, 3, 5, and 15 bars,
are capable of withstanding air pressures of 100, 300, 500,
and 1500 kPa, respectively. The appropriate ceramic stone
should be selected based on the type of soil being tested
and the suction range of greatest interest. It may be neces-
sary to change the high-air-entry disks during the course of
one test.
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5.9.4 Golder Basic Pressure Plate Cell (Fredlund,
and Stone, 2011)

A pressure plate device was designed by members of
the Golder Unsaturated Soils Group, Golder Associates,
Saskatoon, Canada. The primary design specifications are
as follows:

1. The pressure plate device should accommodate a single
soil specimen.

2. The pressure plate cell should have a minimum of
parts.

3. The device must have a high design factor of safety
against breakage under high air pressures.

4. The pressure plate design should accommodate vari-
ous ceramic disks with air-entry values up to 500 and
1500 kPa.

5. The device only needs to be designed to measure the
drying curve.

6. The effect of air diffusion should be minimized.
7. The device must be sufficiently light such that the

device and soil specimen can be weighed to ± 0.01 g
on a balance.

8. The air supply at the top of the device should have a
quick connector that maintains the internal air pressure
in the cell when disconnected.

Figure 5.91 shows the SWCC cell designed by the Golder
Unsaturated Soils Group. The device meets the desired
specifications for safety and simplicity. The pressure plate
cell has been manufactured by GCTS. Silt, sand, and clay
soils have been tested to verify the functionality of the
new cell.
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Figure 5.89 GCTS pressure plate cell with pneumatic loading
frame. (Courtesy of GCTS, Tempe, AZ.)

Figure 5.91 Golder (Fredlund and Stone, 2011) basic pressure
plate cell connected to air pressure supply. (Courtesy of GCTS,
Tempe, AZ.)
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Figure 5.90 Hanging-column assembly for GCTS pressure plate cell. (Courtesy of GCTS,
Tempe, AZ.)
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Ten small holes (i.e., 0.08 mm in diameter) were drilled
in the base of the apparatus to provide drainage for water
from the high-air-entry ceramic disk. The holes also needed
to be sufficiently small to remain filled with water. Some
diffusion of air through the ceramic disk did not affect the
test results.

5.9.5 Modified Triaxial Tests

A modified triaxial cell is a rather elaborate apparatus that
can be used to measure the SWCC. The triaxial equipment
needs to have a high-air-entry disk sealed onto the base
pedestal and a low-air-entry material used to control the air
pressure at the top of the soil specimen.

There are a number of advantages associated with the use
of the modified triaxial equipment. First, the triaxial appa-
ratuses provide greater flexibility in terms of the stress path
that can be followed. It is possible to apply confinement to
the soil specimen while data are collected for the SWCC.
Second, it is possible to measure both overall volume change
as well as water volume change and thereby obtain more
accurate measurements of the volume-mass properties. It
is also possible to use volume change measuring devices
(e.g., GDS pressure-volume controllers) and thereby inde-
pendently measure changes in water volume and air volume
(Bankole et al., 1996). When air volume change is measured,
it is not necessary to measure overall volume changes in the
soil specimen.

A series of triaxial tests were performed by Thu et al.,
(2007b) where the net confining pressure was altered. The
study involved tests on several statically compacted kaolin
specimens that were prepared in the same manner. The soil
specimens were compacted to the maximum dry density and
optimum water content in 10 layers, each layer being 10 mm in
thickness using the standard Proctor method. The height and
diameter of the specimens were approximately 100 and 50
mm, respectively. Mini high-suction probes (Meilani et al.,
2002) were installed along the height of the specimens to
observe pore-water pressures during the SWCC tests.

Liquid limit, grain size analysis, specific gravity, and
hydraulic conductivity tests were conducted to determine the
index properties of the compacted kaolin. The kaolin was
of high plasticity (i.e., MH according to the USCS). Com-
paction tests on the kaolin showed a maximum dry density
of 1.35 Mg / m3 and an optimum water content of 22%.

A modified triaxial apparatus (Fredlund and Rahardjo,
1993a) was used and a series of net confining stresses were
applied to the soil specimens. The axis translation technique
(Hilf, 1956) was adopted for the application of matric suc-
tion to the soil specimens. The soil specimens were initially
saturated. The air pressure line was replaced by a water
pressure line connected to a digital pressure and volume con-
troller (GDS pressure volume device) to inject water from
the top of the specimen. The specimen was saturated while
applying a cell pressure σ3 and a back pressure uw. Full sat-
uration was achieved with B parameters greater than 0.97
(Head, 1986).

The specimens were then consolidated under selected
isotropic net confining stresses. Each specimen required
about 1 h for the consolidation stage to be complete.
After isotropic consolidation was complete, the first matric
suction was applied to the soil specimen through control of
the pore-air and pore-water pressures.

The GDS pressure-volume controller was connected to the
pore-water pressure at the base plate. The pore-water pres-
sure was controlled through a 5-bar high-air-entry ceramic
disk sealed onto the base pedestal of the cell. The soil spec-
imen was placed in contact with the high-air-entry disk. The
pore-water pressure in the soil specimen was held constant
while water volume change was measured. The net con-
fining stress was maintained at a constant value. During the
drying stage, matric suction was increased by decreasing the
pore-water pressure at the base plate while maintaining the
pore-air pressure. For the wetting stage, the matric suction
was decreased by increasing the pore-water pressure at the
base plate.

The amount of water that drained from the soil specimen
and the total volume change of the specimen during drying
and wetting were recorded. Equalization of matric suction
was deemed to be complete when there was negligible water
flow either into or out of the soil specimen. The SWCCs
were conducted under several net confining stresses (i.e.,
σ − ua = 10, 50, 100, 150, 200, 250, 300 kPa).

Figure 5.92 shows the SWCC in terms of degree of sat-
uration with respect to matric suction under a net confining
stress of 100 kPa. Figure 5.92 also indicates the procedure
for determining the air-entry value. Figure 5.92 shows how
the air-entry value of the soil increases with increasing net
confining stress. The increase in air-entry value appears to be
related to the reduced void ratio associated with an increased
net confining stress.

5.9.6 Column Tests

The SWCCs are often required for coarse, cohesionless soils
and it is possible to obtain satisfactory results through use of a
simple column test (Fig. 5.93). The distance above the water
level at the base of the column can be converted into an equiv-
alent matric suction value by assuming hydrostatic conditions
for the water within the column. Columns approximately 1 m
in height have proven satisfactory when the air-entry value
of the soil is less than about 7 kPa and residual conditions
are around 10 kPa. It is possible to run the column test in
a wetting mode or a drying mode and thereby measure the
wetting and drying SWCCs, respectively.

Wetting SWCCs are most commonly measured using col-
umn tests. The wetting SWCC is measured by allowing
water to be drawn up into the soil in the column from water
supplied at the base of the column. Water content measure-
ments can be made at various heights in the column once
equilibrium has been achieved. Figure 5.93c shows the wet-
ting SWCC for three coarse sands tested as a column test. A
Tempe cell test was used to obtain the drying curve (Yang
et al., 2004b).
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Figure 5.92 SWCCs for compacted kaolin specimens tested in a modified triaxial apparatus:
(a) degree of saturation for specimen consolidated at 100 kPa, (b) change in AEV for various
consolidation pressures (after Thu et al., 2007).

Drying SWCCs can be measured in a column test by satu-
rating the soil from the top of the column and then allowing
the water to drain down to an equilibrium hydrostatic state.
Equilibrium is generally attained within a few days. Samples
of the soil can be retrieved for water content measurements.
The distance from the water level at the bottom of the col-
umn is used to calculate respective matric suction values.

5.10 VACUUM DESICCATORS
FOR HIGH SUCTIONS

The vapor pressure equilibrium technique can be used to
measure the water content versus total suction relationship in
the high-suction range. Desiccators can be used to establish
a partial vapor pressure in the soil (Edlefsen and Ander-
son, 1943; Richards, 1965). The thermodynamic relationship
between total suction (or the free energy of the soil-water)
and the partial pressure of the pore-water vapor can be writ-
ten as follows:

ψ = −RTκρw

ωv
ln

(
uv

uv0

)
(5.79)

where:

ψ = soil suction (or total suction), kPa,
R = universal (molar) gas constant [i.e., 8.31432 J/(mol

K)],
TK = absolute temperature (i.e., TK = 273.16 + T ,K),

T = temperature, ◦C,
ρw = density of water, kg/m3,
ωv = molecular mass of water vapor (i.e., 18.016 kg/

kmol),
uv = partial pressure of pore-water vapor, kPa, and

uv0 = saturation pressure of water vapor over a flat surface
of pure water at the same temperature, kPa.

The term uv/uv0 is called relative humidity RH. At a
particular temperature the variables in front of the natural
logarithm of relative humidity (i.e., free-energy gas constant)
become a constant. The free-energy constant is −135,053
and it is possible to write total suction as a function of
relative humidity (or relative vapor pressure hr ):

ψ = −135, 053 ln

(
uv

uv0

)
(5.80)

5.10.1 Use of Salts to Create
Constant-Relative-Humidity Environments

Constant-relative-humidity environments can be created in
the laboratory through use of either saturated or unsaturated
salt solutions. Any salt solution at a particular concentra-
tion and a constant temperature results in a fixed vapor
pressure environment under equilibrium conditions. Sulfuric
acid solutions can also be used.

Saturated salt solutions provide a convenient, inexpen-
sive, and accurate controlled relative humidity environment.
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Saturated salt solutions are able to liberate and adsorb con-
siderable quantities of water with negligible changes to the
equilibrium relative humidity. Consequently, the use of sat-
urated salt solutions is preferable to the use of unsaturated
salt solutions.

Salt solutions that are commonly used to create a range
of relative humidity environments can be found in ASTM
(2003) Designation E 104–02. Table 5.7 provides a list of
suggested saturated salt solutions along with the general
range of relative humidity created.

The generated relative humidity values created are also
dependent on the temperature of the salt solutions.

5.10.2 Laboratory Test Procedure

A convenient sized, leak-proof container for creating a
constant relative environment is the common laboratory
desiccator. Salt solutions can be placed in the bottom of
a desiccator of the type shown in Fig. 5.94. The salts are
mixed with water until there are some free salts that appear
in the bottom of the desiccator in an undissolved state.
The saturated salt solution should be prepared at room
temperature (or at a temperature slightly higher than room
temperature) in order to ensure that the salt solution is
saturated. The salt solutions suggested in the ASTM (2003)
Standard E 104–02 can be kept and used to create fixed
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Figure 5.94 Vacuum desiccator with soil specimens coming to
equilibrium in controlled relative humidity environment.

Table 5.7 Approximate Equilibrium Relative
Humidity for Selected Saturated Salt Solutions

Salt Solution Average Relative Humidity, %

Cesium fluoride 4
Lithium bromide 7
Lithium chloride 12
Potassium acetate 23
Magnesium chloride 33
Potassium carbonate 43
Sodium bromide 59
Potassium iodide 70
Sodium chloride 75
Potassium chloride 85
Potassium sulfate 98

relative humidity environments for more than one year.
Some other salt solutions can only be used for a few months.

The principal factors affecting the time required to estab-
lish vapor pressure equilibrium are (1) the ratio of free
surface area of the solution to the chamber volume, (2) the
amount of air circulation, (3) the absorbing properties of the
sample, and (4) the agitation of the salt solution.

Soil specimen sizes can be small or quite large. The larger
the specimen size, the longer the time that is required to attain
equilibrium conditions. Specimen sizes ranging from 1 to 5 g
are sufficient for purposes of measuring the water content
corresponding to high-total-suction values on the SWCC.

Specimens with initial water contents above the final equi-
librium water content will define the drying curve branch of
the SWCC. Specimens with an initial water content that is
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Figure 5.95 Drying and wetting SWCCs for clay and clayey silt
placed in vacuum desiccators (Ebrahimi–Birang et al., 2007).

below the final equilibrium water content will define the
wetting curve branch of the SWCC. However, the differ-
ence between the drying and wetting portions of the SWCC
at high total suctions is generally quite small.

The total-suction value corresponding to any tempera-
ture for a specified salt can be computed from the Gibbs
free-energy equation. Young (1967) published equilibrium
relative humidity data for a series of saturated salt solutions.

5.10.3 Typical Laboratory Results

Small soil specimens consisting of a few grams of soil can be
suspended above a salt solution in the desiccator. It is pos-
sible to periodically weigh the soil specimens to determine
whether moisture equilibrium has been attained. Equilibrium
conditions are achieved more rapidly under low-relative-
humidity conditions than under high-relative-humidity con-
ditions. Low-relative-humidity equilibrium conditions can
be attained in about one or two weeks. However, when the
equilibrium relative humidity is high (e.g., 97% RH), several
months may be required for equilibrium to be established.
The time for equalization is also dependent upon the size of
the soil specimen and constant temperature control becomes
more important at high-relative-humidity values.

Figure 5.95 shows the wetting and drying curves for a
clay soil and a clayey silt soil. Soil specimens were initially
prepared in both wet and dry conditions. Laboratory results
showed that there was some hysteresis in the SWCC rela-
tionship. The classification properties of the soils tested are
shown in Table 5.8.

5.11 USE OF CHILLED-MIRROR
OR DEW-POINT METHOD

Gee et al., (1992) introduced a method to measure the total
suction in the medium- to high-suction range through mea-
surement of water activity. The device was first introduced
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Table 5.8 Properties of Clayey Silt and Clay Test
Using Desiccator and Chilled-Mirror Device

Soil Properties Clayey Silt Clay

Liquid limit, % 20.3 81
Plastic limit, % 15.1 23.1
Plasticity index, % 5.2 57.9
Specific gravity 2.71 2.7
Sand, % 35 5
Silt, % 45 21
Clay, % 20 74

as a water activity meter by Gee et al., (1992) and later com-
mercialized to measure total suction by Decagon Devices,
Pullman, Washington. An overall view of the WP4 apparatus
is shown in Figs. 5.96 and 5.97.

The chilled-mirror Water PotentiaMeter, WP4, has been
studied by several geotechnical researchers (Leong et al.,
2003b; Thakur et al., 2006; Agus and Schanz, 2005; Camp-
bell et al., 2007; Cardoso et al., 2007). A testing procedure
has been set forth in ASTM D 6836–02 (2008). Recently, the
Water PotentiaMeter has been upgraded to provide reduced
temperature fluctuations in the ambient environment when

Figure 5.96 WP4 chilled-mirror Water PotentiaMeter. (Courtesy
of Decagon Devices, Pullman, WA.)

Mirror and photo detector Temperature
sensor

Fan

Sealed chamber Soil sample

Figure 5.97 Schematic of WP4 chilled-mirror Water Potentia-
Meter (after Decagon Devices Inc., 2009).

suction measurements are made. The Water PotentiaMeter
with internal temperature control is called WP4-T.

The device consists of a sealed chamber with a fan, a mir-
ror, a photoelectric cell, and an infrared thermometer. The
soil specimen is placed in a stainless steel or plastic container
with a diameter of 40 mm. The specimen is then placed on
a tray and moved into the temperature-controlled chamber.
The specimen thickness may vary between 1 and 5 mm. The
chamber is closed and the soil specimen is thermodynam-
ically equilibrated with the chamber environment. The fan
accelerates the equilibration process. A Peltier cooling system
is used to reduce the temperature on the surface of a mirror
to the dew-point temperature. A photoelectric cell detects the
first sign of condensation on the mirror. The temperature at
which moisture appears on the mirror corresponds to the dew
point. The dew-point temperature is measured using a ther-
mocouple. An infrared thermometer is used to measure the
temperature of the chamber which is assumed to be the same
as the temperature of the soil specimen at equilibrium.

The vapor pressure above the soil specimen in the cham-
ber and the saturated vapor pressure at the same temperature
are computed using the dew-point and specimen tempera-
tures, respectively. Kelvin’s equation (Eq. 5.79) is then used
to calculate the total suction of the soil specimen. The cal-
culations are performed internal to the device and the total
suction is displayed along with the specimen temperature.

5.11.1 Calibration of Chilled-Mirror Apparatus

The WP4-T apparatus should be calibrated prior to usage by
using a standard solution of 0.5 M KCl. This solution should
yield a total suction value of 2.19 ± 0.1 MPa at 25oC. The
standard solution of 0.5 M KCl is usually provided by the
manufacturer. The calibration of the device can be improved
by measuring the osmotic suction of known saturated salt
solutions. Theoretical values of total suction can be calculated
using Eq. 5.79. Table 5.9 shows the list of some solutions
suggested by ASTM standards (ASTM E 104–02, 2003).

Figure 5.98 shows the typical theoretical suction values
versus the measured values using the WP4-T device. The
slope of the line should be 45o. If the slope of the line is
not 45o, the suction values obtained using WP4-T might be
overestimating or underestimating the correct total-suction
values. If the line deviates slightly from 45◦, it is possible
to correct the measured values using a fitting equation.
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Table 5.9 Saturated Salt Solutions and Corresponding
Relative Humidity

Salt Solution Relative Humidity, % Suction, kPa

Lithium chloride 11.3 ± 0.3 297,321
Magnesium chloride 32.8 ± 0.2 152,517
Potassium iodide 68.9 ± 0.3 48,835
Sodium chloride 75.3 ± 0.2 38,738
Potassium chloride 84.3 ± 0.3 23,187
Potassium nitrate 93.6 ± 0.6 8,635
Potassium sulfate 97.3 ± 0.5 3,544

Source: ASTM E 104–85 (1998) and E 104–02 (2003).

1,000 10,000 100,000 1,000,000
Measured suction using WP4-T, kPa

1,000

10,000

100,000

1,000,000

T
he

or
et

ic
al

 s
uc

tio
n,

 k
P

a

Figure 5.98 Comparison of theoretical calculated suction and
measured suction (after Ebrahimi–Birang et al., 2007).

5.11.2 Suggested Procedure for Measuring SWCC
using WP4

The following procedure can be used to measure the wetting
SWCC:

1. Measure the mass of the clean stainless steel WP4 soil
specimen cup.

2. Mix an appropriate amount of soil and water to obtain
the desired water content.

3. Seal the sample using a disposable plastic lid that
comes with the apparatus.

4. Perform Steps 1–3 for various water contents.
5. Let the prepared soil specimens equilibrate for at least

16 h.
6. Measure the water potential of each soil specimen and

then immediately measure the mass of the wet soil and
the specimen cup.

7. Place each soil specimen with their lids off in a dry-
ing oven. Leave the soil specimens in the oven for

at least 16 h at 105◦C. When the soil specimens are
removed from the oven, immediately place them into
desiccators to prevent the collection of moisture from
the surrounding air.

8. As soon as the soil specimens are cool, measure the mass
of the dry soil and the soil specimen cup. The water
content of each soil specimen can then be calculated.

Similar steps to those listed above can be followed for the
measurement of the drying branch of the SWCC. However,
in this case, it is important that the initial water content of
the soil be much higher than the final equilibrium state.

The drying and wetting SWCCs are often assumed to be
the same. The results obtained for the drying branch of the
SWCC are generally quite similar to those from the wetting
curve except when the soil is highly plastic. Highly plastic
soils appear to exhibit more hysteresis in the high-suction
range than sand and silt soils (Fredlund, 1964; Ebrahimi-
Birang et al., 2007).

5.12 ESTIMATION OF SWCC

Unsaturated soil property functions have been developed as
extensions of saturated soil properties. In most situations it
is acceptable to use estimations of unsaturated soil property
functions (e.g., permeability function) when solving unsatu-
rated soil problems in geotechnical engineering (M.D. Fred-
lund et al., 2003). Unsaturated soil property functions play an
important role in the solution of saturated-unsaturated soil sys-
tems. Numerical modeling solutions may not be exact but can
provide a reasonable indication of likely trends. The numer-
ical modeling results provide the geotechnical engineer with
valuable information that assists in decision making.

Let us consider the case of a homogeneous dam where the
engineer desires to know the hydraulic heads in the saturated
and unsaturated soil zones. The selected permeability func-
tion has a reduced effect on the calculated hydraulic heads.
Consequently, much can be learned regarding the behavior
of an engineered structure through the use of approximate
unsaturated soil property functions.

There is one variable that has a reduced dependence on
the soil properties when solving partial differential “field”
equations within a continuum mechanics framework. In the
case of seepage problems, the primary variable that can be
computed is the independent variable called hydraulic head
h . One of the dependent variables is water flux qw , and
its prediction requires an increased accuracy in the deter-
mination of the permeability function. Consequently, the
accuracy required in the measurement or estimation of the
unsaturated soil property functions depends on the variable
of primary importance for the problem at hand. The same
rationale is true for a stress analysis problem such as the
loading of a foundation footing. The stresses below the foot-
ing are almost independent of the soil properties while the
displacements are highly dependent upon the soil properties.
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This pattern can be observed when solving all partial differ-
ential “field” equations.

The variable that is of primary interest when solving a
geotechnical engineering problem has a significant influence
on how accurately the unsaturated soil property functions need
to be determined. A crude approximation of the SWCC (and
subsequently the unsaturated soil property function) is all that
may be required for the computation of a particular variable
(e.g., the independent variable). On the other hand, a more
accurate assessment of the soil properties may be required for
the prediction of some other variables (e.g., some dependent
variables). Possibly no single factor more strongly influences
the engineering solution than an understanding of whether
it is the dependent or independent variable that is of primary
importance for solving the problem at hand. An understanding
of the primary variable that is of greatest interest for the prob-
lem at hand may also influence whether hysteresis effects need
to be taken into consideration in the assessment of saturated
soil property functions.

The above rationale applies for both saturated and unsat-
urated soil systems. There are also other factors such as the
level of risk that may influence the accuracy with which the
unsaturated soil property functions need to be determined.
For example, when the level of risk is high, the unsaturated
soil properties need to be assessed with greater accuracy.

Unsaturated soil properties are an extension of the satu-
rated soil properties. In many cases it is the saturated soil
properties that have the most significant influence on the
computed engineering solution.

5.12.1 Use of Grain-Size Distribution
for Estimation of SWCC

The grain-size distribution curve provides information on
the distribution of solids in a soil (i.e., percent passing cer-
tain particle sizes). The SWCC is related to the distribution
of voids in the soils and the amount of water in the voids.
Various studies have been undertaken that show that the
grain-size distribution curve can be used to estimate the

SWCC. These estimation techniques are attractive, but the
user must be aware of the assumptions and limitations asso-
ciated with each of the estimation procedures. The volume
of voids in a soil is estimated and then used to estimate a
likely desorption curve for the soil. The effects of stress his-
tory, soil fabric, confinement, and hysteresis are difficult to
address when using estimation procedures associated with
the grain-size distribution curve.

Several models have been proposed for the estimation
of the SWCC from the grain-size distribution curve. The
starting point for most methods involves the representa-
tion of the grain-size distribution curve as shown by M.D.
Fredlund (2000) (Fig. 5.99). The methodology proposed by
M.D. Fredlund (2000) hypothesized that the grain-size dis-
tribution curve can be viewed as having incremental parti-
cle sizes ranging from the smallest particles to the largest
particles.

Each of the particle sizes can be assembled to build a
SWCC. Small increments (on a logarithmic scale) of uniform-
sized particles can be transposed to form an SWCC. Once the
entire grain-size distribution curve has been analyzed as a
series of incremental particle sizes, the individual SWCCs
can be combined using a superposition technique to give the
overall SWCC for the soil.

The SWCC for each uniform particle size range is assumed
to be relatively unique when building the overall SWCC using
the M.D. Fredlund (2000) methodology. Typical SWCCs for
various mixtures of sand, silt, and clay have been studied.
Representative SWCCs for various soils can be fitted using
the Fredlund and Xing (1994) equation. There are approxi-
mate curve-fitting parameters representative of various effec-
tive grain-size diameters.

The shape of an estimated SWCC is predominantly con-
trolled by the grain-size distribution and secondarily influ-
enced by soil density (i.e., initial porosity). The M.D. Fred-
lund (2000) unimodal and bimodal fitting of grain-size dis-
tribution curves can be used as the starting point for the
estimation of the SWCC.
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Figure 5.99 Fit of grain-size distribution curve for uniform silt (data from Ho, 1988) with M.D.
Fredlund (2000) grain-size equation.
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5.12.2 Review of SWCC Estimation Procedures
from Grain-Size Distribution Curves

A number of methods have been proposed for the estimation
of SWCCs from grain-size distribution data. There are three
broad categories of estimation techniques based on: (i) sta-
tistical estimates of water contents at various soil suctions
(Gupta and Larson, 1979a), (ii) estimation of soil parameters
for an algebraic function for the SWCC (Rawls and Braken-
siek, 1985; Vereecken et al., 1989; Scheinost et al., 1997),
and (iii) physico-empirical models where a grain-size distri-
bution curve is used in the prediction of the SWCC (Arya
and Paris, 1981; Tyler and Wheatcraft, 1989; M.D. Fredlund
et al., 1997a).

Arya and Paris (1981) used a physico-empirical type
model for the estimation of the SWCC from grain-size
distribution curves. The procedure has become quite widely
used in agricultural disciplines. M.D. Fredlund et al.
(1997a) used the capillary model equation along with the
M.D. Fredlund et al. (1997a) equation for the grain-size
distribution curve to develop a new physico-empirical
equation for calculating the SWCC. Parametric studies were
performed using several SWCC data sets. A combination
of the physico-empirical model and the parametric study
information formed the basis for the M.D. Fredlund et al.
(1997a) estimation technique for the SWCC.

5.12.3 Definition of Terms Associated with Estimation
Techniques

A few definitions are useful for describing the conceptual
models for the estimation of the SWCC:

1. A soil property function is a relationship between a phys-
ical soil property and either soil suction, the complete
stress state, or the volume-mass properties of a soil.

2. A pedo-transfer function , PTF (Bouma, 1989), is a
function that has as its arguments basic soil data such as
the grain-size distribution and dry density (or porosity)
and yields a soil property function.

3. An estimated SWCC is either:
i. a monotonic, single-valued function that yields

water content (i.e., volumetric or gravimetric) for
a given scale of soil suction or

ii. a relationship consisting of two functions including
a drying and wetting branch (Tietje, 1993). In other
words, the function has hysteresis and the drying
and wetting branches form limiting conditions.

5.12.4 Representation of Grain-Size Distribution

The presented PTF uses the M.D. Fredlund et al., (1997a)
unimodel (Eq. 2.1) and bimodal (Eq. 2.6) equations to repre-
sent the grain-size distribution (M.D. Fredlund et al., 2000a).
The unimodal and bimodal Fredlund (1997) grain-size dis-
tribution equations can be found in Chapter 2. Most PTFs
use grain-size distribution information in some form as the
basis for the estimation of the SWCC.

5.12.5 Description of Pedo-Transfer Functions

Two methodologies have been used to estimate the SWCC
from grain-size distribution curves: (i) the functional param-
eter regression methodology and (ii) the physico-empirical
methodology.

5.12.6 Functional Parameter Regression Method

The functional parameter regression method assumes that
parameters of the SWCC equation can be correlated to basic
physical properties. An example is the correlation between
the air-entry parameter of an SWCC equation and soil prop-
erties such as percent sand or porosity. Rawls and Braken-
siek (1985) presented regression equations for estimating the
parameters for the Brooks and Corey (1964) equations. The
regression equations estimated the air-entry pressure aaev
(i.e., bubbling pressure), the pore size index λbe, and the
residual water content wr for the Brooks and Corey (1964)
equation.

The Vereecken et al. (1989) method involved fitting a
data set of 40 Belgian soils with the van Genuchten (1980)
equation. A sensitivity analysis was performed on the opti-
mized parameters of the SWCC to assess the relative impor-
tance and uniqueness of the parameters. A principal factorial
analysis was used to examine the relationship between the
estimated SWCC and the basic measured soil properties.
It was concluded that the SWCC could be estimated to a
reasonable level of accuracy using soil properties such as
grain-size distribution, dry density, and carbon content. The
study focused mainly on the agricultural discipline where
organic soils were involved and the emphasis is on water
availability for plant growth.

5.12.7 Description of Modified Kovacs Model
(Aubertin et al., 2003)

The modified Kovacs (MK) model is a functional parameter-
type model developed for the estimation of SWCCs (or
WRCs) by Aubertin et al., (2003). The model has been found
to perform well for tailing materials as well as granular and
cohesive soils.

The MK model assumes that the amount of water held in
a soil is attributable to two primary mechanisms: (i) capil-
lary saturation Sc and (ii) adhesive saturation Sa . Capillary
saturation is believed to dominate water adsorption in the
low-suction range while adhesive saturation dominates in
the high-saturation range. The two components of saturation
are combined using the following equation:

S = θ

n
= 1 − 〈

1 − Sa

〉
(1 − Sc) (5.81)

where:

S = any degree of saturation,
θ = any volumetric water content,
n = initial porosity of the soil,

Sc = saturation associated with the capillary component,
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Sa = saturation associated with the adhesive component,
and

〈·〉 = Macaulay brackets defined as 〈x〉 = 0.5(x + |x|),
used to describe a ramp function.

The capillary component of saturation is empirically
related to soil suction using the following equation:

Sc = 1 −
[(

hc0

ψ

)2

+ 1

]m

exp
[−m(hcoψ)2] (5.82)

where:

hc0 = equivalent capillary height which is related to an
equivalent pore diameter and the solid surface area,

ψ = soil suction represented as a head or length, and
m = pore-size coefficient, unitless.

The adhesive component of saturation is empirically
related to soil suction through the following equation:

Sa = ac

(
1 − ln(1 + ψ/ψr)

ln(1 + ψ0/ψr)

)
(hc0/ψn)

2/3

e1/3(ψ/ψn)
1/6

(5.83)

where:

ac = adhesion coefficient, unitless,
e = void ratio,

ψn = normalization parameter introduced to maintain
consistency in the units, ψn = 1 cm when ψ is in
cm, and

ψ0 = suction head equal to 107 cm of water correspond-
ing to a dry soil condition.

Four parameters, hco, ψr , m , and ac, are required when
solving the MK model. The parameters are defined as fol-
lows when the soil is granular in nature:

hc0 (cm) = 0.75

[1.17 log(Cu) + 1]eD10
(5.84)

ψr (cm) = 0.86h1.2
c0 (5.85)

m = 1

Cu

(5.86)

ac = 0.01 (5.87)

where:

D10 = diameter corresponding to 10% passing on the
grain-size curve and

Cu = uniformity coefficient equal to D60/D10.

The four parameters are defined as follows when the soil
is plastic and essentially incompressible:

hc0 (cm) = 0.15ρs

e
w1.45

L (5.88)

ψr (cm) = 0.86h1.2
c0 (5.89)

m = 0.00003 (5.90)

ac = 0.0007 (5.91)

where:

ρs = density of the soil solids, kg/m3,
wL = liquid limit, %.

5.12.8 Description of Ayra and Paris (1981) Method

Arya and Paris (1981) presented the first physio-empirical
method to estimate the SWCC. The model made use of basic
information from the grain-size distribution curve. Volumet-
ric water contents were calculated based on an estimation
of the pore sizes in the soil. The pore radii were converted
to equivalent soil suctions through use of the capillary the-
ory. The estimation method used empirical factors to account
for uncertainties in the procedure. The pore radius estima-
tion was based on the assumption of spherical particles and
cylindrical pores. Arya and Paris (1981) assumed the pore-
size distribution and the grain-size distribution of soils to
be approximately congruent. In other words, larger particles
produce larger interparticle voids than smaller particles and
vice versa.

Various models have been proposed to estimate the ran-
dom packing nature of spherical particles in an attempt to
improve on the estimation of the pore-size distribution in
a heterogeneous system (Iwata et al., 1998). The Arya and
Paris (1981) model was later modified by Haverkamp and
Parlange (1986), who applied the concept of shape sim-
ilarity between the SWCC and the cumulative grain-size
distribution for sand soils. Gupta and Ewing (1992) applied
the Arya-Paris model to (i) the grain-size distributions in
order to model intra-aggregate pores and (ii) the aggregate-
size distributions to model inter-aggregate pores. Nimmo
(1997) presented a method of accounting for the influence
of fabric and soil structure through the use of aggregrate-size
distribution.

5.12.9 Description of M.D. Fredlund (2000) Model

The physio-empirical method forms the basis for the develop-
ment of the M.D. Fredlund (2000) model. It was hypothesized
that the grain-size distribution provides a physical descrip-
tion that could be used as the basis for the SWCC estimation
technique. The grain-size distribution is limited, however, in
that it does not provide an indication of the in situ density
(or porosity) of a soil or the fabric of the soil. In addition,
the packing arrangement of various grain sizes constitutes
another important factor. No attempt was made to represent
complex soil fabrics in the estimation of the SWCC.

The M.D. Fredlund (2000) method first divides the grain-
size distribution into small particle groupings of relatively
uniform particle sizes. It is hypothesized that for each uni-
form group of particles there exists a somewhat unique
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desorption SWCC and that this curve represents conditions
indicative of an initially slurry soil.

5.12.10 M.D. Fredlund (2000) Model to Predict SWCC

The M.D. Fredlund (2000a) unimodal and bimodal equations
(see Chapter 2) can be used to best fit grain-size distribu-
tion data. The M.D. Fredlund (2000) grain-size equations
provide a continuous fit of the entire grain-size distribution
curve, including the coarse and fine extremes (M.D. Fred-
lund et al., 2000a). The mathematical fit of the grain-size dis-
tribution data provides the basis for developing an algorithm
to predict the SWCC. The predictive model makes use of a
combination of the capillary model and an understanding of
changes in SWCCs associated with particle sizes. Volume-
mass properties and grain-size distribution data form the
basic information required for the estimation of the SWCC.

The methodology behind the M.D. Fredlund (2000)
method can be expressed in terms of a series of theorems:

Theorem 1—A soil composed entirely of uniform, homo-
geneous particle sizes has a unique drying (or desorp-
tion) SWCC.

Theorem 2—The capillary model can satisfactorily esti-
mate the air-entry value of each collection of uniform,
homogeneous particle sizes.

Theorem 3—The SWCC for soils composed of more than
one particle size can be represented as the summation
of the SWCCs for each of the individual particle sizes.

The above theorems form the basic information for the
method based on the capillary model and the packing of
each uniform particle-size range. The Fredlund and Xing
(1994) equation was used to model SWCCs typical of each
range of soil particle sizes. The af fitting parameter (i.e.,
af is the inflection point on the SWCC) in the Fredlund
and Xing (1994) equation can be loosely related to the air-
entry value of the soil. Figure 5.100 shows the relationship
between the air-entry value of many soils and the af fitting
parameter. A data set was used to “train” the proposed pedo-
transfer function. The af parameter is typically higher than
the actual (or construction-based) air-entry value. The af

parameter is the primary variable that represents the lateral
position of the SWCC.

The variation of the Fredlund and Xing (1994) equation
is shown in Fig. 5.101 for a range of nf and mf parameters
when the af parameter is held constant at 100 kPa. The
representative SWCC can be shifted laterally for other
values of af . An equivalent air-entry value (i.e., soil
suction) can be calculated based on the capillary model
when the pore radius between the soil particles is known.
The soil suction corresponding to the equivalent air-entry
value for a soil with uniform particle sizes can be written
as follows:

ψ = 2Ts

cos α1

ρwgr
(5.92)
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Figure 5.100 Relationship between AEV obtained using Fred-
lund (1997b) construction and parameter af from Fredlund and
Xing (1994) equation for 311 soils.

where:

Ts = surface tension of water,
α1 = contact angle,
ρw = density of water,
g = acceleration due to gravity,
r = pore radius, and
ψ = soil suction.

An approximate shape for the SWCC can be computed
for each particle size. Estimating the shape for coarse sand
or fine silt can be accomplished with reasonable certainty.
Measured SWCCs for glass beads of various sizes were used
as a reference (Nimmo, 1997). The SWCC for a fine-grained
material was estimated from the results of soils with increas-
ing clay content. The glass beads and the clay soil provide
limiting values for groups of soils consisting of uniformly
sized particles (Fig. 5.102).

Typical SWCCs for uniform particle-size materials rang-
ing from coarse sand to clay-sized particles were computed
by incrementally altering the parameters of the Fredlund and
Xing (1994) equation. The nf and mf soil parameters for
the Fredlund and Xing (1994) equation are also required for
each uniform collection of particle sizes. A data set involv-
ing soils from Rawls et al., (1992), Sillers (1997), and the
Cecil soil survey (Bruce et al., 1983) was used to determine
approximate trends in the nf and mf parameters.

The grain-size distribution curve was divided into small
uniform soil divisions. A packing porosity np was estimated,
starting with the smallest particle divisions (Harr, 1977) and
computing an SWCCs, as illustrated in Fig. 5.103. The divi-
sional SWCCs were then summed starting from the smallest
particle sizes and continuing until the volume of the pore
space was equal to that of the combination of all particle
sizes. The end result is an estimation of a predicted SWCC
representative of the desorption curve for a slurry soil.
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Figure 5.101 Variation of parameters nf and mf according to particle-size diameter while
holding af constant at 100 kPa (from Fredlund, 1997b).
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Figure 5.102 Assumed limits for SWCCs for uniform coarse sand (af = 1, nf = 20,
mf = 2, hr = 3000) and a clay (af = 100, nf = 1, mf = 0.5, hr = 3000) (from Fredlund,
1999b).
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Figure 5.103 Small divisions of particle sizes used to build over-
all SWCC.

5.12.11 Designation of Porosity and Packing
Arrangement for M.D. Fredlund (2000) Model

The grain-size distribution curve can be divided into n frac-
tions of uniform sized particles. Each fraction has a packing
arrangement and porosity. The summation of the individ-
ual fraction porosity values may be greater than the overall
porosity of the combined soil fractions. In the assemblage of
soil particles, the voids created between larger particles will
be filled with smaller particles. Consequently, the influence
of the larger particles on the SWCC is reduced (Yazdani
et al., 2000). The porosity of the individual fractions can
be summed until the overall porosity of the soil is reached.
After this point the remaining particle fractions are ignored.

The “packing” porosity np for each uniform particle size
needs to be approximated. It can be assumed that the np
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variable is the same for each successive particle fraction,
but it would appear that np should be a function of particle
diameter.

5.12.12 Data Sets Analyzed in Testing M.D. Fredlund
(2000) Model

A sample data set of 188 soils was selected to test the pro-
posed model. The soils were from Sillers (1997), Rawls and
Barkensiek, et al., (1985), and Williams (1992). All soils
selected had a measured grain-size distribution and a mea-
sured SWCC.

The reliability of the M.D. Fredlund (2000) pedo-transfer
function was evaluated using cross-validation (Hjorth,
1994). The reliability of a pedo-transfer function was
assessed by (1) drawing a random sub sample from the
data set, (2) developing a pedo-transfer function for the sub
sample, and (3) testing the accuracy of the pedo-transfer
function against the data left after subsampling. Data sets
were first selected based on the availability of grain-size
distribution curves and volume-mass properties (i.e., void
ratio, dry density, and specific gravity). The database was
split into two parts with one part used to train the proposed
M.D. Fredlund (2000) pedo-transfer function and the other
part used to test the pedo-transfer function.

5.12.13 Estimation of SWCC Using M.D. Fredlund
(2000) model

Comparisons of experimental and predicted results are shown
in Figs. 5.104–5.106. Ten optimal estimations of the SWCC
were performed using the M.D. Fredlund (2000) method and
the results can be seen in Fig. 5.107. The estimation of a
SWCC from grain-size distribution was attempted for all soil
types. There was greater difficulty in estimating the SWCC
for clay, till, and well-graded soils than for silt and sands,
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Figure 5.105 Comparison of experimental and predicted SWCC
for sandy silt (Data after Schuh et al., 1991).

although all estimated SWCCs appear to be quite reasonable.
Results tend to be somewhat sensitive to the assumed packing
porosity np. More research is required to better understand the
influence of the packing porosity.

The M.D. Fredlund (2000) pedo-transfer function pro-
vided a reasonable estimation of the SWCC for a wide range
of textural classes. There are several groups of soils for
which it is particularly difficult to estimate the SWCC. These
general categories of soils include (i) soils having a large
amount of clay-sized particles, (ii) soils that contain large
amounts of coarse-size particles mixed with fines, (iii) soils
that exhibit bimodal behavior such as sand-bentonite mix-
tures, and (iv) man-made soils such as mine tailings and
waste rock.

The assumed minimum particle size has an influence on
the estimation of the SWCC. If the minimum particle size is
set too small, there will be an overabundance of clay-size
particles that will influence the estimation of the SWCC. If
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Figure 5.104 Comparison of experimental and predicted SWCC and logarithmic probability
density curve (log PDF) for clay soil (Data from Russam, 1958).
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Figure 5.106 Comparison of experimental and predicted SWCC and logarithmic probability
density curves for silt (after Vereecken et al., 1989).
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Figure 5.107 SWCCs computed from grain-size distribution curves for variety of soil types
(from M.D. Fredlund, 2000).

the minimum particle size is too large, there is an absence
of smaller particles which resulted in the soil drying
prematurely.

The initial packing porosity np is the only volume-mass
variable used in the estimation of the SWCC. The packing
porosity is important to the estimation of the SWCC and
two techniques have been proposed for its estimation: (i) a
statistical method and (ii) a neural net method.

The statistical method involved examining the frequency
distribution of the packing porosities for various textural
categories. A mean and variance value was computed for
the packing porosity for different soil types.

The use of a neural net appeared to improve the estimation
of the SWCC. The neural net has an algorithm that is trained
to respond to various input conditions. The effect of the
packing porosity is shown in Fig. 5.108 for sand and in
Fig. 5.109 for silt. These examples show that the packing

porosity influences the entire SWCC. Fig. 5.109 shows that
the estimated SWCC does not reach 100% saturation with
packing porosity np = 0.36. This condition occurs when the
packing porosity falls too far below the actual porosity of
a soil.

5.12.14 Comparison of Various Pedo-Transfer
Function Methodologies

The M.D. Fredlund (2000) estimation technique can be com-
pared to other estimation models, namely, Arya and Paris
(1981), Scheinost et al., (1997), Rawls and Brakensiek (1985),
Vereecken et al., (1989), and Tyler and Wheatcraft (1989).

Arya and Paris (1981). The Arya and Paris (1981)
pedo-transfer function was originally developed from a mod-
est database and then extrapolated to larger databases. A
value of 1.38 is commonly accepted as a reasonable estimate
for the α variable. Later investigations by Arya et al. (1982)
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Figure 5.108 Effect of varying packing factor np for sand (data from Mualem, 1984).
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Figure 5.109 Effect of varying packing factor np for silt (data from Schuh et al., 1991).

showed that the α value varied among textural classes and
ranged from 1.1 for fine-textured soils to 2.5 for coarse-
textured soils. The α value was estimated in accordance
with the values shown in Table 5.10. The Arya and Paris
(1981) method requires a well-defined grain-size distribution
curve. Several estimations performed using the Arya and
Paris (1981) pedo-transfer function are shown in Fig. 5.110.

Scheinost et al., (1997). The Scheinost et al., (1997)
pedo-transfer function uses a linear regression analysis to esti-
mate the parameters for a van Genuchten (1980) equation. The
Scheinost pedo-transfer function was developed to account for
extreme variations in the soil parameters, with textures vary-
ing from gravels to clays, organic contents over a wide range,
and bulk densities from 0.80 to 1.85 mg/m3. The parameters
for the pedo-transfer function were obtained using a soil data

set from Germany. The Scheinost et al. (1997) pedo-transfer
function was able to estimate the desaturation rate of most
soils with reasonable accuracy.

Rawls and Brakensiek (1985). The Rawls and Brak-
ensiek (1985) pedo-transfer function is based on a regres-
sion analysis that estimates parameters for the Brooks and
Corey (1964) equation. While the estimation of the air-entry
value for most soils seems reasonable, the desaturation rate
appears to generally be overestimated.

Vereecken et al., (1989). The Vereecken et al. (1989)
pedo-transfer function uses a statistical regression analysis
to estimate the parameters for the van Genuchten (1980)
equation. The Vereecken et al. (1989) pedo-transfer func-
tion has been applied to a wide range of soils and has
the ability to account for high-organic-matter contents. In
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Table 5.10 Values of Alpha Proposed
by Arya et al. (1981)

USDA Texture α

Sand 1.285
Sandy loam 1.459
Loam 1.375
Silt loam 1.15
Clay 1.16

aDimensionless.

general, the method performs well for the estimation of
desaturation rates.

Tyler and Wheatcraft (1989). Tyler and Wheatcraft
(1989) use a fractal dimension to estimate the Arya and
Paris (1981) α input parameter. The fractal dimension is
calculated through the use of a linear regression analysis
over particles associated with the grain-size fractions. The
method does not appear to improve on the performance of
the Arya and Paris (1981) estimation.

5.12.15 Summary Comments on the Pedo-Transfer
Estimation Models

A statistical analysis study appears to show that the Fred-
lund (1997) PTF performed reasonably well. A compari-
son of the frequency distribution for six PTFs is shown in
Fig. 5.111. The bell-shaped frequency response indicates
a positive predictive method. The estimation of an SWCC
from a grain-size distribution has been found to give rea-
sonable approximations for sands and silts. The SWCC for
clays, tills, and well-graded fine soils are more difficult to

predict although the estimation algorithm still appears quite
reasonable. The predicted SWCCs tend to be sensitive to
the packing porosity np.

The M.D. Fredlund (2000) pedo-transfer function was com-
pared to five other pedo-transfer functions. Results of the com-
parisons between the measured and estimated air-entry values
indicated significant improvement when using the M.D. Fred-
lund (2000) pedo-transfer function over other methods. The
M.D. Fredlund (2000) pedo-transfer function and the Arya
and Paris (1981) methods showed the highest level of con-
fidence in estimating the air-entry value of a soil. The M.D.
Fredlund (2000) pedo-transfer function showed reasonable
accuracy in estimating the maximum slope of the SWCC.

5.12.16 Other Procedures for Estimating SWCC

The grain-size distribution curves for a soil can be used in
other ways to select an approximate SWCC. It is possible to
use the classification of a soil when searching a database of
test results for an appropriate SWCC (M.D. Fredlund et al.,
1996). Figure 5.112 illustrates approaches that can be used
to obtain an SWCC. The approaches range from the direct
measurement of the SWCC to its estimation from classifi-
cation soil properties. Figure 5.113 further categorizes some
of the estimation procedures that can be used to obtain an
estimated SWCC. The estimated SWCC can subsequently
be used for the determination of unsaturated soil property
functions.

The classification soil properties and previously measured
SWCCs can be incorporated into a knowledge-based
database to assist users in estimating a reasonable SWCC.
Correlations between classification soil properties (e.g.,
grain-size distribution and Atterberg limits) can provide
approximate parameters for SWCC equations. The estimated
SWCCs are satisfactory for many engineering applications
(Aubertin et al., 2003; Zapata et al., 2000).
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Figure 5.111 Comparison of frequency distribution of R2 for values between 0.0 and 1.0 for
six PTFs.
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Figure 5.112 Methodologies for determination of SWCC.

5.13 TWO-POINT METHOD
OF ESTIMATING SWCC

Let us consider a soil that does not undergo volume change
as soil suction is increased. In this case, the SWCC has two
primary defining points: (1) the water content and soil suction
at the air-entry value for the soil and (2) the water content
and soil suction at residual conditions. There are also two
additional points that define the extreme limits on the SWCC:

completely saturated conditions under zero suction (i.e., sat-
urated water content) and completely dry conditions (i.e.,
zero water content and a soil suction of 106). The SWCC
can either be measured or estimated using one of several
available techniques. The final intent is to arrive at an appro-
priate representation of the air-entry value and the residual
conditions for each soil involved in the engineering problem
at hand.
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Figure 5.113 Procedures for estimation of the SWCC.

Let us suppose that a number of grain-size distribution
curves may have been measured on soil samples taken in the
field. It is possible to utilize one of several proposed pedo-
transfer functions for the estimation of the SWCC (M.D.
Fredlund et al., 2002a). An analysis of available information
allows the engineer to arrive at a “best guess” for the air-
entry value, the residual conditions, as well as the saturated
initial porosity for the soil.

A computer spreadsheet can readily be used to generate
a series of data points along an entire SWCC by simply
entering the soil suction and water content for two points
on the SWCC. The artificially generated data set can then
be used for the estimation of unsaturated soil property
functions.

Figure 5.114 shows the definition of variables used in the
calculation of the SWCC. The degree of saturation versus

soil suction graph provides the most definitive way to iden-
tify the air-entry value ψaev and the residual conditions ψr

for a soil. However, if the soil undergoes negligible volume
change as soil suction is increased, then the air-entry value
and residual suction occur at the same suction values on the
gravimetric and volumetric plots versus soil suction.

The SWCC consists of three straight lines with slopes of
S1, S2, and S3 on a logarithmic scale (Pham, 2005). The
slope S1 refers to the slope between the saturated condi-
tions at a low suction (e.g., 0.1 or 1.0 kPa) and the air-entry
value computed on the gravimetric water content scale. The
slope S2 refers to the slope of a line between the air-entry
value and residual conditions computed on the gravimet-
ric water content scale. The slope S3 refers to the slope
of a line between residual conditions and completely dry
conditions corresponding to soil suction of 106 kPa. The
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Figure 5.114 Definition of variables used to compute three main branches of a SWCC presented
in terms of gravimetric water content (after Pham, 2005).
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equation of the three straight lines of the SWCC can be
written as

w =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ws + S1 log
ψ

ψs

when ψ < ψaev

waev + S2 log
ψ

ψaev
when ψaev < ψ < ψr

wr + S3 log
ψ

ψr

when ψr < ψ

(5.93)
where:

ws = gravimetric saturated water content (decimal),
ψs = low (arbitrary) suction corresponding to saturated

conditions, kPa,
waev = gravimetric water content at the air-entry value,
ψaev = suction at air-entry value, kPa,

wr = gravimetric residual water content, and
ψr = residual suction.

The slope variables in the above equations can be defined
as follows:

S1 = waev − ws

log(ψaev) − log(ψs)
(5.94)

S2 = wr − waev

log(ψr) − log(ψaev)
(5.95)

S3 = −wr

log(106) − log(ψr)
(5.96)

Typical input data for a spreadsheet are as follows: specific
gravity Gs = 2.65; saturated gravimetric water content,
ws = 37%; saturated suction, ψs = 0.1 kPa; gravimetric
water content at the air-entry value, waev = 36.5 %; air-entry
value for the soil, ψaev = 5.0 kPa; gravimetric water content
at residual conditions, wr = 10%, and residual suction
ψr = 100 kPa. Other values shown on the spreadsheet are
calculated from the basic volume-mass information. The
suction increment ratio controls the spacing of the data
points along the SWCC (e.g., a value of 2 results in a
doubling of suction between each data point).

The spreadsheet can generate three representations of the
SWCC (Fig. 5.115). Figure 5.116 shows gravimetric water
content versus soil suction; Fig. 5.117 shows volumetric
water content versus soil suction; and Fig. 5.118 shows
the degree of saturation versus soil suction for the same
soil. Values can be cut and paste from the spreadsheet. It is
possible to best fit the data set with any of the commonly
used mathematical equations for the SWCC. Unsaturated
soil property functions can also be computed using the soil
suction versus water content data along with the saturated
soil properties.

Parameter Value

Specific gravity, Gs 2.65
Void ratio, e 0.981

Dry density, gd (kg/m3) 1338

Saturated water content, ws

Water contents in decimal from 0.37

Saturated suction, ysat (kPa)
0.1

Air-entry water content, wa
0.365

Air-entry suction, yaev (kPa)
5.0

Residual water content, wr
0.1

Residual suction, yr (kPa) 100

Slope S1
−0.003

Slope S2 −0.204
Slope S3 −0.025

Suction increment ratio 2

Soil suction
(kPa) qww S

0.1 0.370 0.495 1.000
0.2 0.369 0.494 0.998
0.4 0.368 0.493 0.995
0.8 0.367 0.492 0.993
1.6 0.366 0.490 0.990
3.2 0.366 0.489 0.988
6.4 0.343 0.459 0.927

12.8 0.282 0.377 0.762
25.6 0.221 0.295 0.596
51.2 0.159 0.213 0.430

102.4 0.100 0.133 0.270
204.8 0.092 0.123 0.249
409.6 0.085 0.113 0.229
819.2 0.077 0.103 0.209

1,638.4 0.070 0.093 0.188
3,276.8 0.062 0.083 0.168
6,553.6 0.055 0.073 0.148

13,107.2 0.047 0.063 0.127
26,214.4 0.040 0.053 0.107
52,428.8 0.032 0.043 0.087

104,857.6 0.024 0.033 0.066
209,715.2 0.017 0.023 0.046
419,430.4 0.009 0.013 0.025
838,860.8 0.002 0.003 0.005

1,000,000.0 0.000 0.000 0.000

Figure 5.115 Spreadsheet showing computed SWCC data set
based on estimations of air-entry value and residual conditions.

5.14 CORRELATION OF FITTING PARAMETERS
TO SOIL PROPERTIES

The fitting parameters for any of the proposed SWCC
equations can be correlated with the classification properties
of a soil. Each SWCC equation has either two or three
fitting parameters and each parameter can bear a correlation
with one or more of the soil classification properties.
Unfortunately, independent correlations are required for
each of the proposed empirical SWCC equations.

Several researchers have undertaken correlations between
fitting parameters for the SWCC equation and the classifi-
cation properties of the soil (Ghosh, 1980; Williams et al.,
1983; Ahuja et al., 1985; Rawls et al., 1992; Cresswell and
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Figure 5.116 Computed gravimetric water content versus soil suction for soil with air-entry
value of 5 kPa and residual suction of 100 kPa.
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Figure 5.117 Computed volumetric water content versus soil suction for soil with air-entry
value of 5 kPa and residual suction of 100 kPa.
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Figure 5.118 Computed degree of saturation versus soil suction for soil with air-entry value of
5 kPa and residual suction of 100 kPa.
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Paydar, 1996; Tomasella and Hodnett, 1998; Zapata, 1999).
The correlation of SWCC fitting parameters published by
Zapata (1999) is for fitting parameters used in the Fredlund
and Xing (1994) equation. The correlations were based on
a statistical analysis of soil classification properties and the
SWCC fitting parameters.

5.14.1 Zapata (1999) Correlation Model for SWCC

Zapata (1999) used a database of approximately 190 soils
collected from research papers as well as information on
a number of soils found in the knowledge-based database
developed by SoilVision Systems. The soils collected were
divided into two categories: soils exhibiting plasticity (i.e.,
positive plasticity index, PI) and soils with a PI equal to zero.
The database used in the analysis consisted of approximately
70 soils with PI greater than zero and 120 soils with PI
equal to zero. The data collected for the soils with PI greater
than zero consisted of the percentage passing the No. 200
sieve and the Atterberg limits, in particular, the plasticity
index. The grain-size diameter D60 was used to represent
nonplastic soils. Each soil used in the statistical correlation
had a measured and well-defined SWCC.

The product of the percentage passing the No. 200 sieve
(used as a decimal value) was multiplied by the plasticity
index to form a weighted PI value (i.e., wpPI) for soils with a
plasticity index greater than zero. The weighted PI was used
as the primary variable for correlation. The D60 variable was
used as the primary variable for correlation purposes when the
soil was nonplastic. The assumption was made in the analysis
that all soils remained at a constant volume as soil suction
was increased. The Zapata (1999) correlations of SWCC were
presented in terms of the degree of saturation of the soil.

The correlation study yielded a family of SWCCs for both
plastic and nonplastic soils. The results of the Zapata (1999)
study have been used as part of the Enhanced Integrated
Climatic Model (EICM, version 2.6) in the pavement design
guide (Houston et al., 2006). The family of curves has also
been used as an approximate guide to a potential desorption
curve for soils.

5.14.2 SWCC for Granular Nonplastic Materials
(Zapata, 1999)

The grain-size distribution curve for each soil was analyzed
when the soil was classified as nonplastic. Each SWCC was
best fit with the Fredlund and Xing (1994) equation where
four fitting parameters were generated for each soil: af , nf ,
mf , and hr . The four parameters were correlated with the
particle diameters corresponding to 60% passing. The corre-
lations for nonplastic soils were represented by the following
equations:

af = 0.8627(D60)
−0.751 (5.97)

where:

af = fitting parameter related to the inflection point on
the SWCC and

D60 = grain-size diameter corresponding to 60% passing
by mass.

mf = 0.1772[ln(D60)] + 0.7734 (5.98)

where:

mf = fitting parameter influencing the curvature of the
SWCC at low and high suctions.

nf = 7.5 (5.99)

where:

nf = fitting parameter equal to the slope at the inflection
point of the SWCC.

hr = af

(
1

D60 + 9.7e−4

)
(5.100)

where:

e = constant equal to 2.71828, base of the natural
logarithm.

The above suggested equations can be used to generate a
family of curves based on D60 values as shown in Fig. 5.119.
The grain-size D60 is limited to the range between 0.1 and
1.0 mm.

5.14.3 SWCC for Plastic Materials (Zapata, 1999)

Soils exhibiting plasticity were analyzed as a separate group
of soils. The fitting parameters (i.e., af ,mf , nf , and hr )
were found to correlate well with the percent passing the
No. 200 sieve (i.e., wp) multiplied by the plasticity index of
the soil (i.e., wpPI). The following equations were generated
for the fitting parameters of plastic soils:

af = 0.00364(wPI)3.35 + 4(wPI) + 11 (5.101)

mf = 0.0514(wPI)0.465 + 0.5 (5.102)

nf = mf (−2.313(wPI)0.14 + 5) (5.103)

hr = af (32.44e0.0186(wPI)) (5.104)

where:

e = constant equal to 2.71828, the base of the natural
logarithm.

The above equations can be used to generate a family of
SWCCs for soils with wpPI values ranging from 0.1 to 50,
as shown in Fig. 5.120.
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Figure 5.119 Family of SWCCs for nonplastic soils based on Zapata (1999) model when using
D60 as representative particle size.
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Figure 5.120 Family of SWCCs for plastic soils based on the Zapata (1999) model when using
w pPI as the correlation parameter.

5.14.4 Estimated Desorption SWCC for all Soils
(Zapata, 1999)

The families of SWCCs can be combined and presented as
shown in Fig. 5.121. All SWCCs converge at a soil suction
value of 106 kPa. It should be noted that the family of curves
shown in Fig. 5.121 are the average of many test results.

These curves provide an indication of anticipated results
but should not be viewed as a replacement for the measure-
ment of the SWCC in the laboratory. It is reasonable to use
the family of curves based on the Zapata (1999) correlation
study along with the pedo-transfer from grain-size distribu-
tion curves at the preliminary design stage in order to obtain
a crude approximation of the SWCC for a particular soil. It

is advocated that the SWCC be measured in the laboratory
as part of the final design stage of engineering.

5.14.5 Torres (2011) Model for Granular Materials

Torres (2011) analyzed a database of about 4500 granular
soils and found that the D10 particle size produced improved
correlation coefficients to those obtained when using the D60
particle size. The correlation coefficients were obtained for
the Fredlund and Xing (1994) SWCC equation. The corre-
lation for the af fitting parameter was represented by the
following equation:

af = −967.2D2
10 + 218.4D10 − 2.70 (5.105)
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Figure 5.121 Combined family of SWCCs for plastic and nonplastic soils (after Zapata, 1999).
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Figure 5.122 Combined family of SWCCs when using Torres model when D10 is the repre-
sentative particle size for nonplastic soils (after Torres, 2011).

It was also suggested that if the D10 particle diameter
was less than 0.020, the af fitting parameter should be set
to 1.28.

The slope of the SWCC nf was found to be related to the
af fitting parameter (i.e., the inflection point):

log nf = −0.0075a3
f + 0.1133a2

f − 0.3577af + 0.3061
(5.106)

The mf fitting parameter was also found to be related to
the af fitting parameter:

mf = 0.0058a3
f − 0.0933a2

f + 0.4069af + 0.3481
(5.107)

The soil suction at residual conditions, ψr , was found to
be relatively constant for all granular soils:

ψr = 100.0 (5.108)

The above suggested fitting parameters for granular mate-
rials can be combined with the previously proposed equation
for plastic soils to produce the family of SWCCs shown in
Fig. 5.122.

5.15 APPLICATION OF SWCC

It is not practical to undertake rigorous and costly tests
on unsaturated soils for routine geotechnical engineering
practice. As a result, a variety of practical, indirect method-
ologies and test procedures have emerged for quantifying
unsaturated soil property functions. These indirect proce-
dures have proven to be adequate for most routine geotech-
nical engineering problems (M.D. Fredlund, 2000a).

Indirect procedures for the estimation of unsaturated
soil property functions have primarily made use of the



270 5 soil-water characteristic curves for unsaturated soils

SWCC, along with the saturated soil properties (Fredlund
and Rahardjo, 1993a; Vanapalli et al., 1996a; Barbour,
1998; D.G. Fredlund, 2000a; Fredlund et al., 2003). The
SWCC is relatively easy to measure and has become the
key unsaturated soil information for obtaining unsaturated
soil property functions. Various empirical procedures have
been proposed and tested for the estimation of essentially
all unsaturated soil property functions (e.g., permeability,
shear strength, volume change, and others). In each case,
the estimation procedure involves the use of the saturated
soil properties in conjunction with the SWCC.

Numerous estimation procedures have been proposed for
the water permeability function (Fredlund et al., 1994b).
The procedures differ primarily in the basic assumptions
involved in the development of the proposed model and
the mathematical manner (e.g., method of integration), by
which the SWCC is used in conjunction with the saturated
soil properties. As an example, several permeability func-
tions have been proposed, each one using the SWCC in a
somewhat different manner.

Constitutive relations for unsaturated soils can be written
using the SWCC equation. The SWCC is also dependent
upon the total stress state; however, in most cases the con-
stitutive equations for an unsaturated soil are sufficiently
accurate when written simply as a function of soil suction.

The development of unsaturated soil property functions has
made it possible to perform numerical modeling studies in
application areas such as seepage, shear strength, and volume
change (M.D. Fredlund, 2000). Even though the unsaturated
soil property functions are not measured, it is still possible to
estimate reasonable soil properties and then observe antici-
pated soil-structure interactions. The numerical modeler can
ask a series of plausible, “What if . . . .?” questions and thereby
observe a range of possible responses. An understanding of the
statistical variability associated with the SWCC likewise pro-
vides an indication of the variability that might be anticipated
in the unsaturated soil property functions.

5.15.1 Unsaturated Soil Properties When Soil Suction
Exceeds Residual Suction

There is limited information on the form of the classic con-
stitutive relations for an unsaturated soil as residual suction
is exceeded. There is little experimental evidence related to
the coefficient of permeability of a soil as residual suction is
exceeded. However, the coefficient of permeability is known
to become extremely low and hydraulic flow would appear
to essentially cease near residual conditions, giving way to
vapor flow. In other words, there appears to be a change from
liquid flow to vapor flow as residual suction is exceeded.

The effective angle of internal friction can be applied
to a soil up to the air-entry value. The friction angle then
decreases until it becomes essentially zero at soil suctions
exceeding residual soil suction. Recent research on a number
of soil types would indicate that the angle of friction tends
toward zero at high soil suctions (Nishimura and Fredlund,

1999). Therefore, the angle of internal friction with respect
to soil suction tends to zero at residual soil suction.

The shrinkage curve for a soil indicates that the change in
void ratio tends toward zero at high soil suctions. It would
appear that the residual soil suction of a soil is closely related
to the shrinkage limit of a soil. The volume change function
(i.e., change in void ratio or specific volume) is equal to the
compressibility of the saturated soil up to the air-entry value.
The compressibility of the soil then decreases throughout
the transition zone becoming zero as residual soil suction
conditions are exceeded.

5.15.2 Important Role of SWCC

The unsaturated soil property functions can be related to the
SWCC because variations in the unsaturated soil properties
are primarily a function of the amount of water in the soil.
For some unsaturated soil properties it would appear that the
unsaturated soil property functions are primarily related to the
amount of water on an unbiased plane passing through the soil.
The coefficient of permeability of an unsaturated soil is a func-
tion of the volume of water in the soil while the shear strength
and volume change behavior is primarily a function of the area
of water on an unbiased cross section. The area of water on an
unbiased plane should be the same as the volume of water in a
representative elemental volume (Fung, 1965). Figure 5.123
illustrates the comparison between the volumetric and area
representations of the amount of water in a soil.

5.15.3 Application of Hysteretic SWCC in
Geotechnical Engineering

Geotechnical engineers have attempted to use the SWCC to
obtain an estimate of the in situ soil suction. In taking this

Figure 5.123 Continuum mechanics equivalence of area and vol-
ume representations of water in a soil.
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approach, it is assumed that water content measurements on
disturbed soil samples can be used to provide an indication
of in situ soil suction. All such attempts have proven to be
difficult for a number of reasons. The drying and wetting
portions of the hysteresis loops may be shifted laterally as
much as one (or more) orders of magnitude. It is difficult
to use this procedure to estimate the in situ soil suction to
within an order of magnitude on fine-grained soils.

The engineer cannot determine with any confidence
whether the in situ soil is on the drying or wetting loop (or
one of the scanning curves) because there is no indication
of stress history. It is difficult to use SWCCs for the
estimation of in situ soil suction, but the same is not true
when the laboratory results are used for the estimation of
unsaturated soil property functions.

The quantification of unsaturated soil property functions,
more than any other single factor, holds potential for the
implementation of unsaturated soil mechanics in geotechni-
cal engineering practice.

The SWCC can be plotted as degree of saturation versus
the logarithm of soil suction and used to determine two
distinctive points along the curve: the air-entry value and
residual conditions. It is possible to obtain the necessary
information for the estimation of unsaturated soil property
functions. A similar interpretation procedure can be applied
to the wetting (or adsorptive) branch of the SWCC.

The geotechnical engineer must decide whether the pro-
cess being simulated in the field is a wetting or drying
process. The appropriate wetting or drying curve needs to
be determined for the soil and then the appropriate unsatu-
rated soil property function can be estimated. It is possible
to theoretically simulate both wetting and drying processes
through the use of more complex models that incorporate
the effects of hysteresis; however, it currently appears to
be better to separate the drying and wetting processes when
simulating practical situations.

5.15.4 Estimation of Unsaturated Soil Property
Functions

The accuracy of the USPF used in the solution of partial
differential equations for unsaturated soil systems depends
upon (i) the accuracy of the SWCC (i.e., SWCC equation)
and (ii) the accuracy of the empirical estimation procedure
for the USPFs (Fredlund et al., 1994b; 1996b; Vanapalli and
Fredlund, 2000b). In other words, it is important to achieve
the closest possible representation of the physical behavior
of an unsaturated soil.

Let us consider the example of modeling a transient
saturated-unsaturated seepage problem (Thieu et al., 2001).
It is necessary to have the best possible representation of
(i) the water storage function and (ii) the hydraulic conduc-
tivity function. A typical SWCC can be used to generate
both the hydraulic conductivity function and the water
storage function. It is particularly important to estimate the

most accurate permeability function to represent the actual
hydraulic conductivity of the unsaturated soil.

5.15.5 Selection of Most Appropriate Estimation
Procedures

Numerous estimation procedures are available for solving
unsaturated soil problems. The large number of estimation
procedures can lead to confusion among practicing engi-
neers. It is important to adequately estimate the SWCC for
preliminary design purposes and the SWCC needs to be
properly measured for final design purposes.

It cannot be assumed that all estimation procedures are
of equal accuracy when estimating the SWCC (Fredlund,
2002a). It is incumbent upon a prudent engineer to utilize the
estimation techniques that have been proven to be most accu-
rate. When the best estimation techniques have been utilized
for obtaining the SWCC, then the engineer needs to corre-
spondingly utilize the most reliable estimation procedures for
computing the necessary unsaturated soil property functions.

5.16 GUIDELINES AND RECOMMENDATIONS
FOR ENGINEERING PRACTICE

A number of general guidelines and recommendations are sug-
gested when attempting to establish appropriate engineering
protocols. The following suggestions are made with regard to
the assessment of unsaturated soil property functions:

1. The SWCC can be estimated for preliminary design pur-
poses but must be measured for final design purposes. It
is recommended that laboratory measurements be made
on undisturbed soil samples whenever possible.

2. The estimation of unsaturated soil property functions
is related to the drying (or desorption) branch of the
SWCC. It is the responsibility of the geotechnical and
geo-environmental engineer to determine whether the
process being simulated in the field corresponds to the
drying or wetting process. If the process corresponds
to the wetting (or adsorption) process, then the SWCC
should be shifted in accordance with the average sug-
gested values.

3. It is important to use the SWCC estimation procedures
that have been shown to be the most accurate when using
the grain-size distribution curve.

4. It is important to utilize a SWCC equation that covers
the entire range of soil suctions that are of interest for a
particular engineering problem.

5. It is important to use the estimation techniques that have
been shown to provide the most accurate estimations for
unsaturated soil properties.

6. There is a strong linkage between the SWCC and the
unsaturated soil properties and this relationship must be
maintained throughout the numerical modeling process.
It is not considered acceptable engineering practice to
adjust some of the variables associated with unsaturated
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soil property functions in order to obtain convergence of
the solution.

7. When a soil undergoes significant volume change during
the change in soil suction, it necessary to use the shrink-
age curve (or measure volume change in the SWCC test)
and use the appropriate water content versus suction
relationship for the estimation of the unsaturated soil
property functions. For example, volumetric water con-
tent versus soil suction should be used when computing

the water storage function for a soil. On the other hand,
the degree of saturation versus soil suction relationship
must be used for the interpretation of the correct air-entry
value for the soil and the computation of the unsaturated
soil property functions.

8. The practicing geotechnical engineer needs to recognize
that the reliability of theoretical or statistical estimation
techniques becomes progressively less reliable as the
clay content of a soil increases.



CHAPTER 6

Ground Surface Moisture Flux Boundary Conditions

6.1 INTRODUCTION

The quantification of moisture flux boundary conditions is
an important topic which was not historically addressed as
part of classic soil mechanics. There are two main types of
boundary conditions that can be applied when solving mois-
ture movement problems. It is possible to specify a hydraulic
head or a flow rate along the boundaries of the geometry.
Hydraulic heads specified at the boundary of a problem are
called Dirichlet boundary conditions. Flow rates specified
across the boundary of a problem are referred to as Neumann
boundary conditions. Textbooks on saturated soil mechan-
ics explain how to apply a hydraulic head along the geo-
metric boundary or a zero-flux condition which designates
an impervious boundary. However, these are not sufficient
boundary conditions when dealing with near-ground-surface
problems involving unsaturated soils.

The ground surface forms the uppermost boundary for
most soil mechanics problems. This boundary is periodi-
cally subjected to precipitation in the form of rain or snow.
At other times moisture moves upward from the ground sur-
face through evaporation and transpiration. The soil immedi-
ately below the ground surface is generally unsaturated. The
ground surface forms a continuously changing moisture flux
boundary. There are other components such as “runoff” that
also need to be evaluated in conjunction with precipitation
in order to determine the “net moisture flux” at the ground
surface.

The determination of the net moisture flux at the ground
surface is complex and involves numerous assumptions as
a series of calculations are performed. There are several
other disciplines such as agriculture and surface hydrol-
ogy that have had an interest in calculating the net flux at
the ground surface. Extensive research has been undertaken
in other disciplines and the results are of great interest to
applications in soil mechanics. It is important for geotech-
nical engineers to reevaluate theories from other disciplines
to ensure that the assumptions used as part of mathemat-
ical formulations are realistic for geotechnical engineering
problems.

Weather forecasting has been an area of intense research
over the past decades. Weather forecasting has as its primary
objective the ability to predict the temperature, wind, storms,
and precipitation of various areas of the world. Weather fore-
casting has proven to be a challenging science due largely
to the randomness of the processes involved and the com-
plexities of compressible mixture flow.

There are many near-ground-surface engineered structures
(e.g., soil covers) that require the input of likely weather
conditions as part of the design process. These engineered
structures rely on the statistical evaluation of past weather
conditions recorded at nearby weather stations. An evalua-
tion of the past 10 or more years of weather information is
necessary in order to establish a weather “finger print” for
a particular location under consideration.

The evaluation of moisture movement upward from the
ground surface can first be viewed in terms of the potential
amount of evaporation that could occur. Potential evapo-
ration, PE, from a body of water or a saturated ground
surface is easier to compute than the calculation of actual
evaporation, AE, from a soil surface. The state of stress in
the soil at ground surface can significantly affect the actual
rate of evaporation. It is important to understand the dif-
ference between PE calculations and AE calculations. It
is the determination of AE that is of primary interest to
the geotechnical engineer when attempting to determine the
net moisture flux at the ground surface. Net moisture flux
becomes a Neumann-type boundary condition that can be
applied during the numerical simulation of many unsaturated
soil mechanics problems.

The calculation of net moisture flux (i.e., actual in-
filtration) at the ground surface is required as part of the
assessment of the water balance at a site. The area under
consideration might be a mining site or some other resource
development operation. Soil cover systems have proven to
be invaluable in limiting and controlling the rate of water
infiltration into underlying soils during the past several
decades. The design of soil cover systems depends on the
calculation of the components of moisture movement that
give rise to net infiltration at ground surface.
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Cover systems have increasingly become a viable solution
to mitigate environmental damage. Cover systems became
a common solution around the 1980s for the remediation of
contaminated sites and waste containment facilities. Mining
operations have two main streams of waste material that
need to be properly handled to reduce distress to the envi-
ronment. These two streams of materials can be referred to
as waste rock and mine tailings. Cover systems provide a
potential solution for both streams of waste materials.

The design of cover systems is conceptually easy to under-
stand but there are numerous issues and challenges associ-
ated with various aspects of the engineering analysis. There
are issues related to the required input information and the
solution of the mathematical equations (e.g., the moisture
flow partial differential equation). There are also a large
number of assumptions that must be made at various stages
of the design process. These assumptions can significantly
influence the outcome of the cover system design. The quan-
tification of unsaturated soil properties for each material
involved (e.g., the permeability functions and the water stor-
age functions) has also proven to be a challenge for geotech-
nical engineers (Fredlund, 2007b).

The design of cover systems depends upon the ability to
predict moisture fluxes in and out of the ground surface as
well as moisture movement through the unsaturated soils
comprising the cover system. The analysis can be viewed as
a “flux-driven” problem. Problems involving the predictions
of hydraulic head are generally easier to solve than problems
involving the prediction of moisture fluxes. The boundary
conditions at the ground surface must be described in terms
of a moisture flux when undertaking a soil cover design. The
quantification of the ground surface moisture flux boundary
conditions is coupled with the solution of moisture move-
ment in the underlying unsaturated soil.

A cover system can be viewed as a thin interface placed
between the atmosphere and the underlying soil strata, as
shown in Fig. 6.1. The climate imposed on top of the cover
can vary widely from arid to humid conditions. A particular
soil cover system cannot be expected to function in a similar
manner when subjected to a wide range of climatic condi-
tions. Rather, it would be anticipated that a particular type
of soil cover can only perform satisfactorily when subjected
to a limited range of climatic conditions. Consequently, soil
cover systems need to be designed for each site by taking
into consideration the available soil types for the soil cover
and the imposed weather conditions.

Cover systems can function quite differently under dif-
ferent climatic situations. For example, a cover system may
operate in a “store-and-release” mode in one situation but
might function as a saturation oxygen barrier in another case.
The location of the water table in the underlying materials
can also have an influence on the functionality of the soil
cover system. All elements of the cover system (i.e., atmo-
sphere, soil cover, and underlying soils) are highly variable
and material responses are generally highly nonlinear and
hysteretic (Shackelford, 2005; Fredlund, 2006).

Figure 6.1 Covers used as an interface between material to be
protected and climatic environment.

The challenges associated with the analytical design of
a soil cover system are formidable but not impossible to
accommodate. It might be difficult to obtain the same deci-
sion from two geotechnical engineers regarding whether a
cover system will function satisfactorily in a particular cli-
mate. The design of soil cover systems involves the use of
SWCCs. The SWCCs are hysteretic in character and as such
engineering protocols need to be established for the calcula-
tion of water movement in and out of the unsaturated soils
near the ground surface.

6.2 CLIMATIC CLASSIFICATION FOR A SITE

The climatic context should first be evaluated for any site for
which water balance or water infiltration is to be quantified.
The average climatic conditions as well as likely variations
in the local climate should be understood prior to embarking
on the numerical modeling of moisture movement.

Store-and-release soil covers placed at the ground surface
are known to have the potential to function satisfactorily
in arid or semiarid environments. However, there are situa-
tions where soil cover systems have been designed and used
where the climate is not arid or semiarid. The geotechnical
engineer should have an appreciation of the significance of
variations in the climate from one year to the next.

Climatic classifications are based primarily upon an
approximate water balance calculation referenced to the
ground surface. Calculations of climate classification pro-
vide the geotechnical engineer with guidance regarding the
suitability of a particular type of cover system. The cli-
matic classification provides information on whether a
particular type of cover system has the potential to operate
in a satisfactory manner. It is possible to proceed with the
cover design once it has been decided that a particular cover
system might function in a satisfactory manner.

The climate in a particular area is commonly evaluated
using the Thornthwaite climate classification system (Thorn-
thwaite, 1931, 1948). Thornthwaite published the first
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climate classification system in 1931. The classification
system was revised in 1948 and it is the latter climate
classification system that is generally used in geotechnical
engineering. The climate near a site under consideration can
be classified based on average temperature and precipitation
measurements. Temperature along with global setting (i.e.,
latitude) is used to estimate PE. Potential evaporation is pri-
marily driven by average temperatures (or more accurately
by net radiation). Figure 6.2 shows temperature contours
for the world for 2 months of the year. Figure 6.2a shows
the mean global temperatures for January and Fig. 6.2b

shows the mean global temperatures for July. Similar plots
can be made for each month of the year. Figure 6.3 shows
average precipitation contours for the world for the 12
months of the year. It is also possible to plot the monthly
average precipitation values.

Thornthwaite (1948) developed a classification system for
climate based on the calculation of a moisture index Im that
takes into consideration the total annual precipitation and the
annual potential evapotranspiration. In 1948 it was assumed
that the water surplus from one season might be carried
forward to another season and therefore a weighting factor

(a)

(b)

Figure 6.2 Temperature is the primary factor controlling the evaporative flux from the earth’s
surface. (a) Mean temperatures for January. (b) Mean temperatures for July. From The Physics of
Climate, by J. P. Peixoto and by A.H. Oort © 1992, used with permission of American Institute
of Physics.
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Figure 6.3 Rainfall and snowfall are contributors to precipitation falling on the earth’s surface.
Reprinted with permission of Prentice-Hall from Climatology by John E. Oliver and John J.
Hidore, © 1984 by Bell & Howell Co.

of 0.6 was applied to the water deficit calculation. However,
in 1955, the 0.6 factor was dropped from the calculations
and moisture index is now defined as follows (Thornthwaite
and Mather, 1955; Thornthwaite and Hare, 1955):

Im = 100

(
P

PE
− 1

)
(6.1)

where:

Im = 1955 Thornthwaite moisture index,
P = total annual precipitation, and

PE = total annual potential evapotranspiration calcu-
lated as the summation of the Thornthwaite (1948)
monthly potential evaporations.

Thornthwaite (1948) incorporated the variables of length
of daylight hours, mean monthly temperature, and an empiri-
cal constant into the prediction of potential evaporation. The
simplicity of the Thornthwaite equation has led to its usage
for the classifications of global climate as well as numerous
other agricultural and engineering applications. The poten-
tial daily evaporation can be written as follows using the
Thornthwaite (1948) equation:

PEd = 0.5333

(
L

12

) (
N

30

)(
10Ta

I

)at

(6.2)

where:

PEd = potential evaporation, mm/day,
L = length of daylight, h,

N = number of days in the month,
Ta = mean monthly air temperature, ◦C,
I = sum for 12 months of the function (Ta/5)1.514;

(i.e.,
∑12

month=1 (Ta/5)1.514), based on correlations
to “pan evaporation” measurements, and

at = complex function of the variable I [i.e., at =
(6.75 × 10−7) I 3 − (7.71 × 10−5) I 2 + (1.79 ×
10−2) I + 0.492].

For a 30-day month and assuming that there are 12 h of
the day for evaporation, the potential evaporation equation
can be written as

PEm = 16.0

(
10Ta

I

)at

(6.3)

where:

PEm = potential evaporation, mm/month.

The potential monthly evapotranspiration can be
calculated for each of the 12 months. For 1 year, the
annual potential Thornthwaite evaporation can be written as
follows:

PE =
12∑
i=1

PEm (6.4)

The total annual evapotranspiration is used in conjunction
with the total annual precipitation to classify the climate
through use of Eq. 6.1. The climate classification criteria
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Table 6.1 Criteria for Climate Classificationa

Im Category of Climate

> 100 Perhumid
20–100 Humid
0–20 Moist humid
−33–0 Dry subhumid
−67 to −33 Semiarid
−100 to −67 Arid

aMoisture index Im as defined in 1955. (i.e., Eq. 6.1).

are shown in Table 6.1. The Thornthwaite classification is
an empirical equation that was developed from limited cli-
matic data collected in the United States. However, it forms
an adequate basis for establishing the climatic type and vari-
ations in climate.

Climatic classification and the likely variation in climate
should be established prior to considering a particular cover
system solution for the site under consideration. It is impor-
tant to determine whether a particular engineered system
will be suitable for the site under consideration. It is the
ratio of the total annual precipitation P to the total annual
PE, which provides a guide to the suitability of a particular
type of cover system. Figure 6.4 shows contours of average
potential evaporation for the world.

6.2.1 Partitioning of Each Year

Normally a year is viewed as starting on January 1 and
ending on December 31. However, the evaluation of net

moisture flux at the ground surface can be quite differ-
ent at various times of the year, and as a result there is
a more meaningful way to partition each year. In the north-
ern areas of Canada, for example, it is reasonable to select
the autumn freeze-up date as the beginning of a new year
(Stianson et al., 2010). This is the time of the year when the
“near-ground-surface” water content conditions are essen-
tially “locked in” for several months. Other regions of the
world might have other times that should be used for starting
the analysis of moisture flux at the ground surface.

A common freeze-up date is November 1 in northern
Saskatchewan, Canada (no. 1 in Fig. 6.5). The winter period
is referred to as the inactive season and has been assumed
to extend to April 18 of the following year (nos. 2 and 3 in
Fig. 6.5). Most of the precipitation is in the form of snow
during the inactive season. The snow accumulated during the
inactive season can be converted to an equivalent amount
of rain at the weather station.

The period from April 19 to October 31 is referred to as
the active season (no. 2 to no. 1 in Fig. 6.5). The terms inac-
tive and active are designated in Fig. 6.5 and are used in a
relative magnitude sense since there can be some moisture
movement activity all year round at the ground surface. The
snow and rain from the time of freeze-up accumulates over
winter and then infiltrates the ground surface in the spring
of the year (no. 3 to no. 4 in Fig. 6.5). There is also con-
siderable runoff which can occur during the springtime and
throughout the summer months.

6.2.2 Analysis of 28-Year Weather Data Set

The analysis of a 28-year weather data set from a site in
eastern Canada is shown in Table 6.2. The site was at a

Figure 6.4 Average potential evaporation contours for the world. From The Physics of Climate,
by J. P. Peixoto and by A.H. Oort © 1992, used with permission of American Institute of Physics.
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Figure 6.5 Active and Inactive portions of each year with respect
to modeling near ground surface moisture movement.

latitude of approximately 47◦ (Stianson et al., 2010). The
precipitation was separately computed for the inactive and
active portions of each year. Likewise potential evapora-
tion was computed for the inactive and active portions of
each year. The results of these calculations are presented
in Table 6.2 along with the calculation of the Thornthwaite
moisture index for each year (i.e., from November 1 of one
year to October 31 of the next year).

The results show that the average precipitation at this site
during the inactive portion of the year was 321 mm. The
average precipitation during the active portion of each year
was 514 mm, giving rise to a total annual precipitation of
835 mm. The precipitation results are graphically presented
in Fig. 6.6.

The average potential evaporation during the inactive por-
tion of each year was 110 mm. The average potential evap-
oration during the active portion of each year was 574 mm,

giving rise to a total annual potential evaporation of 684 mm.
The potential evaporation results are graphically presented
in Fig. 6.7.

Based on average weather conditions, the climate at the
site can be classified as humid with an average moisture
index of +24.8 (Fig. 6.8). However, for 5 of the 28 years
the climate classifies as “moist humid,” and for 4 years
the climate classifies as “dry subhumid.” The results show
that there are considerable differences in the ground sur-
face water balance conditions from one year to another. The
standard deviation in the moisture index at this site was
computed to be 19.8. The mean plus one standard deviation
gives a moisture index of 44.6 while the mean minus one
standard deviation gives a moisture index of 5.0.

The tabulation of annual climatic conditions in this man-
ner assists the engineer in selecting meaningful scenarios
for numerical simulation of near-ground-surface conditions.
Typical dry years and typical wet years, as well as a so-
called average year, can readily be selected based on the
climatic classification.

6.3 BOUNDARY VALUE FRAMEWORK FOR
NEAR-GROUND-SURFACE DESIGN

The design and performance of near-ground-surface engi-
neered systems can be considered within the context of a
“boundary value” problem. There are many factors that need
to be taken into consideration during the design process.
An attempt is made to illustrate the complexities associated
with the design of near-ground-surface engineered struc-
tures. Care must be exercised in the assessment of all vari-
ables related to the quantification of ground surface moisture
flux conditions.
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Figure 6.6 Precipitation during inactive and active portions of each year.
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Figure 6.7 Annual potential evaporation for inactive and active portions of each year.
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Figure 6.8 Thornthwaite moisture index for each of the 28 years at the site under consideration.

The computer provides a means whereby moisture infil-
tration can be studied as the solution of a partial differential
seepage equation where ground surface moisture flux condi-
tions are specified. The information required for analyzing
problems within a boundary value context is quite standard.
It is necessary to know the ground surface geometry and
have a fairly well-informed appreciation of the underlying
stratigraphic sequences.

Approximate conditions must be designated for all bound-
aries of the problem. For unsaturated soils problems it is
the characterization of the ground surface (net) moisture

flux boundary condition that is of primary importance. The
assessment of the ground surface moisture flux boundary
conditions largely relies on past measured weather condi-
tions at the site. Starting, or “initial,” conditions must also
be specified for the analysis.

The characterization of the (unsaturated) soil properties
forms another important part of the required input informa-
tion. These are the primary factors that must be known. And
it is within the context of a boundary value analysis that the
geotechnical engineer can investigate a series of questions
that might be of interest to the future performance of the
engineered structure.
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6.3.1 Geometry and Stratigraphy

Let us consider a cover system that forms the surface geom-
etry of a problem to be analyzed. The stratigraphy associated
with the waste material pile has been built into the pile
through the methods used for disposal. Cover systems are
often analyzed using a one-dimensional type of analysis.
That would seem reasonable when the cover over waste
material areas is relatively flat. Waste rock piles often have
steep side slopes making it more difficult to construct and
analyze a cover system on these surfaces. Both waste rock
piles and tailings deposits can take on a three-dimensional
shape (e.g., Fig. 6.9); however, design considerations are
often performed using a one-dimensional analysis to
simulate a relatively flat portion at the top of the pile. A
two-dimensional analysis may sometimes be used for the
simulation of the side slopes.

The original one-dimensional modeling of a cover system
was solved using the SoilCover computer code (MEND,
1993) based on the soil-atmosphere formulation proposed
by Wilson (1990). Two-dimensional analysis of covers on
a sloping surface was performed by Bussière and Aubertin
(2003). A three-dimensional solar energy–based approach
has also been developed by Weeks and Wilson (2005). The
Weeks and Wilson model focuses on obtaining values for net
radiation that take into consideration the orientation of the
ground surface (i.e., the dip and strike) as well as the loca-
tion of the sun relative to the ground surface location. The
sophistication of a three-dimensional analysis of a cover sys-
tem may not be necessary for routine engineering designs.
However, studies by Weeks (2006) have shown that the com-
putations of net evaporative flux from the soil surface can
vary significantly depending upon the angle between the
sun’s rays and the orientation of the surface of the ground.
Consequently, the performance of a soil cover can vary sig-
nificantly from one part of the pile to another part.

The geotechnical engineer needs to be aware that the
ground surface may not be level and that there is a potential

Figure 6.9 Illustration of varying evaporation conditions on the
three-dimensional cover at Equity Silver (Weeks and Wilson,
2005).

for runoff and ponding. The unevenness of the ground
surface can be the result of differential settlement of the
waste rock (or the tailings) with the result that the ground
surface becomes susceptible to ponding. In other words,
the performance of the cover from one location to another
can differ considerably from a simple one-dimensional
characterization. There may not need to be much change in
the orientation of the ground surface to bring about signifi-
cant changes to the water balance over the surface of the
waste pile.

Cover systems, particularly when viewed in a one-
dimensional setting, have the appearance of being relatively
simple problems to numerically simulate. This notion is
somewhat deceptive in that, while the geometry is simple,
the characterization of the soil properties is highly nonlinear
and can lead to difficulties in obtaining convergence to
a correct solution (Shackelford, 2005). “Checks” should
be made on water balance calculations against published
benchmarked example solutions (Gitirana et al., 2005).

6.3.2 Physics of Saturated-Unsaturated
Water Flow for REV

An REV can be selected from within the soil mass. The
physics of saturated-unsaturated water flow can be derived
while satisfying the conservation of mass requirement. The
substitution of the constitutive behavior for water flow and
water storage, while satisfying conservation of mass, results
in a PDE for saturated-unsaturated liquid flow through soil.
The saturated-unsaturated water flow partial differential
equation for transient flow can be written as follows for the
two-dimensional case:

kwx
∂2hw

∂x2
+ ∂kwx

∂x

∂hw

∂x
+ kwy

∂2hw

∂y2
+ ∂kwy

∂y

∂hw

∂y

= mw
2 ρwg

∂hw

∂t
(6.5)

where:

hw = hydraulic head comprised of the pressure head
and elevation head,

kwx = water coefficients of permeability in the
x-direction which is a function of soil suction,

∂hw/∂x = hydraulic head gradient in the x -direction,
kwy = water coefficients of permeability in the

y-direction which is a function of soil suction,
∂hw/∂y = hydraulic head gradient in the y-direction,

ρw = density of water,
g = acceleration due to gravity,
t = time, and

mw
2 = water storage coefficient which is a function

of soil suction.

Further details on the derivation of saturated-unsaturated
water flow through soils are presented in Chapters 7 and 8.
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The primary variable that must be computed during the
solution of the PDE is the hydraulic head. In order to solve
the saturated-unsaturated water flow equation (Eq. 6.5), it
is necessary to have information on two soil properties,
namely, the coefficient of permeability kw (or hydraulic con-
ductivity) of the soil and the water storage coefficient mw

2
for the soil. Both the coefficient of permeability and water
storage coefficient soil properties are nonlinear functions of
soil suction (Fredlund et al., 1994b).

The pore-water pressure term of soil suction is one compo-
nent of hydraulic head and as a result the partial differential
equation being solved is nonlinear. The nonlinearity requires
that the soil properties first be estimated (i.e., hydraulic con-
ductivity and water storage are usually set to saturated soil
parameters), while the hydraulic heads are computed. Then
the soil properties must be adjusted in consideration of the
newly computed hydraulic heads. A new set of hydraulic
heads are then computed. This process is repeated until
the nonlinear partial differential equation for seepage has
converged (i.e., the hydraulic heads used in estimating the
soil properties match the computed hydraulic heads within
a specified level of accuracy).

Convergence means that reasonably accurate soil prop-
erties (i.e., coefficients of permeability and water storage)
were used when computing the hydraulic heads. The iter-
ative process may need to be repeated many times when
the soil properties are highly nonlinear. It is also possible
that the nonlinear partial differential equation may not con-
verge. It is also possible for the partial differential equation
to appear to have converged but the convergence may be to
the wrong values of hydraulic head. The solving of highly
nonlinear partial differential equations has become an area
of extensive research in mathematics and computing science
and much can be learned from research in these disciplines.

The permeability and water storage functions are actually
more complex than shown in Fig. 6.10 since both func-
tions exhibit hysteresis. In other words, one set of relation-
ships correspond to conditions when the soil is drying and
another set of conditions apply when the soil is wetting, as
shown in Fig. 6.11 (Pham et al., 2003b). While hysteresis
is known to exist in all soils, its effect is often not taken
into account in the design of cover systems. This is just
one of many approximations that are made in the design of
covers systems.

The material(s) used for a cover system may change
considerably with time because of environmental influences.
Cracking resulting from settlement and volume change is
quite certain to occur. Furthermore, the growth of vegeta-
tion creates a network of root holes, fissures, and cracks.
Freezing and thawing cycles tend to produce a nugget-
type structure particularly in fine-grained soils. The end
result is a change in the near-ground-surface soil properties
with time.

There may also be microbial contamination and other
bio-intrusions that affect the soil structure. Changes in the

Clay silt

Log suction, kPa 106

Sand

Clay silt

kb
ka Sand

θ w
Lo

g 
k

Log suction, kPa

(a) Soil-water characteristic curves

(b) Permeability functions

Figure 6.10 Typical SWCCs and permeability functions for two
soil types.

soil structure tend to significantly change the SWCC for
the materials involved. Figure 6.12 illustrates the type of
changes that might occur in a measured SWCC on a soil that
contains clay-size particles. It is possible that the SWCC will
take on a bimodal character and the saturated hydraulic con-
ductivity may increase by one or more orders of magnitude
as a result of freeze-thaw cycles or drying-wetting cycles.
Consequently, numerical modeling simulations based on the
properties of originally intact materials can be considerably
different from the properties of soils that develop near the
ground surface over time.

There are challenges associated with solving the nonlin-
ear partial differential equations defining the flow of water
through the unsaturated soil. There are also challenges asso-
ciated with determining the net moisture flux that should
be applied at the ground surface. Much of this chapter is
devoted to describing how the ground surface moisture flux
can be quantified for engineering purposes.

6.3.3 Water Balance at Ground Surface

Methodologies for the computation of net moisture flux con-
ditions at the ground surface were not part of historical soil
mechanics. The calculation of ground surface moisture flux
based on climatic data has become an important part of
unsaturated soil mechanics. The calculation of net moisture
flux involves a number of assumptions and approximations.
Some inherent difficulties are mentioned in the following
sections along with suggested engineering protocols for their
solution. Other factors such as freezing and thawing are
often not adequately taken into account and are not discussed
in detail in this chapter.

The ground surface forms a flux boundary which inter-
acts with atmospheric weather. Water is either entering the
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Figure 6.11 Effect of hysteresis upon drying and wetting of a soil.

ground surface boundary as precipitation or it is leaving the
ground surface through actual evaporation AE or transpira-
tion T . Water may also be shed from the ground surface
through runoff R. The components of moisture flux at the
ground surface and the net infiltration component, I , can be
written in the following form:

Net infiltration (I) = precipitation (P)

− actual evaporation (AE) (6.6)

− transpiration (T) − runoff (R)

In abbreviated form, the net infiltration at ground surface
can be written as

I = P − AE − T − R (6.7)

There has not been a long history of calculating ground
surface moisture flux conditions in geotechnical engineer-
ing. There are complexities associated with the analysis and
numerous assumptions must be made as part of the compu-
tational procedures.

The calculations associated with determining AE have
proven to be the most challenging. PE occurs when there
is an ample supply of water at the ground surface. The AE
can be thought of as evaporation from a ground surface
where the soil is resisting evaporation because of soil suc-
tion or the affinity of the soil for water. The AE requires that
the effect of suction in the soil be taken into consideration
as part of the computational procedure. It is important that
the physics associated with the determination of PE be fully
understood prior to attempting to calculate AE.

Each of the components of net infiltration must be
assessed as part of the determination of moisture entering
the soil at ground surface. The components of net moisture
flux are discussed along with a brief description of the cal-
culations and main assumptions required when performing
the calculations.

The assessment of most factors influencing net infiltra-
tion is made using approximate soil properties and average
daily moisture fluxes. The average effects may not provide a
complete and accurate picture of long-term performance of
a cover system. Extreme events or high-intensity storms can
have a significant influence and may cause serious damage
to cover systems.
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Figure 6.12 Effect of cracking that may occur as a result of
weathering of near-surface soils.

6.3.4 Atmospheric Flux Conditions

An atmospheric moisture flux balance and a thermal flux
balance exist at the ground surface. Both moisture and tem-
perature flux conditions are involved in the calculation of
AE. Moisture can fall to the ground surface in the form of
rain or snow and is referred to as precipitation. The pre-
cipitation either infiltrates the soil or runs off. Precipitation
information can be obtained from weather station records
and is usually provided on a daily basis. Moisture flow
in saturated and unsaturated soils can be described using
Darcy’s law.

Moisture also rises to the sky through the process of
evaporation. The evaporative flux of primary interest for
unsaturated soil modeling is AE. The ground surface mois-
ture flux balance equation is shown in Eq. 6.7.

The thermal flux balance equation can be written as

Rn = Rh + Rl + Rg (6.8)

where:

Rn = net radiation, J/m2/day, but can also be converted
to units of mm/day (i.e., Qn = 1000Rn/Lv, where
Qn = net radiation, mm/day; Lv = volumetric
latent heart of vaporization, J/m3, and 1000 is the
conversion between mm and m),

Rh = sensible heat transferring from ground surface to
air, J/m2/day, but can be converted to mm/day
(i.e., Qh = 1000Rh/Lv, where Qh = sensible heat,
mm/day),

Rl = latent heat associated with the water phase change
including evaporation or freezing, J/m2/day, but
can be converted to mm/day (i.e., Ql = 1000Rl/

Lv, where Ql = latent heat, mm/day), and
Rg = ground heat flux, J/m2/day, but can be converted

to mm/day (i.e., Qg = 1000Rg/Lv, where Qg =
ground heat flux, mm/day).

Net radiation Qn can either be obtained from weather
station records or it can be approximated using equations
such as those suggested by Penman (1948) and others (e.g.,
Irmak et al., 2003). The latent heat component, Ql , can be
estimated using AE or the formation of ice near the ground
surface during freezing. The sensible heat component, Qh,
reflected from the ground surface to the air was described by
Penman (1948) and has been incorporated into geotechnical
engineering practice (Wilson, 1990):

Qh = Cf ηf (u)
(
Tsoil − Ta

)
(6.9)

where:

Qh = sensible heat, mm/day,
Cf = conversion factor (i.e., 1 kPa = 0.0075 mHg),

η = psychometric constant, 0.06733 kPa/◦C at 20◦C,
Tsoil = temperature of the soil surface, ◦C,
Ta = temperature of the air above the soil, ◦C,

f (u) = function depending on wind speed, mm/day/kPa,
f (u) = 0.35(1 + 0.146 Ww), and

Ww = wind speed, km/h.

The AE is difficult to measure directly but can be cal-
culated using thermodynamic considerations. Equations 6.7
and 6.8 are fundamental to describing the coupling of mois-
ture and heat flow processes. The AE depends on the water
content and temperature of the soil at ground surface. The
rate of evaporation of water also depends on the air temper-
ature. The air temperature above the ground surface and the
soil temperature at the ground surface are generally not the
same but are interrelated by the net radiation Qn, latent heat
Ql , and sensible heat Qh. The availability of surface water
is controlled by total precipitation, actual evaporation, and
runoff. These variables play an important role in partition-
ing convective heat flux into sensible heat and latent heat
(Wetzel and Boone, 1995).

6.3.4.1 Some Procedures for Combining and Coupling
Heat and Moisture Boundary Conditions

The coupling process between moisture flow and heat flow
is quite complex. There are several procedures that can be
used to satisfy the conditions of coupling between heat and
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moisture flow. In addition, a number of procedures have
been proposed for the calculation of the AE moisture flux;
however, there have been few studies to assess the quanti-
tative relationship between each of the suggested solution
procedures. The reliability of all proposed analytical proce-
dures has not been fully studied to assess situations under
which various analyses give reliable computations of AE.

Calculation procedures for AE can be divided into two
broad categories, namely, “moisture-flux-only” solutions
and “coupled moisture-and-heat-flow” solutions. Moisture-
flux-only solutions strictly apply when the ground surface
soil temperature is equal to the air temperature or the
ground surface temperature is calculated by some empirical
means. The coupled solution means that the moisture and
heat flow partial differential equations are solved simul-
taneously. In the moisture-flux-only solution the ground
surface soil temperature is either assumed or calculated
in an empirical manner. The ground surface temperature
becomes the boundary condition for heat flow throughout
the soil domain.

Three independent calculation procedures for AE have
been used in geotechnical engineering applications: (i) the
“limiting function” equation proposed by Wilson et al.
(1997a), (ii) the Wilson-Penman equation, (Wilson et al.
1994), and (iii) the “experimental-based” equation proposed
by Wilson et al. (1997a). Each of the three methodologies
can be solved in a coupled or uncoupled manner. This

gives rise to six possible procedures for the calculation of
AE, as illustrated in Fig. 6.13.

The solution procedures involve varying amounts of input
detail and calculation rigor. The advantages and disadvan-
tages of each of the calculation procedures have not been
fully studied to assess their applicability in geotechnical
engineering practice. The components associated with heat
and moisture flux boundary can be independently studied.
Then procedures can be considered for the formulation of
coupled and uncoupled solutions.

6.3.5 Precipitation (Rainfall and Snowfall)

Precipitation can take the form of rainfall and snowfall. The
magnitude of precipitation must be measured at or near
the site under consideration. Temperature, relative humid-
ity, wind speed, and rainfall are the basic variables usually
measured on an elementary weather station. Daily precipi-
tation measurements may have been recorded over a period
of many years.

The precipitation data for each year can be considered
as an independent record and used as such for analysis
purposes. A cumulative annual precipitation record can be
plotted for each year (Fig. 6.14). The cumulative annual
precipitation provides information on the distribution of pre-
cipitation within each year, as shown in Fig. 6.14. Two
differing scenarios are shown: one scenario that shows an
even distribution of precipitation throughout the year and

Calculation of AE

Wilson-Penman Eq. Limiting function Eq. Experimental-based Eq.

Coupled Uncoupled Coupled Uncoupled Coupled Uncoupled

Figure 6.13 Possible coupled and uncoupled solutions to compute AE.
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Figure 6.14 Effect of variation in precipitation distribution throughout year.
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Figure 6.15 Partitioning of rainfall based on ability of soil to
accept water.

another scenario that shows two distinct rainy seasons. Even
though the total precipitation during a year might be the
same for the two cases, the response of a cover system (or
the near-ground-surface soils) to each situation would be
considerably different.

An unsaturated soil can only accept water at a particular
rate and the rate is mainly dependent upon the hydraulic
conductivity and water storage capabilities near the ground
surface. It is possible for the intensity of rainfall during
a storm to exceed the ability of the soil to accept water.
Figure 6.15 shows a hypothetical plot of the intensity of
rainfall versus time along with the capacity of the soil to
accept water. Moisture begins to run off or pond on the
ground surface when the intensity of precipitation exceeds
the infiltration capacity.

The conventional collection of precipitation data may not
allow for the character of a particular storm to be quantified.
Rainfall is usually recorded on a daily basis. The rainfall
may be spread over an entire day with no consideration as
to whether the storm was 10 min long or 10 h long, as shown
in Fig. 6.16. If the rainfall for each day is spread over the
entire day, most of the precipitation will appear to infiltrate

the soil. This is an inherent weakness in the conventional
manner in which weather station rainfall data are collected.

The primary driver for net ground surface moisture flux
is precipitation and snowfall. This information is obtained
from weather stations. Figure 6.17 shows a typical plot of
daily rainfall records and the cumulative precipitation over
the period of one year.

6.3.6 Calculation of Relative Humidity

The primary driving mechanism of evaporation of water
from the ground surface is the water vapor pressure gra-
dient. Air consists of a mixture of gases and water vapor.
The partial pressure of water vapor in air forms the basis for
water vapor movement. The water vapor pressure gradient
between two points causes moisture to move through the air
phase of an unsaturated soil. Water vapor pressure gradients
at the ground surface result in the evaporation of moisture
from the surface of the soil. In other words, evaporation is
fundamentally driven by a water vapor pressure gradient.

Most of the mathematical formulations describing water
vapor movement in unsaturated soil mechanics are written
in terms of changes in relative humidity RH or hr . A number
of other variables are also used as a measure of the amount
of water vapor in air.

Relative humidity hr is defined as the ratio of the par-
tial pressure of water vapor in an air mixture, uair

v , to the
saturated vapor pressure of water vapor, uair

v0 , at the same
temperature. Relative humidity hr can be written either in
decimal form or as a percentage:

hr = uair
v

uair
v0

(6.10)

Relative humidity is a fundamental variable associated
with water vapor flow, namely, the gradient of water vapor
partial pressure. Relative humidity is one of the variables
generally collected at weather stations.
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Figure 6.17 Typical weather station record showing daily precipitation and cumulative rainfall
at particular site in Canada.

6.3.6.1 Measurement of Relative Humidity

A device used to measure relative humidity is called a
hygrometer. There are three major types of hygrometers:
mechanical, electrical, and cold-spot or dew-point hygrome-
ters. A simple mechanical type of hygrometer has a sensing
element that is usually an organic material that expands
and contracts with changes in the water vapor in the
surrounding air (Fig. 6.18). The material most commonly
used is human hair.

Electrical hygrometers use the change in electrical resis-
tance of a substance that can be calibrated against relative
humidity. The third type of hygrometer is called a cold-spot
or dew-point apparatus. The dew-point temperature is mea-
sured and used to compute relative humidity. Dew point is
the temperature at which water vapor comes to the point
of saturation (i.e., 100% relative humidity). The usual pro-
cedure involves the chilling of a polished surface until a

Relative humidity
scale

Hair element

0 100

Figure 6.18 Hygrometer using hair as sensing element for mea-
suring humidity. (After D. M. Considine and S. D. Ross, Process
Instruments and Controls Handbook , 2nd ed., McGraw-Hill, New
York, 1974.)

film of moisture just starts to appear. The temperature of
the polished surface is then measured.

Dew-point hygrometers are commonly used in weather
stations and as a result the raw data on humidity from a
weather station may be expressed in the form of a dew-point
reading. Consequently, it is necessary to convert dew-point
readings into relative humidity.

6.3.6.2 Vapor Pressure under Saturated Conditions

The saturated vapor pressure is the reference for water vapor
gradients. Saturated vapor pressures are a unique function
of temperature and can be calculated using one of several
empirical equations such as those presented by Tetens (1930)
and Lowe (1977).

Weather conditions above the ground surface measure the
relative humidity and temperature corresponding to a par-
ticular point above the ground surface. The air in the soil at
ground surface has a relative humidity that may differ from
that of the air above the ground surface. As a result there is
a water vapor pressure gradient that causes the movement of
water vapor flow between the soil surface and the air above
the ground surface.

6.3.6.3 Relationship of Relative Humidity
to Temperature

Relative humidity changes nonlinearly with temperature.
Changes in relative humidity occur because the partial
pressure of water vapor decreases with temperature. Air tem-
peratures generally increase toward noonday, and as a result,
relative humidity goes down. The nonlinear relationship
between temperature and humidity makes it necessary to
give consideration to changes in relative humidity through-
out each day when modeling evaporation from soil surfaces.

Figure 6.19 shows a typical relationship between tem-
perature and humidity throughout one day. These diurnal
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Figure 6.19 Illustration of the typical inverse relationship
between temperature and relative humidity throughout a day.

changes in humidity influence the actual evaporation from
a soil surface. It has been suggested that the changes in
relative humidity throughout each day should be taken into
consideration when modeling actual evaporation (Wilson,
1990). Diurnal variations can be based on either assumed
daily variations or actual measured changes in relative
humidity and temperature throughout each day.

6.3.6.4 Calculation of Relative Humidity
from Dew-Point Measurements

The relative humidity of an air-water mixture can be calcu-
lated if the air temperature T and the dew-point temperature
Td are known. There are a number of equations that have
been proposed for the calculation of relative humidity based
on the dew-point temperature. There is a simple approxi-
mation that allows the relative humidity hr to be calculated
based on the dew-point temperature td and the dry bulb
temperature T . The equation is as follows:

hr = 100 − 5
(
T − td

)
(6.11)

where:

T = air temperature, ◦C, and
td = dew-point temperature, ◦C.

The equation is quite accurate as long as the relative
humidity is above 50%. The equation states that the relative
humidity changes by 5% for every 1◦C difference in temper-
ature between the dew point and the dry bulb temperature
starting at 100% relative humidity.

6.3.6.5 August-Roche-Magnus Calculation
of Relative Humidity

The August-Roche-Magnus equation was developed for the
calculation of the dew-point temperature when a specific

relative humidity and dry bulb temperature were known. The
results from this equation are comparable to those obtained
when using the equation proposed by Tetens (1930).

The August-Roche-Magnus equation can be rearranged
and solved for relative humidity when the dew-point tem-
perature is known. The August-Roche-Magnus equation is
considered valid under the following conditions:

0◦C < T < 60◦C

1% < hr < 100% (6.12)

0◦C < td < 50◦C

The August-Roche-Magnus equation for the calculation
of dew point is as follows:

td = b
[
aT/ (b + T ) + ln

(
hr/100

)]
a − [

aT/ (b + T ) + ln
(
hr/100

)] (6.13)

where:

hr = relative humidity, %,
T = dry bulb temperature, ◦C,
td = dew point temperature, ◦C
a = 17.271, and
b = 237.7◦C.

Rearranging Eq. 6.13 and solving for relative humidity hr

gives

hr = 100 exp

[
ab

(
td − T

)
(b + T )

(
td + b

)
]

(6.14)

6.3.6.6 Bosen (1958) Calculation of Relative Humidity

The Bosen (1958) equation was developed for the approx-
imation of the dew-point temperature when the relative
humidity and dry bulb temperature were known. The Bosen
(1958) equation for the calculation of dew point is as
follows:

td = (a + 0.9T ) h0.125
r − a + 0.1T (6.15)

where:

a = constant equal to 112 when temperature is in ◦C.

The Bosen (1958) equation can be rearranged such that the
relative humidity hr can be computed when the dew-point
temperature and the dry bulb temperature are known:

hr = 100

[
td − 0.1T + 112

112 + 0.9T

]8

(6.16)
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Table 6.3 Comparison of Computed Relative Humidity

RH RH August- RH
Dry Bulb Dew-Point Simplified Roche-Magnus Bosen
Temperature, ◦C Temperature, ◦C Equation, % Equation, % Equation, %

25.0 24.5 97.5 97.06 97.06
25.0 24.0 95.0 94.20 94.20
25.0 22.0 85.0 83.48 83.49
25.0 20.0 75.0 73.84 73.85
25.0 18.0 65.0 65.19 65.21
25.0 16.0 55.0 57.44 57.46
25.0 12.0 35.0 44.33 44.34
25.0 10.0 25.0 38.82 38.83
25.0 6.0 5.0 29.57 29.57
20.0 19.0 95.0 93.98 94.01
20.0 16.0 80.0 77.79 77.88
20.0 12.0 60.0 60.03 60.16
20.0 10.0 50.0 52.56 52.71
20.0 6.0 30.0 40.04 40.19

6.3.6.7 Comparison of Equations for Calculating
Relative Humidity

Table 6.3 contains calculated relative humidity values when
typical values are selected for the dry bulb temperature
and the dew-point temperature. The results show that the
proposed simplified equation provides reasonable estimates
of the relative humidity as long as the computed values
are above about 50%. The August-Roche-Magnus and the
Bosen (1958) equations give similar computed humidity val-
ues over the entire range of relative humidity.

6.3.7 Runoff

Runoff R is defined as the rainwater that cannot gain
entrance into the soil during the period of rainfall. The
amount of moisture leaving the ground surface by actual
evaporation can also be taken into consideration. Rainfall is
generally assumed to fall vertically, and therefore the slope
of the ground surface should be taken into consideration.
The water balance equation at ground surface takes on the
general form shown below, and its meaning is illustrated in
Fig. 6.20:

R = P cos α2 − I − AE (6.17)

where:

I = net moisture infiltration, mm/day,
P = precipitation, mm/day,
α2 = ground surface slope, deg,

AE = actual evaporation, mm/day, and
R = runoff, mm/day.

Soil surface 

Measured 
precipitation, 
P

Actual 
evaporation, 
AE

P cos α2

a2

Runoff, R

P, AE, and R are given 
for a unit of surface area

Figure 6.20 Ground surface moisture flux associated with runoff.

Equation 6.17 applies only during periods of rainfall and
does not represent a rigorous analysis of the runoff pro-
cess. Runoff has no functional relationship with precipitation
other than as part of the water balance at ground surface.
Rather, runoff appears as the missing term in the water
mass balance equation (i.e., the term that is not generally
measured). Runoff as presented in Eq. 6.17 is relevant only
during precipitation periods where there is excess water to
generate runoff. The assumption is sometimes made that
there is no evaporation from the ground surface during pre-
cipitation events (i.e., R = P cos α2 − I ).

Actual evaporation is a function of weather parameters
and the soil suction at the soil-atmosphere boundary. Actual
evaporation is discussed later and can be computed based on
one of several proposed procedures (Wilson et al., 1997a).
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Runoff must be computed in an interactive manner with
actual evaporation.

Runoff water is removed from the ground surface if a
drainage system exists. For runoff to occur, net moisture flux
NF should not produce pore-water pressures at ground sur-
face. The following set of equations can be used to represent
runoff conditions (Gitirana et al., 2005):

NF=
⎧⎨
⎩

P cos α2 − AE if P cos α2 − AE > 0 and uws < 0
EF

(
0 − uws

)
if P cos α2 − AE > 0 and uws � 0

P cos α2 − AE if P cos α2 − AE ≤ 0
(6.18)

where:

uws = pore-water pressure at the ground surface and
EF = a large number relative to the saturated coeffi-

cient of permeability (e.g., 1000 times the satu-
rated coefficient of permeability). The EF variable
acts as a “review” boundary condition that trig-
gers the change between a moisture flux boundary
condition and a zero pore-water pressure boundary
condition.

Runoff R may take place when the value of P cos α2 −
AE is larger than the saturated hydraulic conductivity. The
amount of runoff corresponds to the difference between
the water available (P cos α2 − AE) and the amount of
infiltration.

The area flux boundary condition [i.e., NF = EF(0 −
uws)] becomes mathematically equivalent to a hydraulic
head boundary condition at the ground surface (i.e., uws = 0)
if the multiplier EF tends to infinity (Gitirana et al., 2005).
This approach tends to avoid numerical oscillation pro-
blems associated with switching boundary conditions that
produce an instantaneous change in the value at a node. An
instantaneous change in boundary conditions does not rep-
resent real-world conditions. Instantaneous changes in node
values tend to cause extreme mesh refinements (Gitirana
et al., 2005;). Equation 6.18 imposes a realistic and stable
boundary condition.

The above-mentioned approach to the simulation of a
rainfall event allows both the infiltration and the runoff com-
ponents to be accurately simulated. Figure 6.21 illustrates an
accurate simulation of infiltration and runoff at the ground
surface boundary (Gitirana et al., 2006).

6.3.8 Potential Evaporative Flux

The word “evaporation” generally refers to moisture move-
ment from a water surface or a soil surface, while the word
“transpiration” refers to upward moisture movement through
vegetation on the ground surface. The PE is the amount of
water that can evaporate if ample water is available at the
ground surface. The PE takes into consideration the thermal
energy available for evaporation and the ability of the lower
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Figure 6.21 Illustration of the ability to simulate infiltration and
runoff conditions.

atmosphere to transport water vapor away from the ground
surface. PE is lower when the sky is cloudy due to a reduc-
tion in net radiation reaching the soil surface. PE is higher
in the summer and at locations nearer to the equator. PE is
also higher on windy days because the evaporated moisture
is quickly removed from the soil surface, allowing further
evaporation to take place.

The PE can either be measured using an evaporation pan
or calculated based on climatic factors. Weather stations
commonly record precipitation events, net radiation, temper-
ature, wind velocity, relative humidity, and possibly some
other variables. The above-mentioned weather information
can be used to calculate PE.

The PE also depends on a number of surface factors (e.g.,
free water surface, pan of water, soil type, and vegetation).
Average annual potential evaporation can be compared to the
average annual precipitation P, and the ratio of precipitation
to potential evaporation, P/ PE, is called the aridity index.

Evaporation from the ground surface can be quantified
through consideration of the physical processes involved.
Numerous studies have been conducted since the 1920s in
an attempt to predict potential evaporation from the ground
surface. It is, however, the AE and transpiration that are
of primary interest in geotechnical engineering. The factors
controlling PE need to be understood before attempting to
calculate AE. PE is the amount of water removed by the
atmosphere through evaporation if water is freely available
at the ground surface.

There are three terms commonly used when discussing
upward moisture movement from a soil surface or vegetated
surface: (i) PE, (ii) AE, and (iii) PT. The terms AE and PT
are required for quantification of the water balance at the
ground surface. Figure 6.22 illustrates the components of
evaporation from the ground surface. The AE is less than
the PE mainly because of the affinity that soil has for water
(i.e., soil suction in the soil at ground surface).

In general, about 80% of the energy required for evapora-
tion comes from the sun in the form of “net radiation,” while
wind (in the form of a “mixing term”) and the vapor deficit
of the air form a second important component contributing
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Figure 6.22 Illustration of the various types of evaporative fluxes.

to evaporation. Pan evaporation measurements (i.e., an open
water surface) provide a measure of PE.

Researchers have attempted to develop mathematical rela-
tionships that embrace the primary variables controlling the
rate of evaporation from a free water surface (i.e., PE). Each
proposed PE equation uses specific weather-recorded data.
The calculation of PE can be presented in units of millime-
ters per day, and the range of values is generally between
zero and 10 mm/day. These units of measurement are par-
ticularly useful in geotechnical engineering.

Rowher (1931) incorporated the variables of wind speed,
vapor pressure at the evaporating surface, and vapor pres-
sure above an evaporating surface in an attempt to predict
PE. The vapor pressure gradient between the water sur-
face and the air above the water was seen as the primary
driving mechanism for evaporation. Vapor pressure at the
water surface was assumed to correspond to saturated vapor
pressure conditions which were uniquely related to tem-
perature. The vapor pressure above the evaporating surface
was dependent upon the relative humidity and temperature
of the air.

Sutton (1943) incorporated the variables of wind speed,
vapor pressure at the evaporating surface, vapor pressure
above the evaporating surface, evaporating area, and a con-
stant related to temperature into the prediction of PE.

Following is a summary of some equations that are used
in geotechnical engineering for the estimation of PE.

6.3.8.1 Thornthwaite (1948) Equation

The Thornthwaite (1948) equation is commonly used to
assess climatic conditions of aridity and humidity. Thornth-
waite incorporated the variables of length of daylight hours,
mean monthly temperature, and an empirical constant into
the calculation of PE. The Thornthwaite equation has been
extensively used for the classifications of global climate as

well as numerous other agricultural and engineering appli-
cations. Daily PE can be written as follows:

PE = 0.533

(
Ld

12

) (
N

30

) (
10Ta

I

)at

(6.19)

where:

PE = potential evaporation, mm/day,
Ld = length of daylight, h,
N = number of days in the month,
Ta = mean monthly air temperature, ◦C,
I = summation for 12 months of the function

(Ta/5)1.514; (i.e., I = ∑12
month=1

[
Ta/5

]1.514
,

at = complex function of the variable I (i.e., at =
(6.75 × 10−7) I 3 − (7.71 × 10−5) I 2 + (1.79 ×
10−2) I + 0.492), based on correlations to pan
evaporation measurements.

6.3.8.2 Penman (1948) Equation

Penman (1948) incorporated a number of variables com-
monly collected at weather stations into the prediction of PE.
The Penman equation combines a Dalton-type formulation
with the heat budget equation, and as a result, the temper-
ature at the evaporating surface is no longer required. The
Penman equation uses the following routine weather data
as input, namely, relative humidity, air temperature, wind
speed, and net radiation. The Penman equation for PE can
be written as follows:

PE = �Qn + ηEa

� + η
(6.20)

where:

PE = potential evaporation, mm/day,
� = slope of saturation vapor pressure versus tempera-

ture curve, kPa/◦C,
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Qn = net radiation at the water (or saturated ground) sur-
face, mm/day,

η = psychrometric constant, kPa/◦C,
Ea = 2.625(1 + 0.146Ww)(uair

v0 − uair
v ), mm/day,

Ww = wind speed, km/h,
uair

v = vapor pressure in the air above the water (or satu-
rated ground), surface, kPa, and

uair
v0 = saturated vapor pressure at the mean air tempera-

ture, kPa.

The Penman (1948) equation shows that the vapor pres-
sure gradient between the water surface and the air above
the water becomes the primary driving mechanism for evap-
oration. There are two terms in the numerator of Eq. 6.20.
The first term involves net radiation and characterizes the
power of the sun to evaporate water. Net radiation quanti-
fies the net effect of short- and long-wave radiation from the
sun, surface reflectance (i.e., albedo), and surface tempera-
ture. The second term involves “mixing” of the air above
the water or the drying power associated with air movement.

The Penman (1948) equation assumes there is no heat
exchange with the ground, no advective energy within the
water and no exchange of heat energy. The Penman equation
is applicable to free-water surfaces. The Penman equation
has been shown to produce comparable results to pan evap-
oration and evaporation from lake surfaces. The air tem-
perature above the water surface is used in the calculation
of PE.

6.3.8.3 Blaney and Criddle (1950) Equation

Blaney and Criddle (1950) used the variables of mean daily
air temperature and the fraction of the day in sunlight to
compute potential evaporation:

PE = p(0.46 Tmean + 8) (6.21)

where:

PE = potential evaporation, mm/day,
p = percentage of daylight hours each day, and

Tmean = mean daily temperature, ◦C, calculated as Tmean =
(Tmax + Tmin)/2.

Jensen and Haise (1963) used air temperature and incident
solar radiation to predict potential evaporation from a water
surface.

6.3.8.4 Monteith (1965) Equation

Monteith (1965) made modifications to the Penman (1948)
equation and the subsequent equation became known as the
Penman-Monteith equation (Monteith, 1965). The Penman-
Monteith equation contained the main variables from the
Penman (1948) equation but added variables such as air vol-
umetric heat capacity, vapor pressure deficit, fraction of the
day in sunlight as well as canopy and aerodynamic resistance

factors. The Penman-Monteith equation (Penman, 1965) bet-
ter represents evapotranspiration from a vegetated surface by
incorporationg canopy conductance.

The Penman-Monteith equation appears to be an enhance-
ment of the original Penman equation and has become
widely used in agriculture-related disciplines. However, the
Penman (1948) equation appears to still be widely used
for geotechnical engineering applications. The Penman-
Monteith equation is

PE = �
(
Rn − G

) + ρaCa

(
uair

v0 − uair
v

)
ga[

� + η
(
1 + gs/ga

)]
Lρw

(
86.4 × 106)

(6.22)
where:

L = latent heat of vaporization or the energy
required to evaporate a unit mass of water
(i.e., ∼2.42 × 106 J/kg),

� = slope of the saturation vapor pressure versus
air temperature, kPa ◦C−1,

Rn = net radiation (J/m2/day), from the external
source of energy,

G = soil heat flux, J/m2/day,
Ca = specific heat capacity of air, MJ kg−1 C−1,
ρa = dry air density, kg m−3,
ρw = water density, kg m−3,
uair

v = vapor pressure in the air above the saturated
ground surface, kPa,

uair
v0 = saturated vapor pressure at the mean air tem-

perature, kPa,
ga = atmospheric conductance, m s−1,
gs = surface conductance, m s−1,
η = psychrometric constant (η ≈ 0.066 kPa◦C−1),

and
86.4 × 106 = conversion of m/s to mm/day.

The soil heat flux can be assumed to be close to zero in
some cases.

6.3.8.5 Priestley-Taylor (1972) Equation

The Priestley-Taylor (1972) equation is quite similar to the
Penman equation but contains some different variables:

PE = α3
�

� + η

(
Qn − G

)
(6.23)

where:

α3 = a constant taken as 1.26 for open and well-
watered surfaces,

� = slope of saturation vapor pressure versus tem-
perature curve, kPa◦C−1,

Qn = net radiation, mm/day,
η = psychrometric constant, kPa◦C−1, and

G = soil heat flux, mm/day.
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Hargreaves (1975) incorporated the variables—extraterre-
strial radiation, temperature, and the difference between the
mean monthly maximum and minimum temperatures—into
an equation to compute potential evaporation.

6.3.9 Use of Penman (1948) Equation for Calculating
Potential Evaporation

The vapor pressure in the air above the water and the satu-
rated vapor pressure at the water surface are the dominant
variables driving evaporation. The saturated vapor pressure
is a function of temperature while the actual vapor pressure
in the air is related to relative humidity. The two variables on
the bottom of the Penman (1948) equation are also related
to the physical properties of water vapor.

It is generally assumed that it is not sufficient to use
average daily values for variables such as temperature and
relative humidity when solving the Penman (1948) equation.
Rather, minimum and maximum values for each day are
used to provide an improved calculation of the changes in
vapor pressure in the air throughout each day. Figure 6.23
shows the minimum, maximum, and average air temper-
ature readings at a particular site in Canada for the year
2007. Figure 6.24 shows the minimum, maximum, and aver-
age relative humidity values for the same site in the same
year. Minimum, maximum, and average values can be used
to approximate the nonlinear variation in vapor pressure
throughout each 24-h day.

Figure 6.25 shows a plot of wind speed and Fig. 6.26
shows a plot of the net radiation for each day at a particular
site. Net radiation values are not always measured at weather
stations, and therefore it is sometimes necessary to estimate
net radiation values based on the latitude of the site under
consideration as well as other variables.

The PE calculations provide the engineer with an indica-
tion of the maximum evaporation that might be anticipated
from a water-saturated surface. As the soil at the ground sur-
face dries, it holds onto the water while the sun and wind are
pulling water skyward. The “struggle” between the climate
and the soil gives rise to the AE from the ground surface.

The contribution of each component of PE can be
computed by writing the Penman (1948) equation in the
following form. The net radiation component on potential
evaporation, PEnetrad, is written as

PEnetrad = �Qn

� + η
(6.24)

and the mixing component, PEmixing, is written as

PEmixing = ηEa

� + η
(6.25)

Equations 6.24 and 6.25 allow the separation of the evap-
orative moisture flux due to net radiation and that due to
mixing when using the Penman (1948) equation. Calcula-
tions are presented for a typical climate in northern Canada.
The analysis of the weather data for the years 2005 and 2006
are shown in Figs. 6.27 and 6.28. The total evaporative flux
can vary significantly from one day to the next; however,
the figures show the portion of total evaporation for each
day that is due to each of the components of potential evap-
oration. The climate at the site under consideration can be
classified as perhumid to moist humid during the fall and
spring period and as semiarid to arid during the summer
period from April to October.

The calculations from all years showed that the mixing
component of potential evaporation dominated during the
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Figure 6.23 Minimum, maximum, and average air temperature readings for a particular site in
the year 2007.
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Figure 6.24 Minimum, maximum, and average relative humidity readings for a particular site
in the year 2007.
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Figure 6.25 Average wind speed readings for a particular site in the year 2007.
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Figure 6.26 Total net radiation readings for the same site in the year 2007.
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Figure 6.27 Breakdown between net radiation and mixing components of PE for the year 2005
at a site in northern Canada.
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Figure 6.28 Breakdown between net radiation and mixing components of PE for the year 2006
at a site in northern Canada.

period from January to February and from November to
December. The mixing component comprised 70–100% of
total evaporation during these periods of the year. However,
it must also be noted that the total daily evaporation was
relatively small during these months.

During the months from April to October, the net radia-
tioncomponentdominatespotential evaporation.Net radiation
accounted for 65–85% of total potential evaporation. During

the months from February to April and October to November
the net radiation and mixing components of evaporation are
similar with each component fluctuating between 40 and 60%.

When the total amount of potential evaporation is taken
into consideration, it is the net radiation that is the primary
contributor to total moisture flux. For the 13-year period
analyzed in Canada, net radiation contributed to most of the
total evaporative flux.
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6.3.10 Calculation of Saturation Vapor Pressure

Several empirical equations have been proposed relating
temperature to saturation vapor pressure. Only two equations
are presented below: the Tetens (1930) equation and the
Lowe (1977) equation. The slope of the saturation vapor
pressure versus temperature curve is also computed since
it is required as the � variable when solving the Penman
(1948) equation.

The Tetens (1930) equation for saturation vapor pressure
as a function of temperature is as follows:

uair
v0 = 0.6108 exp

[
17.27Ta

Ta + 237.3

]
(6.26)

where:

uair
v0 = saturation vapor pressure, kPa, and
Ta = air temperature, ◦C.

The Lowe (1977) equation for calculating saturation vapor
pressure as a function of temperature is written as follows:

uair
v0 = a0 + a1Ta + a2T

2
a + a3T

3
a + a4T

4
a + a5T

5
a (6.27)

where:

uair
v0 = saturation vapor pressure, kPa,
Ta = air temperature, ◦C
a0 = 0.6183580754,
a1 = 0.0411427320,
a2 = 0.0017217473,
a3 = 0.0000174108,
a4 = 0.0000003985, and
a5 = 0.0000000022.

The saturation vapor pressures calculated using the above
equations are shown in Table 6.4 and graphically presented
in Fig. 6.29.

Table 6.4 Values of Saturated Vapor Pressure and Slope of Vapor Pressure versus Temperature

Tetens (1930) Lowe (1977)

Saturation Vapor Slope Vapor Saturation Vapor Slope Vapor
Temperature ◦C Pressure, kPa Pressure �, kPa/◦C Pressure, kPa Pressure �, kPa/◦C

0 0.6108 0.04445 0.6184 0.04114
4 0.8133 0.05724 0.8117 0.05586
8 1.0728 0.07306 1.0683 0.07289

12 1.4026 0.09248 1.3989 0.09297
16 1.8183 0.11614 1.8171 0.11686
20 2.3383 0.14474 2.3400 0.14542
24 2.9839 0.17909 2.9879 0.17956
28 3.7799 0.22008 3.7852 0.22026
32 4.7548 0.26868 4.7602 0.26859
36 5.9410 0.32595 5.9456 0.32565
40 7.3756 0.39307 7.3786 0.39263
44 9.1005 0.47130 9.1015 0.47079
48 11.1628 0.56201 11.1616 0.56145
52 13.6153 0.66666 13.6116 0.66600
56 16.5170 0.78683 16.5100 0.78589
60 19.9331 0.92418 19.9212 0.92265
64 23.9360 1.08050 23.9159 1.07788
68 28.6053 1.25766 28.5711 1.25322
72 34.0282 1.45764 33.9708 1.45042
76 40.3001 1.68251 40.2059 1.67125
80 47.5249 1.93443 47.3748 1.91760
84 55.8152 2.21566 55.5833 2.19138
88 65.2931 2.52855 64.9451 2.49459
92 76.0899 2.87551 75.5820 2.82930
96 88.3470 3.25906 87.6243 3.19764

100 102.2157 3.68177 101.2109 3.60182
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Figure 6.29 Curve of saturation vapor pressure versus tempera-
ture.

6.3.11 Calculation of Slope of Saturation Vapor
Pressure versus Temperature Curve, �

The Tetens (1930) equation for calculating the slope of the
saturation vapor pressure versus temperature curve is as fol-
lows:

� = 4098uair
v0(

Ta + 237.3
)2 (6.28)

where:

� = slope of the saturation vapor pressure versus tem-
perature, kPa/◦C,

Ta = air temperature, ◦C, and
uair

v0 = saturation vapor pressure, kPa.

The Tetens (1930) equation (i.e., Eq. 6.28) can also be
used with the saturation vapor pressures calculated using
the Lowe (1977) equation (i.e., Eq. 6.27) to calculate the
slope of the saturation vapor pressure versus temperature
curve. The results from the Tetens (1930) equation and the
Lowe (1977) are essentially the same as shown in Fig. 6.30.

6.3.12 Calculation of Psychrometric Constant, η

The psychrometric constant η is not truly a constant since
it varies slightly with elevation but is generally taken as a
constant in the equation relating the standard wet and dry
bulb hygrometer equation. The psychrometric constant can
be calculated as follows:

η = Caūa

εLv
(6.29)

where:

η = psychrometric constant, kPa/◦C,
Ca = specific heat of moist air equal to 1.013 kJ / (kg ◦C),
ūa = absolute atmospheric pressure equal to (uatm + ua),

where uatm is standard pressure (sea level) at
101.3 kPa,
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Figure 6.30 Slope of saturation vapor pressure versus tempera-
ture relationship.

ε = ratio of molecular weight of water vapor to dry air
equal to 0.622, and

Lv = latent heat of vaporization, MJ/kg.

At standard atmospheric pressure conditions (i.e.,
101.3 kPa) and a temperature of 20◦C, the psychrometric
constant is equal to 0.06733 kPa/◦C.

6.3.13 Calculation of Latent Heat of Vaporization, Lv

Latent heat of vaporization, Lv, varies with temperature in
accordance with the following equation (Harrison, 1963):

Lv = 2.501 − 0.002361Ta (6.30)

where:

Lv = latent heat of vaporization, MJ/kg, and
Ta = air temperature, ◦C.

The value of latent heat varies only slightly over normal
temperature ranges. A value of 2.45 MJ/kg, corresponding
to 20◦C, is often used.

6.3.14 Calculation of Atmospheric Pressure, ūa

Absolute atmospheric pressure varies with elevation and
temperature in accordance with the following equation
(Burman et al., 1987):

ūa = uatm

[
TK0 − α1

(
z − z0

)
TK0

]g/(Rα1)

(6.31)

where:

ūa = absolute atmospheric pressure at elevation, z , kPa,
uatm = atmospheric pressure at sea level, taken as

101.3 kPa,
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z = elevation, m,
z0 = reference elevation (usually at sea level), m,
g = gravitational acceleration, 9.807 m/s2,
R = specific gas constant, 287 J/(kg K),
α1 = constant lapse rate for moist air, 0.0065 K/m,

TK0 = reference temperature, K, at reference elevation
(i.e., TK0 = 273.16 + Ta), and

Ta = mean air temperature for the time period, ◦C.

Assuming that uatm = 101.3 kPa at z0 = 0.0 and TK0 =
293 K (i.e., corresponding to a temperature of 20◦C),
Eq. 6.31 can be written as follows:

ūa = 101.3

[
293 − 0.0065z

293

]5.26

(6.32)

At an elevation of 400 m the calculated absolute atmo-
spheric pressure is 96.65 kPa. The refinement shown in
Eq. 6.31 is not always warranted when calculating potential
evaporation.

6.3.15 Determination of Net Radiation

Net radiation is of primary importance when computing
evaporation from water, soil, and plant surfaces. Net radi-
ation is the driving force for many natural processes (e.g.,
evaporation, evapotranspiration, air fluxes, and photosynthe-
sis). Net radiation is the difference between the incoming
solar radiation and outgoing radiation from the sun and can

be viewed as a measure of the energy available at the ground
surface (Irmak et al., 2003). The temperature of the earth sur-
face increases when the surface of the earth absorbs more
energy than it loses, and vice versa.

Figure 6.31 illustrates the energy balance of the earth-
atmosphere system. The components of radiation associated
with the incoming short-wave solar radiation as well as the
components associated with the terrestrial long-wave radia-
tion are shown. Net radiation Ra is equal to the difference
between the incoming short-wave radiation Rns and the out-
going net long-wave radiation Rnl .

Net radiation is equal to the solar radiation absorbed plus
the terrestrial radiation absorbed minus the terrestrial radi-
ation emitted. For example, if the solar radiation absorbed
by the earth surface was 600 W/m2, the terrestrial radia-
tion absorbed was 80 W/m2, and the terrestrial net radia-
tion emitted by the earth’s surface was 300 W/m2, then the
net radiation would be 380 W/m2 (i.e., 600–300 + 80 =
380). The daily cycle of net radiation is the primary factor
determining the normal daily temperature cycle. When net
radiation is positive, the temperature usually increases, and
when net radiation is negative, the temperature decreases,
as shown in Fig. 6.32.

Figure 6.32 shows that at early morning (e.g., 2:30 a.m.)
the terrestrial radiation emitted by the surface exceeds
the terrestrial radiation emitted to the surface by the
atmosphere, and as a result, the earth’s surface temperature
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Figure 6.31 Energy balance of earth-atmosphere system.
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temperature.

decreases. Around sunrise (e.g., 6:00 a.m.), solar radiation
starts to reach the ground surface and the net radiation
begins to increase. However, the net radiation is still nega-
tive and so the temperature continues to decrease. At some
point after sunrise (e.g., 7:00 a.m.), enough solar radiation
reaches the ground that the net radiation becomes zero.
This is the time when the minimum temperature occurs.
As the sun moves higher in the sky (e.g., 10:00 a.m.),
increasing solar radiation reaches the ground surface,
the net radiation becomes positive, and the temperature
increases.

Solar radiation peaks at around noon when the sun is at
its highest point in the sky. This is also the time when net
radiation is a maximum value. After noon the sun starts to
move lower in the sky and the net radiation then decreases.
However, as long as the net radiation remains positive, tem-
perature at the ground surface will continue to increase. Net
radiation will again be zero as the sun gets lower in the sky
(e.g., 5:00 p.m.). At this point the temperature stops increas-
ing and the maximum temperature occurs. Once again, net
radiation goes negative and temperature starts to decrease.
This illustrates how net radiation changes throughout a typ-
ical day.

The integration of net radiation throughout a day gives
the average daily net radiation in terms of joules per square
meter per day. The average daily net radiation has a sig-
nificant role in determining the pattern of ground surface
temperatures. Latent energy transfer also affects the ground
surface temperature. Energy is required for the evaporation
of water and the melting of snow. Energy that is absorbed
during the phase change of water is not available to increase
the ground (or water) surface temperature.

The daily net radiation that reaches ground surface con-
stitutes primary information that is required for calculating
potential and actual evaporation. It is preferable to measure
net radiation in the field at a weather station by measuring

the components of radiation. There are a number of instru-
ments that can be used to quantify net radiation.

One of the procedures that can be used to obtain net radi-
ation involves the measurement of the Bowen ratio B along
with the total radiation reaching ground surface. The Bowen
ratio is defined as the ratio of the sensible heat Qh and the
latent heat Qe:

B = Qh

Qe

(6.33)

When the Bowen ratio B is less than 1.0, it means that
a greater proportion of the available energy at the ground
surface is passing to the atmosphere as latent heat than as
sensible heat. When latent heating approaches zero, as is
the case in arid regions, the Bowen ratio is a poor choice
of instrument for determining net radiation. For arid regions
it is better to compute the evaporative fraction E v F , which
can be written as

EvF = Qe

Qe + Qh

(6.34)

6.3.16 Estimation of Net Radiation

Limited attention seems to have been historically given to
making routine measurements of net radiation when measur-
ing weather-related variables. Lack of measurements of net
radiation is mainly due to financial reasons. There are also
theoretical reasons why other approaches have been used
as an indirect means of obtaining values for net radiation.
Net radiation can be estimated based on a number of mete-
orological parameters such as total solar radiation Rs , air
temperature, and other variables, including relative humid-
ity and extraterrestrial radiation Ra (Reddy, 1971; Wright,
1982; Dong et al., 1992). Several procedures have been
proposed for the determination of net radiation and a few
methodologies are mentioned below.
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6.3.16.1 Use of Penman (1948) Equation

The Penman (1948) equation can be used to calculate net
radiation Qn for a soil-atmosphere heat budget. Net radiation
can be written in terms of a flux designated as millimeters
per day:

Qn = (1 − r) Rc

− σsT
4
a

(
0.56 − 0.092

(
uair

v

)0.5
) (

0.10 + 0.90n

N

)
(6.35)

where:

Qn = net radiation budget, mm/day,
r = reflection coefficient (unitless),

Ta = air temperature, ◦C,
Rc = short-wave radiation equal to Ra(0.18 + 0.55

n/N), mm/day,
Ra = solar radiation, MJ/m2/day,
σs = Stefan-Boltzmann constant, W/m2/K4,

uair
v = vapor pressure in the air above ground surface,

kPa, and
n/N = sunshine ratio (i.e., actual/possible hours of bright

sunshine).

Net radiation values calculated using the Penman (1948)
equation have been found to be greater than measured net
radiation values.

6.3.16.2 FAO56-Penman-Monteith Method

The International Commission for Irrigation and Drainage
and the Food and Agriculture Organization of the United
Nations have recommended that the Penman-Monteith
(FAO56-PM) method be used for the calculation of
PE. Allen et al. (1998) outlined a procedure for the
determination of net radiation Ra required for the FAO-56
method. Net radiation was calculated as follows:

Rn = Rns − Rnl (6.36)

where:

Rn = net radiation, J/m2/d,
Rns = incoming net short-wave radiation, J/m2/d, and
Rnl = outgoing net long-wave radiation, J/m2/d.

The incoming net short-wave radiation Rns is a result of
the difference between incoming and reflected solar radia-
tion and can be written as follows:

Rns = Rs − α4Rs (6.37)

where:

α4 = albedo or canopy reflection coefficient (see
Table 6.5 for typical values of α4) and

Rs = total incoming solar radiation, J/m2/d.

Table 6.5 Albedo Coefficients for Water and Various
Earth Materials

Surface Conditions Albedo, α4

Clouds Low overcast, 100 m thick 0.40
Low overcast, 200 m thick 0.50
Low overcast, 500 m thick 0.70

Liquid water Smooth, solar angle 60o 0.05
Smooth, solar angle 30o 0.10
Smooth, solar angle 10o 0.35
Smooth, solar angle 5o 0.60
Wavy, solar angle 60o 0.10

Solid water Fresh snow, low density 0.85
Fresh snow, high density 0.65
Old snow, clean 0.55
Old snow, dirty 0.45
Glacier ice, clean 0.35
Glacier ice, dirty 0.25

Sand Dry, light; high sun 0.35
Dry, light; low sun 0.60
Gray, wet 0.10
Gray, dry 0.20
White, wet 0.25
White, dry 0.35

Soil Organic, dark 0.10
Clay 0.20
Sandy, light 0.30

Grass Typical fields 0.20
Dead, wet 0.20
Dead, dry 0.30

Tundra 0.15
Crops Cereals 0.25

Cotton, potato, tomato 0.20
Sugar cane 0.15

Trees Rain forest 0.15
Eucalyptus 0.20
Red pine forest 0.10
Mixed hardwoods in leaf 0.18

Source: Data from Lee (1980).

The albedo coefficient is a measure of how strongly a
material reflects a light source such as the sun. Albedo (or
whiteness) is defined as a dimensionless ratio of the total
reflected radiation to incident radiation. The average albedo
for the earth’s surface is about 0.30.

The outgoing net long-wave radiation Rnl is proportional
to the absolute temperature of the surface raised to the fourth
power and can be expressed as follows:

Rnl = σsT
4

aK

(
0.56 − 0.092

(
uair

v

)0.5
) (

0.10 + 0.90n

N

)
(6.38)
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where:

σs = Stefan-Boltzmann constant (4.903 × 10−9 MJK−4

m−2 d−1),
TaK = average absolute daily temperature [i.e. (Tmax,K +

Tmin,K)/2]
Tmax,K = daily maximum absolute temperature [K =◦ C +

273.16),
Tmin,K = daily minimum absolute temperature (K = ◦C +

273.16), and
uair

v = actual vapor pressure, kPa.

Daily values for the clear sky radiation, Rs0, are a func-
tion of elevation, z (m), and the extraterrestrial radiation, Ra

(Doorenbos and Pruitt, 1977):

Rs0 = (0.75 + 0.00002) Ra (6.39)

where:

Ra = extraterrestrial radiation, MJ/m2/d.

Extraterrestrial radiation can be calculated on a daily basis
as a function of the day of the year, the solar constant, the
solar inclination, and the latitude in accordance with the
following empirical equation:

Ra = 1440

π
Gscdr

[
ωs sin φ sin δ + cos φ cos δ sin ωs

]
(6.40)

where:

Gsc = solar constant (i.e., 0.0820 MJ/m2/min),
φ = latitude [rad, where 1 rad = π /180 × (decimal

degrees)],
dr = inverse relative distance from the earth to sun,
ωs = sunset hour angle, rad, and
δ = solar declination, rad.

The inverse relative distance can be computed as

dr = 1 + 0.033 cos

(
2π

365
Dj

)
(6.41)

The solar inclination δ can be computed as

δ = 0.409 sin

(
2π

365
Dj − 1.39

)
(6.42)

where:

Dj = day of the year.

The sunset hour angle can be computed as follows:

ωs = arc cos [− tan (φ) tan (δ)] (6.43)

Equations 6.36–6.43 provide information for the solution
of the Penman-Monteith (FAO56-PM) method. The above
procedure for computing net radiation is quite demanding
and other simpler equations have been proposed for the
estimation of net radiation. Two of the simpler empirical
equations that can be used for calculating net radiation are
shown in the following sections.

6.3.16.3 Equation 1 from Irmak et al. (2003)
for Approximating Net Radiation

Irmak et al. (2003) proposed an empirical equation for the
estimation of net radiation that is based on a minimal amount
of climate data. The data required are site latitude, maximum
air temperature, minimum air temperature, and mean rela-
tive humidity. It was proposed that net radiation could be
estimated using the following equation in cases where solar
radiation is measured at the site:

Rn = − 0.054Tmax + 0.101Tmin + 0.462RS,measured

− 49.243dr + 50.831 (6.44)

where:

Rn = net radiation, MJ/m2/day,
Tmax = maximum daily air temperature, ◦C,
Tmin = minimum daily air temperature, ◦C,

RS,measured = measured solar radiation, MJ/m2/day, and
dr = inverse relative distance from the earth to

the sun, ranges from 0.967 to 1.033.

6.3.16.4 Equation 2 from Irmak et al. (2003)
for Approximating Net Radiation

Net radiation Rn can also be estimated using the following
equation when measured data are not available:

Rn = − 0.09Tmax + 0.203Tmin − 0.101RHmean

+ 0.687RS,predicted + 3.97 (6.45)

where:

RS,predicted = predicted solar radiation, MJ/m2/day.

The solar radiation can be predicted as follows:

RS,predicted = (
Kt

)
Ra

(
Tmax − Tmin

)0.5
(6.46)

where:

Kt = empirical coefficient equal to 0.162 for interior
regions and 0.190 for coastal regions and

Ra = extraterrestial radiation, MJ/m2/day.

Samani (2000) used average monthly data for each year
to obtain an indication of the empirical coefficient Kt . Data
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were taken from 65 weather stations located between 7◦

and 50◦ North latitude in the United States. The following
relationship between temperature difference during each day(
Tmax − Tmin

)
and the empirical coefficient Kt was found to

be related by the equation

Kt = 0.00185
(
Tmax − Tmin

)2 − 0.0433
(
Tmax

−Tmin

) + 0.4023 (6.47)

6.3.17 Relative Humidity of Air above Water Surface

The vapor pressure in the air above a saturated soil surface
is required in the calculation of the net radiation term and
the mixing term. The relative humidity in the air above a sat-
urated soil surface provides a measure of the vapor pressure
in the air:

hr = uair
v

uair
v0

(6.48)

or

uair
v = hru

air
v0 (6.49)

where:

hr = relative humidity of the air above the saturated
ground (or water) surface,

uair
v0 = saturated vapor pressure, kPa, and

uair
v = vapor pressure in the air above ground surface,

kPa.

The above equations use the saturated vapor pressure com-
puted from the measured air temperature while the actual
vapor pressure in the air is computed from the measured
relative humidity of the air above the ground surface.

Other assumptions can be made when solving the Penman
equation for potential evaporation. For example, it is some-
times assumed that the vapor pressure is the same in the
air and at the saturated soil surface (e.g., Priestley-Taylor,
Eq. 6.23). When this assumption is made, the calculated
potential evaporation is typically reduced in drier climate
regimes.

The Penman (1948) equation has been widely used in
geotechnical engineering, and as a result it is important to
understand the role played by each of the variables in the
equation. It has been noted that the Penman equation gen-
erally overestimates the evaporation rate for conditions of
high wind and low humidity.

6.3.18 Comparison of Potential Evaporation
Calculations

The Thornthwaite (1948) equation and the Penman (1948)
equation rely on data collected at a weather station; however,
the Penman formulation is considered to be a more rigorous

formulation for PE. The Thornthwaite equation depends on
average monthly temperatures whereas the Penman equation
depends on daily temperatures and other weather-related
factors.

Thornthwaite (1948) incorporated the variables of length
of daylight hours, mean monthly temperature, and an empir-
ical constant into the prediction of PE. Penman (1948) uti-
lized daily records of relative humidity, air temperature,
wind speed, and net radiation for the calculation of PE. The
vapor pressure gradient between the water surface and the
air above the water becomes the primary driving mechanism
for evaporation in the Penman equation. Two components
drive evaporation: the net radiation component that char-
acterizes the power of the sun to evaporate water and the
mixing component associated with the power of wind to
remove vapor from the ground surface.

The Penman equation would intuitively appear to have a
distinct advantage over the Thornthwaite equation in pre-
dicting PE. A comparison of the two calculation methods
provides an indication of the reliability of the calculation
methods.

Figures 6.33 and 6.34 present daily PE calculations for
two years (i.e., 2006 and 2007) at a site in northern Canada
(latitude of approximately 50◦). The daily PE calculations
vary considerably from day to day when using the Penman
(1948) equation. This is as anticipated since temperature,
relative humidity, and wind speed can vary quite widely on
a daily basis.

The Thornthwaite (1948) equation simply uses the aver-
age monthly temperature when calculating PE. Daily PE
is a single value for each month of the year when using
the Thornthwaite equation. The daily PE calculations can
be accumulated over the entire year in order to determine
whether the monthly averaging of temperature is a reason-
able assumption to make when calculating PE.

The Thornthwaite (1948) equation is not defined when the
average monthly temperature is less than 0◦C. The Thorn-
thwaite calculations show that the winter period (i.e., an
inactive period), is between November 1 and April 1 of
each year at this site. The Penman (1948) equation does not
restrict the calculation of PE to the same period. As much as
25% of PE may occur outside the period between November
1 and April 1 in each year.

Figures 6.33 and 6.34 also show that the PE calculations
from the Thornthwaite equation lag behind the Penman cal-
culations for the period from spring to midsummer. The
reverse is true for the period from midsummer to the fall of
each year.

Figures 6.35 and 6.36 show the accumulated PE calcu-
lations for two years (i.e., 2006 and 2007) at the site in
northern Canada. The cumulative precipitation for each year
is also shown. Cumulative precipitation values illustrate the
relationship between PE and precipitation. The cumulative
PE at the end of the year is quite similar for the two methods
of calculation. However, the difference between the results
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Figure 6.33 PE calculation for 2006 using Penman and Thornthwaite equations.
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Figure 6.34 PE calculation for 2007 using Penman and Thornthwaite equations.
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Figure 6.35 Cumulative PE calculation for 2006 using Penman
and Thornthwaite equations.

obtained from the two equations may differ from one year
to the next, as shown in Table 6.6.

The weather data at this site in northern Canada were
analyzed for a period of 14 years in order to see if there was
a consistent trend between the Penman equation calculations
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Figure 6.36 Cumulative PE calculation for 2007 using Penman
and Thornthwaite equations.

and the Thornthwaite equation calculations of PE. Table 6.6
presents the cumulative PE results. The Penman equation
showed an average PE over the 14-year period of 652 mm.
The Thornthwaite equation showed an average PE of
577 mm. This means that on average the PE calculated
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Table 6.6 Comparison of Calculated PE over a 14-Year Period at Site in Northern Canada

Penman (1948) Thornthwaite (1948)

Year Cumulative PE (mm) Percent Variation Cumulative PE (mm) Percent Variation

1994 707.5 8.54 597.4 3.60
1995 635.0 −2.59 556.4 −3.51
1996 644.9 −1.06 545.9 −5.32
1997 666.6 2.27 565.2 −1.98
1998 739.6 13.46 638.8 10.79
1999 624.2 −4.25 591.2 2.54
2000 677.0 3.86 551.8 −4.30
2001 709.1 8.78 593.1 2.87
2002 666.3 2.21 522.2 −9.44
2003 688.3 5.59 583.6 1.22
2004 583.0 −10.57 536.3 −6.98
2005 591.5 −9.26 582.6 1.04
2006 602.7 −7.53 622.3 7.93
2007 590.2 −9.45 585.5 1.55
Average 651.9 576.6
Standard deviation 49.7 32.5

using the Penman equation was about 12% higher than the
results obtained using the Thornthwaite (1948) equation.
There was only one year in the 14-year record when the
Thornthwaite equation gave PE values that were higher
than those calculated by the Penman (1948) equation.

Table 6.6 also shows the standard deviation of the cal-
culated cumulative PE. The standard deviation was 50 mm
for the Penman method and 33 mm for the Thornthwaite
method. It would appear that the Penman method better
captures the effect of the individual components of weather
and would be the preferred calculation procedure for use in
engineering practice.

The engineer requires the AE to quantify water balance
at ground surface (i.e., in addition to potential evaporation).
Actual evaporation can be calculated by modifying the Pen-
man (1948) equation and taking the underlying soil condi-
tions into consideration. Wilson (1990) made modifications
to the Penman equation and developed the Wilson-Penman
method (Wilson, 1990) for calculating actual evaporation.
Two other procedures were also proposed for the calcula-
tion of actual evaporation: the limiting function procedure
(Wilson et al., 1997a) and the experimental-based procedure
(Wilson et al., 1997a).

6.3.19 Actual Evaporative Flux

The AE from a soil surface can be considerably less than
PE. The quantification of AE at a particular site allows the
geotechnical engineer to better establish water balance con-
ditions at the ground surface.

The concepts associated with AE can be described as fol-
lows. The net radiation effect of the sun and the mixing
effect of wind form the basis for PE from a wet soil surface.
At the same time as the sun and the wind are removing water
from the soil, the soil begins to dry and hold onto the water
more strongly. In other words, the soil suction increases as
the soil dries. The net result is a struggle between the climate
and the soil and the consequence is a reduced evaporation
from the ground surface (i.e., AE). If the vapor pressure in
the air above ground surface and the vapor pressure in the
soil at ground surface are the same, then evaporation from
the ground surface will cease due to lack of a vapor pressure
gradient. It is the “total suction” in the soil at the ground
surface (i.e., total suction = matric suction + osmotic suc-
tion) that creates the equilibrium vapor pressure (or relative
humidity) in the soil at the ground surface.

The AE from a soil surface might be considerably less
than the PE. The AE equations are primarily the outcome
of research by Wilson (1990), who used evaporation from
thin soil layers and sand column drying tests to verify the
fundamental physical relationships required to extend the
Penman (1948) equation to the calculation of the AE from
drying soil surfaces.

Several methodologies have been proposed for calculating
AE. Two of the proposed methods have a thermodynamic
basis while one has an experimental basis. The equations for
AE along with different temperatures above the soil surface
and at the soil surface give rise to at least six possible method-
ologies for the calculation of AE from the soil surface.
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The proposed methodologies differ mainly in the as-
sumptions related to the determination of air and soil tem-
peratures. Differences between the soil surface temperature
and the air temperature give rise to various “coupled” and
“uncoupled” moisture and heat flow formulations. The
temperature of the soil and the air generally differ; however,
the effect of the temperature difference does not appear
to have been fully studied.

Figure 6.37 shows the temperature profiles measured near
the surface of a soil layer that was being dried by evapo-
ration. Figure 6.37a shows that the air temperature coming

into the chamber above the soil had an average tempera-
ture of about 23◦C. Immediately above the soil the average
temperature was about 21◦C. However, directly on top of
the soil layer the average measured temperature dropped to
about 17.5◦C. At 50 mm below the soil surface the average
soil temperature was about 19◦C. The results show the cool-
ing effect associated with evaporation and illustrate why the
heat and moisture partial differential equations should be
coupled to represent the physical processes associated with
evaporation.
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Figure 6.37 (a) Temperature versus depth throughout soil layer. (b) Temperature changes result-
ing from evaporation of water from soil surface (Ta et al., 2010).
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The term coupled, associated with the calculation of AE,
means that the moisture flow partial differential equation is
solved simultaneously with the heat flow partial differential
equation. If an assumption is made regarding the relationship
between the soil temperature and the air temperature, then
the analysis for AE reduces to the solution of the moisture
partial differential equation and the solution is referred to as
an uncoupled analysis. The analysis is also referred to as an
uncoupled analysis if a closed-form, empirical relationship
is used to designate the relationship between the soil and air
temperature.

Three methods are also considered for relating the AE
to the PE: (i) the Wilson-Penman method, (Wilson, 1990),
for calculating AE (ii) the limiting function method (Wilson
et al., 1997a) and (iii) the experimental-based method (Wil-
son et al., 1997a). The three relationships between AE and
PE along with the possibility of using a coupled or uncou-
pled solution give rise to six procedures for the assessment
of AE. These calculation procedures are outlined in the fol-
lowing sections.

6.3.19.1 Wilson-Penman Equation for Computing AE
(Coupled Solution)

Wilson et al., (1994) proposed that the Penman (1948)
equation for PE be modified and then used to calculate
AE. The modified equation, which became known as the
Wilson-Penman equation, (Wilson et al., 1994) took into
consideration the difference in temperature and relative
humidity (and therefore vapor pressure) between the soil sur-
face and the overlying air. The difference in vapor pressure
conditions between the air and the water at ground surface
formed the basis for the development of the soil-atmospheric
model implemented into the SoilCover (MEND, 1993) and
SVFlux computer code (M.D. Fredlund, 2001).

The following assumptions are made when combining
moisture flow and thermal flow:

• Moisture flow and vapor flow beneath the soil surface
are governed by hydraulic head gradients, vapor pres-
sure gradients, and temperature gradients.

• Heat transfer beneath the soil surface (i.e., ground ther-
mal flux in the equation) is mainly governed by thermal
conduction. Heat transfer by thermal convection can be
included, but it can generally be neglected for most
applications.

• Soil freezing/thawing processes can be considered when
the soil temperature goes below the freezing point. For
frozen soils there must be a reduction in the hydraulic
conductivity because of the existence of ice in the pores
of the soil.

• The latent heat due to phase change, including evapora-
tion and freezing/thawing, can be considered in the heat
transfer equation beneath the soil surface.

• The soil surface temperature can be different from the
air temperature and is determined in accordance with
the heat energy balance equation (Eq. 6.8).

• Actual evaporation is calculated using the Wilson-
Penman equation, (Wilson et al., 1994).

Partial Differential Equation Governing Moisture
Flow. Liquid water and vapor flow through an unsaturated
soil is presented in detail in Chapter 7. Equation 6.50 is a
simplified form for liquid and vapor flow and can be used
to solve for AE (Jame, 1977; Wilson, 1990; Gitirana, 2005;
M.D. Fredlund et al., 2011):

∂

∂y

[
ky11

∂
(
uw

)
∂y

+ kwy + ky12
∂T

∂y

]
+ Ssk = ∂θu

∂t
+ ρi

ρw

∂θi

∂t

(6.50)
where

ky11 = kwy + kvh

γw
(6.51)

ky12 = kvT (6.52)

and

kwy = hydraulic conductivity, m/s,
kvh = water vapor conductivity by vapor diffusion within

the air phase, m/s,
kvT = water vapor conductivity due to temperature gradi-

ent, m/s,
uw = pore-water pressure, a component of hydraulic

head, kPa,
T = soil temperature, ◦C,
t = time, s,
y = vertical direction or elevation, m,

γw = unit weight of water, kN/m3,
θu = volumetric unfrozen water content in soil, m3/m3,
θi = volumetric ice content in soil, m3/m3,
ρw = density of water, kg/m3,
ρi = density of ice, kg/m3, and
Ssk = water sink or source (i.e., water added or water

taken away), (m3/m3)/t .

Partial Differential Equation Governing Heat Flow.
The heat flow partial differential equation is derived in
detail in Chapter 10. The following simplified heat flow
equations can be used to solve for AE. The heat flow
equation includes the soil freezing/thawing process and is
based on the derivations by Jame (1977), Wilson (1990),
Gitirana (2005), and M.D. Fredlund et al. (2011):

∂

∂y

[
ky21

∂
(
uw

)
∂y

+ ky22
∂T

∂y

]
= (

C + Lf mi
2

) ∂T

∂t
(6.53)

where

ky21 = Lf kw
y + Lkvh

γw
(6.54)
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ky22 = λy + LkvT (6.55)

C = Csθs + Cwθu + Cvθv + Ciθi + Caθa (6.56)

mi
2 = ∂θu

∂T
(6.57)

and

λy = thermal conductivity, J/s m ◦C,
C = volumetric heat capacity of soil mixture, J/m3,
Cs = volumetric heat capacity of solid phase of soil,

J/m3,
Cw = volumetric heat capacity of liquid water of soil,

J/m3,
Cv = volumetric heat capacity of vapor phase of soil,

J/m3,
Ca = volumetric heat capacity of dry air phase of soil,

J/m3,
θs = volumetric content solid phase in soil, m3/m3,
θv = volumetric vapor content in soil, m3/m3,
θa = volumetric air content in soil, m3/m3,
L = volumetric latent heat of water vaporization or

condensation, J/m3, L = 2.5 × 109 J/m3 if T >Tef,
otherwise L = 0,

Lf = volumetric latent heat of water freezing or thawing,
J/m3,

= Lf = 3.34 × 108 J/m3 if Tef � T � Tep, otherwise
Lf = 0 ,

Tef = temperature at soil freezing point, ◦C,
Tep = temperature at the end of soil phase change during

freezing, ◦C, and
mi

2 = slope of the SFCC (i.e., relationship between
unfrozen water content and soil temperature).

The term for pore-water vapor conductivity, kvh, asso-
ciated with vapor diffusion within the air phase can be
expressed in terms of the universal gas law as follows:

kvh = βθagDvωvusv0

ρwR (273.15 + T )
(6.58)

where:

usv0 = saturation vapor pressure at the soil surface, kPa,
ρsv0 = saturation vapor density in soil, kg/m3,
ωv = molecular weight of vapor, 0.018016 kg/mol,
β = soil tortuosity,
θa = volumetric air content in soil, m3/m3,
R = universal gas constant, 8.3144 J/mol/K,

Dv = molecular diffusivity of vapor in soil pore air,
m2/s, and

g = gravitational acceleration, m/s2.

The vapor diffusion term Dv can be written as a function
of temperature:

Dv = 2.29 × 10−5
(

1 + T

273.15

)1.75

(6.59)

The soil tortuosity term β is dimensionless and can be
expressed in terms of the volume of air in the soil as
follows:

β = (
θa

)2/3
(6.60)

The term for water vapor conductivity due to the temper-
ature gradient can also be expressed as follows:

kvT = kvh

γw

[
ρw

ρsv0

(
∂usv0

∂T
− usv0

273.15 + T

)
+ ua − uw

273.15 + T

]
(6.61)

where:

ua = pore-air pressure of soil, kPa, with pore-air in
the soil equal to zero if it is connected to the
atmosphere.

The temperature dependence of saturated vapor pressure
is omitted in some earlier formulations. Including the term
∂usv0/∂T in Eq. 6.61 takes the temperature dependence on
saturated vapor pressure into consideration.

Initial Water Content Conditions. An analysis of
moisture movement must start by having an initial set of
designated values. The initial values may be designated on
the basis of (i) the location of the water table and assumed
hydrostatic conditions, (ii) equilibrium with a SWCC
for the soil, (iii) computed steady-state water contents,
(iv) measured water contents in situ, or (v) some other
selected procedure.

Initial Temperature Conditions. The soil temperature
in the soil domain needs to be initialized to a specific value
or an expression, T0. For example, the average air tempera-
ture Ta might be used for the initial soil temperature T :

T = T0 (6.62)

Thermal Boundary Condition at Soil Surface. The
thermal boundary condition at the ground surface can be
specified as a constant temperature or a temperature expres-
sion (i.e., Dirchlet condition):

T |surface = Tsoil (6.63)

Temperatures within the soil profile are required for the
solution of the vapor flow component in the moisture flow
equation. The temperature profile in the soil can be com-
puted by applying an estimated ground surface temperature
to the soil. The ground surface temperature can differ from
the air temperature.

The thermal boundary condition at the soil surface can
be specified as a heat flux expression (i.e., Neumann-type
boundary condition). The thermal flux into the soil ground
at the soil surface can be rewritten in accordance with the
thermal flux balance (Eq. 6.8):

Rg

∣∣
surface

= Rn − Rh − Rl (6.64)
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where:

Rg = thermal flux into soil ground, J/(m2/day),
Rn = net radiation, J/m2/day
Rh = sensible heat flux, J/m2/day
Rl = latent heat flux, J/m2/day, where Rl = (Lv)(AE)/

1000 (1000 = unit conversion factor, where 1 mm
= 1/1000 m),

Lv = volumetric latent heat of vaporization, J/m3, and
AE = actual evaporation, mm/day.

Boundary Condition for Moisture Flow. The atmo-
spheric moisture flux at the ground surface, qy

∣∣
surface

, must
satisfy the water balance equation (Eq. 6.7):

qy

∣∣
surface

= P − AE − R (6.65)

where:

qy = moisture flow rate at soil surface, mm/day,
P = precipitation flux (i.e., rainfall plus snowmelt

water), mm/day,
R = water runoff, mm/day, and

AE = actual evaporation, mm/day.

The net infiltration flux at the ground surface, qy , is
defined in terms of k ∂h/∂y.

Actual Evaporation. The Wilson-Penman equation
(Wilson et al., 1994), provides one procedure for the
calculation of AE:

AE = �Qn + ηEa

� + η/hs

(6.66)

where:

Ea = flux associated with “mixing”; f (u)Cf uair
v (1/hr

− 1/hs), mm/day,
hr = relative humidity in the air above the ground (i.e.,

hr = uair
v /uair

v0 ),
hs = relative humidity at the soil surface (i.e., hs =

usoil
v /usoil

v0 ),
uair

v = water vapor pressure in the air above ground
surface, kPa,

uair
v0 = saturated vapor pressure at the mean air tempera-

ture, kPa,
usoil

v0 = saturated vapor pressure in the soil at ground
surface, kPa,

� = slope of saturation vapor pressure versus temper-
ature curve, kPa/◦C,

Qn = net radiation at the water surface, mm/day, and
η = psychrometric constant, kPa/◦C, η = 0.06733

kPa/◦C.

The saturated vapor pressure for the air, uair
v0 , in Eq.

6.66 can be calculated based on air mean temperature, in

accordance with Eq. 6.27. The water vapor pressure in the
air, uair

v , is defined as follows:

uair
v = uair

v0 hr (6.67)

where:

hr = relative humidity of the air above the soil surface.

The daily air temperature Ta and daily relative humidity
hr of the air above the ground surface are usually measured
at a weather station. Minimum and maximum daily temper-
ature and relative humidity values are generally recorded on
a daily basis. Sometimes the hourly values of temperature
and relative humidity are also recorded. The amount of data
becomes quite excessive when hourly values are recorded.
When minimum and maximum values are given for tem-
perature and relative humidity, then an assumption can be
made regarding the distribution of these variables throughout
each day.

Figures 6.38 and 6.39 show two possible assumptions that
can be made regarding the daily patterns of air tempera-
ture and relative humidity based on minimum and maximum
daily readings. Figure 6.38 illustrates an asymmetric vari-
ation of air temperature and relative humidity throughout
each day. Figure 6.39 illustrates a symmetrical variation of
air temperature and relative humidity throughout each day.
In the asymmetric daily patterns shown in Fig. 6.38, the
relative humidity is assumed to have a maximum value at
night and a minimum value at about noon. The daily distri-
butions of temperature and relative humidity are known to
have some effect on the calculation of AE.

The symmetric patterns shown in Fig. 6.39 have a max-
imum value of relative humidity at about midnight and a
minimum value of relative humidity occurring near noon.
The daily changing pattern of air temperature is in general
opposite to the pattern for relative humidity.
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Figure 6.38 Asymmetric distributions of daily changing pattern
of air temperature and relative humidity based on maximum and
minimum values.
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Figure 6.39 Symmetric distributions of daily changing of air tem-
perature and relative humidity based on maximum and minimum
values.
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Figure 6.40 Monthly minimum and maximum air temperatures.

In some cases, the minimum and maximum daily air tem-
perature can be assumed when only the mean values of
air temperature are available. Figure 6.40 is an example
illustrating the change of minimum and maximum air tem-
perature with the month of a year. The average difference in
Fig. 6.40 between minimum and maximum temperature is
about 10.2 ◦C. The data are typical of the central northern
part of Canada.

Figure 6.41 illustrates the effect of using three different
daily patterns of air temperature and relative humidity on the
calculation of PE. The data shown in Table 6.7 were used in
the analysis. In Fig. 6.41, “asymmetric air temperature and
relative humidity” means the air temperature and relative
humidity are interpolated using the daily patterns shown in
Fig. 6.38. Symmetric air temperature and relative humidity
refer to the changing pattern shown in Fig. 6.39, and aver-
age air temperature and relative humidity refer to the use
of average values of air temperature and relative humidity
throughout the day, as given in Table 6.7. The calculated PE
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Figure 6.41 Comparison of PE calculated using different chang-
ing patterns of daily air temperature and relative humidity.

Table 6.7 Air Temperature and Relative Humidity
Used in Calculation of PE

Time Avg. Min. Max. Avg. Min. Max.
(day) Temp. Temp. Temp. RH RH RH

0 22 17 27 67 62 72
1 17.4 12.4 22.4 55 50 60
3 18.1 13.1 23.1 65 60 70
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Figure 6.42 Comparison of cumulative PE calculated using dif-
ferent changing patterns of daily air temperature and relative
humidity.

values presented in Fig. 6.42 show slight differences when
using different daily patterns of temperature and relative
humidity; however, the cumulative PEs are quite similar for
all three patterns.

The relative humidity at the soil surface, hs , and the water
vapor pressure, usoil

v , at the soil surface can be calculated
using the relative humidity equation proposed by Edlefsen
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and Anderson (1943) provided the total suction in the soil
is known:

hs = usoil
v

usoil
v0

= exp

(
−ψgωv

γwR
(
273.15 + Tsoil

)
)

(6.68)

where:

ψ = total suction, kPa (i.e., total suction is equal
to matric suction plus osmotic suction, ψ =(
ua − uw

) + π ),
ωv = molecular weight of water vapor, 0.018016

kg/mol,
Tsoil = soil surface temperature, ◦C, and

π = osmotic suction, kPa.

Osmotic suction in a soil is related to the salt content in
the soil. For typical field water content conditions, osmotic
suction may range from less than 100 to 1000 kPa or more.
The osmotic component of suction increases as a soil dries

because the salt concentration increases. The relative humid-
ity at the soil surface approaches 100% when total suction
in the soil is less than about 3000 kPa (see Fig. 6.43). Under
these conditions the AE is approximately equal to the PE
(i.e., AE = PE).

As total suction in the soil increases, the rate of evapora-
tion from the soil surface decreases. Consequently, the ratio
of AE to PE (i.e., AE/PE), bears a similar shape to that of
relative humidity (see Fig. 6.44). It is noteworthy that the
line describing the ratio of AE/PE falls slightly below the
relative humidity line. The equation for the relative humid-
ity line can be used to describe the ratio AE/PE; however,
it is necessary to apply an adjustment factor to the suction
values, as shown in the following equation:

hs = exp

(
−10δψgωv

γwR
(
273.15 + Tsoil

)
)

(6.69)
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Figure 6.43 Relationship between relative humidity and total suction.
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where:

δ = a dimensionless correction factor of suction, varying
from 0 to 2.

An adjustment factor of 1.8 is based on the analysis of data
later presented on evaporation from sand (i.e., Figs. 6.45
and 6.46). It is anticipated that the adjustment factor will
vary for different soils with the most negative values appli-
cable for coarse-grained soils. The adjustment of the neg-
ative pore-water pressures must be made for both coupled
and uncoupled solutions.

The vapor pressure in the soil, usoil
v , used in the diffusive

flow equation (i.e., Eq. 6.50) and the heat flow equation
(i.e., Eq. 6.51) can be calculated using the following
equation:

usoil
v = usoil

v0 hsoil
r = usoil

v0 exp

(
−10δψgωv

γwR
(
273.15 + Tsoil

)
)

(6.70)

The saturated vapor pressure, usoil
v0 , is the function of soil

surface temperature and can be calculated using Eq. 6.27.
Net radiation at the water surface, Rn, can be measured or
approximated using the Penman (1948) equation (i.e., Eq.
6.66), or some other procedure.

The AE must be solved by satisfying the governing mois-
ture and heat flux balance equations 6.50 and 6.53. The
initial thermal boundary condition equation 6.62, the ther-
mal boundary condition equation 6.63 or 6.64, together with
the heat flow equation 6.50, the moisture flow equation 6.53,
and the AE equation 6.66, must also be satisfied.

The calculation procedure can be outlined as follows:

1. Initialize the water content profile.
2. Initialize the soil temperature profile using Eq. 6.62.
3. Apply the moisture flux boundary conditions accord-

ing to Eq. 6.65.
4. Apply thermal boundary conditions at the ground sur-

face using Eq. 6.63 or 6.64.
5. Ensure the soil model domain is initialized.
6. Calculate AE using Eq. 6.66 based on the soil tem-

perature at the ground surface.
7. Calculate ground surface temperature using the

thermal flux equation 6.64 in terms of the known
AE .

8. Solve the moisture flow 6.50 and the thermal flow
6.53 based on initial conditions and boundary condi-
tions.

9. Calculate net percolation I or infiltration at the soil
surface. The net infiltration flux at the ground surface
is defined as k ∂h/∂y.

10. Calculate runoff R using Eq. 6.7 with the known value
for precipitation P , AE, and net infiltration I at the
ground surface.

11. Check the solution to see if the equations have con-
verged with respect to hydraulic head h and soil tem-
perature Tsoil. The difference between iteration must
be less than the designated tolerances.

12. If the solution has not yet converged, repeat steps
6–11 until convergence has been achieved.

The above calculation procedure indicates that the surface
temperature and the AE equation 6.66 are used as boundary
conditions and solved simultaneously with the calculation of
moisture flow (i.e., liquid and vapor) and heat flow partial
differential equations.

6.3.19.2 Wilson-Penman Equation for Computing AE
(Uncoupled Solution)

The uncoupled solution of the modified Wilson-Penman
equation (Wilson et al., 1994) can be achieved using the
moisture flow partial differential equation along with the
following assumptions:

• Moisture flow and vapor flow occurs through the unsat-
urated soil near the ground surface.

• The soil temperatures in the entire domain remain con-
stant. Therefore, the ground thermal flux is neglected
(i.e., Qg = 0).

• The soil temperature at the ground surface can be dif-
ferent from the air temperature. The heat exchanged
between the air and soil surface is constant but obeys
the convection law (Eq. 6.9). The ground surface tem-
perature is not imposed as a boundary condition for
heat distribution through the underlying soil. The solu-
tion can be referred to as an isothermal model with
atmospheric coupling.

• Actual evaporation is calculated using the Wilson-
Penman equation 6.66 (Wilson et al., 1994).

Partial Differential Equation Governing Moisture
Flow. Moisture flow in one dimension is described
using the same equation as used for the coupled solution
(i.e., Eq. 6.50). It is necessary to use another equation to
determine the soil temperature since it is different from the
air temperature. Wilson (1990) suggested that the ground
surface temperature might be computed using the following
empirical heat balance equation. Substituting Eq. 6.9 into
Eq. 6.8 results in the following thermal balance equation:

Cf ηf (u)
(
Tsoil − Ta

) = 1000
(
Rn − Rg

)
Lv

− AE (6.71)

where:

Tsoil = soil temperature at soil surface, ◦C,
Ta = air temperature, ◦C,
Cf = conversion factor (i.e., 1 kPa = 0.00750 mHg),

η = psychrometric constant, 0.06733 kPa/◦C,
f(u) = function dependent upon wind speed, f (u) = 0.35

(1.0 + 0.146 Ww),
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Ww = wind speed, km/h,
Rn = net radiation, J/m2/day,
Rg = ground surface thermal flux, J/m2/day,
Lv = volumetric latent heat of vaporization, J/m3, and

AE = actual evaporation, mm/day.

Equation 6.71 can be rearranged and solved for the tem-
perature at the surface of the soil, Tsoil assuming ground
surface flux is zero.

Tsoil = Ta + 1000
(
Rn

) − LvAE

Cf ηf (u)Lv
(6.72)

Equation 6.72 does not take the ground thermal flux into
consideration (i.e., Qg = 0) and can be considered as an
empirical estimation for the calculation of the soil temper-
ature. It is not fully known whether there are limitations
associated with the use of Eq. 6.72 in geotechnical engi-
neering practice.

Initial Soil-Water Content Profile. The initial water
content profile needs to be set to an initial set of values.
The water content profile may correspond to the initial pore-
water pressures dictated by the SWCC or the initial water
content may be measured (or estimated) based on the loca-
tion of the water table.

Initial Soil Surface Temperature. The soil tempera-
tures throughout the soil profile can be initialized to the air
temperature in accordance with Eq. 6.62.

Boundary Condition for Moisture Flow. The ground
surface boundary condition for moisture flow can be defined
using Eq. 6.65.

Actual Evaporation. The Wilson-Penman equation
(Wilson et al., 1994) can be used for calculating AE (i.e.,
Eq. 6.66). The uncoupled solution must be solved satisfying
the governing moisture PDE (i.e., Eq. 6.50) and soil temper-
ature equation 6.72 using the initial moisture and thermal
conditions. The moisture flow boundary condition equation
6.65 must be satisfied along with the AE equation 6.66.

It is necessary to know the soil temperature at the ground
surface when calculating AE (Eq. 6.66). When using
Eq. 6.72 to calculate the soil temperature, the AE must
also be known. In other words, Eqs. 6.72 and 6.66 must be
solved simultaneously to get AE and soil temperature.

Calculation Procedure.

1. Initialize water content profile.
2. The soil surface temperatures are made equal to the air

temperature.
3. Apply the moisture flux boundary condition in accor-

dance with Eq. 6.65.
4. Ensure the model domain is initialized.
5. Calculate AE using Eq. 6.66 based on a soil surface

temperature Tsoil given by Eq. 6.72.
6. Solve the moisture flow PDE (i.e., Eq. 6.50) and soil

temperature equation 6.72 simultaneously based on the
initial conditions and moisture flux boundary condition
designated by Eq. 6.65.

7. Calculate net percolation I or infiltration at the soil
surface. The net infiltration flux at the ground surface
is defined as k ∂h/∂y.

8. Calculate runoff R using Eq. 6.7 using the previously
calculated AE and infiltration I .

9. Check the solution to see if the convergence has been
achieved with respect to hydraulic head h . The differ-
ence between subsequent iteration must be less than
the designated tolerance.

10. If the solution has not yet converged, repeat steps 5–10
until convergence has been achieved.

Atmospheric (quasi) coupling has been solved using a
closed-form solution for soil surface temperature as one of
the governing equations (i.e., Eq. 6.72).

6.3.19.3 Limiting Function for AE (Coupled Solution)

A limiting function relationship was proposed by Wilson
et al. (1997a) that provided a relationship between AE and
PE. The vapor pressures associated with the relative humid-
ity at ground surface and the relative humidity in the air
above ground surface are scaled based on the assumption
that the air and soil temperatures were the same.

The limiting function solution is based on the following
assumptions:

• The soil temperature at the ground surface is equal to
the air temperature.

• The moisture flow and heat transfer beneath the ground
surface are the same as in the coupled rigorous solution.

• Soil freezing/thawing processes are the same as in the
coupled rigorous solution.

• The latent heat due to phase change, including evapo-
ration and freezing/thawing, must be considered in the
heat transfer beneath the ground surface.

• AE is calculated using the limiting function equation
proposed by Wilson et al. (1997a).

Partial Differential Equations Governing Moisture
and Heat Flow. The moisture mass transfer and heat
transfer partial differential equations are described by Eqs.
6.50 and 6.53.

Initial Water Content Conditions. Initial water con-
tents throughout the soil profile must be initialized as pre-
viously described.

Initial Temperature Conditions. The soil temperatures
throughout the soil profile can be initialized to the air tem-
perature (Eq. 6.62).

Thermal Boundary Condition at Soil Surface. The
thermal boundary condition at the soil surface can be spec-
ified as a constant temperature or a temperature expression
(i.e., Dirchlet boundary condition) or computed from a ther-
mal flux (Neumann boundary condition), in accordance with
Eqs. 6.63 and 6.64, respectively.

Boundary Condition for Moisture Flow. The atmo-
spheric moisture flux at the ground surface needs to satisfy
Eq. 6.65.
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Actual Evaporation. Actual evaporation is computed
using the limiting function (Wilson et al., 1997a), written as
follows:

AE = PE

[
usoil

v − uair
v

usoil
v0 − uair

v

]
(6.73)

where:

PE = potential evaporation, mm/day,
usoil

v = vapor pressure in the soil at the ground surface
temperature, kPa,

usoil
v0 = saturated vapor pressure in the soil at the ground

surface temperature, kPa, and
uair

v = vapor pressure in the air above the soil surface,
kPa.

If the air and soil temperatures are assumed to be approx-
imately equal, Eq. 6.73 can be written as follows:

AE = PE

exp

(
−10δψgωv

γwR
(
273.15 + Ts

)
)

− uair
v /uair

v0

1 − uair
v /uair

v0

(6.74)

where:

ψ = total suction (i.e., matric suction plus osmotic suc-
tion), kPa, and

δ = dimensionless factor for the adjustment of suction.

Potential Evaporation. The PE can be determined in a
number of different ways, including using the following:

1. Measured data (e.g., pan evaporation)
2. The Penman (1948) equation 6.20
3. The Thornthwaite (1948) equation 6.19
4. The Priestley-Taylor (1972) equation 6.23
5. The Monteith (1965) equation 6.22

Calculation Procedure.

1. Initialize the water content profile.
2. Initialize the soil temperature profile.
3. Apply the moisture flux boundary conditions accord-

ing to Eq. 6.65.
4. Apply thermal boundary conditions at the ground sur-

face using Eq. 6.63 or 6.64.
5. Ensure the model domain is initialized.
6. Determine PE using measured data or calculate from

one of the above-mentioned equations.
7. Calculate the AE using Eq. 6.73 or 6.74 together with

Eq. 6.70.
8. Solve the moisture flow equation 6.50 and the thermal

flow equation 6.53 based on initial conditions and
boundary conditions.

9. Calculate net infiltration I at the soil surface. The net
infiltration flux at the ground surface is defined as
k ∂h/∂y.

10. Calculate runoff R using Eq. 6.7 using the known
value of precipitation P AE, and net infiltration I at
ground surface.

11. Check the solution to see if the convergence has been
reached for hydraulic head h and temperature T . The
difference between iterations must be less than the
designated tolerances.

12. If the solution has not yet converged, repeat steps
6–11 until convergence is achieved.

6.3.19.4 Limiting Function for AE (Uncoupled
Solution)

The Limiting Function can be used in an uncoupled manner
when solving for AE. In this case, the following assumptions
are made:

• Liquid flow and vapor flow through the soil are gov-
erned by hydraulic head gradients and vapor pressure
gradients.

• The soil temperature in the entire domain is assumed
to be the same and equal to the air temperature above
the soil surface (i.e., ground thermal flux is neglected,
Qg = 0).

• The ground surface temperature is assumed to be equal
to the air temperature.

• The AE is calculated using the limiting function pro-
posed by Wilson et al. (1997a).

Partial Differential Equation Governing Moisture
Flow. Moisture flow in one dimension beneath the soil
surface can be described using Eq. 6.50.

Initial Soil-Water Content. The initial water content
profile can be assigned using one of the procedures men-
tioned above.

Boundary Condition for Moisture Flow. The ground
surface boundary condition for moisture flow can be defined
using Eq. 6.65.

Actual Evaporation. The limiting function proposed by
Wilson et al., (1997a) can be used to calculate AE (i.e., Eq.
6.73 or 6.74).

Calculation Procedure.

1. Initialize the water content profile.
2. Initialize soil temperatures with the air temperature.
3. Apply the seepage boundary condition (i.e., Eq. 6.65),

which might involve precipitation or evaporation.
4. Determine PE through either measurement or one

of the empirical methods previously discussed [e.g.,
Penman (1948) equation].

5. Calculate AE using Eq. 6.73 or 6.74.
6. Solve the moisture flow PDE (Eq. 6.50) and calculate

the soil temperature (Eq. 6.72) based on the initial
conditions and the specified boundary conditions.

7. Calculate net percolation I or infiltration at the
ground surface. The net infiltration is equal to
k ∂h/∂y,
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8. The runoff R can be calculated using Eq. 6.7. The
variables AE and I should be known when this cal-
culation is performed.

9. Check the solution to see if the convergence has
been reached for hydraulic head h . The difference in
hydraulic head between the last two iterations must
be less than the designated tolerance.

10. If the solution has not converged, repeat steps
4–9 while checking for convergence on hydraulic
head.

6.3.19.5 Experimental-Based Relationship between AE
and PE (Coupled Solution)

Wilson (1997) also presented experimental results that
showed a unique relationship for all soils between total
suction at the soil surface and the ratio of actual evaporation
to potential evaporation, AE/PE. In 1997, Wilson et al.,
(1997a) presented an equation that provided a reasonable fit
through the experimental data. Wilson (1990) showed that it
is primarily the soil suction at the ground surface of any soil
that mainly controls the rate of evaporation. Consequently,
the soil type at ground surface is not a controlling factor
when assessing the actual rate of evaporation.

Figure 6.44 shows a plot of the experimental data along
with the proposed mathematical relationships for calculating
AE. The laboratory tests involved the evaporation of water
from thin layers of sand, silt, and clay soils. The soils were
initially deposited as slurry (i.e., high water contents). The
rates of evaporation from the soils were compared to the rate
of evaporation from a pan of water at the same temperature.
The comparison of the evaporation rates from the soil and
the water allowed the computation of the relative evapora-
tion or the ratio of AE to PE (i.e., AE / PE). The rate of
evaporation from the soils became increasingly slower with
time than evaporation from a pan of water.

The water content versus soil suction relationship was
independently measured for each of the soils. This allowed
the relative rates of evaporation to be compared to the suc-
tion in the soil. The results in Fig. 6.44 show that the actual
evaporation data for sand, silt, and clay essentially form a
single unique curve. This means that the rate of water evap-
oration from any soil is the same when soil suction is used
as the basis of comparison. In other words, if the soil suction
is known at the ground surface, then the rate of evaporation
from the ground surface can be estimated from the unique
relationship shown in Fig. 6.44.

The following assumptions are made when performing a
coupled analysis along with the experimentally based AE/PE
equation:

• The temperature of the soil at ground surface is equal
to the air temperature.

• The moisture flow and heat transfer beneath the ground
surface are the same as in the previously mentioned
coupled solutions.

• Soil freezing/thawing processes are the same as in the
previously mentioned coupled solutions.

• The latent heat due to phase change including evapora-
tion and freezing/thawing is considered for heat transfer
beneath the soil surface.

• The AE is based on an empirical mathematical equation
that fits the data shown in Fig. 6.44.

Partial Differential Equation Governing Moisture and
Heat Flow. The moisture mass and heat transfer governing
equations are defined by Eqs. 6.50 and 6.53.

Initial Water Content Conditions. The starting water
content profile must be initialized using one of the previ-
ously mentioned procedures.

Initial Temperature Conditions. The temperatures
throughout the soil profile can be initialized to the air
temperature in accordance with Eq. 6.62.

Boundary Condition for Moisture Flow. The ground
surface boundary condition for moisture flow can be defined
using Eq. 6.65.

Thermal Boundary Condition at Soil Surface. The
thermal boundary condition at the soil surface can be spec-
ified as a constant temperature or a temperature expression
(Dirchlet boundary condition, Eq. 6.63) or computed from
a thermal flux (Neumann boundary condition, Eq. 6.64).

Actual Evaporation. The rate of evaporation from the
ground surface can be estimated using the Wilson et al.,
(1997a) empirical experimental-based relationship. The ratio
AE/PE is approximated using an equation similar in form
to the thermodynamic equilibrium relationship between rel-
ative humidity and total suction (Edlefsen and Anderson,
1943). The AE can be written as a function of PE using the
following experimental-based equation:

AE

PE
= exp

(
−ψgωv

ζ
(
1 − ha

)
γwR

(
Tsoil + 273.15

)
)

(6.75)

where:

ζ = a dimensionless empirical parameter equal to about
0.7 based on experimental data (Wilson, 1990).

Potential Evaporation. The PE can be either measured
or calculated using one of several empirical methods [e.g.,
Penman (1948) equation 6.20, Thornthwaite (1948) equation
6.19, Priestley-Taylor (1972) equation 6.23, or Monteith
(1965) equation 6.22].

Calculation Procedure.

1. Initialize the water content profile.
2. Initialize the soil temperature profile.
3. Apply the moisture flux boundary condition according

to Eq. 6.65.
4. Apply the thermal boundary condition at the ground

surface using Eq. 6.63 or 6.64.
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5. Ensure the model domain is initialized.
6. Determine PE using pan evaporation data that are

measured or calculated using one of the above-
mentioned methods.

7. Calculate the AE using Eq. 6.75.
8. Solve the moisture flow equation 6.50 and the thermal

flow equation 6.53, based on initial conditions and
designated boundary conditions.

9. Calculate net infiltration I at ground surface. The net
infiltration flux at the ground surface is defined as
k ∂h/∂y.

10. Calculate runoff R using Eq. 6.7 using the known
value of precipitation P , AE, and net infiltration NP
at the ground surface.

11. Check the solution to see if the convergence has been
reached for both seepage head and soil temperature,
Tsoil. The difference in the calculated variables
between the last two iterations must be less than the
designated convergence tolerances.

12. If the solution has not yet converged, repeat steps
6–11 iteratively until the convergence is achieved.

6.3.19.6 Experimental-Based Relationship between AE
and PE (Uncoupled Solution)

The experimental-based solution is the same as the pre-
viously presented solution except that the thermal regime
partial differential equation for conductive and convective
flow is not solved. The following assumptions can be made
when performing the uncoupled solution that utilizes the
experimental-based relationship (i.e., Eq. 6.75):

• Moisture flow (i.e., liquid and vapor) in the soil is driven
by hydraulic head and vapor pressure gradients.

• The soil temperature throughout the model domain is
constant and is assumed to be equal to the air tempera-
ture above the soil surface. In other words, the ground
thermal flux can be neglected (i.e., Rg = 0).

• The soil surface temperature is assumed to be equal to
the air temperature.

• The actual evaporation can be calculated using the
empirical experimental-based equation proposed by
Wilson et al., (1997a).

Partial Differential Equation Governing Moisture
and Heat Flow. The moisture flow governing equation is
Eq. 6.50 and the soil temperature is computed using Eq. 6.72.

Initial Water Content Conditions. The initial water
content profile must be initialized.

Initial Temperature Conditions. The soil temperatures
throughout the soil profile can be initialized to the air
temperature.

Boundary Condition for Moisture Flow. The ground
surface boundary condition for moisture flow can be defined
using Eq. 6.65.

Empirical Experimental-Based Equation for AE.
The AE is obtained through use of the empirical ex-
perimental-based equation 6.75.

Potential Evaporation. The PE can be either measured
or calculated using one of several empirical methods [e.g.,
Penman (1948), Eq. 6.20; Thornthwaite (1948), Eq. 6.19;
Priestley-Taylor (1972), Eq. 6.23; or Monteith (1965),
Eq. 6.22].

Calculation Procedure.

1. Initialize the water content profile.
2. Apply the moisture flux boundary condition according

to Eq. 6.65.
3. Determine PE using either measured pan evaporation

or one of the above-mentioned PE equations.
4. Calculate AE using Eq. 6.75.
5. Solve the moisture flow equation 6.50 and the soil tem-

perature equation 6.72 based on the initial conditions
and the boundary conditions.

6. Calculate net percolation I at the ground surface. The
net infiltration flux at the ground surface is defined as
k ∂h/∂y.

7. Calculate runoff R using Eq. 6.7. At this time, AE and
I are known.

8. Check the solution to determine whether convergence
has been achieved with respect to hydraulic head. The
difference between the last two iterations must be less
than the designated convergence tolerance. If the solu-
tion has not converged, repeat steps 3–8 iteratively
until convergence is achieved.

6.3.20 Example Calculations of AE

Measurements of actual evaporation from a soil column
were presented by Wilson (1990). The results serve as
benchmark data for comparison with numerical model
calculations. Figure 6.45 compares the measured evap-
oration rates with computed results obtained with an
uncoupled analysis using SVFlux (SoilVision, 2010). The
uncoupled analyses were performed using three procedures:
(i) Wilson-Penman model (Wilson et al., 1994) (ii) limiting
function model (Wilson et al., 1997a), and (iii) experi-
mental-based model (Wilson et al., 1997a). Also shown
are the PE and AE measurements by Wilson (1990).
Figure 6.45 shows that the measured evaporation rates
are similar to the computed evaporation rates obtained
when using the three uncoupled models. The results from
the three uncoupled models are also quite similar to the
measured results.

Figure 6.46 shows the actual evaporation calculations
performed using a coupled mode with SVFlux and SVHeat
(SoilVision, 2010). The coupled analyses were performed
using: (i) Wilson-Penman model (Wilson et al., 1994)
(ii) limiting function model (Wilson et al., 1997a), and
(iii) experimental-based model (Wilson et al., 1997a). Once
again, the three models show similar amounts of computed
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Figure 6.45 Comparison of the measured evaporation rates to
predicted evaporation rates using uncoupled moisture movement
models.

evaporation. The coupled and uncoupled results were also
similar.

The similarity between the coupled and uncoupled model
results may be due to the fact that the ambient air temper-
ature did not undergo significant change during the experi-
ment. The temperatures were recorded to have changed from
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Figure 6.46 Comparison of measured evaporation rates to
predicted evaporation rates using coupled moisture movement
models.

37.4 to 38.1 ◦C during the experiment. Consequently, ther-
mal transfer in the soil column was not a dominant term in
the coupled modeling of SVFlux and SVHeat.

Actual evaporation calculations based on the Wilson-
Penman model (Wilson et al., 1994), and the limiting
function (Wilson et al., 1997a) model most closely match
experimental data. The experimental-based (Wilson et al.,
1997a) model results slightly underpredict the measured AE.

There was a slight overprediction of AE in the first 5
days. The overprediction appears to come from the over-
prediction of relative humidity at the soil surface. There
should not be a significant decrease in relative humidity
until the soil suction at the soil surface is larger than about
3000 kPa. However, the sand soil will go past the resid-
ual water content well below a suction of 3000 kPa. Under
these conditions there appears to be a surface resistance to
evaporation that is more dominant (Alvenas and Jansson,
1997; Lee and Pielke, 1992; Kondo and Saigusa, 1992).
An adjustment factor was introduced to compensate for the
vapor pressure calculations at ground surface and to improve
numerical stability. The adjustment factor appears to range
from 0 to 2. It is anticipated that the adjustment factor will
vary for different soils with the largest values applicable for
coarse-grained soils.

Figure 6.47 presents the measured air temperature and
the temperature at the soil surface that is observed during
the experiment (Wilson, 1990). The soil surface tempera-
tures calculated during each of the numerical simulations are
also presented. The predicted temperature at the soil surface
shows reasonable agreement with the measured values.

There is some difference between the predicted and
measurement values of temperature in the first 5 days when
using the uncoupled (or quasi-coupled) Wilson-Penman
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model (Wilson et al., 1994). The uncoupled limiting
function and experimental-based models assume that the
soil surface temperature is equal to the air temperature.

A large amount of heat (i.e., latent heat of vaporization,
which is about 2.5 × 109 J/m3), is absorbed during evapo-
ration from the soil surface. The result is a significant drop
in temperature at the soil surface in the first few days. The
temperature at the soil surface subsequently increases and
becomes close to the air temperature when evaporation is
reduced.

It has been demonstrated that there are a number of dif-
ferent possible ways in which AE from a soil surface can be
calculated. A total of six calculation procedures have been
described. The solution procedures were first separated into
coupled and uncoupled solutions. The uncoupled procedures
require considerably less computational effort. All six cal-
culation procedures appear to give quite similar results. It is
difficult to say whether uncoupled solutions are satisfactory
in all situations for computing AE from a soil surface. There
is need for further comparative studies to be undertaken on
the computational procedures.

6.3.21 Transpiration Flux

Transpiration T is the term used to describe evaporation
from vegetated surfaces. The term transpiration is usually
separated from the terms actual evaporation and potential
evaporation in geotechnical engineering. Actual evapora-
tion plus transpiration from plants gives rise to the term
evapotranspiration , as illustrated in Fig. 6.48. There are
advantages in separating the components of evaporation in
this manner because of the independent calculations required
for each component.

Evaporation accounts for the movement of water from
the surface of the earth to the air from sources such as the
soil and vegetated surfaces. Transpiration accounts for the

Transpiration

Evapotranspiration = 
Transpiration + evaporation

Trees Grass
Evaporation

Groundwater
recharge

Figure 6.48 Illustration of evaporative components contributing
to evapotranspiration.

movement of water within plants and the subsequent loss
of water as vapor through stomata in its leaves (Fig. 6.49).
Transpiration is part of the overall water cycle and therefore
part of the ground surface water balance boundary condition.
Trees, shrubs, and grass contribute to transpiration and are
called transpirators.

Plants can remove significant amounts of water through
transpiration. Computer simulation of a vegetated ground
surface is usually handled in two steps: first, the assumption
is made that there is no vegetation on the ground surface and,
second, further simulations are performed while considering
the presence of vegetation.

Numerous assumptions must be made when considering
the simulation of vegetation on evaporative flux. Plants can
be visualized as small pumps (i.e., sinks) that remove water
from a zone of soil below ground surface (Tratch et al.,
1995) (Fig. 6.49). The effect of vegetation has proven to
be quite complex. Transpiration is a function of the soil
zone from which water is extracted as well as the leaf area
characteristics of the plants. The growing season for the
vegetation must be assumed and there must be sufficient
nutrients available in the soil to sustain plant growth. The
long-term nutrient sustainability for plant growth can be a
significant factor when evaluating transpiration.

The simulation of plant-covered ground surfaces requires
a number of assumptions related to the vegetation. The
simulation of transpiration has been a topic of consider-
able interest in agriculture-related disciplines. Much of the
agricultural research has direct interest and application to
problems encountered in geotechnical engineering. Tratch
et al. (1995) gave consideration to the research in agricul-
ture and proposed protocols for geotechnical engineering
practice.

Atmosphere = 1000,000 kPa
(50% RH at 22 °C)

Leaf = 1500 kPa

Stem = 500 kPa

Root = 200 kPa

Soil = 20 kPa

Figure 6.49 Movement of moisture through vegetation.
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The transpiration process can be applied as a sink term
below a specified evaporation boundary. There are a num-
ber of factors that control the amount of water that can be
transpired by the vegetation, including bare soil evapora-
tion, leaf area index (LAI), plant limiting function (PLF) as
it relates to soil suction, and the root zone profile (Saxton,
1982). These are the key factors that need to be taken into
consideration when simulating transpiration for geotechnical
engineering applications.

The lack of available water for plant growth and high
evaporative demands may cause plants to biologically react
by closing stoma, reducing transpiration, and reducing
metabolic reactions (Saxton, 1982). The plant will reach its
wilting point if subjected to continuous stress. The wilting
point results in the dropping of leaves and tissue death.

Tratch et al. (1995) suggested a four-step methodology
for the prediction of moisture uptake via transpiration from
plants:

1. Determine PE, which is a measure of the maximum
evapotranspiration rate possible under the specified
atmospheric conditions.

2. Determine the potential transpiration (PT) rate based
on PE and the characteristics of the plant population
at the site. This is a measure of the maximum tran-
spiration rate possible under the specified atmospheric
conditions.

3. Distribute the PT, which is a surface flux, into a poten-
tial root uptake profile within the active root zone.

4. Modify the potential root uptake based upon the avail-
ability of moisture within the actual root uptake profile.

The PE can be applied as a boundary flux that is depen-
dent on the atmospheric conditions. Potential evaporation
is the cumulative sum of bare soil evaporation and plant
transpiration (Granger, 1989).

Determination of the PT constitutes the second step in
evaluating the transpiration flux. Potential transpiration is
the PE modified by the LAI.

6.3.21.1 Leaf Area Index

The LAI represents the effect of the vegetation cover on the
energy available to extract water from the ground surface. A
plant cover with a large LAI has a larger potential to extract
water. There is an adjustment in the evaporation rate as the
plants absorb more energy.

The LAI, by definition, is the surface area of the leaves
divided by the surface area covered by the soil. The LAI
can be specified as a function of time (e.g., days of each
year) (Fig. 6.50). There is a growing season and there
is an inactive season when no growth takes place. For
example, the growing season may be assumed to start on
April 1 and end on August 15, in which case the length
of the growing season is 223 days. The LAI will control
the role that vegetation plays on overall evaporation from
the ground surface.
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Figure 6.50 LAI as function of days of year.

Ritchie (1972) observed that the transpiration component
of evaporation was dependent upon the LAI. The follow-
ing controls were suggested for the calculation of potential
transpiration PT:

PT = 0 when LAI < 0.1 (6.76)

PT = PE
(−0.21 + 0.70 LAI0.5) 0.1 <= LAI < 2.7

(6.77)

PT = PE when 2.7 <= LAI (6.78)

where:

PT = potential transpiration rate per unit time, mm/day,
LAI = leaf area index (unitless), and
PE = potential evapotranspiration rate per unit time,

mm/day.

Tratch et al. (1995) suggested the use of one of three
plant quality covers: excellent cover, good cover, and poor
cover. Figure 6.51 shows these curves for a one-year period.
The mass flux due to transpiration can first be defined as a
ground surface flux. Then the ground surface moisture flux
is distributed through the soil profile. Two shape functions
were suggested by Tratch et al. (1995) for describing root
distribution: a triangular shape and a rectangular shape.
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Figure 6.51 Quality of plant growth in terms of LAI.
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6.3.21.2 Root Distribution

The zone over which plant transpiration is assumed to
extract water is dependent upon the depth of the roots
and the distribution of the roots. Two functions for root
zone distribution appear to be sufficient for geotechnical
engineering applications. The root shape zones are classified
as a triangular root zone or a rectangular root zone. Both
functions extract the same volume of water from the soil,
but the water is extracted differently with respect to depth.

The triangular root distribution shape function describes a
decreasing root uptake of water with depth, as illustrated in
Fig. 6.52a. The rectangular root distribution shape function
describes a constant root uptake of water with depth, as
illustrated in Fig. 6.52b. The potential root uptake at a point
under consideration can be defined as follows:

PRU = RSF PT

RT

(
1 − Rn

RT

)
(6.79)

where:

PRU = potential root uptake rate per unit time, m3/day,
RSF = root distribution shape factor (i.e., triangular or

rectangular),

Potential transpiration (PT)
(surface flux)

Triangular potential

root uptake

(distributed flux)

Root depth

(a) Triangular potential root uptake region

(b) Rectangular potential root uptake region

Potential transpiration (PT)
(surface flux)

Rectangular potential

root uptake

(distributed flux)

Root depth

Figure 6.52 Common shapes for root uptake areas.

PT = potential transpiration rate per unit time, m/day,
RT = total thickness of the root zone in length units

m, and
Rn = depth to the given point in length units, m.

The PRU variable must be integrated over the root zone
when a transpiration boundary is specified. The PRU is
applied as a potential transpiration sink.

6.3.21.3 Plant Limiting Factor, PLF

A lack of available water reduces the ability of a plant to
transpire water. The PLF is a function of the suction in the
soil in the root zone. When soil suction is low, the PLF is
1.0, and when the wilting point of the plant is reached, the
PLF is reduced to zero. Figure 6.53 shows a typical plot of
PLF versus soil suction.

The root transpiration sink Sroot is calculated by modifying
the potential transpiration sink by a reducing term based on
the suction in the soil, as shown in the following equation:

Sroot = (PRU)(PLF) (6.80)

The actual transpiration sink is maintained at the poten-
tial transpiration values when soil suction is low. Once a
specified limiting value is exceeded, the actual transpira-
tion flux decreases exponentially (i.e., straight line on a
semilog plot) until the wilting point is reached. Transpiration
will be zero at soil suctions above the wilting point. Tratch
et al. (1995) suggested defaults for the limiting value and
the wilting point to be 100 and 1500 kPa, respectively. The
transpiration sink term is part of the moisture flow partial
differential equation (i.e., Eq. 6.53). A negative value indi-
cates that water is being pulled from the system.

6.3.22 Net Evaporative Flux at Ground Surface

Each of the components that influence the moisture flux at
the ground surface has been described. Each of the moisture
flux components can be plotted for the year and then the
net infiltration curve can be computed (Fig. 6.54). The net
infiltration component becomes the ground surface moisture
flux boundary condition. It is possible to proceed with the
calculation of infiltration of water into the soil once the net
moisture flux at the ground surface boundary is known.

The above-mentioned calculations for net moisture flux
are not independent of modeling soil infiltration. The AE
is dependent upon knowing the total suction at ground
surface. Actual evaporation is computed as part of the
infiltration model. There is a “coupling effect” between the
infiltration model and the calculation of AE. Stated another
way, the calculations combine the climatic ground surface
moisture flux conditions with the solution of the nonlinear
partial differential equation of unsaturated soil seepage. The
combination of the unsaturated soil moisture flow model
and the climatic boundary conditions is called the soil-
atmospheric model.



6.4 challenges of numerical modeling ground surface moisture flux conditions 321

10 100 1000 10,000

Soil suction, kPa

0.0

0.2

0.4

0.6

0.8

1.0

P
la

nt
 li

m
iti

ng
 fa

ct
or

Limiting point

Wilting point

Figure 6.53 PLF versus soil suction.
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Figure 6.54 Net infiltration computed after ground surface moisture flux has been applied to
soil-atmospheric model.

The soil-atmospheric model must be solved on an elapsed
time scale that might be on the order of a few minutes. Each
day is modeled as a series of time steps and the time scale is
continued for the entire year. However, one year may not be
sufficient for design purposes in some cases (e.g., the cover
system). Rather, it may be necessary to perform these calcu-
lations for as much as 10 years or more. Needless to say, the
design of soil cover systems is computationally demanding
even without consideration of two- and three-dimensional
geometries. As well, the high nonlinearity of the partial dif-
ferential moisture flow equation makes convergence of the
solution a challenge.

The net effect of the components discussed above is called
the “net infiltration” at the soil surface. Infiltration at the
bottom of a soil cover system is commonly referred to as
“deep infiltration”; however, other terms are also used. The
magnitude of deep infiltration provides an indication of the
amount of water that is likely to pass below the cover sys-
tem into the underlying materials. Needless to say, there are

many assumptions and extensive calculations that go into
the estimation of moisture infiltration.

6.4 CHALLENGES OF NUMERICAL MODELING
GROUND SURFACE MOISTURE FLUX
CONDITIONS

Shackelford (2005) presented a summary of some of the
current and future environmental issues of special interest
to cover systems. The issues mentioned were (1) long-term
performance of waste containment systems, (2) alternative
barriers or covers (i.e., alternative to clay covers) and bar-
rier materials, (3) innovative barriers (covers) and barrier
materials, (4) forms of waste materials, (5) significance of
biological waste processes, (6) the role of numerical mod-
eling in cover design, and (7) professional identity. Of the
mentioned issues, it is the role of numerical modeling as it
relates to cover systems that is of primary interest in the
application of unsaturated soil mechanics.
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Shackelford (2005) made several comments that are note-
worthy with regard to the difficulties associated with the
modeling of cover systems. He stated:

The ability of models to accurately predict field performance
of engineered systems has been and will continue to be an
issue facing geotechnical engineers. This issue is particularly
important when dealing with environmental problems because
models are often used as a tool to predict the future impacts
and resulting risk from engineering activities related to envi-
ronmental protection.

The uncertainty in the accuracy of the model predictions
can be considerable, particularly in cases where the time-
frame for the prediction is long, such as the disposal of
radioactive wastes with design lives ranging from hundreds
to thousands of years.

– uncertainty is associated not only with the comprehen-
siveness and accuracy of the physical, chemical, and biolog-
ical processes upon which the model is based, but also with
the accuracy of the input data and the lack of knowledge con-
cerning the changes in the material properties and processes
that may occur with time. As a result, predictions made with
existing models generally cannot be considered reliable until
and unless the predictions are verified by comparison with
field data.

– the problems in trying to predict the field performance of
engineered systems, particularly when the processes involved
are highly nonlinear and the properties of the systems are
time dependent. These examples also illustrate why evalua-
tion and verification of numerical models will continue to be
an important issue facing geotechnical engineers, particularly
within the realm of environmental issues.

Numerical modeling associated with cover design has pre-
sented many challenges to geotechnical engineers. There
appears to have been significant problems related to con-
vergence when solving the partial differential moisture flow
equation. There are also questions related to the assump-
tions made at various stages of the analysis. The numerical
modeling analysis is handled as a transient seepage analysis
that may extend over a time period of several years (e.g.,
typically 10 years) using time steps on the order of a few
minutes. The weather conditions can vary from near-average
conditions to extreme conditions and the soil properties can
vary from being almost constant to taking on the form of

highly nonlinear mathematical functions. Needless to say,
the numerical modeling challenges are significant and appear
to exceed those of most other unsaturated soil mechanics
applications.

6.4.1 Basic Functionality of Cover Systems

The first designed cover systems were predominantly made
of compacted clays. The intent was to construct a rela-
tively impervious cover over waste materials. However, the
primary problem encountered with clay covers was the for-
mation of cracks associated with drying and desiccation.
Cracks had the potential to make the clay covers quite per-
meable to water. As a result, a new generation of cover
systems called “alternatives covers” became more common.
The name alternative covers was used because they were
an alternative to clay covers. These cover systems were
also referred to as store-and-release covers and ET (evapo-
transpirative) covers.

The engineering design of a Store-and-Release cover sys-
tem involved the application of unsaturated soil mechanics
principles (Fig. 6.55). The covers could change in degree of
saturation with time and function in a manner that accommo-
dated environmental fluctuations. Reductions in the degree
of saturation reduced the hydraulic conductivity (or coef-
ficient of permeability) of the cover system as long as the
surface soil did not crack due to desiccation drying. A reduc-
tion in the degree of saturation increased the water storage
capacity of the cover soil. The intent was to have a soil
cover that buffered extreme climate forcing factors by stor-
ing water during wet periods and releasing it back to the
atmosphere during dry periods.

Alternative covers can be constructed using a variety of
soil types and often make use of sand and silt soils. The
covers are designed on the basis of water storage and water
release (i.e., a water balance design). There must be sufficient
capability for the water that infiltrates the cover on an annual
basis to essentially be removed during the same year. Store-
and-release soil covers are most suitable in arid and semiarid
climates. The cover design must also take into consideration
the distribution of precipitation throughout the year as well as
the distribution of thermal energy to drive evaporation. Stated

Top of the store-and-release cover

Water storage
Emptying

Summer Summer

Seasons of the year

SummerWinter Winter

EvapotranspirationSaturated

Dry

Figure 6.55 Concept of store and release used in the design of alternative cover systems.
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another way, the cover material must be able to provide suffi-
cient water storage capacity and thermal energy to evaporate
water. These conditions must be met throughout each year.
It is necessary to test the functionality of the cover by sub-
jecting a proposed design to several years of past climatic
conditions. The cover may be subjected to 10 or more years
of past climatic record data. The numerical simulations may
be reduced to time steps and as a result the analysis becomes
computationally intensive. The concept of “storing water”
and “releasing water” throughout the year is relatively sim-
ple; however, the analysis is dependent on the assessment of
many variables as well as the estimation of several nonlinear
unsaturated soil property functions.

6.4.2 Classification of Alternative Cover Systems

Alternative covers can be classified into two main cate-
gories: (i) monolithic covers (MCs) and (ii) capillary barrier
covers (CBCs). Monolithic covers are also referred to as
store-and-release covers, soil-plant covers, ET covers, or
phytocovers or vegetated covers.

The MCs usually consist of a single, relatively thick layer
of fine-textured soil with a relatively high water storage
capacity. Alternative cover design requires there to be suf-
ficient evaporative flux potential for the removal of water
from the storage layer.

The CBCs usually take the form of two main layers. There
will often be an additional organic layer placed on top of
the basic cover layers. The primary cover material usually
consists of a fine-textured soil overlying a relatively coarse
soil layer. The coarse layer is meant to function as a capil-
lary break layer in order for the cover to function properly.
The design criteria that must be met are shown in Fig. 6.56.
The first design criterion states that the matric suction at the
interface between the fine and coarse soil layers must always
remain higher than the intersection of the permeability func-
tions for the two materials. Failure to meet this criterion
results in unwanted infiltration. The second design criterion
states that the matric suction at the interface between the
fine and coarse soil layers must be kept greater than the
residual suction of the coarse layer. These two criteria are
illustrated on the permeability functions shown for the fine
and coarse soil layers (Fig. 6.56).

Alternative covers have rapidly gained popularity due to
lower susceptibility to cracking and ability to accommodate
a wider range of materials. The concept behind the design of
alternative covers is simple and easy to grasp since the focus
is on the storage of water. However, the design verification
analysis is quite complex and involves a day-by-day numeri-
cal simulation of typical climatic data. There is a wide range
of possible soil cover materials that might possibly be used
for soil layers. Once the alternative cover is constructed
it usually has low postclosure maintenance requirements.
There should, however, be postclosure studies to verify that
the cover system is indeed functioning as it was designed
to function.
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Figure 6.56 Concept of a “capillary break” used in the design of
alternative cover systems.

SWCCs become the primary soil information required
for alternative cover designs. There are two breaks on the
SWCC that largely define the behavior of the soils upon
desaturation: (i) air-entry value of the soil and (ii) residual
suction of the soil. The SWCC for the soil defines the water
storage capabilities of the cover system.

The infiltration and transmission abilities of the cover sys-
tem are largely dependent upon the permeability function for
the soil (i.e., hydraulic conductivity versus soil suction). The
permeability function for the cover material (and the under-
lying material) is also a function of the saturated hydraulic
permeability and the SWCC of the soil.

The design of a cover system appears to be a relatively
straightforward application of unsaturated soil mechanics
principles. The inherent simplicity and straightforward con-
cepts associated with the theory and design of cover systems
can lead to unwarranted confidence in the design proce-
dure. The cover system must serve the purpose of being an
interceptor between the soil and the atmosphere. The cover
systems are called upon to perform satisfactorily under an
extremely wide range of diverse moisture and thermal flux
boundary conditions.

Another class of cover systems is known as “innovative
covers.” Innovative covers are classified mainly in terms of
their state of development. In other words, innovative covers
are still deemed to be at a fundamental stage of research
and development. Examples of innovative covers are clay
membrane barriers and polymer-clay nanocomposites with
superior mechanical, thermal, and electrical properties.

6.4.3 Geotechnical Aspects That Give Rise
to Modeling Challenges

There are several aspects of the cover design procedure that
make the procedure an engineering challenge. The infiltra-
tion modeling involves the solution of a highly nonlinear
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PDE that describes the seepage and water storage processes.
The soil properties that produce nonlinearity in the moisture
flow PDEs are the permeability function and the water stor-
age function. Both of these soil properties are related to
the SWCC.

If the SWCC has a relatively high air-entry value and if
the rate of desaturation of the soil is relatively slow, then
there are usually few difficulties associated with conver-
gence of the moisture flow PDE. On the other hand, if the
air-entry value is low (e.g., less than 10 kPa), or extremely
low (e.g., less than 1.0 kPa), then convergence difficulties
can be encountered with some software packages. The rate
of desaturation also affects the nonlinearity of the PDE solu-
tion. There can be considerable difficulties encountered in
obtaining a converged solution if the rate of desaturation
defined by the SWCC is steep.

There is also the possibility that the solution may have
converged but the computer code has made compromising
assumptions to assist in the convergence. It is possible that
these assumptions will result in convergence to the wrong
answer. However, there are special computational techniques
that should be used when dealing with highly nonlinear
PDEs. The technique is referred to as adaptive grid refinement
(AGR) and can be applied to the finite element method.

The criterion to ensure convergence is similar to the
criteria imposed when solving finite difference numerical
solutions using longhand calculations. The time-and-space
relationship for the numerical solution must meet certain
criteria in order to ensure convergence. The convergence
criteria for a finite difference calculation are defined in terms
of a β value which must be less than 0.5. The convergence
criteria can be achieved by changing either the spatial
distance between nodes or the time step. When solving a
highly nonlinear, multidimensional finite element solution,
it is necessary to make changes to the time steps and/or
the size of the elements in order to ensure convergence

to the correct solution. These changes in the finite element
mesh must be performed in a dynamic manner that may
not even be observable to the modeller.

6.4.4 Initial Conditions to Start Analysis

It is necessary to have a procedure for starting a nonlin-
ear analysis. In other words, it is necessary to define the
initial conditions for commencing the analysis. Some pos-
sible procedures for commencing a nonlinear analysis are
suggested.

One of the procedures that can be used to establish ini-
tial conditions is to create a situation that simulates average
conditions over the past several years. The intent in this
case is to create a fictitious long-term steady-state situa-
tion. There are a number of ways a near steady state can be
achieved. One procedure involves averaging the precipita-
tion and weather conditions over a period of several years.
For example, average conditions can be calculated over a
10-year period if weather records are available.

Figure 6.57 shows the average precipitation conditions
calculated from a 10-year record of weather conditions. The
total precipitation for the year is also equal to the average
precipitation over the 10-year period. The average condi-
tions can be input into a preliminary infiltration model along
with an arbitrary set of initial conditions for other variables.
Calculations can be performed over a number of years until
the suction profile at the end of back-to-back years remains
the same.

It often takes between 2 and 4 years of simulation for the
suction profile to converge in simple cases and upward of
10 or more years of simulation in complex cases. It might
even be necessary to “assist” the solution toward conver-
gence onto the steady-state suction profile. Under steady-
state conditions the suction profile with respect to depth
can be used as the initial conditions for further modeling of
actual weather conditions.
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Figure 6.57 Average daily precipitation over 10 years used to generate an initial steady-state
condition for the start of modeling.



6.4 challenges of numerical modeling ground surface moisture flux conditions 325

6.4.5 Convergence Difficulties

The convergence of the highly nonlinear partial differential
moisture flow equation is the most pressing challenge facing
soil cover modelers (Shackelford, 2005). However, signif-
icant advances have been made in resolving problems of
nonconvergence. There are two conditions that need to be
satisfied in order to ensure that the correct modeling solu-
tion is attained. First, the solution of the PDE must converge
for every time step of the lengthy design modeling period
(e.g., 10 years). Second, the modeler needs assurance that
the solution has converged to the correct solution. There are
mathematical criteria that can be used to ensure that both of
the mentioned criteria are met while solving the PDEs.

It is possible to plot tornado diagrams of the profiles of
minimum and maximum values of soil suction or saturation
levels on an annual basis. The tornado diagrams will be
quite consistent from one year to the next once steady-state
conditions have been reached.

The most successful solution to date has involved the use
of the AGR technique (Oden, 1989; Yeh, 2000). When using
this technique, the finite element mesh is continually refined,
as necessary, in order to meet the conditions that promote
convergence to the correct solution.

A simple finite difference formulation can be used to
illustrate the adaptive time-and-space technique for solv-
ing nonlinear PDEs. Figure 6.58 illustrates the finite differ-
ence solution of the one-dimensional consolidation equation.
When solving the finite difference equation, it is possible to
define a variable β to ensure convergence to the correct solu-
tion (i.e., similar to the coefficient of consolidation times the
time step and divided by the square of the spatial distance
between nodes). In order for the finite difference solution to
be correct, the defined variable β needs to be kept less than
a value of 0.5. If β becomes greater than 0.5, errors can be
incurred, as described in Fig. 6.58.

The coefficient of consolidation of a soil can change as
the coefficient of permeability of the soil changes. Changes
can be substantial and the β variable can readily go outside

Crandell (1956) noted

β =

1. truncation errors and
2. round-off errors

- that led to convergence to the
wrong solution

The space Δz and time Δt increments
affect both of these errors
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Figure 6.58 Controlling convergence through use of adjustment
of the time-and-space steps.

acceptable limits and cause the solution to be in error. The
problem should be solved by changing either the time inter-
val or the spatial interval in order to bring the β vari-
able into an acceptable range. It is easy to see how this
can be accomplished when using a finite difference solu-
tion. When performing a finite element solution, the spatial
changes need to be accomplished by changing the size of
the finite elements. Changing element sizes while the solu-
tion is underway is a challenge, but this technique has been
incorporated into the solvers of all finite element solutions
used by SoilVision Systems (Fredlund and Thode, 2010).
The AGR technique appears to generally meet the condi-
tions necessary for convergence to the correct solution when
solving highly nonlinear PDEs.

6.4.6 Verification of Cover Designs

Field monitoring is an essential part of quality assurance
(QA) for cover systems. Measurements need to be taken to
ensure that the cover system is performing as anticipated
from the design. Field monitoring can provide verification
that the cover performance is satisfactory.

A typical field monitoring system for a cover system may
involve (i) the installation of a lysimeter, (ii) the installation
of a weather station, (iii) soil suction measurements within
the soil cover, and (iv) water content measurements within
the soil cover (Fig. 6.59). Equipment is available commer-
cially for each of the mentioned measurements. All types
of instrumentation do not necessarily need to be installed in
all cover systems. Rather, there is often a hierarchy on the
instrumentation monitoring items. For example, a lysime-
ter might be considered to be the most important item of
instrumentation.

Design details for the lysimeter are important in order to
obtain accurate measurements of infiltration. The lysimeter
may need to be on the order of 10–20 m in length, of proper
depth, and filled with appropriate material in order to yield
accurate results (Benson, 2002).

Weather stations are reasonably priced and can be placed
at the site of a proposed cover system. While the cost of the
weather station is modest, its maintenance and servicing may
entail considerable expenditure. It must also be remembered
that visual field inspections and reporting need to be an
ongoing part of the monitoring process.

6.4.7 Uniqueness of Cover Design Procedure

There are many assumptions that need to be made as part of
the design procedure for a cover system. The soil conditions
can change with time due to the effects of weathering and
freeze-thaw conditions with the result that the soil properties
become far from the initially measured or assumed values.
The changes can prove to differ by orders of magnitude
from initial compacted or placement conditions. This does
not make a realistic design impossible but simply shows that
much greater care and detail must be given to the assessment
of the unsaturated soil properties.
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Figure 6.59 Types of measurements required for verification monitoring of cover systems.

The climatic quantification that provides the final “net
moisture flux” at ground surface has many inherent broad
assumptions. The tendency to focus the analysis on average
conditions may cause a deviation from the real performance
of the cover system. In other words, extreme weather condi-
tions may need to be more carefully evaluated during cover
design. For example, extreme conditions where there is sig-
nificant water runoff can result in serious erosion problems.

The effect of cracks forming in a clay-rich soil can radi-
cally change the soil response to infiltration and exfiltration.
Unsaturated soil properties are highly nonlinear and may
even change to be bilinear in character. These extreme con-
ditions need to be given more attention and may even turn
out to be a controlling factor once the clay content reaches
a particular percentage.

6.4.8 Long-Term Integrity

The assessment of long-term integrity of soil cover sys-
tems may increasingly become an activity of concern within
geotechnical engineering. Soil cover designs have grown
rapidly and the evaluation of their performance is essential
for ensuring their long-term integrity and acceptability.

There appears to have been a strong dependence upon
average or typical conditions for design purposes; however,
it is the influence of extreme conditions that may have the
most dramatic effect. This is true for both soil properties
and weather conditions. Soils crack and the properties of
the overall soil mass can change dramatically. Extreme
weather conditions can be destructive, causing failures to
cover systems.



CHAPTER 7

Theory of Water Flow through Unsaturated Soils

7.1 INTRODUCTION

The rate of flow of water through a porous medium is
regulated by the hydraulic conductivity or coefficient of per-
meability of the soil. The coefficient of permeability is the
primary soil property required when analyzing steady-state
and transient (or unsteady-state) flow of an incompressible
fluid through a porous medium. The water storage prop-
erties must also be defined when analyzing transient flow
problems.

The coefficient of permeability is generally assumed to be
a constant when analyzing flow through saturated soil. How-
ever, the coefficient of permeability for an unsaturated soil
can vary widely depending on the stress state (or degree of
saturation) of the soil. The coefficient of permeability of an
unsaturated soil takes on the form of a mathematical func-
tion. Any change in the stress state of a soil can affect the
coefficient of permeability, but it is changes in soil suction
beyond the air-entry value that have the greatest effect on
the coefficient of permeability.

The coefficient of permeability generally changes by sev-
eral orders of magnitude as a soil desaturates. Water can only
flow through that portion of a porous medium that consists
of water. As the amount of water in a soil decreases (i.e.,
a decrease in the degree of saturation), the coefficient of
permeability decreases because there is less cross-sectional
area through which water can flow. However, there is not a
one-to-one relationship between the amount of water in the
soil and the coefficient of permeability. The coefficient of
permeability decreases at a much faster rate than the degree
of saturation. A reduction in the amount of water in the soil
also increases the tortuosity of the flow path. As a conse-
quence, an arithmetic decrease in the volume of water in
the soil generally results in a logarithmic decrease in the
coefficient of permeability. A dry soil has a much lower
coefficient of permeability than a wet soil.

Mualem (1976b) performed a laboratory experiment that
assists in understanding the coefficient of permeability of
unsaturated materials. The experiment involved flowing
water through glass beads subjected to varying negative

pore-water pressures (Fig. 7.1). The glass beads were
initially saturated and then subjected to a series of
applied negative water pressures (or matric suctions). The
coefficient of permeability of the glass beads was measured
starting at saturated conditions. The results showed that
the coefficient of permeability of the glass beads started
to decrease when the matric suction was 3 kPa. A further
increase in suction caused the coefficient of permeability to
drop by several orders of magnitude.

It was also noted that the permeability function was dif-
ferent when the beads were in a drying mode than when the
beads were in a wetting mode. In other words, the permeabil-
ity function was hysteretic in the sense that it was dependent
upon whether the soil was undergoing a drying mode or a
wetting mode. The water content of the glass beads was
also measured during the drying and wetting processes, as
shown in Fig. 7.2. The hysteresis in the water content versus
matric suction relationship was related to the hysteresis in
the water permeability function.

The results from the Mualem (1976b) experiment showed
that a decrease in the coefficient of permeability com-
menced at the air-entry value of the soil. The relationship
between the permeability function and the SWCC would
subsequently become the basis for a variety of estimation
procedures proposed for the estimation of the permeability
function. The SWCC along with the saturated coefficient
of permeability became the basis for estimating the water
permeability function.

7.2 THEORY OF FLOW OF WATER

Several concepts have been used to explain the flow of water
through an unsaturated soil. For example, it has been sug-
gested that a water content gradient, a matric suction gradient,
or a hydraulic head gradient could form the driving poten-
tial for water flow through a porous media. Geotechnical
engineers have historically described water flow through a
saturated soil in terms of hydraulic head gradient. It is impor-
tant to also use hydraulic head gradient for water flow through
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Figure 7.1 Shape of drying and wetting permeability functions
for glass beads (after Mualem, 1976b).
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Figure 7.2 SWCCs for glass beads showing drying and wetting
hysteresis (after Mualem, 1976b).

an unsaturated soil provided hydraulic head is shown to be
an acceptable and fundamental description of flow.

Let us first consider some alternatives to using a hydraulic
head gradient to define water flow through an unsaturated
soil. A gradient of (volumetric) water content has sometimes
been used to describe the flow of water through unsaturated
soils. It is assumed that water flows from a point of high
water content to a point of lower water content. This form

of flow law, however, does not provide a fundamental basis
for describing water flow since water can also flow from a
region of low water content to a region of high water content
when there are variations in the soils involved, hysteretic
effects, or stress history variations. Consequently, the water
content gradient should not be used as a fundamental driving
potential for the flow of water (Fredlund, 1981b).

A matric suction gradient has sometimes been used as
the driving potential for water flow in an unsaturated soil.
However, the flow of water does not fundamentally and
exclusively depend upon a gradient in matric suction (i.e.,
ua − uw, where ua is pore-air pressure and uw is pore-water
pressure). Figure 7.3 demonstrates three hypothetical cases
where the air and water pressure gradients are controlled
across an unsaturated soil element at a constant elevation.
In all cases, the air and water pressures on the left-hand side
are greater than the pressures on the right-hand side.

The matric suction on the left-hand side may be smaller
than on the right-hand side (case 1), equal to the right-hand
side (case 2), or larger than on the right-hand side (case 3).
However, air and water will flow from left to right in
response to the (pressure) head gradient in the individual
phases, regardless of the matric suction gradient. Even in
case 2, where the matric suction gradient is zero, air and
water will still flow as two independent phases. It can be
concluded that water cannot always be assumed to flow
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Figure 7.3 Air pressures, water pressures, and matric suction gra-
dients across unsaturated soil specimen.
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from a point of low suction to a point of higher suction,
not even when the elevation head is constant.

Water flow can most appropriately be defined in terms of
a hydraulic head gradient (i.e., a pressure head plus eleva-
tion head gradient in the water). In other words, the matric
suction gradient is not the fundamental driving potential for
the flow of water in an unsaturated soil. In the special case
where the air pressure gradient is zero, the matric suction
gradient becomes numerically equal to the pressure gradient
in the water. Air pressure in a soil continuum is generally a
constant, and this is probably the reason for the suggestion
that water flows in response to a matric suction gradient.
The elevation head component has then been omitted if the
soil suction gradient is used to describe water flow.

The flow of water through any soil is governed by the
pressure head gradient in the water phase in addition to a
gradient due to elevation head differences. The pressure
and elevation gradients are linearly combined to give the
hydraulic head gradient that constitutes the fundamental
driving potential for water flow. The hydraulic head gradient
can be applied to each fluid phase of a multi-fluid-phase
system. Hydraulic head forms the fundamental driving
potential for flow in saturated and unsaturated soils.

7.2.1 Driving Potential for Water Phase

The driving potential for the flow of water can be defined
in terms of the energy or capacity to do work. The energy
at a point is computed relative to an elevation datum. The
datum can be chosen arbitrarily because it is the gradient in
the energy head between two points that is of importance in
describing water flow.

A point in the water phase has three primary compo-
nents of energy, namely, gravitational, pressure, and veloc-
ity. Figure 7.4 shows point A in the water phase which is

Figure 7.4 Energy at point A in y-direction relative to arbitrary
datum.

located at an elevation y above an arbitrary datum. Let us
consider the energy state of point A. Point A has a gravita-
tional energy Eg which can be written as

Eg = Mwgy (7.1)

where:

Eg = gravitational energy,
Mw = mass of water at point A,

g = gravitational acceleration, and
y = elevation of point A above the datum.

The component of energy due to the pressure at point A
is written as follows (Freeze and Cherry, 1979):

Ep = Mw

∫ uw

0

Vw

Mw
duw (7.2)

where:

Ep = pressure energy,
uw = pore-water pressure at point A, and
Vw = volume of water at point A.

The pressure energy component can also be written:

Ep = Mw

∫ uw

0

duw

ρw
(7.3)

where:

ρw = density of water.

The above equation takes the following form when water
density ρw is constant:

Ep = Mwuw

ρw
(7.4)

The flow rate of water at point A gives rise to a velocity
energy Ev:

Ev = Mwv2
w

2
(7.5)

where:

Ev = velocity energy and
vw = flow rate of water at point A ( i.e., in the

y-direction).

The total potential energy at point A is the summation of
the gravitational, pressure, and velocity components:

E = Mwgy + Mwuw

ρw
+ Mwv2

w

2
(7.6)

where:

E = total energy.
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The total energy at point A can be expressed as energy per
unit weight, which is called a potential or a hydraulic head.
The hydraulic head hw at point A is obtained by dividing
the total energy by the unit weight of water at point A (i.e.,
Mwg):

hw = y + uw

ρwg
+ v2

w

2g
(7.7)

where:

hw = total energy head.

The total energy head consists of three components,
namely, the gravitational head y , the pressure head
(uw/ρwg), and the velocity head (v2

w/2g). The velocity head
in a soil is negligible in comparison with the gravitational
and the pressure heads. The hydraulic head at any point
in the soil mass is generally written as the addition of the
gravitational head and the water pressure head, as shown
in the following equation:

hw = y + uw

ρwg
(7.8)

The components of hydraulic head have the dimension
of length. Hydraulic head is a measurable quantity and the
difference in hydraulic head between two points provides a
gradient value that describes the available energy to cause
water flow in saturated and unsaturated soils. Devices such
as piezometers and tensiometers can be used to measure the
in situ pore-water pressure at a point (Fig. 7.5). The distance
between the elevation of the point under consideration and
the datum indicates the elevation head (i.e., yA and yB ).

A piezometer can be used to measure the pore-water pres-
sure at a point when the pore-water pressure is positive (e.g.,
point B in Fig. 7.5). A tensiometer can be used to measure

the pore-water pressure when the pressure is negative (e.g.,
point A in Fig. 7.5).

The water level in the measuring device will rise or drop,
depending upon the pore-water pressure at the point under
consideration. For example, the water level in the piezometer
can rise above the elevation of point B a distance equal to the
positive pore-water pressure head at point B . The water level
in the tensiometer can alternatively drop below the elevation
of point A a distance equal to the negative pore-water pres-
sure head at point A. The distance between the water level
in the measuring device and the datum is the sum of the
gravitational and pressure heads (i.e., the hydraulic head).

In Fig. 7.5, point A has a higher total head than point
B [i.e., hw(A)> hw(B)]. Water will flow from point A to
point B due to the total head gradient between these two
points. The driving potential causing flow in the water phase
has the same form for both saturated soils (i.e., point B ) and
unsaturated soils (i.e., point A) (Freeze and Cherry, 1979).
Water will flow from a point of high total head to a point of
low total head, regardless of whether the pore-water pres-
sures are positive or negative.

Osmotic suction has sometimes been included as a com-
ponent in the total head equation for water flow. However, it
is better to visualize the osmotic suction gradient as an inde-
pendent driving potential for the osmotic diffusion process
(Corey and Kemper, 1961). Osmotic diffusion is a process
where ionic or molecular constituents move as a result of
their kinetic activity. An osmotic gradient across a semiper-
meable membrane causes the movement of water through
the membrane. On the other hand, the bulk flow of solu-
tions (i.e., pure water and dissolved salts) in the absence
of a semipermeable membrane is governed by the hydraulic
head gradient. Therefore, it is better to analyze bulk flow of
water separately from the osmotic diffusion process since
the two mechanisms are independent (Corey, 1977).

Figure 7.5 Hydraulic head as water phase driving potential for saturated and unsaturated soils.
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7.3 DARCY’S LAW FOR UNSATURATED SOILS

The flow of water in a saturated soil can be described using
Darcy’s law. Darcy (1856) postulated that the rate of water
flow through a soil mass was proportional to the hydraulic
head gradient and could be described using the following
equation:

vw = −kw
∂hw

∂y
(7.9)

where:

vw = flow rate of water,
kw = coefficient of permeability with respect to the

water phase, and
∂hw/∂y = hydraulic head gradient in the y-direction des-

ignated as iwy.

The coefficient of proportionality between the flow rate of
water and the hydraulic head gradient is called the coeffi-
cient of permeability, kw. The coefficient of permeability is
relatively constant for a specific saturated soil. Darcy’s law
can also be written for the x - and z -directions. The negative
sign in the flow equation indicates that water flows in the
direction of a decreasing hydraulic head.

Darcy’s law also applies for the flow of water through an
unsaturated soil (Buckingham, 1907; Richards, 1931; Childs
and Collis-George, 1950). However, the coefficient of per-
meability in an unsaturated soil cannot generally be assumed
to be constant. Rather, the coefficient of permeability is a
variable which is predominantly a function of the water con-
tent or the matric suction of the unsaturated soil.

Water can be visualized as flowing only through the pore
spaces that are filled with water. Air-filled pores are non-
conductive channels to the flow of water. Therefore, the
air-filled pores in an unsaturated soil can be considered
as behaving similarly to the solid phase, and the soil can
be treated as a saturated soil having reduced water content
(Childs, 1969). The validity of Darcy’s law can be veri-
fied for an unsaturated soil using an experiment similar to
that used for the verification of the flow law for saturated
soils. However, the volume of water (or water content) must
remain constant while the hydraulic head gradient is varied.

Experiments to verify Darcy’s law for unsaturated soils
have been performed, and key experimental results are pre-
sented in Fig. 7.6 (Childs and Collis-George, 1950). A col-
umn of unsaturated soil held at a uniform water content
and a constant-water-pressure head was subjected to vari-
ous gradients of gravitational head. The results indicate that
at a specific water content the coefficient of permeability kw
is constant for various hydraulic head gradients applied to
the unsaturated soil. In other words, the rate of water flow
through an unsaturated soil is linearly proportional to the
hydraulic head gradient, with the coefficient of permeability
being a constant. This behavior is similar to that observed
for saturated soils.

Figure 7.6 Experimental verification of Darcy’s law for water
flow through an unsaturated soil (after Childs and Collis-George,
1950).

The results of the Childs and Collis-George (1950) experi-
ment confirm that Darcy’s law can also be applied to unsatu-
rated soils. However, it needs to be noted that the magnitude
of the coefficient of permeability will differ at various vol-
umetric water contents θ in an unsaturated soil.

7.3.1 Coefficient of Permeability with Respect to
Water Phase

The coefficient of permeability with respect to the water
phase, kw, is a measure of the ease with which water can
flow in the space available for water flow in the unsaturated
soil. The coefficient of permeability depends upon the prop-
erties of the fluid and the properties of the porous medium.
Different types of fluid (e.g., water and oil) or different types
of soil (e.g., sand and clay) produce different values for the
coefficient of permeability kw.

7.3.2 Fluid and Porous Medium Components

The coefficients of permeability with respect to water, kw,
can be expressed in terms of the intrinsic permeability K,
which can mathematically be described as follows:

kw = ρwg

ν
K = γ

ν
K (7.10)

where:

K = intrinsic permeability of the soil, m2,
g = gravitational acceleration, m/s2,
ν = dynamic viscosity, cP,
ρ = density, kg/m3, and
γ = unit weight of the medium, N/m3.

Fluids properties can be “scaled” to the properties of water
at standard conditions (Parker et al., 1987). The intrinsic
permeability is approximately 10−12 m2 for a soil that has
an assumed hydraulic conductivity of 10−5 m/s. The density
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of water is assumed to be 1000 kg/m3 and the dynamic
viscosity v is selected for a temperature of 20◦C. (Note that
1 cP is equal to 10−3 Pa·s or 1 mPa·s.)

Intrinsic permeability is often used to convert flow
properties from one discipline to another discipline (e.g.,
between petroleum, agriculture disciplines, and geotechnical
engineering). The concept of intrinsic permeability also has
an important role to play in unsaturated soil mechanics
because the soil has two fluid phases (i.e., water and air). For
example, measurements of saturated water hydraulic con-
ductivity can be used to calculate a value for air hydraulic
conductivity for a dry soil at the same void ratio. Saturated
water hydraulic conductivity measurements can also be
used along with a SWCC to estimate an air permeability
function for an unsaturated soil. The properties of fluids in
a porous medium can provide an estimate of the relative
magnitude differences between the ease of flow of the
two fluids (e.g., air and water).

The intrinsic permeability of a soil, K , represents the char-
acteristics of the porous medium and is independent of the
fluid properties. The porous medium, in turn, is a function
of the volume-mass properties of the soil. In geotechnical
engineering, the coefficient of permeability kw is used to
embraces the overall effect of variables related to the porous
medium and the pore fluid. The coefficient of permeability
kw is the variable form most commonly used in geotechnical
engineering and is used throughout this book.

7.3.3 Relationship between Permeability and
Volume-Mass Properties

The coefficient of permeability kw is a function of any two of
three possible volume-mass properties (Lloret and Alonso,
1980; Fredlund, 1981b):

kw = kw (S, e) (7.11)

or

kw = kw (e, w) (7.12)

or

kw = kw (w, S) (7.13)

where:

S = degree of saturation,
e = void ratio, and

w = gravimetric water content.

The coefficient of permeability in a saturated soil is a
function of the void ratio (Lambe and Whitman, 1979).
However, the coefficient of permeability is generally
assumed to be a constant when analyzing most steady-state
and transient flow problems in saturated soils.

The coefficient of permeability in an unsaturated soil is
significantly affected by combined changes in void ratio and
degree of saturation (or water content) of the soil. Water

Figure 7.7 Development of unsaturated soil by retraction of air-
water interface under increasing matric suctions (i.e., stages 1–5)
(after Childs, 1969).

flows through the pore space filled with water; therefore,
the percentage of the voids filled with water is an important
factor. As a soil begins to desaturate, air first replaces some
of the water in the large pores. The onset of desaturation
causes water to flow through the smaller pores. The path-
way through the smaller pores leads to increased tortuosity
and consequently much slower flow. An increase in matric
suction in the soil leads to a further decrease in the pore
volume occupied by water. The air-water interface is drawn
closer and closer to the soil particles (Fig. 7.7). As a result,
the coefficient of permeability with respect to the water
phase decreases rapidly as the space available for water flow
is reduced.

7.3.4 Effect of Variations in Degree of Saturation
on Coefficient of Permeability

The coefficient of permeability of an unsaturated soil can
vary considerably during a transient process as a result of
changes in the volume-mass properties. The change in void
ratio in an unsaturated soil may be small in soils of low
compressibility and its effect on the coefficient of perme-
ability may be secondary. However, changes in degree of
saturation generally produce large changes in the coefficient
of permeability. As a result, the coefficient of permeability
is often described as a singular function of the degree of
saturation, S . The degree of saturation is related to matric
suction and the relationship is referred to as the SWCC
(Fig. 7.8a).

Numerous semiempirical equations for the coefficient of
permeability have been derived using the matric suction ver-
sus degree of saturation curve. The soil pore-size distribution
forms the basis for predicting the coefficient of permeabil-
ity. The pore-size distribution concept originated in the soil
sciences and has been introduced into geotechnical engi-
neering. The pore-size distribution has also been used in
other disciplines to provide an estimate of the rate at which
the coefficient of permeability decreases with the degree of
saturation of a soil.
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Further details on how the coefficient-of-permeability
function can be estimated from the matric suction versus
degree of saturation curve (or the SWCC) are presented
in the following sections as well as under estimation
procedures for the permeability function.

7.3.5 Relationship between Coefficient of Permeability
and Degree of Saturation

Burdine (1953) and Brooks and Corey (1964) suggested
that the permeability function could be obtained using the

saturated coefficient of permeability and the matric suction
versus degree of saturation relationship. The matric suction
versus degree of saturation curve exhibits hysteresis. Only
the drainage or drying curve is used to illustrate the con-
cepts and theory behind the estimation of the permeability
function. The soil structure is assumed to be incompressible.

There are three soil parameters that can be identified from
the matric suction versus degree of saturation curve: the
air-entry value of the soil,

(
ua − uw

)
b
, the residual degree

of saturation, Sr , and the pore-size distribution index, λ.
Corey (1954) suggested visualizing these parameters on
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a plot of effective degree of saturation Se versus matric
suction (Fig. 7.8b):

Se = S − Sr

1 − Sr

(7.14)

where:

Se = effective degree of saturation,
Sr = residual degree of saturation (decimal form), and
S = any degree of saturation (decimal form).

The residual degree of saturation Sr was defined as the
degree of saturation at which an increase in matric suction
did not produce a significant change in the degree of satura-
tion. While the intent of the definition of residual degree of
saturation is clear, the numerical determination of this value
is left somewhat vague.

The effective degree of saturation Se can be computed by
first estimating a value for the residual degree of saturation
Sr (Fig. 7.8a). The effective degree of saturation was then
plotted against the matric suction, as illustrated in Fig. 7.8b.
A horizontal and a sloping line can be drawn through the
data points. However, points at high-matric-suction values
may not lie on the straight line used for the first estimate of
the residual degree of saturation (Fig. 7.8b). It was reasoned
that the point corresponding to high matric suctions should
be forced to lie on the straight line by estimating a new value
for the residual degree of saturation Sr . A second estimate of
the residual degree of saturation was then used to recalculate
values for effective degree of saturation Se. A new plot of
the matric suction versus effective degree of saturation curve
can then be obtained. The above procedure is repeated until
all of the points on the sloping line constitute a straight
line. This usually occurs after the second estimate of the
residual degree of saturation. The use of the above theory
is based on the assumption that coefficient of permeability
asymptotically approaches zero as the residual degree of
saturation of the soil is exceeded.

The air-entry value of the soil,
(
ua − uw

)
b
, is the matric

suction value that must be exceeded before air recedes into
the soil pores. The air-entry value is also referred to as
the “displacement pressure” in petroleum engineering or the
“bubbling pressure” in ceramics engineering (Corey, 1977).
The term “air-entry value” has been most commonly used
in the agricultural sciences and in geotechnical engineer-
ing. The air-entry value is a measure of the maximum pore
size in a soil. The intersection point between the straight
sloping line and the complete saturation ordinate (i.e., Se =
1.0) in Fig. 7.8b defines the air-entry value of the soil. The
sloping line passing through points where the matric suction
is greater than the air-entry value can be described by the
following equation:

Se =
{(

ua − uw

)
b(

ua − uw

)
}λ

for
(
ua − uw

)
>

(
ua − uw

)
b

(7.15)

where

λ = pore-size distribution index defined as the negative
slope of the effective degree of saturation Se versus
matric suction

(
ua − uw

)
.

Soils with a wide range of pore sizes have a small value
for the pore-size distribution index λ. Soils with a uniform
pore-size distribution have a larger value for λ. Figure 7.9
presents typical λ values for various soils which have been
obtained from matric suction versus degree of saturation
curves.

The coefficient of permeability with respect to the water
phase, kw, can be predicted from the matric suction versus
degree of saturation curves as follows (Brooks and Corey,
1964):

kw = ks for ua − uw ≤ (
ua − uw

)
b

(7.16)

kw = ksS
δ
e for ua − uw >

(
ua − uw

)
b

(7.17)

where:

ks = coefficient of permeability with respect to the water
phase for the saturated soil (i.e., S = 100%) and

δ = an empirical constant for the permeability function.

The empirical constant δ can be related to the pore-size
distribution index λ:

δ = 2 + 3λ

λ
(7.18)

Table 7.1 presents several δ values and their corresponding
pore-size distribution indices λ measured for various soil
types.

7.3.6 Relationship between Water Coefficient
of Permeability and Matric Suction

A closed-form equation for the permeability function can
be obtained by substituting Eq. 7.15 for the effective degree
of saturation into Eq. 7.17. The resulting equation defines
the coefficient of permeability of the soil at suction values

Table 7.1 Suggested Values of Constant δ and
Pore-Size Distribution Index λ for Various Soils

Soils δ λ Source

Uniform sand 3.0 ∞ Irmay (1954)
Soil and porous rocks 4.0 2.0 Corey (1954)
Natural sand deposits 3.5 4.0 Averjanov (1950)



7.3 darcy’s law for unsaturated soils 335

1

10

100

0 5 10

(a)

(b)

15 20

Matric suction (ua − uw), kPa

D
eg

re
e 

of
 s

at
ur

at
io

n 
(S

),
 %

Glass beads
Volcanic sand
Fine sand
Touchet silt loam
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greater than the air-entry value of the soil (Brooks and
Corey, 1964):

kw = ks

{(
ua − uw

)
b(

ua − uw

)
}2+3λ

for ua − uw >
(
ua − uw

)
b

(7.19)
Several other relationships between the coefficient of per-

meability and matric suction have also been proposed and
are shown in Table 7.2 (Gardner, 1958a; Arbhabhirama and
Kridakorn, 1968).

The water coefficients of permeability kw corresponding to
various degrees of saturation can be expressed as the relative
water phase coefficient of permeability krw in percent form:

krw = kw × 100

ks

(7.20)

where:

ks = saturated soil coefficient of water permeability.

Experimental data for sandstone expressed in terms of the
relative permeability are shown in Fig. 7.10. A hydrocarbon
liquid was used in the experiments instead of water in order
to produce a more stable soil structure and consistent fluid
properties. The results are essentially the same as for water
flow since the relative permeability is not a function of the
fluid properties.

The shape of the relative permeability plot shows an expo-
nential reduction in the relative coefficient of permeability
with respect to the degree of saturation of the soil. This
type of plot allows a visualization of the change in the coef-
ficient of permeability over about two orders of magnitude.
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Table 7.2 Relationships between Water Coefficient of Permeability and Matric Suction

Equations Number Source Symbols

kw = ks

for ua − uw ≤ (
ua − uw

)
b

Brooks and Corey
(1964)

η = empirical constant
= 2 + 3λ

kw = ks

{(
ua − uw

)
b

ua − uw

}η

for ua − uw >
(
ua − uw

)
b

kw = ks

1 + a
{(

ua − uw

)
/
(
ρwg

)}n Gardner (1958a) a , n = constant

kw = ks{
(ua − uw)/(ua − uw)b

}n′ + 1
Arbhabhirama and

Kridakorn (1968)
n′ = constant

In reality, the coefficient of permeability can change several
more orders of magnitude as the degree of saturation of the
soil is reduced.

An empirical mathematical form for a relationship between
coefficient of permeability and matric suction was proposed
by Gardner (1958a), and typical shapes for the function are
shown in Fig. 7.11. The equation provides a continuous per-
meability function extending from near-saturated conditions
under low matric suctions to high-suction conditions. The
permeability function is defined by two constants or fitting
parameters: a and n . The constant n defines the slope of the
permeability function while the a constant bears a relation-
ship to the breaking point on the permeability function (i.e.,
the air-entry value of the soil). Four typical functions with
differing values for a and n are illustrated in Fig. 7.11.

The Gardner permeability equation does not meet the
requirements for the estimation of a permeability function
since a and n are determined through use of a best-fit
regression analysis of permeability measurements. In
other words, coefficient-of-permeability data must first be
measured for various matric suction values. It is logical to
infer a relationship between Gardner’s a parameter and the
air-entry value of the soil. However, it does not necessarily
follow that the n parameter bears a unique relationship to
the slope of the SWCC.

The term “permeability function” is used whenever the
coefficient of permeability is written as a function of any
volume-mass variable or stress state variable. In geotechnical
engineering, permeability function most commonly refers to
a mathematical relationship between coefficient of permeabil-
ity and soil suction. The permeability function term closely
fits the manner in which saturated-unsaturated seepage prob-
lems are solved using a numerical modeling procedure.

Numerous estimation procedures have been developed
for the calculation of a permeability function. Essentially
all estimation procedures for obtaining the permeability

function make use of the SWCC (i.e., the degree of
saturation versus soil suction relationship or the volumetric
water content versus soil suction relationship). A variety of
procedures are later discussed under the topic of “estimation
procedures” for obtaining the permeability function.

7.3.7 Hysteresis of Permeability Functions

The degree of saturation or volumetric water content shows
significant hysteresis when plotted versus soil suction
(Fig. 7.12a). Let us assume that there is no significant volume
change as soil suction is increased. The coefficient of perme-
ability is directly related to the volumetric water content (or
degree of saturation) and will also show significant hysteresis
when plotted versus soil suction. Figures 7.12a and 7.12b
demonstrate a similar hysteresis form for both the volumetric
water content θ and the coefficient of permeability kw when
plotted versus soil suction. However, when the coefficient
of permeability is cross-plotted against volumetric water
content, there is essentially no hysteresis, as demonstrated in
Fig. 7.13.

The coefficient of permeability kw is generally assumed
to be uniquely related to the degree of saturation S or the
volumetric water content θ . This assumption is reasonable
since the volume of water flow is a direct function of the
volume of water in the soil. The relationships between the
degree of saturation (or volumetric water content) and the
coefficient of permeability appear to exhibit little hysteresis
(Nielsen and Biggar, 1961; Topp and Miller, 1966; Corey,
1977; Hillel, 1982). Nielsen et al., (1972) stated: “The func-
tion kw (θ) is well-behaved, inasmuch as for coarse-textured
soils, it is approximately the same for both wetting and
drying.” However, this is not the case for the relationship
between the water coefficient of permeability kw and matric
suction

(
ua − uw

)
. Since there is hysteresis in the relation-

ship between the volume of water in a soil and the stress
state (i.e., namely, ua − uw), there will also be hysteresis in
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Figure 7.10 (a) Relative water and (b) relative air permeabilities as function of degree of
saturation during desorption (after Brooks and Corey, 1964).

the relationship between the coefficient of permeability and
matric suction.

The question might well be asked, “Why not simply define
the water content versus water coefficient of permeability
(which has essentially no hysteresis) and use this relation-
ship when solving practical engineering problems?” Exam-
ination of the solution of practical problems shows there is
nothing is to be gained through use of the water content ver-
sus water coefficient of permeability relationship because the

partial differential seepage equation also requires a relation-
ship between water content and soil suction during the solu-
tion. The water content versus soil suction then encounters
nonlinearity and hysteresis. Consequently, it is just as easy to
use the permeability function (i.e., soil suction versus coef-
ficient of permeability) when solving the partial differential
seepage equation for hydraulic heads in an unsaturated soil.

The engineer must decide how the effects of hysteresis will
be accommodated during the solution of a practical problem.
Drying and wetting boundary curves produce hysteresis
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in the permeability function. There are also an infinite
number of scanning curves passing from the wetting to the
drying curve and vice versa. Coefficient-of-permeability
models have been proposed for unsaturated soils that
include scanning paths between the wetting and drying
curves (Watson and Sardana, 1987); however, geotechnical
engineers generally decide whether it is a drying or wetting
process that is being modeled and then select the appropriate
permeability function.

The permeability function for an unsaturated soil is not
routinely measured in the laboratory. Rather, the saturated
coefficient of permeability and the SWCC are measured (or
estimated) and combined through use of an estimation pro-
cedure that yields a permeability function. The drying (or
desorption) branch of the SWCC is most often measured
in the laboratory, and consequently, the permeability func-
tion is first computed for the drying curve. The permeability
function for the wetting curve is then estimated based on
measured or estimated hysteresis loops associated with the
SWCCs (Pham et al., 2003b).

Anisotropic soil conditions add another variation to the
permeability function, as shown in Fig. 7.14. The primary
change in the permeability function is related to the differ-
ence between the saturated major and minor coefficients of
permeability (Freeze and Cherry, 1979). The air-entry value
observed on the SWCC corresponds to the point where
both the major and minor coefficients of permeability
start to decrease. Consequently, the mathematical form for
the permeability function is similar for both the drying
and wetting branches. The water storage function is also

obtained from the SWCC and will also have hysteretic
behavior.

7.3.8 Water Vapor Flow

The movement of water in the form of water vapor is partic-
ularly important when considering the loss of water from a
soil through evaporation. Diffusion of water vapor is driven
by a gradient in water vapor pressure. Vapor flow can also
be driven as air flow in the form of vapor advection. Vapor
diffusion follows Fick’s law and is further discussed in the
chapter on air flow. Vapor advection is governed by the flow
of air and is a function of vapor content in the air. Water
vapor behaves as a gas and in fact can be considered as one
component of air.

Understanding the mechanisms related to water vapor
flow is important for the development of a soil-atmospheric
model as well as other applications. As a soil desaturates
there is a point at which water vapor flow becomes more
significant than liquid water flow. The challenge is to know
when the predominant component of moisture flow changes
from liquid to vapor flow and how each component of flow
can be quantified. The water mass flux by liquid flow is
traditionally described using Darcy’s law. The mass flux by
water vapor and advection within bulk air can be described
using a modified form of Fick’s law (Philip and de Vries,
1957; Dakshanamurthy and Fredlund, 1981) as follows:

qv
y = −Dv ∂Cv

∂y
− ρv

ρa

Da ∂Ca

∂y
= −Dv∗ ∂uair

v

∂y
− ρv

ρa

Da∗ ∂ūa

∂y

(7.21)
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where:

qv
i = flux rate of mass of water vapor within the air

phase in the i -direction per unit of total area,
kg/m2/s,

Dv = molecular diffusivity of water vapor in air [i.e.,
Dv = 0.229 × 10−4(1 + TK/273.15)1.75, m2/s
(Kimball et al., 1976)],

Da = coefficient of diffusion of air, Da ≈ Dv (Wilson
et al., 1997a),

TK = temperature, K,
Cv = concentration of water vapor in terms of the

mass of vapor per unit volume of soil, Cv =
ρv(1 − S)n,

Ca = concentration of air in terms of the mass of air
per unit volume of soil, Ca = ρa(1 − S)n,

S = degree of saturation,
n = porosity,

ρv = density of the water vapor, kg/m3,
ρv = W vu

air
v /(RT ), kg/m3,

ρa = density of the bulk air phase, kg/m3,
ρa = W a ūa/(RT ), kg/m3,
Wv = molecular weight of water vapor, 18.016 kg/

kmol,
Wa = molecular weight of pore-air, kg/kmol,
uair

v = partial pressure of water vapor, kPa,
ūa = absolute pressure in the bulk air phase (i.e.,

ua + uatm), kPa,
ua = pore-air pressure, kPa,

uatm = atmospheric pressure, 101.325 kPa,
R = universal gas constant, 8.314 J/(mol·K),

Dv∗ = diffusion coefficient of vapor through soil
(kg m)/(kN s), equal to (1 − S)nDvWv/RT

(kg·m)/kN s), and
Da∗ = (1 − S)nDaWa/RT (kg·m)/(kN s).

Equation 7.21 defines the diffusion coefficient of vapor
through soil, Dv∗

, based on Fick’s law. However, an impor-
tant factor has been omitted, namely, the tortuosity vari-
able for the diffusion of water vapor through the soil pores
(Lai et al., 1976). The diffusion coefficient of water vapor
through soil, Dv∗, can be written in the following form when
tortuosity is taken into account:

Dv∗ = αβDvWv/RT (7.22)

where:

α = tortuosity factor of the soil; α = β2/3 (Lai et al.,
1976), where β is the cross-sectional area of soil
available for vapor flow per total area [i.e., β = (1 −
S)n].

Neglecting the gradient in atmospheric pressure and
assuming the air phase is continuous and in direct contact
with the atmosphere, gradients in the free air will be equal
to gradients in the partial pressure of water vapor, uair

v .
Therefore, Eq. 7.21 can be rewritten as follows:

qv
y = −Dv∗ ∂uair

v

∂y
− uair

v

ūa

Dv∗ ∂uair
v

∂y
= − ūa + uair

v

ūa

Dv∗ ∂uair
v

∂y

(7.23)

Equation 7.23 describes vapor flow based on partial vapor
pressure gradients. It is not possible to make a compari-
son between the liquid flow equation and the vapor flow
equation (i.e., Eq. 7.23) because different gradients exist in
each equation. Consequently, a direct comparison between
the values of kw and Dv∗

is not meaningful.
Based on the thermodynamic theory of soil moisture

(Edlefsen and Anderson, 1943), the vapor pressure in the
air, uair

v , can be expressed as a function of the total potential
of the liquid pore-water and temperature. The amount of
vapor in the pore-air phase depends on total suction and soil
temperature. Changes in total suction or temperature result
in mass transfer between the gaseous and liquid phases.
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Phase transfers are usually assumed to be instantaneous in
soil systems. Assuming local thermodynamic equilibrium,
neglecting the effects of the osmotic suction, and assuming
that the air pressure is equal to the atmospheric pressure, the
following relationship can be written (i.e., Lord Kelvin’s
equation):

uair
v = uair

v0 e

uwgWv

γwRTK (7.24)

where:

uair
v0 = saturation vapor pressure, kPa, of the soil-water at

temperature TK and
g = acceleration of gravity, 9.81 m/s2.

Values of saturation soil vapor pressure have been exper-
imentally obtained by Kaye and Laby (1973) for various
temperatures. Other parameters in Eq. 7.24 were previously
defined. A relationship between the vapor pressure gradients
uair

v and the gradients of the other two variables, uw and T k,
are determined by differentiating Eq. 7.24 with respect to
space, y :

∂uair
v

∂y
= gWvu

air
v

γwRTK

(
∂uw

∂y
− uw

TK

∂TK

∂y

)
(7.25)

The total moisture flow (liquid and vapor), qm
y [kg/(m2s)],

is obtained by summing Eq. 7.25 and Darcy’s liquid flow
equation and the water vapor equation 7.23. Equation 7.25
can then be used to express vapor flow in terms of pore-
water pressure and temperature gradients:

qm
y = − 1

g

(
kw + γwDm

) ∂uw

∂y
− ρwkw

∂Y

∂y

+ ρwDm uw

TK

∂TK

∂y
− ūa + uair

v

ūa

Dv∗ ∂uair
v

∂y
(7.26)

where

Dm = ūa + uair
v

ūa

g

γw

Wvu
air
v

RTK

Dv∗

ρw
(m/s)/(kN/m3)

Equation 7.26 governs one-dimensional flow of liquid
water and water vapor flow based on a single gradient.
The comparison of the terms kw and kv (where kv = γwDm)
gives a comparison between the amount of liquid and vapor
water flow. The terms kw and kv can be compared if isother-
mal conditions exist, and the gravitational component is
neglected since both terms are then based on the gradient of
pore-water pressure.

Temperature gradients are required for the solution of
Eq. 7.26 for nonisothermal conditions. The nonisothermal
solution would require that the heat flow partial differential
equation also be solved (Gitirana and Fredlund, 2003b).

Equation 7.22 shows that the diffusion coefficient of water
vapor through soil, Dv∗

, is a function of degree of saturation
S and porosity n , which in turn are functions of soil suction.

The diffusion coefficient Dv∗
is equal to zero when the soil is

saturated and increases as air starts to occupy part of the soil
pore space. On the other hand, the hydraulic conductivity kw
is at its highest value when the soil is saturated and starts
declining as air begins entering the soil pore spaces. As the
soil dries, the water coefficient of permeability kw eventually
becomes lower than the vapor diffusion coefficient kv. At
this point, vapor flow will become equal to liquid water flow.

7.3.9 Lower Limit for Water Coefficient
of Permeability

The liquid water coefficient of permeability kw decreases
with increasing soil suction. There is, however, a “shutoff”
of liquid water flow at some value of suction. The chal-
lenge is to determine the smallest possible water coefficient
of permeability. Most of the proposed procedures for the
calculation of the water permeability function result in an
indefinite decrease in the water coefficient of permeability
on a logarithmic scale. Liquid water flow may occur at rel-
atively high soil suctions, but there should be some point
where there is a transfer from liquid water flow to predom-
inantly vapor water flow.

Extremely small values of the liquid water coefficient
of permeability kw can create serious difficulties when
undertaking numerical modeling of water seepage. Ebrahimi-
Birang et al.(2004) presented two approaches for the deter-
mination of a minimum value for the water coefficient of
permeability kw. The first approach used residual conditions
to calculate minimum values for the liquid coefficient of
permeability kw. The second approach was based on water
vapor flow theory.

7.3.9.1 Liquid Water Permeability at Residual
Conditions

Ebrahimi-Birang et al.(2004) selected 45 soils from the lit-
erature and compiled the measured SWCCs, saturated coef-
ficients of permeability, and volume-mass properties. The
soils were classified as sand, silty sand, sandy silt, and
silt. Several predictive permeability models were used to
calculate the water permeability coefficient at residual con-
ditions for each soil. The unsaturated coefficient of perme-
ability corresponding to residual water content conditions
was determined. The determination of the water coefficient
of permeability corresponding to residual conditions is illus-
trated in Fig. 7.15.

Water coefficients of permeability corresponding to resid-
ual conditions were determined using the procedure pro-
posed by Fredlund et al. (1994b), as shown in Fig. 7.16.
Similar distributions of the water coefficient of permeability
were also found for other proposed procedures for predict-
ing the water permeability functions. The results show a
considerable variation in the water permeability coefficient
near residual conditions. In general, the water coefficients
of permeability corresponding to residual suction appeared
to be too large.
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Figure 7.15 Calculation of water permeability functions using various estimation procedures:
(a) Fredlund and Xing (1994) fit to the SWCC; (b) various water permeability functions for silty
sand and their relationship to residual coefficient of water permeability (after Ebrahimi-Birang
et al., 2004).
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Figure 7.16 Coefficients of water permeability at residual con-
ditions calculated using Fredlund et al. (1994b) estimation of per-
meability function (after Ebrahimi-Birang et al., 2004).

7.3.9.2 Water Vapor Permeability Functions

Six procedures were used to calculate tortuosity factors for
water vapor flow through soils and the results are shown in
Table 7.3 and in Fig. 7.17. The vapor permeability coeffi-
cient is negligible in the low-suction range where liquid water
flow is dominant. The tortuosity model proposed by Lai et al.
(1976) was selected and results are shown for the sand, silty
sand and, silt soils in Fig. 7.18.

All tortuosity functions produce similar vapor coefficients
of permeability in the high-suction range. The equation by
Lai et al. (1976) produces the highest values for the vapor
permeability coefficient with results presented in Table 7.4.

Figure 7.19 shows the variations of water, vapor, and
overall permeability coefficients for a silty sand soil. The
coefficient of vapor permeability kv has its lowest value as
the soil approaches saturation and begins to increase as air



7.3 darcy’s law for unsaturated soils 343

0.1 1 10 100 1000 10,000 100,000 106

Soil suction, kPa

V
a

po
r

pe
rm

e
ab

ili
ty

,m
/s

                 Lai et al., (1976)
                 Millington and Quirk (1961)
                 Millington (1959)
                 Marshal (1959)
                 Penman (1940)

                 Abu-El-Sha’r & Abriola (1997)

10−17

10−18

10−19

10−16

10−15

10−14

10−13

10−12

Figure 7.17 Coefficient of vapor permeability with respect to soil suction when assuming var-
ious tortuosity functions (after Ebrahimi-Birang et al., 2004).

Table 7.3 Tortuosity Coefficients from the Literature

Reference α β

Lai et al. (1976) β5/3

Millington and Quirk (1961) β10/3
/
n2

Millington (1959) β
4
3

Marshal (1959) β
3
2

Penman (1940) 0.66 N
Abu-El-Sha’r and Abriola (1997) 0.435 N

Note: αβ = computed using Eq. 7.22, n = porosity.

Table 7.4 Maximum Values of Vapor Coefficients
of Permeability

Soil Texture (kv )max, m/s

Silty sand 2.42 × 10−14

Silt 1.76 × 10−14

Sand 1.63 × 10−14
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Figure 7.18 Vapor permeability measurements for three soils (after Ebrahimi-Birang et al.,
2004).
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Figure 7.19 Liquid water, vapor, and overall permeability coefficients with respect to soil
suction for silty sand (after Ebrahimi-Birang et al., 2004).

occupies a portion of the soil pores. The liquid water
permeability starts to decline as air enters the soil pore
space. When the liquid water coefficient of permeability kw
reaches a value near the residual water content conditions,
the vapor coefficient of permeability kv becomes a max-
imum value. However, the kw at residual conditions still
appears to be dominant over the kv term.

The intersection point of liquid water and water vapor
coefficients of permeability is the point after which the vapor
permeability coefficient begins to be dominant. The intersec-
tion point provides an estimation of the minimum value for
the liquid water coefficient of permeability. Ebrahimi-Birang
et al.(2004) suggested that a reasonable lower limit for the
water coefficient of permeability is 1 × 10−14 m/s.

7.4 PARTIAL DIFFERENTIAL EQUATIONS
FOR STEADY-STATE WATER FLOW

Geotechnical engineers are often interested in knowing the
direction and quantity of flow through porous media as well
as the pore-water pressures (or hydraulic heads). Seepage
problems can be categorized as steady-state or unsteady-state
flow analyses. The hydraulic head and the coefficient of per-
meability at any point in the soil mass remain constant with
respect to time for steady-state analyses. For an unsteady-
state analysis, the hydraulic head (and possibly the coefficient
of permeability) changes with respect to time. Changes in
hydraulic head are usually in response to a change in the
boundary conditions with respect to time. The formulation of
steady-state flow analyses are considered first, followed by
unsteady-state flow.

The quantity of flow of an incompressible fluid such as
water is expressed in terms of a flux q . Flux is equal to
a flow rate v multiplied by a cross-sectional area A. The
governing partial differential seepage equations are derived

while satisfying the conservation of mass. The conservation
of mass for steady-state seepage of an incompressible fluid
dictates that the flux into an element must equal the flux out
of an element. In other words, the net flux must be zero at
any point in the soil mass.

The slow movement of water through soil is commonly
referred to as seepage or percolation. Seepage analyses may
form an important part of studies related to slope stability,
groundwater contamination control, earth dam design, and
many other geotechnical engineering applications. Seepage
analyses involve the computation of the rate and direction of
water flow and the pore-water pressure distributions within
the flow regime.

Seepage analyses have historically focused on the flow of
water in the saturated zone. However, water from the atmo-
sphere (precipitation) passes through the unsaturated soil
zone on its way to becoming part of the groundwater system.
Seepage through dams used to be analyzed by considering
only the zone below an empirically computed line of seep-
age or phreatic line (Casagrande, 1937). With our present
understanding of the physics of flow through the unsaturated
soil zone, along with the available computational ability of
the computer, it is possible to model the continuous flow
of water between the saturated and unsaturated zones, as
shown in Fig. 7.20a (Freeze, 1971; Papagiannakis and Fred-
lund, 1984). Another example is shown in Fig. 7.20b, which
illustrates the effect of infiltration and evaporation on pore-
water pressures above the phreatic surface within a slope.
Generally the infiltration and evaporation processes are con-
sidered as transient processes which respond to a moisture
flux boundary condition. Steady-state water flux through the
unsaturated zone of the slope requires a constant water flux
across the ground surface boundary.

Water flow through unsaturated soils is governed by the
same flow law as through saturated soils (i.e., Darcy’s law).
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(a) Water flow above the phreatic line in an earthfill dam.

(b) Downward moisture movement (infiltration) and upward
      moisture movement (evaporation) through the unsaturated zone.

Figure 7.20 Examples involving flow through unsaturated soils.

The main difference between saturated and unsaturated soil
problems is the difference in the water coefficient of perme-
ability which is assumed to be constant for saturated soils
while it is necessary that it be considered as a function of
suction, water content, or some other variable for unsatu-
rated soils. The pore-water pressure generally has a positive
gauge value in a saturated soil and a negative gauge value in
an unsaturated soil. The formulation of differential equations
of flow can be derived in a similar manner for both the satu-
rated and unsaturated soils even though there are significant
differences between the two cases. In other words, there is
a smooth transition when going from the unsaturated to the
saturated case (Fredlund, 1981b).

7.4.1 Variation of Coefficient of Permeability
with Space for Unsaturated Soil

The coefficient of permeability is a constant with respect
to time at each point in a soil continuum for steady-state
seepage analyses. However, the coefficient of perme-
ability usually varies from one point to another in an
unsaturated soil. A spatial variation in permeability in
a saturated soil can be attributed to a heterogeneous
distribution of the soil solids. The variation in the volume
distribution of the pore-fluid (i.e., pore-water) gives
rise to a heterogeneous system in an unsaturated soil.
Consequently, there is a spatial variation in the coefficient
of permeability in an unsaturated soil system. Although
the soil solid distribution may be homogeneous, the
pore-fluid volume distribution can be heterogeneous due to
spatial variations in matric suction. A point of high matric

suction (or low water content) will have a lower water
coefficient of permeability than a point having low matric
suction.

Several functional relationships between the water coeffi-
cient of permeability and matric suction [i.e., kw

(
ua − uw

)
]

have been described. The coefficients of permeability at
different points in a soil mass are obtained from the per-
meability function where the magnitude of the coefficient
of permeability depends on matric suction.

The coefficient of permeability at a point may also vary
with respect to direction, and this condition is referred to as
anisotropy. The largest coefficient of permeability is called
the major coefficient of permeability. The smallest coeffi-
cient of permeability is in a direction perpendicular to the
largest permeability and is called the minor coefficient of
permeability.

7.4.2 Heterogeneous, Isotropic Steady-State Seepage

Permeability conditions in unsaturated soils can be clas-
sified into three groups, as illustrated in Fig. 7.21. The
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Figure 7.21 Principal coefficient-of-permeability variations in
unsaturated soil: (a) heterogeneous, isotropic conditions; (b) het-
erogeneous, anisotropic conditions; (c) continuous variation of per-
meability with space.
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classification is based on the pattern of permeability vari-
ation. A soil is called heterogeneous, isotropic if the coeffi-
cient of permeability in the x -direction, kx , is equal to the
coefficient of permeability in the y-direction at any point
within the soil mass (i.e., kx = ky at A and kx = ky at B )
(Fig. 7.21a). However, the magnitude of the coefficient of
permeability in either direction can vary from point A to
point B since its magnitude depends on matric suction. The
variation in the coefficient of permeability with respect to
matric suction is often assumed to follow a single-valued
functional relationship even though it is known that the
soil is hysteretic with respect to the wetting and drying
processes.

7.4.3 Heterogeneous, Anisotropic Steady-State Seepage

Figure 7.21b illustrates the heterogeneous, anisotropic case.
The ratio of the coefficient of permeability in the x -direction,
kx , to the coefficient of permeability in the y-direction, ky ,
is a constant at any point (i.e., kx/ky at A = kx/ky at B =
a constant not equal to unity). The magnitude of the
coefficients of permeability kx and ky can also vary with
matric suction from one location to another, but their ratio
is assumed to remain constant. Anisotropic conditions can
also be oriented in any two perpendicular directions.

The third case of coefficients of permeability occurs when
there is a continuous variation in the coefficient of perme-
ability (Fig. 7.21c). The permeability ratio kx/ky may not
be a constant from one location to another (i.e., kx/ky at
A �= kx/ky at B ), and different directions may have different
permeability functions.

The following steady-state seepage formulations deal with
heterogeneous, isotropic and heterogeneous, anisotropic
cases. The case where there is a continuous variation in perme-
ability with space is not considered. All steady-state seepage
analyses assume that the pore-air pressure has reached a
constant equilibrium value. When the equilibrium pore-air
pressure is atmospheric, the water coefficient-of-permeability
function with respect to matric suction, kw

(
ua − uw

)
,

has the same absolute value as the permeability function with
respect to pore-water pressure, kw

(−uw

)
.

7.4.4 Ability of Unsaturated Soil to Store
and Release Water

The simulation of transient flow processes requires a char-
acterization of a water storage property that changes with
the degree of saturation (or volumetric water content) of
the soil. The water storage property is part of the partial
differential equation describing a transient process.

The water storage soil property associated with water flow
through an unsaturated soil is given the symbol mw

2 and is
equal to the arithmetic slope of the (volumetric water content)
SWCC. The differentiation of the mathematical equation
for the SWCC serves as a measure of the water storage soil
property. Figure 7.14 showed the form of the water storage

function for a typical soil. There is strong nonlinearity to
the water storage function at the point of inflection on the
SWCC. The nonlinearity of the water storage soil property
can give rise to numerical instability and errors in computing
water balances if not properly taken into account during
the solution of the seepage partial differential equation.
There is also an independent water storage curve for the
drying and wetting processes since there is hysteresis in
the SWCC.

7.4.5 One-Dimensional Flow in Unsaturated Soil

There are numerous situations where the water flow is
predominantly in one direction. Let us consider a covered
ground surface with the water table located at a specified
depth, as shown in Fig. 7.22. The surface cover prevents
the vertical flow of water from the ground surface.

The pore-water pressures are negative with respect to the
water table under static equilibrium conditions. The negative
pore-water pressure head has a linear distribution with depth
(i.e., line 1). Its magnitude is equal to the gravitational head
(i.e., elevation head) measured relative to the water table. In
other words, the hydraulic head (i.e., the gravitational head
plus the pore-water pressure head) is zero throughout the
soil profile. This means that the change in head with respect
to depth, and likewise the hydraulic gradient, is equal to
zero. Therefore, there can be no flow of water in the vertical
direction (i.e., qwy = 0).

The soil surface would be exposed to the environment if
the covering were removed from the ground surface. Envi-
ronmental changes could produce flow in a vertical direction
and subsequently alter the negative pore-water pressure head
profile. Steady-state evaporation would cause the pore-water
pressures to become more negative, as illustrated by line 2
in Fig. 7.22. Hydraulic head changes to a negative value
since the gravitational head remains constant. The hydraulic
head has a nonlinear distribution from a zero value at the
water table to a more negative value at ground surface. An
assumption is made that the water table remains at a constant
elevation for this example. The nonlinearity of the hydraulic
head profile is caused by the spatial variation in the coefficient
of permeability. Water flows in the direction of the decreasing
hydraulic head, which means that water flows from the water
table upward to the ground surface. The upward constant
flux of water is designated as being positive for steady-state
evaporation.

Steady-state infiltration causes a downward water flow.
The negative pore-water pressure increases from the static
equilibrium condition. This condition is indicated by line 3
in Fig. 7.22. The hydraulic head profile starts with a pos-
itive value at ground surface and decreases to zero at the
water table. Therefore, water flows downward with a con-
stant negative flux for steady-state infiltration.

The above one-dimensional illustration of flow involves the
application of moisture flux boundary conditions. A steady
rate of evaporation or infiltration is used as the boundary
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Figure 7.22 Hydrostatic equilibrium and steady-state flow conditions in zone of negative pore-
water pressures.

condition at ground surface. The water table acts as the lower
boundary condition and is given a fixed zero pore-water pres-
sure head.

In the laboratory measurement for the coefficient of per-
meability, hydraulic heads are controlled as boundary con-
ditions at the top and bottom of the soil specimen. Let us
consider an unsaturated soil element with one-dimensional
water flow in the y-direction (Fig. 7.23). The element has
infinitesimal dx , dy , and dz dimensions. The flow rate vwy
is assumed to be positive when water flows upward in the
y-direction. Continuity requires that the volume of water
flowing in and out of the element be equal for steady-
state conditions:

(
vwy + dvwy

dy
dy

)
dx dz − vwy dx dz = 0 (7.27)

Figure 7.23 One-dimensional water flow through an unsaturated
soil element.

where:

vwy = water flow rate across a unit area of the soil
in the y-direction and

dx , dy , dz = dimensions in the x -, y-, and z -directions,
respectively.

The net flow through the element can be written as
follows:

dvwy

dy
dx dy dz = 0 (7.28)

Substituting Darcy’s law into the above equation yields

d
{−kwy

(
ua − uw

)
dhw/dy

}
dy

dx dy dz = 0 (7.29)

where:

kwy(ua − uw) = water coefficient of permeability, which
varies in the y-direction since it is a func-
tion of matric suction,

dhw/dy = hydraulic head gradient in the y-direc-
tion, and

hw = hydraulic head (i.e., gravitational head
plus pore-water pressure head).

Equation 7.29 can be used to solve for the hydraulic head
distribution in the y-direction. Since matric suction varies
from one location to another, the coefficient of permeability
also varies. However, for the remainder of the formulation,
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the coefficient-of-permeability kwy

(
ua − uw

)
term will be

written as kwy for simplicity. Rewriting Eq. 7.29 and con-
sidering the nonzero dimensions for dx , dy , and dz gives
the following nonlinear differential equation:

kwy
d2hw

dy2
+ dkwy

dy

dhw

dy
= 0 (7.30)

where:

dkwy/dy = change in water coefficient of permeability
in the y-direction due to changes in matric
suction.

The nonlinearity in the differential equation for flow is
caused by its second term, which accounts for the variation
in permeability with respect to space. When the soil becomes
saturated , the water coefficient of permeability kwy can be
taken as being equal to a single-valued, saturated coefficient
of permeability ks . If the saturated soil is heterogeneous
(e.g., layered soil), the coefficient of permeability will again
vary with respect to location. In a saturated soil, the hetero-
geneous distribution of the soil solids is the primary factor
producing a varying coefficient of permeability. As a result,
the flow equation can be written as follows:

ks

d2hw

dy2
+ dks

dy

dhw

dy
= 0 (7.31)

where:

ks = saturated coefficient of permeability.

Comparing Eqs. 7.30 and 7.31 reveals a similar form.
In other words, the nonlinearity in the unsaturated soil flow
equation produces the same form of equation as that required
for a heterogeneous, saturated soil. In an unsaturated soil,
the variation in the coefficient of permeability is caused
by the heterogeneous distribution of the pore-fluid volume
occurring as a result of different matric suction values.

If a saturated soil is homogeneous , the coefficient of per-
meability is constant for the entire soil mass. Substituting a
nonzero, constant coefficient of permeability into Eq. 7.31
produces a linear differential equation:

d2hw

dy2
= 0 (7.32)

Equations similar to Eq. 7.31 can also be derived for one-
dimensional flow in the x - and z -directions, but in these
cases there is no elevation component contributing to the
gradient. In other words, it can be stated that flow in the x-
and z- (horizontal) directions occurs as a result of pressure
head gradients while flow in the y-direction occurs due to
hydraulic head gradients.

7.4.6 Two-Dimensional Flow through Unsaturated Soil

Seepage through an earth dam constitutes a common
example of two-dimensional flow. Let us assume that water
flows through the cross-sectional plane of the dam while
flow in the perpendicular plane is negligible. Historically, it
was conventional practice to neglect the flow of water in the
unsaturated zone of the dam. The seepage analysis presented
herein assumes that water flows through both the saturated
and unsaturated zones in response to a hydraulic head driving
potential.

The following two-dimensional formulation is an
expanded form of the previous one-dimensional flow
equation. The formulation is called an uncoupled solution
since only the continuity of the water phase is satisfied.
For a more rigorous formulation of two-dimensional water
flow, continuity would need to be coupled with the force
equilibrium equations (see Chapter 16).

The following derivation is for the general case of a het-
erogeneous , anisotropic, unsaturated soil (Fig. 7.21b). The
coefficients of permeability in the x -direction, kwx, and the y-
direction, kwy, are assumed to be related to matric suction by
the same form for the permeability function, kw

(
ua − uw

)
.

The ratio of the coefficients of permeability in the x - and y-
directions

(
kwx/kwy

)
is assumed to be constant at any point

within the soil mass.
A soil element with infinitesimal dimensions of dx ,

dy , and dz is considered, but flow is assumed to be two
dimensional (Fig. 7.24). The flow rate vwx is positive when
water flows in the positive x -direction. The flow rate vwy
is positive for flow in the positive y-direction. Continuity
for two-dimensional, steady-state flow can be expressed
as follows:(

vwx + ∂vwx

∂x
dx − vwx

)
dy dz

+
(

vwy + ∂vwy

∂y
dy − vwy

)
dx dz = 0 (7.33)

Figure 7.24 Two-dimensional water flow through an unsaturated
soil element.
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where:

vwx = water flow rate across a unit area of the soil in the
x -direction.

Therefore, the net flux in the x - and y-directions is(
∂vwx

∂x
+ ∂vwy

∂y

)
dx dy dz = 0 (7.34)

Substituting Darcy’s laws into the net flux equation results
in the following nonlinear partial differential equation:

∂

∂x

{
kwx(ua − uw)

∂hw

∂x

}
+ ∂

∂y

{
kwy(ua − uw)

∂hw

∂y

}
= 0

(7.35)
where:

kwx(ua − uw) = water coefficients of permeability as a
function of matric suction, the perme-
ability is able to vary with location in
the x - direction, and

∂hw/∂x = hydraulic head gradient in the x -
direction.

For the remainder of the formulations, the coefficients
of permeability kwx

(
ua − uw

)
and kwy

(
ua − uw

)
are written

as kwx and kwy, respectively, for simplicity. Equation 7.35
describes the hydraulic head distribution in the x -y plane for
steady-state water flow. The nonlinearity of the partial dif-
ferential seepage equation becomes clearer when it is written
in an expanded form:

kwx
∂2hw

∂x2
+ kwy

∂2hw

∂y2
+ ∂kwx

∂x

∂hw

∂x
+ ∂kwy

∂y

∂hw

∂y
= 0 (7.36)

where:

∂kwx/∂x = change in water coefficient of permeability in
the x -direction.

Equation 7.36 contains two unknowns, namely, hydraulic
head and the coefficient of permeability. These two variables
are related by another equation referred to as the permeabil-
ity function. The two equations can be solved through use
of an iterative process where the coefficient of permeabil-
ity is first assumed and the hydraulic heads are solved. The
process is repeated with continuously improved assumptions
regarding the coefficients of permeability (through use of the
permeability function). The process is repeated until conver-
gence is reached with respect to the assumed and calculated
coefficient of permeability and hydraulic heads.

For the heterogeneous , isotropic case, the coefficients of
permeability in the x - and y-directions are equal (i.e., kwx =
kwy = kw). Therefore, Eq. 7.36 can be written as follows:

kw

(
∂2hw

∂x2
+ ∂2hw

∂y2

)
+ ∂kw

∂x

∂hw

∂x
+ ∂kw

∂y

∂hw

∂y
= 0 (7.37)

where:

kw = water coefficient of permeability in the x - and y-
directions.

Table 7.5 summarizes the relevant equations for
two-dimensional steady-state flow through unsaturated soils.

Seepage through a dam involves flow through the unsatu-
rated and saturated zones. For the saturated portion, the water
coefficient of permeability becomes equal to the saturated
coefficient of permeability ks . The saturated coefficients of
permeability in the x - and y-directions, ksx and ksy , respec-
tively, may not be equal due to anisotropy. The saturated
coefficients of permeability may vary with respect to location
and give rise to heterogeneity (i.e., different soil zones).

7.4.7 Three-Dimensional Flow through
Unsaturated Soil

The real world is defined in terms of three spatial dimen-
sions. It is increasingly becoming appropriate to simulate
real-world flow systems using a three-dimensional flow anal-
ysis. Three-dimensional flow can be formulated by expand-
ing the two-dimensional flow equation to include the third
dimension. The three-dimensional equation is once again
derived based on continuity, and the equation is referred to
as an uncoupled equation of saturated-unsaturated flow.

Let us consider an unsaturated soil having heterogeneous,
anisotropic conditions (Fig. 7.21b). The coefficient of per-
meability at a point varies in the x -, y-, and z -directions.
However, the permeability variations in the three directions
will be assumed to be governed by the same permeability
function. Figure 7.25 shows a cubical soil element with water
flow in the x -, y-, and z -directions. The soil element has
infinitesimal dimensions of dx , dy , and dz. The flow rates
vwx, vwy, and vwz are assumed to be positive when water flows
in the positive x -, y-, and z -directions. Continuity for three-
dimensional, steady-state flow can be satisfied as follows:(

vwx + ∂vwx

∂x
dx − vwx

)
dy dz +

(
vwy + ∂vwy

∂y
dy − vwy

)

× dx dz +
(

vwz + ∂vwz

∂z
dz − vwz

)
dx dy = 0 (7.38)

Table 7.5 Two-Dimensional Steady-State Equations
for Unsaturated Soils

Heterogeneous, anisotropic:

kwx
∂2hw

∂x2
+ kwy

∂2hw

∂y2
+ ∂kwx

∂x

∂hw

∂x
+ ∂kwy

∂y

∂hw

∂y
= 0

Heterogeneous, isotropic:

kw

(
∂2hw

∂x2
+ ∂2hw

∂y2

)
+ ∂kw

∂x

∂hw

∂x
+ ∂kw

∂y

∂hw

∂y
= 0
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Figure 7.25 Three-dimensional water flow through an unsaturated soil element.

where:

vwz = water flow rate across a unit area of the soil in the
z -direction.

The above steady-state equation reduces to the following
form: (

∂vwx

∂x
+ ∂vwy

∂y
+ ∂vwz

∂z

)
dx dy dz = 0 (7.39)

Substituting Darcy’s law into Eq. 7.39 yields the following
nonlinear partial differential equation:

∂

∂x

{
kwx

(
ua − uw

) ∂hw

∂x

}
+ ∂

∂y

{
kwy

(
ua − uw

) ∂hw

∂y

}

+ ∂

∂z

{
kwz

(
ua − uw

) ∂hw

∂z

}
= 0 (7.40)

where

kwz(ua − uw) = water coefficient of permeability as a
function of matric suction and

∂hw/∂z = hydraulic head gradient in the z -direc-
tion.

For the remainder of the formulations, the perme-
ability function terms kwx

(
ua − uw

)
, kwy

(
ua − uw

)
, and

kwz

(
ua − uw

)
are written as kwx, kwy, and kwz, respectively,

for simplicity. The hydraulic head distribution in a soil mass
during three-dimensional steady-state flow is described by
Eq. 7.40, which can be rewritten as follows:

kwx
∂2hw

∂x2
+ kwy

∂2hw

∂y2
+ kwz

∂2hw

∂z2
+ ∂kwx

∂x

∂hw

∂x
+ ∂kwy

∂y

∂hw

∂y

+ ∂kwz

∂z

∂hw

∂z
= 0 (7.41)

where:

∂kwz/∂z = change in water coefficient of permeability in
the z -direction.

The fourth, fifth, and sixth terms in Eq. 7.41 account for
the spatial variation in the coefficient of permeability. In
the case of two-dimensional flow, the hydraulic head gradi-
ent in the third direction is assumed to be negligible (e.g.,
∂hw/∂z = 0), and Eq. 7.41 reverts to Eq. 7.36.

For the heterogeneous, isotropic case, the coefficients of
permeability in the x -, y-, and z -directions are equal and
Eq. 7.41 takes the following form:

kw

(
∂2hw

∂x2
+ ∂2hw

∂y2
+ ∂2hw

∂z2

)
+ ∂kw

∂x

∂hw

∂x
+ ∂kw

∂y

∂hw

∂y

+ ∂kw

∂z

∂hw

∂z
= 0 (7.42)

where:

kw = water coefficient of permeability in the x -, y-, and
z -directions.

Table 7.6 summarizes the three-dimensional steady-state
equations for unsaturated soils. The three-dimensional
steady-state flow equations can be solved using finite
difference and finite element numerical procedures.

Table 7.6 Three-Dimensional Steady-State Equations
for Unsaturated Soils

Heterogeneous, anisotropic:

kwx
∂2hw

∂x2
+ kwy

∂2hw

∂y2
+ kwz

∂2hw

∂z2
+ ∂kwx

∂x

∂hw

∂x

+ ∂kwy

∂y

∂hw

∂y
+ ∂kwz

∂z

∂hw

∂z
= 0

Heterogeneous, isotropic:

kw

(
∂2hw

∂x2
+ ∂2hw

∂y2
+ ∂2hw

∂z2

)
+ ∂kw

∂x

∂hw

∂x
+ ∂kw

∂y

∂hw

∂y

+ ∂kw

∂z

∂hw

∂z
= 0
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7.5 PARTIAL DIFFERENTIAL EQUATIONS
FOR TRANSIENT SEEPAGE

The steady-state water flow partial differential equations can
be expanded to include transient or unsteady-state formula-
tions. It is necessary to take changes in water storage into
account when considering a transient analysis. A transient
analysis allows the geotechnical engineer to give considera-
tion to a wider range of possible questions that can be asked.
The computational power of the computer also allows the
engineer to perform parametric-type analyses where many
of the questions involve possible changes that might occur
over time.

Many situations are encountered in engineering practice
where the ground surface is a moisture flux boundary. In
other words, the climatic conditions at a site give rise to a
varying moisture flux at the ground surface. The conversion
of thermal (and other variable) boundary conditions into an
actual evaporative flux becomes of significant interest in
solving geotechnical engineering problems. Moisture flux
boundary conditions open the way for the consideration of a
variety of new design possibilities (e.g., design of soil cover
systems). This book has devoted one chapter to the assess-
ment of the moisture flux conditions at the ground surface.
Unsteady-state or transient formulations are required when
solving problems where there is a net moisture flux imposed
at the ground surface as a boundary condition changing
with time.

7.5.1 Uncoupled Two-Dimensional, Unsteady-State
Formulations

Water flow through an earth dam during the filling of its
reservoir is an example of two-dimensional, unsteady-state
or transient flow. Eventually, the flow of water through the
dam will reach a steady-state condition. Subsequent fluctua-
tions of water level in the reservoir will again initiate further
unsteady-state water flow conditions. Infiltration and evapo-
ration cause a continuously changing flow regime. Transient
analyses of water flow are strongly influenced by conditions
in the unsaturated zone (Freeze, 1971).

The following uncoupled formulation satisfies the conti-
nuity equation for the water phase. Analyses that take the
interaction between the fluid flows (e.g., water and air) and the
soil structure equilibrium into consideration are part of com-
bined analyses and are given consideration in Chapter 16.
The derivation of the partial differential equations for two-
dimensional, unsteady-state water flow in two directions (i.e.,
the x - and y-directions) is first considered in this chapter. Fluid
flow in the third direction (i.e., the z -direction) is assumed to
be negligible.

Consideration is first given to the handling of anisotropic
permeability properties before deriving the equations for
transient water flow through saturated-unsaturated soil
systems. Water flow properties are generally defined with
respect to major and minor coefficients of permeability.

However, practical engineering problems are generally
solved with respect to the x-, y-, and z -Cartesian coordinate
system. As a result it is necessary to perform a transfor-
mation of the major and minor coefficients of permeability
into the Cartesian coordinate system.

7.5.2 Unsteady-State Seepage in Anisotropic Soil

The term anisotropy is used to refer to soil conditions where
the coefficient of permeability varies with respect to direction.
The coefficients of permeability in the x - and y-directions
are assumed to be different at any point in the soil mass.
The conditions associated with anisotropy will be first dis-
cussed followed by the derivation of the transient saturated-
unsaturated soil seepage. The coefficient of permeability also
varies with respect to space (i.e., heterogeneity) due to vari-
ations in matric suction throughout the soil mass.

Unsteady-state water flow through an anisotropic soil is
analyzed by considering the continuity of the water phase.
The pore-air pressure is assumed to remain constant with
time (i.e., ∂ua/∂t = 0). According to Freeze and Cherry
(1979), “The single-phase approach to unsaturated flow
leads to techniques of analysis that are accurate enough for
almost all practical purposes, but there are some unsaturated
flow problems where the multiphase flow of air and water
must be considered.” The water phase partial differential
equation can be obtained in a similar manner to that used
for the formulation of water flow through an isotropic soil.

7.5.2.1 Anisotropic Permeability

Let us consider the general case of a variation in the coef-
ficient of permeability with respect to space (heterogeneity)
and direction (anisotropy) in an unsaturated soil, as illus-
trated in Fig. 7.26. At a particular point, the largest or major
coefficient of permeability, kw1, occurs in the direction s1,
which is inclined at an angle α to the x -axis (i.e., horizontal).
The smallest coefficient of permeability is in a perpendicular
direction to the largest permeability (i.e., in the direction s2)

Direction of minor
permeability

Direction of major
permeability

s2

vw2
vw1

y

vwy

vwx

s1
α

α

α

α

x

kw2 kw1

A

B

kw2 kw1

Heterogeneity:

kwi at A = kwi at B
Where i = 1, 2, x or y

Anisotropy:

kw1

kw2 A =
kw1

kw2 B = constant ≠ 1

Figure 7.26 Consideration of the orientation of the principal
coefficients of permeability in heterogeneous and anisotropic unsat-
urated soil.
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and is called the minor coefficient of permeability kw2. The
ratio of the major to the minor coefficients of permeability
is a constant greater than unity at any point within the soil
mass. The magnitudes of the major and minor coefficients
of permeability, kw1 and kw2, can vary with matric suction
from one location to another (i.e., heterogeneity), but their
ratio is assumed to remain constant at every point.

An unsteady-state seepage formulation and subsequent
solution are generally performed with respect to the x and
y Cartesian coordinate directions. Therefore, it is necessary
to write the coefficients of permeability for the x - and y-
directions in terms of the major and minor coefficients of
permeability. The relationship between the two permeabil-
ity systems can be derived by first writing the water flow
rates in the major and minor permeability directions (i.e.,
directions s1 and s2, respectively):

vw1 = −kw1
∂hw

∂s1
(7.43)

vw2 = −kw2
∂hw

∂s2
(7.44)

where:

vw1 = water flow rate across a unit area of the soil
element in the s1-direction,

vw2 = water flow rate across a unit area of the soil
element in the s2-direction,

kw1 = major coefficient of permeability with respect
to water as a function of matric suction which
varies in the s1-direction [i.e., kw1

(
ua − uw

)
],

kw2 = minor coefficient of permeability with respect
to water as a function of matric suction which
varies in the s2-direction [i.e., kw2

(
ua − uw

)
],

hw = hydraulic head (i.e., gravitational plus pore-
water pressure head, or y + uw/ρwg),

y = elevation,
s1 = direction of major coefficient of permeability,

kw1,
s2 = direction of minor coefficient of permeability,

kw2,
∂hw/∂s1 = hydraulic head gradient in the s1-direction,

and
∂hw/∂s2 = hydraulic head gradient in the s2-direction.

The chain rule can be used to express the hydraulic head
gradients in the s1- and s2-directions (i.e., ∂hw/∂s1 and ∂hw/
∂s2, respectively) in terms of the gradients in the x - and
y-directions (i.e., ∂hw/∂x and ∂hw/∂y, respectively):

∂hw

∂s1
= ∂hw

∂x

∂x

∂s1
+ ∂hw

∂y

∂y

∂s1
(7.45)

∂hw

∂s2
= ∂hw

∂x

∂x

∂s2
+ ∂hw

∂y

∂y

∂s2
(7.46)

where:

∂hw/∂x = hydraulic head gradient in the x -direction and
∂hw/∂y = hydraulic head gradient in the y-direction.

From trigonometric relations, the following relationships
can be obtained (see Fig. 7.26):

dx

ds1
= cos α (7.47)

dy

ds1
= sin α (7.48)

dx

ds2
= − sin α (7.49)

dy

ds2
= cos α (7.50)

Substituting Eqs. 7.45–7.50 into Eqs. 7.43–7.44 gives

vw1 = −kw1

(
cos α

∂hw

∂x
+ sin α

∂hw

∂y

)
(7.51)

vw2 = −kw2

(
− sin α

∂hw

∂x
+ cos α

∂hw

∂y

)
(7.52)

The water flow rates in the x - and y-directions can be
written by projecting the flow rates in the major and minor
directions to the x - and y-directions:

vwx = vw1 cos α − vw2 sin α (7.53)

vwy = vw1 sin α + vw2 cos α (7.54)

where:

vwx = water flow rate across a unit area of the soil element
in the x -direction,

vwy = water flow rate across a unit area of the soil element
in the y-direction, and

α = angle between the direction of the major coefficient
of permeability and the x -direction.

Substituting Eqs. 7.51 and 7.52 for vw1 and vw2, respec-
tively, into Eqs. 7.53 and 7.54 results in the following
relations:

vwx = −kw1 cos2 α
∂hw

∂x
− kw1 sin α cos α

∂hw

∂y

− kw2 sin2 α
∂hw

∂x
+ kw2 sin α cos α

∂hw

∂y
(7.55)

vwx = −kw1 sin α cos α
∂hw

∂x
− kw1 sin2 α

∂hw

∂y

+ kw2 sin α cos α
∂hw

∂x
− kw2 cos2 α

∂hw

∂y
(7.56)
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Rearranging Eqs. 7.55 and 7.56 yields the expressions for
the rate of water flow in the x - and y-directions:

vwx = −
(

kwxx
∂hw

∂x
+ kwxy

∂hw

∂y

)
(7.57)

vwy = −
(

kwyx
∂hw

∂x
+ kwyy

∂hw

∂y

)
(7.58)

where:

kwxx = kw1 cos2 α + kw2 sin2 α

kwxy = (
kw1 − kw2

)
sin α cos α

kwyx = (
kw1 − kw2

)
sin α cos α

kwyy = kw1 sin2 α + kw2 cos2 α

Equations 7.57 and 7.58 provide the flow rates in the x -
and y-directions in terms of the major and minor coefficients
of permeability. These flow rate expressions can then be
used in the formulation for unsteady-state seepage analyses.

7.5.3 Water Phase Partial Differential Equation
for Transient Flow

The water phase partial differential equation for transient
two-dimensional seepage can be derived by considering the
continuity for the water phase. The assumption is made that
there are no changes in total stress with time in this analysis.
The net flux of water through an element of unsaturated soil
(Fig. 7.24) can be computed from the volume rates of water
entering and leaving the element over a period of time:

∂
(
Vw/V0

)
∂t

= ∂vwx

∂x
+ ∂vwy

∂y
(7.59)

where:

Vw = volume of water in the element,
V0 = initial overall volume of the element (i.e.,

dx , dy , dz ),
dx , dy , dz = dimensions in the x -, y-, and

z -directions, respectively, and
∂(Vw/V0)/∂t = rate of change in the volume of water in

the soil element with respect to the initial
volume of the element.

The difference between a steady-state and unsteady-state
water flow formulation lies in the representation of changes
in the amount of water in the soil, V w , with respect to time.
The amount of water in the soil for any applied suction
is represented by the SWCC. The SWCC must be written
in terms of the volumetric water content when calculating
water storage. Any mathematical representation of the (vol-
umetric) SWCC can be differentiated to yield the change in
volumetric water content, θ , of the soil with respect to soil
suction [i.e., dθ/d

(
ua − uw

)
]. The differentiation must be

performed on an arithmetic scale and gives rise to the water
storage modulus mw

2 .
The volume-mass constitutive equations required for

derivation of the transient water flow equation is presented in
Chapter 13 on volume change (i.e., stress-deformation). The
net flux of water can be computed from the time derivative of
the water phase constitutive equation. The time derivatives of
the total stress and the pore-air pressure are equal to zero since
both pressures are assumed to remain constant with time.

The continuity condition can be satisfied by equating the
divergence of the water flow rates (∂vx/∂x + ∂vy/∂y) to the
time derivative of the constitutive equation for the water
phase:

∂

∂x

(
kwxx

∂hw

∂x
+ kwxy

∂hw

∂y

)

+ ∂

∂y

(
kwyx

∂hw

∂x
+ kwyy

∂hw

∂y

)
= mw

2 ρwg
∂hw

∂t
(7.60)

Equation 7.60 is the governing partial differential equation
for unsteady-state water seepage in an anisotropic soil. The
pore-air pressure is assumed to remain constant with time.
In many cases, the directions for the major and minor coeffi-
cients of permeability coincide with the x - and y-directions,
respectively. In this case, the α angle is equal to zero, and
the governing equation can be simplified by setting the α

angle to zero:

∂

∂x

(
kw1

∂hw

∂x

)
+ ∂

∂y

(
kw2

∂hw

∂y

)
= mw

2 ρwg
∂hw

∂t
(7.61)

The kw1 and kw2 terms in Eq. 7.60 are the major and
minor coefficients of permeability in the x - and y-directions,
respectively. These permeability coefficients are a function
of matric suction that can vary with location in the x - and
y-directions [i.e., kw1

(
ua − uw

)
and kw2

(
ua − uw

)
]. For

isotropic soil conditions, the kw1 and kw2 terms are equal
[i.e., kw1 = kw2 = kw

(
ua − uw

)
], and the transient seepage

equation can be further simplified as follows:

∂

∂x

(
kw

∂hw

∂x

)
+ ∂

∂y

(
kw

∂hw

∂y

)
= mw

2 ρwg
∂hw

∂t
(7.62)

Rearranging the above equation gives

kw
∂2hw

∂x2
+ ∂kw

∂x

∂hw

∂x
+ kw

∂2hw

∂y2
+ ∂kw

∂y

∂hw

∂y
= mw

2 ρwg
∂hw

∂t

(7.63)

Substituting y + uw/ρwg for the hydraulic head hw and
rearranging the equation result in an equation written in
terms of pore-water pressure:

cw
v

∂2uw

∂x2
+ cw

v

kw

∂kw

∂x

∂uw

∂x
+ cw

v
∂2uw

∂y2
+ cw

v

kw

∂kw

∂y

∂uw

∂y

+ cg

∂kw

∂y
= ∂uw

∂t
(7.64)
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where:

cw
v = kw/

(
ρwgmw

2

)
, coefficient of consolidation for the

unsaturated soil, and
cg = 1/mw

2 , the gravity term.

The general governing equation for an anisotropic soil can
be simplified to an anisotropic case which coincides with
the Cartesian coordinates by setting the α angle to zero.
Isotropic soil conditions are obtained by setting kwx = kwy.

The general governing equation can therefore be used to
solve transient or unsteady-state water seepage problems
through saturated-unsaturated flow systems. The water coef-
ficient of permeability becomes equal to the saturated coef-
ficient of permeability ks for the saturated portion. The
saturated coefficient of permeability may vary with respect
to direction (i.e., anisotropy) or with respect to location (i.e.,
heterogeneity). In this case, both anisotropy and heterogene-
ity with respect to permeability can be taken into account.
The coefficient of water volume change, mw

2 , approaches the
value of the coefficient of volume change, mv, as the soil
becomes saturated.

7.6 DIRECT MEASUREMENT OF WATER
FLOW PROPERTIES

The application of flow laws to engineering problems requires
the determination of the hydraulic properties of a soil. The
water phase coefficient of permeability for an unsaturated
soil can be determined either using direct laboratory mea-
surements or through indirect estimation techniques based on
the SWCC. Direct measurements of the water coefficient of
permeability can be performed either in the laboratory or in
the field. The direct measurements are referred to as perme-
ability tests and the apparatus used to perform the test in the
laboratory is called a permeameter.

Indirect estimation techniques make use of the volume-
mass properties, the SWCC, and the saturated coefficient of
permeability. The coefficient of permeability is computed
for a range of soil suctions and the results are referred to as
a permeability function for the soil.

There is no theoretical procedure whereby the coefficient
of permeability for a soil can be computed with the same
confidence that is obtained from a direct measurement (Hil-
lel, 1982). The hydraulic head gradient and the flow rate are
determined from pore-water pressure head and quantity of
flow measurements when directly measuring the coefficient
of permeability. Measurements of the coefficient of perme-
ability for an unsaturated soil must be measured at a variety
of soil suction values.

There are a number of other procedures that have been
proposed for measuring the coefficient of permeability of an
unsaturated soil. Sometimes the pore-water pressure or the
water content is measured while other variables are inferred
from the SWCC. Measurements can be performed in situ,

but the methods are not as advanced and standardized as
laboratory methods. Laboratory tests are more economical
to perform.

7.6.1 Laboratory Test Methods

Various laboratory methods can be used for measuring the
coefficient of permeability with respect to the water phase,
kw, in unsaturated soils (Klute, 1972). All methods assume
the validity of Darcy’s law, which states that the coefficient
of permeability is the ratio of the flow rate to the hydraulic
head gradient. The flow rate and the hydraulic head gradi-
ent are the variables usually measured during a permeability
test. The flow rate and the hydraulic head gradient can either
be kept constant with time (i.e., time independent) or varied
with time during the test. Correspondingly, the various test-
ing procedures can be categorized into two primary groups:
steady-state methods where the quantity of flow is time inde-
pendent and unsteady-state methods where the quantity of
flow is time dependent.

The steady-state method is described first, followed by
a description of the unsteady-state, instantaneous profile
method. Some recent applications of the instantaneous
profile method for measuring the unsaturated permeability
function are also presented. The method is referred to as the
“wetting front advancing method” and was developed by Li
et al.(2009). In this method, a large-scale soil column is used
to simulate the flow of water into an unsaturated soil column.
The rate of water rise in the column along with other data is
monitored and used to calculate the permeability function.
Results when using this test procedure are later reported
for several coarse-grained soils. The measurement of the
saturated coefficient of permeability has been described in
numerous soil mechanics books and is not repeated herein.

7.6.2 Steady-State Methods to Measure Permeability

The steady-state method for the measurement of the water
coefficient of permeability is performed by maintaining a
constant hydraulic head gradient across an unsaturated soil
specimen. The matric suction and water content of the soil
are also maintained constant. The constant hydraulic head
gradient produces a steady-state water flow across the spec-
imen. Steady-state conditions are achieved when the flow
rate entering the soil is equal to the flow rate leaving the
soil. The coefficient of permeability kw corresponding to
the applied matric suction is computed. The experiment can
be repeated for different magnitudes of matric suction (or
water content). The steady-state method can be used for both
compacted and undisturbed specimens.

7.6.2.1 Apparatus for Steady-State Method

An assemblage of the equipment used for the steady-state
method is shown in Fig. 7.27 (Klute, 1965a). A cylindri-
cal soil specimen is placed in a permeameter between two
high-air-entry ceramic plates. The pressure applied at the
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Figure 7.27 Apparatus for measurement of unsaturated soil coefficient of permeability using
steady-state method (after Klute, 1965a)

top of the specimen is denoted as P1, and P2 is the pressure
applied at the bottom of the specimen. Two tensiometers, T1
and T2, are installed along the height of the specimen for
the measurement of pore-water pressures at two points in the
soil. An air supply maintains a constant pore-air pressure to
the soil specimen. The air pressure is measured using the
manometer, M .

A water supply is applied to the top of the upper porous
plate, P1, to develop a constant hydraulic head gradient
across the soil. The water supply provides a constant
hydraulic head, hw1, by means of a Mariotte bottle. It is
also possible to use a simple overflow system. Water flows
through the ceramic plate P1, the soil specimen, and the
ceramic plate P2. The outflow of water is maintained at a
constant hydraulic head hw2, below the porous plate. Plate
P2 controls the outflow elevation. Valves S1 and S2, are
used to flush air bubbles that may accumulate in the water
compartment adjacent to the porous plate.

The permeability test is started using a low matric suction
value. The matric suction is increased in steps as the perme-
ability is measured. In other words, the test is commenced at a
condition near saturation and proceeds through a drying pro-
cess in accordance with the following procedure. The matric
suction

(
ua − uw

)
is set to a specified value by controlling the

pore-air pressure, as indicated by the height in the manome-
ter fluid, hm. The pore-water pressure is measured using the

tensiometers installed along the specimen. The pore-water
pressure head is determined from the elevation of the fluid
interface in the attached manometer relative to the tensiome-
ter elevation. The pressure head is positive when the fluid
interface is above the elevation of the tensiometer and is
negative when the interface is below the tensiometer eleva-
tion. The tensiometer readings in Fig. 7.27 indicate pressure
heads of (+)hp3 and (−)hp4 from tensiometers T1 and T2,
respectively.

A constant hydraulic head gradient is then applied to
the specimen as depicted by hydraulic heads hw1 and hw2.

Steady-state flow conditions are achieved when the inflow
and outflow rates are equal and the tensiometer readings
are constant with time. The volume of water, Q , flowing
across the cross-sectional area of the soil, A, in a period of
time t is measured and used to compute the flow rate. The
hydraulic heads hw3 and hw4 correspond to tensiometers T1
and T2, which are placed a distance dt apart. By knowing
the distance dt , it is possible to compute the hydraulic head
gradient in the soil. The measured hydraulic head gradient
is used in calculating the coefficient of permeability owing
to uncertainties associated with the hydraulic head changes
across the high-air-entry ceramic disks. The contact planes
between the specimen and the porous plates also produce
uncertainties in predicting heads throughout the specimen
(Klute, 1972).
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7.6.2.2 Computations of Unsaturated Coefficient
of Permeability Using Steady-State Method

The coefficient of permeability kw is computed based on
Darcy’s law:

kw =
(

Q

At

) (
dt

hw3 − hw4

)
(7.65)

The pore-air pressure is assumed to be uniform throughout
the specimen:

ua = ρm ghm (7.66)

where:

ρm = density of the manometer fluid,
g = gravitational acceleration, and

hm = height of the manometer fluid.

The applied hydraulic head gradient causes the pore-water
pressures to differ at tensiometers T1 and T2. The average
pore-water pressure is computed as follows:

(
uw

)
ave =

(
hp3 + hp4

2

)
ρwg (7.67)

where:

ρw = density of water and
(uw)ave = average of pore-water pressure.

The calculated coefficient of permeability kw corresponds
to the average matric suction in the soil:

(
ua − uw

)
ave = ρmghm −

(
hp3 + hp4

2

)
ρwg (7.68)

where:

(ua − uw)ave = average matric suction.

The water content of the soil specimen can be measured
directly using either destructive or nondestructive tech-
niques. Using a destructive technique, water contents are
measured after each stage in the permeability test. The soil
specimen can therefore be used for only one stage of the
permeability test. Several “identical” specimens must be
prepared in order to obtain the coefficient of permeability
at different matric suctions or water contents.

Using a nondestructive technique, water contents at dif-
ferent matric suctions are measured using a single soil speci-
men. This can be done using a gamma attenuation technique
or by weighing the soil specimen (together with the appa-
ratus) in order to obtain the change in water content after
each stage of the test. The initial and final water contents
are computed from the initial and final masses of the soil
specimen. The mass of soil solids is obtained by oven drying
the specimen at the end of the test.

An indirect technique has also been used to infer the water
content at particular matric suctions by referring to an inde-
pendently measured SWCC. The SWCC and the coefficient of
permeability can be obtained simultaneously using the appa-
ratus (Ingersoll, 1981). The change in water content during
each increment of matric suction needs to be measured.

Having measured the coefficient of permeability kw cor-
responding to a particular matric suction (or water content),
the permeability test is then repeated for higher values of
matric suction. The matric suction of the soil specimen
is increased by increasing the applied air pressure or by
decreasing the applied water pressures. The average pore-
water pressure can be decreased by reducing the values of
hw1 and hw2. At no time should the matric suction exceed the
air-entry value of the ceramic plates or the matric suction
limit that can be read on the tensiometers (i.e., approxi-
mately 90 kPa). The use of higher air-entry ceramic plates
allows testing at higher values of suction. High-air-entry
ceramic plates with the highest possible coefficient of per-
meability should be selected in the design of the apparatus
to prevent impeded flow (Klute, 1972).

7.6.2.3 Water Coefficients of Permeability or Hydraulic
Conductivity Function

A series of coefficient-of-permeability values is obtained by
the end of the test. A typical set of data for the coefficient of
permeability kw versus matric suction is shown in Fig. 7.28.
The measured water coefficients of permeability correspond
to the drying curve. It is noted that there is hysteresis in
the relationship of the water coefficient of permeability and
matric suction. Hysteresis in the permeability function can
be observed when the permeability test is performed for both
the drying and the wetting processes. However, the steady-
state method is normally performed only when going from
a saturated to an unsaturated condition.

Another apparatus which uses a steady-state flow sys-
tem is shown in Fig. 7.29 (Klute, 1965b). A cylindrical
soil specimen is placed between two high-air-entry ceramic
plates located within an air pressure chamber. The soil spec-
imen is subjected to an all-around controlled air pressure
ua . The pore-water pressure uw is measured by means of
tensiometers placed along the length of the specimen. A
constant-hydraulic-head gradient is applied across the spec-
imen, as described in Fig. 7.29. The permeability test is
performed using the procedure previously described. The
matric suction in the specimen is increased by increasing
the all-around air pressure.

The specimen diameter is typically on the order of
25–100 mm and its length ranges from 10 to 500 mm. The
longer the length of the specimen, the longer is the time
required to reach steady-state conditions. Klute (1965b)
suggested a specimen height on the order of 10–50 mm.
The specimen should not be too short because space is
required between the two tensiometers inserted in the soil
specimen. A long specimen may also require more than



7.6 direct measurement of water flow properties 357

10−6

10−10

10−9

10−8

10−7

0.1 1 10 100

Matric suction (ua – uw), kPa

C
oe

ffi
ci

en
t o

f p
er

m
ea

bi
lit

y,
 k

w
, m

/s

d = 1.62 Mg / mρ 3

d = 1.47 Mg / m3

d = 1.54 Mg

ρ
ρ  / m3

Figure 7.28 Water permeability functions measured using steady-state method (modified from
Ingersoll, 1981).

Figure 7.29 Enclosed and modified Tempe cell used for mea-
surement of water coefficient of permeability using steady-state
method (after Klute, 1965b).

two tensiometers for accurate measurements of pore-water
pressure. The steady-state method requires quite a long time
for testing; however, the results are generally considered to
be more accurate than those from the unsteady-state method
(Hillel, 1982).

7.6.2.4 Limitations and Difficulties
with Steady-State Method

There are several difficulties associated with the steady-state
method (Klute, 1965b, 1972; Olson and Daniel, 1981). The
main difficulty arises from the low coefficient of permeabil-
ity of unsaturated soils, particularly at high matric suctions.
As a result, the water flow rates during the test are extremely
low, and a long time is required to complete a series of
permeability measurements. The low flow rates necessitate

an extremely accurate mass of water measurements. The
possibility of water loss within the apparatus must be mini-
mized. Air diffusion through the water and water loss from
the apparatus (e.g., plastic container) can cause errors in the
measurements of the volume of water. Air bubbles below
the porous disks must be periodically removed by flushing.
Diffused air inside the tensiometers should also be flushed
from time to time. A diffused air volume indicator can be
used to measure the amount of diffused air in order to
apply the necessary corrections to the water volume change
measurements.

Another testing difficulty is related to the contact between
the soil specimen and the permeameter. As matric suction
increases, the soil specimen may shrink and separate from
the permeameter wall and from the high-air-entry ceramic
plates. The air gap between the soil and the wall of the
permeameter does not allow the seepage of water since air is
nonconductive to the flow of water. Therefore, the separation
of soil from the permeameter wall generally does not create
a serious problem in testing unsaturated soils (Daniel, 1983).
However, a good contact between the soil specimen and the
porous plates is required in order to ensure the continuity
of water flow. The use of loaded porous plates has been
suggested to overcome the problem of separation of the soil
from the porous plates (Elrick and Bowman, 1964; Richards
and Wilson, 1936). It is also important to maintain good
contact between the soil and the tensiometers for accurate
measurements of pore-water pressure.

The use of a high air-entry ceramic disk results in two limi-
tations when attempting to measure the permeability function.
These limitations are shown in Fig. 7.30. First, the soil suc-
tion will be limited by the air-entry value of the ceramic disk.
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Figure 7.30 Design considerations when using direct measure-
ment of unsaturated coefficient of permeability.

Second, the measured permeability of the soil must be smaller
than the saturated permeability of the high-air-entry ceramic
disk. Consequently, the steady-state method is limited to a
narrow measurement zone, as illustrated in Fig. 7.30. The
above limitations also reveal that the permeability measure-
ments made with low applied matric suctions are likely to be
inaccurate. Therefore, it is more acceptable practice to inde-
pendently measure the saturated coefficient of permeability
of any soil for which the permeability function is required.

7.6.2.5 Simplified Steady-State Laboratory Measurement
of Permeability

There is a rather simple procedure that can be used to mea-
sure the unsaturated coefficient of permeability of a soil. Let
us suppose that a permeameter is filled with dry sand and
then a constant water flux is applied at the top of the per-
meameter. Let us also start with water fluxes that are well
below the saturated coefficient of permeability of the soil. If
a tensiometer were placed near the top and bottom of the per-
meameter, it would be found that both tensiometers would
read essentially the same value under steady-state seepage
conditions. The two tensiometers would read the same value
because the infiltration is occurring under a gradient of 1.0.

The applied flux becomes the unsaturated coefficient of
permeability for the soil. The tensiometer reading is the
matric suction in the soil corresponding to the applied flux.
The above experiment can be repeated for different applied
water fluxes, and each time the applied water flux becomes
the unsaturated coefficient of permeability of the soil. This
is essentially a steady-state permeability test where there is
no need for a high-air-entry disk.

As long as the matric suction in the soil is quite small,
there is no need for a high-air-entry disk. The theory related
to this simple permeability test can be understood by con-
sidering the infiltration of water at ground surface, as shown

Precipitation

Precipitation = 0.0

Precipitation = 50%ksat

Precipitation = ksat

Figure 7.31 Field illustration of a steady-state test procedure that
can be used in the laboratory.

in Fig. 7.31. As long as the applied rainfall is well below
the saturated coefficient of permeability, infiltration will take
place under a gradient close to 1.0.

7.6.3 Instantaneous Profile Method

The instantaneous profile method has been described
by Richards and Weeks (1953), Hamilton et al., (1981),
Meerdink et al., (1996), Fujimaki and Inoue (2003), Cui
et al., (2008), and others. The instantaneous profile method
is an unsteady-state method that can be used either in the
laboratory or in situ. The method uses a cylindrical specimen
of soil that is subjected to a continuous water flow from one
end of the specimen. The test method has several variations.
The methodologies differ mainly in the flow process used
and in the measurement of hydraulic head gradient and flow
rate. The flow process can be a wetting process where water
flows into the specimen or a drying process where water
flows out of the specimen under gravity.

The hydraulic head gradient and flow rate at various points
along the specimen can be obtained using one of several pro-
cedures (Klute, 1972). For one of the procedures, the water
content and pore-water pressure head distributions can be
measured independently. The water content distribution can
be used to compute flow rates. The pore-water pressure head
gradient can be calculated from the measured pore-water
pressure head distribution. The gravitational head gradient
is obtained from the elevation difference.

Using another procedure, the water content distribution
is measured while the pore-water pressure head is inferred
from the SWCC. There is still another possible procedure
where the pore-water pressure head distribution is measured,
and the water content is inferred from the SWCC. Ten-
siometers and psychrometers have been used to measure the
pore-water pressure distribution along the permeameter. Of
the above procedures, the first one appears to be most satis-
factory. All variations of the instantaneous profile procedure
are based on the same theoretical principles. The hydraulic
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head gradient and the flow rate are determined concurrently
and instantaneously at various elapsed times, after the flow
of water has commenced.

7.6.3.1 Laboratory Instantaneous Profile Method

The apparatus and procedure for the instantaneous profile
method proposed by Hamilton et al. (1981) is shown in
Fig. 7.32. A water flux is controlled at one end of the soil
specimen while the other end is vented to the atmosphere.
Water flows in the horizontal direction as a result of a
gradient in the pore-water pressure head. Gravitational head
gradient effects are thereby negligible. Hamilton et al. (1981)
elected to measure the pore-water pressure head distribution
during unsteady-state water flow and obtained water contents
from the soil-water characteristic curve. The hydraulic head
gradient and the flow rate vary with time during the test.
The pore-water pressures, and therefore the hydraulic head
gradients, are measured at several points along the soil
specimen.

The change in water content is related to a change in neg-
ative pore-water pressure (or matric suction) through use of
the SWCC. Flow rates are then computed from the change in
volumetric water content. The ratio between the flow rate and
the hydraulic head gradient gives the coefficient of permeabil-
ity. Measurements at different locations along the specimen
at different times during the unsteady-flow process produce
a series of coefficients of permeability measurements. Each
measured coefficient of permeability corresponds to a partic-
ular matric suction (or water content). The method does not
require an assumption of uniform hydraulic properties in the
soil, as is the case in the steady-state method.

The following procedure is used to illustrate a permeabil-
ity test performed using the wetting process. A compacted
or undisturbed soil specimen is inserted into a cylindrical
permeameter (Fig. 7.32). Both ends of the permeameter are
covered by end plates with O-ring seals. Water is supplied to
the left-end plate using a hypodermic needle and is distributed
across the soil surface through the use of several sheets of fil-
ter paper. Air in the specimen is vented to the atmosphere

Figure 7.32 Apparatus for measuring the coefficient of water per-
meability using the instantaneous profile method (after Hamilton
et al., 1981).

using a hypodermic needle at the right-end plate. Filter paper
is also placed across the right-end surface of the permeame-
ter. Several ports are provided along the permeameter wall
for the installation of tensiometers or psychrometers.

Tensiometers are used for a relatively moist soil having
matric suctions less than approximately 90 kPa. Thermo-
couple psychrometers can be used for measuring suctions
ranging from approximately 100 to 8000 kPa. The tensiome-
ters or psychrometers are inserted through the ports in the
permeameter and extended into small holes drilled into the
soil specimen. The entire apparatus should be placed in a
temperature-controlled chamber with a high relative humid-
ity when psychrometers are used.

The test commences with an unsaturated specimen and
proceeds toward a saturated condition. The initial suction is
first measured under equilibrium conditions. The equilibrium
condition is then altered by slowly injecting water into the
specimen using the hypodermic needle. The water inflow rate
should be selected such that the pore-water pressure is always
negative across the length of the specimen. Flow rates in the
range of 0.2–5 cm3/day are commonly satisfactory (Daniel,
1983). Soil suctions are measured at various time intervals
(e.g., every 24 h). Psychrometers can replace the tensiometers
when soil suction increases above 90 kPa.

The test is terminated when the pore-water pressure at
the entrance of the permeameter (i.e., the left end) becomes
positive. Positive pore-water pressures may produce flow
along the inside wall of the permeameter or around the
tensiometers. Upon completion of the test, the soil specimen
is divided into several sections for final water content
measurements. The final volumetric water contents along
the specimen are plotted against the corresponding suctions
to produce a SWCC. The entire test may take as long as 2–3
weeks. Results from independent measurements of the water
content versus soil suction relationship (i.e., the wetting
curve) can also be used in the determination of the SWCC.

7.6.3.2 Computations for Instantaneous Profile Method

The coefficient-of-permeability calculations are performed
by plotting the pore-water pressure head versus the volumet-
ric water content from various points along the specimen, as
illustrated in Figs. 7.33a and 7.33b, respectively. The pore-
water pressures are obtained from either the tensiometer or
psychrometer readings. The total suction profile obtained
from psychrometers can be taken as the negative pore-water
pressure profile when the osmotic suction gradient is neg-
ligible and the air pressure is atmospheric. The pore-water
pressure can be divided by the unit weight of water (i.e.,
ρwg) to give the pressure head. The hydraulic head gradi-
ent (i.e., pore-water pressure head gradient) at a point in
the specimen for a specific time is equal to the slope of the
hydraulic head profile:

iw = dhw

dx
(7.69)
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(a)

(b)

Figure 7.33 Hydraulic head and water content profiles generated
during unsteady-state permeameter test: (a) profile of hydraulic
head along permeameter; (b) Profile of volumetric water content
along permeameter (after Hamilton et al., 1981).

where:

iw = hydraulic head gradient at a point for a specific
time and

dhw/dx = slope of the hydraulic head profile at the point
under consideration.

The volumetric water content profile is obtained from the
measured pore-water pressures and the SWCC. The absolute
value of the negative pore-water pressure recorded by the
tensiometer is equal to the matric suction. The flow rate vw
at a point is equal to the volume of water that flows across
the cross-sectional area of the specimen, A, during a time
interval dt. Water flows from the left end of the permeameter
to the right end, and there is no water flow out of the right
end of the specimen. Therefore, the total volume of water
passing through a point in the soil specimen during a period
of time is equal to the water volume change that occurs
between the point under consideration and the right end of
the specimen during the specified time period.

The total volume of water present between point j and the
right end of the specimen (i.e., point m) at a specific time is
obtained by integrating the volumetric water content profile
over the specified time interval:

Vw =
∫ m

j

θ (x) A dx (7.70)

where:

Vw = total volume of water in the soil between point j
and the right end of the specimen designated as
point m,

θ(x) = volumetric water content profile as a function of
distance x for a specific time, and

A = cross-sectional area of the specimen.

The difference in volumes of water, dVw, computed
between two consecutive times (i.e., an interval dt) is the
quantity of water flowing past point j during the time
interval under consideration (Fig. 7.33b). The flow rate at
the point is then computed as follows:

vw = dVw

Adt
(7.71)

The flow rate corresponds to an average value for the
hydraulic head gradients obtained at two consecutive times.
The coefficient of permeability kw is computed by dividing
the flow rate vw by the average hydraulic head gradient iave:

kw = vw

iave
(7.72)

Computations for the coefficient of permeability can
be repeated for different points and different times. As a
result, many coefficients of permeability can be computed
corresponding to various water contents or suction values
obtained from one test.

Figure 7.34 shows typical laboratory results of coeffi-
cient of permeability kw for a clay as a function of suction.
The permeability test was performed using the instantaneous
profile method, and the data are presented in Fig. 7.33.
Test procedural problems that may be encountered using the
unsteady-state method are similar to those described previ-
ously for the steady-state method.

7.6.3.3 Comparison between Drying Permeability
Function Obtained from Instantaneous Profile Method
and Indirect Statistical Methods

Experimental studies assist in assessing the reliability of var-
ious methods that can be used for the determination of the
permeability function for an unsaturated soil. Following are
the results of a comparison between one of the proposed
methods for the estimation of the permeability functions and
results obtained using an instantaneous profile method anal-
ysis on a model slope. The study was reported by Krisdani
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Figure 7.34 Unsaturated coefficients of permeability obtained in laboratory using instantaneous
profile method (after Hamilton et al., 1981).

et al., (2009). Independent measurements were made of the
SWCCs followed by an estimation of associated permeabil-
ity functions. An independent model study was performed
using the same soils, and the instantaneous profile method
was used to analyze the measurements obtained during water
infiltration and evaporations from the model slope.

Krisdani et al. (2009) first measured the saturated coeffi-
cient of permeability and the SWCC on three types of soil: a
residual soil, a mixture of the residual soil and fine sand, and
gravelly sand. The residual soil (RS) was derived from the
weathering of Bukit Timah granite which covers about one-
third of Singapore. The soil mixture contained 60% residual

soil and 40% fine sand by dry mass, MRF 60–40. The
gravelly sand (GS) was a commercially available mixture
of 50% coarse sand and 50% fine gravel. The grain-size
distributions of the soils used in the study are presented in
Fig. 7.35 and Table 7.7. The drying SWCCs of the soils were
obtained using Tempe cell and pressure plate apparatuses.
The wetting SWCCs were obtained using the capillary rise
open-tube method (Yang et al., 2004a). The experimental
data were fitted using the Fredlund and Xing (1994) equation
with the correction factor C (ψ) set to 1. The results of dry-
ing (D) and wetting (W) SWCC tests together with the fitted
curves are shown in Fig. 7.36, while the fitting parameters
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Figure 7.35 Grain-size distribution of soils used in unsaturated flow study at Nanyang Tech-
nological University (NTU), Singapore (after Krisdani, et al., 2009).
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Figure 7.36 Independently Measured SWCCs for Soils in NTU Water Flow study Krisdani
et al. (2009).

Table 7.7 Basic Properties of Soils in NTU Study

Soil
No. Description RS MRF 60–40 GS

1 Unified Soil Classification System
(ASTM, 2006)

Sandy silt (ML) Silty sand (SM) Gravelly sand (SP)

2 Specific gravity, Gs 2.65 2.65 2.62
3 Grain-size analysis

Gravel content (>4.75 mm) (%) 0.6 0.1 49.9
Sand content (0.075–4.75 mm) (%) 32.1 59.1 50.1
Fine content (<0.075 mm) (%) 67.3 40.8 0.0

4 Atterberg limits
Liquid limit, LL (%) 47.0 34 —
Plastic limit, PL (%) 32.0 22 —
Plasticity index, PI (%) 15.0 12 —

5 Saturated coefficient of permeability,
ks (m/s)a

8.6 × 10−8 2.7 × 10−7 7.6 × 10−2

Source: After Krisdani et al., (2009)
aObtained from falling-head tests.

of the SWCCs are listed in Table 7.8. The basic properties
and SWCC of the gravelly sand were measured by Krisdani
et al. (2009).

A large-scale model slope was set up and filled with the
above-mentioned soils. The model was used to study the
infiltration and evaporation of water from the slope. The
infiltration box was fabricated using stainless steel frames
and acrylic sheets as the sidewalls. The size of the infiltration
box was 2.45 m in length, 2.0 m in height, and 0.4 m in
width. A number of holes were drilled along the sidewalls

for the installation of measuring devices. Some additional
holes were provided for collection of runoff. Drainage was
also provided at the front panel of the infiltration box. A
PVC (polyvinyl chloride) plate was installed as the base of
the slope model to form an impervious boundary condition
during the experiments.

The measuring devices consisted of tensiometers for the
measurement of negative pore-water pressures and time
domain reflectometry (TDR) for the measurement of vol-
umetric water content. In addition, weighing balances
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Table 7.8 Parameters for SWCCs

Soil
No. Description Symbol RS MRF 60–40 GS

1 Saturated volumetric water content θs 0.555 0.525 0.382
2 Air-entry value ψa (kPa) 2.748 0.468 0.110
3 Residual volumetric water content θr 0.300 0.258 0.021
4 Residual matric suction ψr (kPa) 163.598 40.209 0.401
5 Water-entry value ψw (kPa) 42.949 5.568 0.285
6 Best-fitting parameters (drying curve) af (kPa) 4.079 0.870 0.176

nf 2.231 1.446 4.440
mf 0.230 0.314 1.130

7 Best-fitting parameters (wetting curve) af (kPa) 6.277 0.484 0.071
nf 1.204 1.935 1.232
mf 1.808 0.615 2.710

and a digital flowmeter were installed. The amount of
applied precipitation was monitored. The measuring devices
were connected to data acquisition systems for continuous
monitoring during the experiments. The arrangement of
tensiometers and TDR probes in the slope models is shown
in Fig. 7.37.

A rainfall simulator was used to apply a rainfall event to
the slope model. The rainfall was produced using two noz-
zles installed at both ends of the infiltration box. A high air
pressure (i.e., 300 kPa), was used to distribute water as a mist

along the slope model. Three infrared light bulbs, or three
fans, or a combination of both was used to simulate different
rates of evaporation. The light bulbs were 175 W and the air
flow capacity of each fan was 84 L/s. More details on the
experimental setup used in this study are given in Tami et al.,
(2004c), and Krisdani et al. (2005) (Table 7.9).

The instantaneous profile method (Watson, 1966; Hillel
et al., 1972; Olson and Daniel, 1981; Fredlund and Rahardjo,
1993a; Meerdink et al., 1996) was used to compute the per-
meability functions for the residual soil and the soil mixture
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Figure 7.37 Location of measuring devices and designated cross sections along slope model
(after Krisdani et al., 2009).
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Table 7.9 Moisture Flux Conditions Applied to Slope Models

Rainfall Evaporation

Name of Name of Intensity Duration Mode of Measured Potential Duration
Model Test (mm/h) (mm/h) Evaporation Evaporation (mm/h) (h)

SM1 SM1 T1 8.95 3 Ambient condition 0.02 475
SM1 T2 9.01 3 Lamp 0.20 120
SM1 T3 8.88 3 Fan 0.12 120
SM1 T4 9.04 3 Lamp and fan 0.22 80

SM1 SM2 T1 9.68 3 Lamp and fan 0.43 100
SM2 T2 10.09 3 Ambient condition 0.02 120
SM2 T3 9.88 3 Lamp 0.19 120
SM2 T4 9.85 6 Lamp and fan 0.52 120

used in the slope models. The instantaneous profile method
was used to obtain the permeability function during dry-
ing processes. Water flowed upward from the bottom of
the upper layers during the drying process. Pore-water pres-
sure data from tensiometers T-23, T-24, T-33, T-34, T-43,
and T-44 (see Fig. 7.38) were used for the calculation of
the drying permeability functions. Volumetric water con-
tents were computed based on the SWCC and measured
pore-water pressures (Fig. 7.39). Table 7.8 summarizes the
unsaturated soil parameters used for the calculation of unsat-
urated coefficient of permeability by the instantaneous pro-
file method. The unsaturated coefficients of permeability kw

of RS and MRF 60–40 were plotted against corresponding
matric suctions and are shown in Figs. 7.40 and 7.41.

The unsaturated coefficient-of-permeability functions were
also computed using a statistical estimation method described
by Childs and Collis-George (1950). The calculation of the
permeability function requires the saturated coefficient of
permeability and SWCC. The saturated coefficient of perme-
ability of the RS was 9 × 10−7 m/s. The MRF 60–40 soil had
a saturated coefficient of permeability of 5 × 10−6 m/s. These
values appear to be about one order of magnitude higher than
the saturated coefficient of permeability obtained from the
independent falling-head tests (Table 7.7).

The instantaneous profile method and the statistical esti-
mation method were used to obtain permeability functions
for the RS and the MRF 60–40, comprising the slope mod-
els. The estimated permeability functions appeared to pro-
vide a reasonable representation of the actual permeability
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Figure 7.38 Hydraulic head profiles for Test SM1-T1 measured by tensiometers T-23 and T-24
during drying process (after Krisdani et al., 2009).
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method (after Krisdani et al., 2009).

function for the unsaturated soil. Obtaining the correct satu-
rated coefficient of permeability appeared to be the greatest
challenge.

7.6.3.4 In Situ Instantaneous Profile Method

Nonhomogeneity and anisotropy of soils in the field make in
situ measurements for the coefficient of permeability superior
to laboratory measurements. Fissures, fractures, tension
cracks, and root holes commonly encountered in unsaturated
soils cannot be properly represented in small-scale laboratory
specimens. Furthermore, laboratory specimens are subjected
to sampling disturbance. On the other hand, in situ
permeability tests have not been developed to the same

extent as laboratory tests. Also, laboratory tests cost less
than field tests. These are the main reasons why most testing
has been performed in the laboratory.

The instantaneous profile method is generally considered
to be the best method for permeability testing in the field
(Klute, 1972). The procedure used in the field is similar in
concept to the instantaneous profile method described for
the laboratory.

The advantage of the in situ instantaneous profile method
is that relatively simple equipment is required. The method
is not applicable when there is significant water flow in the
horizontal direction. Horizontal flow may occur as a result
of either a low-permeability layer or a highly permeable
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Figure 7.41 Permeability function for the MRF 60–40 mixture computed using instantaneous
profile and statistical method (after Krisdani et al. 2009).

layer. The method is not practical when the matric suctions
exceed approximately 50 kPa because of the extremely slow
drainage process.

The instantaneous profile method also has a number of
disadvantages:

1. The method is time consuming and may take several
months to conduct.

2. A proper flow rate for wetting the soil is difficult to
choose. The flow rate limitation particularly applies
when performing the test in the laboratory. If the flow rate
is too high, the gradually changing suction versus water
content change profiles cannot be discerned. Daniel
(1983) suggested flow rates in the range of 0.2–5 cm3/
day. Flow rates of this magnitude are difficult to control.

3. The accuracy of the test is related to the space between
water content versus suction monitoring points. Theo-
retically, the closer the water content versus suction
monitors, the more accurate is the calculated unsatu-
rated permeability function. However, the use of too
many sensors may cause soil disturbance and affect
the water infiltration process.

7.6.4 Measurement of Wetting Permeability Function
Using Wetting-Front Column Technique (Li et al., 2009)

The “wetting-front” advancing column test has been per-
formed as either an infiltration test or a capillary rise test.
Only the capillary rise procedure and analysis are described
in this section. Figure 7.42 shows the soil column device
developed by Li et al. (2009) with water content and soil
suction measuring devices mounted along the walls of the
column. A water flow control and measurement system was
also part of the apparatus. The acrylic column was 120 mm
in diameter and 1000 mm high.

Four Theta probes were installed for water content mea-
surement as well as four tensiometers for suction measure-
ment. The sensors were installed along the column at heights
of 100, 300, 600, and 800 mm above the pedestal. Miniature
tip tensiometers with a high-air-entry ceramic cup were con-
nected to a pressure measuring device through a small plastic
tube. The ceramic cups were saturated and installed in the
soil. The working suction range of the tensiometers was
limited to between 0 and 90 kPa. Theta probe devices (i.e.,
ML2x model) from Delta-T Devices (Miller and Gaskin,
1997) were used to monitor water content. The voltage sig-
nal from the sensor was transformed to the volumetric water
content through use of a calibration curve.

The soil is initially placed into the column in a dry state.
During the wetting process, the dry soil in the column turned
to a darker color as water rose in the column. The change
in color can be used to provide information on the rate at
which the wetting front advanced. This information, along
with either the water content or soil suction measurements,
was used to calculate the permeability function for the soil. A
series of unsaturated capillary rise tests were conducted using
the soil column apparatus. The grain-size distribution curves
for five soils identified as GW-GM with sand, SM with gravel,
SC with gravel, sandy ML, and CL with sand are shown in
Fig. 7.43. The SWCCs for each of the soils were independently
measured and the results are shown in Fig. 7.44.

7.6.4.1 Method of Data Interpretation from
Wetting-Front Column Tests

Figure 7.45a shows the capillary rise of water from the bot-
tom of the column. The top of the soil column is at section A.
The water content versus suction measurement sensors were
installed at section B . The observed wetting front rises with
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Figure 7.42 Column apparatus used for wetting-front advancing
column tests (after Li et al., 2009).

time and is recorded as shown in Fig. 7.45b during the cap-
illary rise process. Figure 7.45a shows that at time t1 the
wetting front reaches section F1 and at time t2 the wetting
front reaches section F2. The flux passing through section
B between two time intervals can be calculated as

QB = WB−A + QA (7.73)

where:

QB = flux passing through section B from t1 to t2,
QA = flux passing through section A from t1 to t2,

which is assumed to be zero during the cap-
illary rise process, and

WB−A = water storage change between section B and
section A from t1 to t2.

The water storage WB−A can be calculated as

WB−A =
∫ hA

hB

θ
(
h, t2

)
Adh −

∫ hA

hB

θ
(
h, t1

)
Adh

(7.74)

where:

θ (h, t) = volumetric water content distribution function,
A = cross-sectional area of the soil column,
t = time,
h = section height from the bottom of the column,

hB = height at section B, and
hA = height at section A.

Figure 7.45a shows that in a short time period
t (i.e., t2 − t1) the wetting front advances a distance of
h (i.e., height difference between F1 and F2). If the water
content contour is assumed to advance smoothly during the
time interval, then the water content distribution function
can be written as follows

θ (h, t + t) = θ (h − h, t) (7.75)

and the suction distribution function can be written as

ψ (h, t + t) = ψ (h − h, t) (7.76)
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Figure 7.43 Grain-size distribution curves for colluvial soils used in wetting-front advancing
column tests (after Li et al., 2009).
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Figure 7.44 SWCCs for colluvial soils (after Li et al., 2009).

The total flow volume of water passing through section B
in Eq. 7.73 can then be written as

QB =
∫ hA

hB

θ
(
h − h, t1

)
Adh −

∫ hA

hB

θ
(
h, t1

)
Adh

=
∫ hB

hB−h

θ
(
h, t1

)
Adh −

∫ hA

hA−h

θ
(
h, t1

)
Adh

(7.77)
The first part of Eq. 7.77 can be calculated as∫ hB

hB−h

θ
(
h, t1

)
Adh ≈ 0.5

[
θ

(
hB, t1

) + θ
(
hB − h, t1

)]
× Ah ≈ 0.5

[
θ

(
hB, t1

) + θ
(
hB, t2

)]
Ah (7.78)

If the initial water content is low (and therefore the coeffi-
cient of permeability is extremely small), the water content
change in the initially air-dried soil zone can be ignored
during the limited wetting period. Consequently, the water
contents in this zone remain at the initial water content
θi during the entire wetting process. The second part of
Eq. 7.77 can be calculated as follows:∫ hA

hA−h

θ(h, t1)A dh ≈ 0.5[θ(hA, t1)

+ θ(hA − h, t1)]Ah ≈ θiAh (7.79)

By substituting Eqs. 7.78 and 7.79 into Eq. 7.77, QB can
be calculated

QB ≈ 0.5
[
θ

(
hB, t1

) + θ
(
hB, t2

) − 2θi

]
Ah (7.80)

The flow quantity can be written using Darcy’s law,

Q = kwiAdt (7.81)

where:

kw = instantaneous coefficient of permeability at a spe-
cific section along the soil column and

i = hydraulic gradient at that section.

The hydraulic gradient can be calculated as

i = −dh + dψ/γw

dh
= dψ

γwdh
− 1 (7.82)

The hydraulic gradient at time t2 at section B can be
obtained by substituting Eq. 7.76 into Eq. 7.82,

i = −ψ
(
hB, t2

) + ψ
(
hB + h, t2

)
γwh

− 1

= ψ
(
hB, t1

) − ψ
(
hB, t2

)
γwh

− 1 (7.83)

The average coefficient of permeability kw from t1 to t2
at section B can be calculated by substituting Eqs. 7.80 and
7.83 into Eq. 7.81:

kw = QB

iC
(
t2 − t1

)
=

[
θ

(
hB, t1

) + θ
(
hB, t2

) − 2θi

]
γwh2

2
[
ψ

(
hB, t1

) − ψ
(
hB, t2

) − γwh
] (

t2 − t1
) (7.84)

The wetting-front advancing velocity (see Fig. 7.45b) is
defined as

v = h

t
(7.85)
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Figure 7.45 Water capillary rise process in initially air-dried soil
column: (a) soil column at two elapsed times during capillary rise;
(b) height of wetting fronts, h , recorded with elapsed time t (after
Li et al., 2009).

Using v instead of h , Eq. 7.84 becomes

kw =
[
θ

(
hB, t2

) + θ
(
hB, t1

) − 2θi

]
γwv2

(
t2 − t1

)
2
[
ψ

(
hB, t1

) − ψ
(
hB, t2

) − γwv
(
t2 − t1

)] (7.86)

The calculated coefficient of permeability kw corresponds
to a mean suction value (i.e., 0.5[ ψ(hB, t1) + ψ(hB, t2)]).
The monitored data at one section along with the wetting-
front advancing velocity is required to calculate a series of
unsaturated coefficients of permeability. It is not necessary
to have a series of measurement sections (as is the case
in the instantaneous profile method); however, each section
allows for the calculation of the unsaturated coefficient of
permeability.

The method depends on being able to discern the move-
ment of the wetting front. Therefore, it is important to start
with the soil in a dry state and the soils need to show a dis-
tinct change in color when wetted. It should be noted that
the wetting front in clays may not be discernible.

7.6.4.2 Presentation of Results from Capillary Rise
Column Tests

The capillary rise processes in the column tests for five soils
tested are presented in Fig. 7.46a. The wetting front in the
GW-GM with sand rose to a height of 113 mm above the
water table and remained constant. The wetting-front advanc-
ing velocity at a height of 113 mm became extremely slow.
The results showed that the unsaturated coefficient of perme-
ability above that section was extremely low. The GW-GM
with sand contained 35% sand, 58% gravel, and 7% fines.
The GW-GM with sand contained large particles that formed
a structure with numerous macropores. The macropores in the
soil were filled with air and few capillary flow channels were
available above a height of 113 mm for water flow. The corre-
sponding soil suction was 1.1 kPa at steady-state conditions.

The wetting-front advancing process for the other four
soils (i.e., SC with gravel, SM with gravel, sandy ML, and
CL with sand) showed similar behavior when capillary water
rose to the top of the soil column (i.e., 700–1000 mm). It
took 2–4 weeks for water to rise in these columns. The fines
content in these four soils was larger than 24% and numer-
ous micropores were formed that filled with water under
low soil suctions (i.e., smaller than 100 kPa in the capillary
rise process). There was an abundance of continuous-flow
channels for the capillary rise process.

The wetting-front advancing velocity (see Fig. 7.46b) gen-
erally increased as the fines content increased. In particular,
the advancing velocity in the GW-GM with sand was much
slower (i.e., about 1

5 – 1
10 the rate) in the four finer soils. The

wetting-front advancing velocity shows a loglinear relation-
ship with time as described by the following equation:

log v = a + λ log t (7.87)

where:

λ = −0.63 and
a = 0.18 for the four finer soils (when using units of

mm/s with reference to Fig. 7.46b).

Based on Eq. 7.87, the rising height of the wetting front,
h , is

h = 10atλ+1/ (λ + 1) (7.88)

According to Eq. 7.82, if the column length is doubled,
the time needed for the wetting front to reach the column top
will be 21/(λ+1) times longer (i.e., 6.5 times as long when λ

= −0.63). Consequently, the column length influences the
time required for the experiment. Figure 7.46a shows that
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Figure 7.46 Capillary rise process for several soils: (a) wetting-front height recorded over time;
(b) wetting-front velocity on a log-log scale (after Li et al., 2009).

the time for an experiment in a soil column 400 mm high
is about 3–6 days. The time for the experiment for a soil
column 600 mm high is about 7–14 days while the time for
an experiment for a soil column 800 mm high will increase
to 15–30 days.

The water content changes at heights of 100, 300, 600, and
800 mm were monitored during the experiments. The water
content changes for two of the soils are shown in Fig. 7.47.
The water contents in the soil columns show three distinct
stages: the initial stage, the wetting stage, and the wetted
stage.

In the initial stage, before the wetting front reached a partic-
ular section, the water content in the section remained equal

to the initial water content corresponding to placement con-
ditions. Since the soil was initially oven dried and had a low
water content (and an extremely low coefficient of perme-
ability), the hydraulic gradient in the soil was approximately
1.0 (i.e., the gradient was controlled by elevation change).

During the wetting stage, after the wetting front reached a
particular section, the suctions in the wetted soil decreased
rapidly and large hydraulic gradients were present. There-
fore, water was able to rapidly enter the initially dried soil
and the water content quickly increased.

During the wetted stage, after the soil at a particular
section was wetted, the suction at that section would change
to a similar value as found at a lower adjacent section.
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Figure 7.47 Water content measurements during capillary rise process: (a) monitored water
content profiles at various sections of ML soil; (b) monitored water content profiles at various
sections of SC soil (Li et al., 2009).

The hydraulic gradient would decrease to a low value.
Therefore, the water content in the wetted soil could only
increase slowly as it approached steady-state water contents.
The water contents in the wetted zone corresponded to the
degrees of saturation of about 80% for CL with sand and
sandy ML, about 75% for SM with gravel, and about 40%
for SC with gravel.

Tensiometers were inserted into the side of the soil col-
umn after the wetting front passed through the respective
sections. The monitored suctions were relatively stable and
decreased slowly with time. One of the monitored suction
profiles is shown in Fig. 7.48, where suctions decreased
with time and approached a steady-state condition. At the
100-mm-high section, matric suction decreased to a constant
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Figure 7.48 Measured matric suction profiles during capillary rise for ML soil (after Li et al.,
2009).

value of 1.2 kPa, which was close to the steady-state value
of 1.0 kPa at that section.

7.6.4.3 Calculation of Unsaturated Soil Permeability
Functions

The water contents and soil suctions during the infiltration
versus capillary rise process can be used to calculate the
permeability function using Eq. 7.80. If measured suction

values are inserted directly into Eq. 7.80, the permeability
functions can be calculated. Figures 7.49 to 7.51 show
the calculated permeability functions for the CL, ML, and
SC soils (i.e., using open symbols). Soil suctions larger
than 80 kPa could not be monitored due to the limited
range of tensiometers. Therefore, the directly calculated
permeability function values are limited to a narrow
suction range.
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Figure 7.49 Calculated unsaturated permeability functions for CL soil (after Li et al., 2009).
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λ = −1.84

ks = 2×10−7 – 4×10−6

Gardner (1958a) fit 
Monitored suction, H = 100 mm
Monitored suction, H = 300 mm
Monitored suction, H = 600 mm
Inferred suction, H = 100 mm
Inferred suction, H = 300 mm
Inferred suction, H = 600 mm

Soil suction, ψ (kPa)

0.01 0.1 1 10 100 1000 10,000 100,000

C
oe

ffi
ci

en
t o

f p
er

m
ea

bi
lit

y,
 k

w
 (

m
/s

)

10−5

10−6

10−7

10−8

10−9

10−10

10−11

10−12

10−13

Figure 7.51 Calculated unsaturated permeability functions for SC with gravel (after Li et al.,
2009).

The SWCCs can also be used in Eq. 7.80 to extend the
suction range. The soil suctions can be estimated from the
SWCCs (see Fig. 7.44) through use of the monitored water
contents. The permeability functions can then be calculated
over a much wider suction range, as shown in Figs. 7.49 to
7.51 (i.e., see the solid symbols).

There is a distinct overlap between the permeability
function computed from the suction measurements and that

from inferred suctions taken from the SWCC. The perme-
ability functions from the measurements at section heights
of 100, 300, and 600 mm tend to form a loglinear band.
The upper values tend to be about 5–10 times higher than
that of the lower values at the same suction. The Gardner
(1958a) equation can be used to best fit the calculated data
on the CL sand using a saturated coefficient of permeabi-
lity of 3.0 × 10−7 m/s. The laboratory-measured saturated
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coefficients of permeability for the CL sand ranged from
3 × 10−8 to 3.0 × 10−7 m/s. The slope in the loglinear
part was 2.18. As the soil suction increased from 10 to
10,000 kPa, the permeability decreased from 9.0 × 10−8 to
1.0 × 10−13 m/s.

The permeability functions for sandy ML and SC with
gravel are shown in Figs. 7.50 and 7.51, respectively. The
permeability functions calculated from the monitored suc-
tions agree well with the permeability function obtained
when suctions are inferred from the SWCC. The perme-
ability functions interpreted based on the measurements at
all four monitoring sections appear to be quite similar. The
calculated permeability functions is located along a loglin-
ear permeability band, where the upper value was about
3–8 times greater than the lower values at the same suction.
The Gardner (1958a) equation also best fit the calculated
data when using a saturated coefficient of permeability of
2 × 10−6 m/s for the ML soil and a saturated coefficient of
permeability of 6 × 10−7 m/s for the SC soil.

The results of the wetting-front advancing column tests
appear to provide an acceptable procedure for the measure-
ment of the unsaturated permeability function for a range
of coarse-grained materials. The permeability values inter-
preted based on measurements at different sections along
the column appear to follow a consistent trend. It appears
that the interpreted permeability function is independent of
the location at which the suction or water content mea-
surements are made. The calculated permeability function
based on measured suctions appears to agree well with the

permeability values calculated from the inferred SWCC. The
permeability functions show a loglinear relationship in the
suction range between 10 and 10,000 kPa. The slope of
the loglinear portion of the permeability function appears to
increase with an increase in the proportion of fines con-
tent in the soil. The permeability functions obtained are
located in a relatively narrow loglinear permeability band
with the upper permeability values about 5–10 times greater
than the lower permeability values at the same suction.
A column length of 400–600 mm appears to be appropri-
ate when using the wetting-front advancing column test.
Each wetting-front column test can be performed in 1 or
2 weeks.

7.6.5 From Measurement to Estimation
of PermeabilityFunction

The theory of water flow through unsaturated soils has been
verified through experimental testing. The hydraulic con-
ductivity or coefficient of permeability can be presented as
a function of soil suction. While it is possible to experi-
mentally measure the permeability function for a soil, the
time and costs are generally considered to be too prohibitive
in geotechnical engineering practice. As a result, consider-
able attention has been given to the use of “estimation”
techniques for obtaining the permeability function.

A significant portion of the next chapter is devoted to
methodologies for the estimation of the permeability func-
tion and its usage for solving practical geotechnical engi-
neering problems.



CHAPTER 8

Solving Saturated/Unsaturated Water Flow Problems

8.1 INTRODUCTION

Direct experimental measurements of the water coefficient-
of-permeability function for an unsaturated soil are difficult
and time consuming. Attempts have been made to calcu-
late the coefficient of permeability through use of theoret-
ical considerations of the soil pore-size distribution. Some
of these procedures were mentioned earlier as part of the
theory of flow through an unsaturated soil. A limited num-
ber of proposed estimation procedures have experienced the
greatest success for application in geotechnical engineering
practice. These procedures are either directly or indirectly
related to the features of the SWCC, and are commonly
referred to as indirect methods for the estimation of the
water permeability function.

The estimation procedures have found increasing accep-
tance as it has become evident that (i) the cost of directly
measuring the permeability function is prohibitive on most
engineering projects and (ii) the estimation techniques are
providing adequate information for engineering design pur-
poses. The success of applying unsaturated soil mechanics
in engineering practice has been closely related to the use
of the SWCC for estimating the water coefficient of perme-
ability. There is a clear linkage between the commencement
of desaturation of a soil (i.e., the air-entry value) and the
decrease in its coefficient of permeability. The relationship
between the SWCC and the water coefficient of permeabil-
ity is illustrated in Fig. 8.1 for two soil types, namely, sand
and clayey silt.

The water storage characteristics of the soil are also
required when modeling transient seepage problems. The
slope of the SWCC on the arithmetic soil suction scale
gives the water storage modulus mw

2 at designated soil
suctions.

The soil suction at the air-entry value of a soil can range
from a low value for sand (e.g., <10 kPa) to a high value
for intact clay soils (e.g., >1000 kPa). The wide range of
potential soil suction values can be more clearly observed on
a plot of the logarithm of soil suction versus the logarithm of
coefficient of permeability, as shown in Fig. 8.2. A soil has

the highest coefficient of permeability when it is saturated,
and it starts to reduce when soil suction exceeds the air-
entry value of the soil (i.e., the degree of saturation reduces
below 100%). There is an exception to this rule for the
condition where the soil cracks as a result of increased soil
suction. In this case, the cracks can produce a saturated
coefficient of permeability that is greater than the saturated
intact coefficient of permeability.

Most soils show a gradual decrease in the coefficient of
permeability as soil suction is increased once soil suction
exceeds the air-entry value. The log-log representation of the
water permeability function generally produces a straight-
line relationship once the air-entry soil suction is exceeded.
All soils appear to become essentially impervious to liq-
uid water flow once soil suction exceeds residual suction
conditions.

8.2 ESTIMATION OF PERMEABILITY FUNCTION

The estimation technique for describing the water perme-
ability functions can be subdivided into four categories
of models: (i) empirical models, (ii) statistical models,
(iii) correlation models, and (iv) regression models. These
categories provide a practical classification for estimated
permeability functions.

“Empirical” models recognize that there is a relationship
between the character of the SWCC and the permeabil-
ity function and proceed to utilize this relationship in an
empirical manner. The Brooks and Corey (1964) estima-
tion technique determines a pore-size distribution index and
uses the computed index for the estimation of the water
permeability function.

“Statistical” models start with a physical model of the
assemblage of pore channels through which water can flow.
The most common physical model used is that of Childs
and Collis-George (1950). A number of permeability func-
tions have been derived based on the suggested physical
assemblage of flow channels suggested by Childs and Collis-
George. Most permeability functions derived in this manner

375Unsaturated Soil Mechanics in Engineering Practice   D. G. Fredlund, H. Rahardjo and M. D. Fredlund
Copyright © 2012 John Wiley & Sons, Inc.
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Figure 8.1 Typical relationship between SWCCs and estimated
permeability functions for sand and clayey silt.

utilize an integration procedure along the SWCC, starting
from saturated soil conditions.

“Correlation” models recognize that there is an apparent
correlation between aspects of the SWCC and the permeabil-
ity function. The apparent correlation then uses an additional
soil parameter to relate the SWCC to the water permeability
function for a particular soil type. The correlation procedure
was used by Leong and Rahardjo (1997a) to generate a water
phase permeability function from the SWCC. The additional
soil parameter for the permeability function was estimated
from a correlation with the classification properties of soils.

In “regressions” models, a series of coefficient-of-
permeability data points may be available as a result of
either laboratory permeability testing or an estimations
technique that calculates coefficients of permeability. For
example, it is possible to use the Fredlund et al., (1994)
statistical model to generate a series of data points cor-
responding to a range of soil suction values. However,
there is no closed-form representation of the data points
because of the integration form for the permeability model.
Consequently, after the data points have been generated
using the Fredlund et al. (1994) permeability model, it
is useful to best fit the data points using a regression or
best-fit analysis.

As an example, the Gardner (1958a) empirical equation
with two soil parameters can be used to best fit to the data
points and thereby provide a mathematical equation to repre-
sent the permeability function. It is also possible to use other
closed-form permeability functions to best fit the generated
data (i.e., water coefficient of permeability versus soil suc-
tion). The Fredlund and Xing (1994) equation for the SWCC
can also be used along with a regression analysis to best fit
the water coefficient of permeability versus soil suction data
points. In this way, a closed-form equation can be generated
for the permeability function.

8.2.1 Designation of Amount of Water in Soil

There is a range of water contents over which liquid water
can flow through the soil. Liquid water flow becomes
smaller as the amount of water in the soil decreases. It is
somewhat difficult to ascertain a definite point at which
liquid water ceases to flow. Two primary assumptions have
been made regarding the range over which liquid water
flows through a porous medium.

Some of the earlier permeability models were based on
the assumption that liquid water flow occurred over the
range between full saturation of the soil and residual water
content (Brooks and Corey, 1964). An “effective degree of
saturation” variable was proposed that changed from 1.0 to
0.0 as the degree of saturation of the soil varied between
fully saturated conditions and residual water content con-
ditions. In other words, the designation of the amount of
water in the soil was normalized between the water content
at saturation and residual water content. Other models have
been proposed that allow the water content to vary from
the water content at full saturation and zero water content.
In other words, the water content is rendered dimensionless
by dividing any water content by the saturation water con-
tent. In this case, the dimensionless water content can once
again range from 1.0 to 0.0. Ebrahimi-Birang et al. (2004)
presented research results that suggested that liquid water
flow appeared to cease at some point beyond the residual
water content.

When the entire water content range is referenced to the
saturated water content, the amount of water in a soil can
be written in a dimensionless form that is equivalent to the
degree of saturation provided the volume change of the soil
structure is negligible as soil suction changes:

�d = θ

θs

= Vw/Vt

Vv/Vt

= Vw

Vt

= S (8.1)

where:

�d = dimensionless water content,
S = degree of saturation,

Vw = volume of water in the soil specimen,
Vv = volume of void in the soil specimen, and
Vt = total volume of the soil specimen.
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Figure 8.2 Relationship between SWCCs and permeability function for sand and clayey silt
plotted as log–log function.

Similarly, gravimetric water content w can be referenced
to zero water content to give a dimensionless water content
�d that can be written as follows:

�d = w

ws

= mw/mp

mws/mp

= mw

mws
= Vwρw

Vvρw
= Vw

Vv
= S (8.2)

where:

ws = saturated gravimetric water content,
mw = mass of water,
mp = mass of soil particles,
mws = mass of water when the soil is saturated, and
ρw = density of water.

Equations 8.1 and 8.2 indicate that the dimensionless
(gravimetric or volumetric) water contents are identical to
the degree of saturation when water contents range between
dry soil conditions and the saturated water content, provided
the overall soil structure volume change is negligible when
soil suction is changed.

The effective degree of saturation defined by Brooks and
Corey (1964) normalized the amount of water in a soil
between saturated soil conditions and the residual degree
of saturation:

Se = S − Sr

1.0 − Sr

(8.3)

where:

Se = effective degree of saturation,
1.0 = saturation of the soil, and
Sr = residual degree of saturation.

Volumetric water content θ can also be written in a nor-
malized form:

�n = θ − θr

θs − θr

(8.4)

where:

�n = normalized volumetric water content,
θs = saturated volumetric water content, and
θr = residual volumetric water content.
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The normalized water content �n and the effective degree
of saturation Se are the same variable when volume changes
are negligible as soil suction is increased. The above-
mentioned water content variables (i.e., volumetric water
content, gravimetric water content, and degree of saturation)
are used somewhat interchangeably along with the dimen-
sionless and normalized forms, and it is important to note
the conditions under which errors can be introduced when
using the improper designation of the amount of water in
a soil for the estimation of the unsaturated permeability
function. On the other hand, it should be noted that volu-
metric water content θ must be used when differentiating
the SWCC (i.e., expressed as volumetric water content
versus soil suction) to obtain the water storage modulus.

8.2.2 Definitions Related to Designation of Water
Coefficient of Permeability

The coefficient of permeability depends on the amount of
water in the soil, which in turn depends on soil suction
ψ . Soil suction may be in terms of either matric suction
(i.e., ua − uw, where ua is pore-air pressure and uw is pore-
water pressure) or total suction (i.e., matric plus osmotic
suctions). The term “permeability function” for unsaturated
soils is generally used to represent the relationship between
the coefficient of permeability and soil suction. The relative
coefficient of permeability, kr (ψ), is equal to the coefficient
of permeability at a selected soil suction, kw (ψ), referenced
to the saturated coefficient of permeability, ks , as follows:

kr (ψ) = kw (ψ)

ks

(8.5)

The relative coefficient of permeability can also be written
as a function of volumetric water content, kr (θ). However,
for geotechnical engineering applications the permeability
function is generally used as a scalar quantity which is a
function of soil suction, kr (ψ).

8.2.3 Empirical Equations for Water Permeability
Function

All permeability functions appear to provide essentially the
same approximations of the coefficient of permeability from
saturated conditions through the air-entry value of the soil
and into the start of the transition zone. All equations pro-
duce a similar overall functional form that responds to the
air-entry value and the rate of desaturation of the soil. All
empirical and statistical estimation procedures for the pre-
diction of the water permeability function involve the use
of the SWCC.

Empirical permeability functions describe the variation
in the water coefficient of permeability with soil suction,
kw(ψ) [or volumetric water content, kw(θ)]. The parame-
ters for the equations are generally determined from the

SWCC through use of a curve-fitting procedure. The Brooks
and Corey (1964) equation is one example of an empirical
model. The equation is sometimes also referred to as a
macroscopic model because of consideration given to the
pore-size distribution within the soil. The Brooks and Corey
(1964) permeability function consists of two parts: the per-
meability below the air-entry value of the soil and the per-
meability above the air-entry value. The permeability below
the air-entry value is equal to the saturated coefficient of
permeability:

kw = ks for ua − uw ≤ (
ua − uw

)
b

(8.6)

Above the air-entry value of the soil, the Brooks and
Corey (1964) function can be written as

kw = ks

{(
ua − uw

)
b(

ua − uw

)
}2+3λ

for ua − uw >
(
ua − uw

)
b

(8.7)
where:

λ = pore-size distribution index defined as the negative
slope of the effective degree of saturation.

The pore-size distribution index is obtained from the
SWCC. Figure 8.3a shows a typical SWCC while Fig. 8.3b
shows the same plot as degree of saturation versus soil
suction. Figure 8.3c shows the same information plotted as
the effective degree of saturation (logarithm scale) versus
soil suction (logarithm scale). The degree of saturation
has been normalized between full-saturation conditions
and a point representing residual saturation. The slope of
the normalized log-log plot using the effective degree of
saturation yields the pore-size distribution index λ. The
pore-size distribution index along with an understanding of
the air-entry value and the saturated coefficient of perme-
ability of the soil provides the necessary information for the
estimation of the water permeability function.

The Brooks and Corey (1964) empirical permeability
functions allow the unsaturated coefficient of permeability
of a soil to be computed without measuring the unsaturated
coefficient of permeability. All estimation procedures for
the permeability function have some similar features. First,
all estimated permeability functions start at fully saturated
soil conditions. Second, all estimated permeability functions
are also intimately related to the air-entry value of the
soil. As a result, it is to be anticipated that all estimation
procedures provide similar estimations of the unsaturated
coefficient of permeability in the low soil suction range.
It is to be expected that different permeability estimation
procedures will begin to show divergence in the estimated
permeability functions as soil suctions increase well beyond
the air-entry value.
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Figure 8.3 Determination of pore-size distribution index for sand soil: (a) gravimetric water
content versus soil suction; (b) degree of saturation versus soil suction; (c) effective degree of
saturation versus soil suction.
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8.2.4 Statistical Models for Estimation of Permeability
Function

There are groups of proposed estimation models that are
based on statistical assumptions regarding the pore distri-
butions. The statistical models are developed based on the
interpretation of the SWCC. These models are usually cat-
egorized as either macroscopic approaches or microscopic
approaches. The macroscopic models provide a closed-form
analytical equation for the unsaturated permeability function
and are related to either the normalized water content �n or
the dimensionless water content �d .

8.2.4.1 Childs and Collis-George Model with
Modifications by Marshall and Others

Childs and Collis-George (1950) proposed a model for esti-
mating the coefficient of permeability based on a random
variation in pore sizes. The assumption is made that the
overall volume change of the soil is negligible as soil suc-
tion is increased. The model was later improved by Marshall
(1958) and further modified by Kunze et al. (1968). A per-
meability function kw (θ) was derived based on Poiseuille’s
equation. The following permeability function is similar in
form to the function presented by Kunze et al. (1968). The
function has been slightly modified to accommodate SI units
and a matric suction designation rather than a pore-water
pressure head. Variables used in the equation are illustrated
in Fig. 8.4. The matric suction corresponding to the mid-
point of each interval is used to calculate the coefficient of
permeability:

kw

(
θi

) = ks

ksc

T 2
s ρwg

2υw

θ
p
s

N2

m∑
j=i

[
(2j + 1 − 2i)

(
ua − uw

)−2
j

]

i = 1, 2, . . . , m (8.8)

where:

kw

(
θi

) = calculated coefficient of permeability for a
specified volumetric water content θi corre-
sponding to the i th interval,

i = interval number that increases with decreasing
water content (e.g., i = 1 identifies the first
interval that closely corresponds to the satu-
rated water content θs and i = m identifies the
last interval corresponding to the lowest water
content θL on the experimental SWCC),

j = counter from i to m,
ksc = calculated saturated coefficient of permeability,
Ts = surface tension of water,
ρw = density of water,
g = gravitational acceleration,

υw = absolute viscosity of water,
p = constant that accounts for the interaction of

pores of various sizes,
m = total number of intervals between the saturated

volumetric water content θs and the lowest
water content θL on the experimental SWCC

N = total number of intervals computed between
the saturated volumetric water content θs and
zero water content (i.e., θ = 0) (note that N =
m
[
θs/
(
θs − θL

)]
, m ≤ N , and m = N when

θL = 0), and
ψj = soil suction (kPa) corresponding to the mid-

point of the j th interval (Fig. 8.5).

The calculation of the water coefficient of permeability,
kw, at a specific volumetric water content, (θ)i , involves the
summation of the matric suction values that correspond to
the volumetric water contents at and below a specific vol-
umetric water content, (θ)i . Several procedures have been
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Figure 8.5 Typical SWCC for calculating water permeability function (after Marshall, 1958;
Kunze et al., 1968).

proposed for the calculation of the permeability function
kw (θ) using Eq. 8.8. The main difference between the vari-
ous procedures lies in the interpretation of the pore interac-
tion term (i.e., θ

p
s /N in Eq. 8.8) (Green and Corey, 1971a).

The matching factor
(
ks/ksc

)
based on the saturated coef-

ficient of permeability is used to provide a smooth transition
between the measured saturated coefficient of permeabil-
ity and the remainder of the permeability function. The
above computational procedure for obtaining the perme-
ability function has been found to be most successful for
sandy soils having a relatively narrow pore-size distribution
(Nielsen et al., 1972). A comparison between the permeabil-
ity function kw (θ) computed from Eq. 8.8 and experimental
data is shown in Fig. 8.6 for a fine sand. The SWCC for
the sand and the comparison of its permeability function are
shown in Figs. 8.6a and 8.6b, respectively. If the information
shown in Figs. 8.6a and 8.6b is cross plotted, a more con-
ventional form for the permeability function is obtained (i.e.,
logarithm of permeability versus logarithm of soil suction),
as shown in Fig. 8.7.

The coefficient of permeability kw at a specific volumetric
water content θ is computed directly from Eq. 8.8. The shape
of the permeability function is determined by the terms
inside the summation sign portion of the equation which
are obtained from the SWCC. However, the magnitude of
the permeability function needs to be adjusted to coincide
with the measured saturated coefficient of permeability ks

when soil suction is zero. The permeability function can be
computed directly from the SWCC if the saturated coeffi-
cient of permeability is measured because all of the terms in
front of the summation sign in Eq. 8.8 can be considered as
an adjustment factor. The permeability function kw (θ) can
therefore be written as follows:

kw (θ)i = ks

ksc
Ad

m∑
j=i

[
(2j + 1 − 2i)

(
ua − uw

)−2
j

]

i = 1, 2, . . . , m (8.9)

where:

Ad = adjustment factor [i.e.,
(
T 2

s ρwg/2vw

) (
θ

p
s /N2

)
(m·s−1·kPa2)].

The terms in the “adjustment factor” in Eq. 8.8 result from
attempting to calculate the saturated coefficient of perme-
ability from Poiseuille’s theory. In geotechnical engineering
practice the saturated coefficient of permeability of the soil is
usually measured in the laboratory. Then the above integra-
tion procedure is used to simply calculate the shape of the
unsaturated permeability function. The unsaturated coeffi-
cient of permeability is therefore equal to the saturated coef-
ficient of permeability multiplied by the summation terms
shown in Eq. 8.9.

The data for a SWCC are all that is required for the
computation of the shape of the permeability function [i.e.,
kw(θ)]. The following example is used to illustrate the tech-
nique by which the coefficient of permeability kw(θ) can be
computed as a function of volumetric water content.

Let us consider the SWCC shown in Fig. 8.8. The compu-
tation of kw (θ) is illustrated for the drying curve. The drying
curve is first divided into m equal intervals of volumetric
water content, as shown in Fig. 8.9. In this case, the drying
curve has maximum and minimum volumetric water con-
tents (percentage form) of 38.8 and 10.9%, respectively. The
drying curve is divided into 20 intervals with 20 midpoints.
The first volumetric water content corresponds to saturated
conditions. Each volumetric water content midpoint,

(
θw

)
i
,

corresponds to a particular matric suction,
(
ua − uw

)
i
. The

midpoints are numbered starting from point 1 (i.e., i = 1)
to point 20 (i.e., i = m). The permeability function kw (θ)

is computed in accordance with the following equation:

kw (θ)i = ks

m∑
j=i

{
(2j + 1 − 2i)

(
ua − uw

)−2
j

}
(8.10)
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Figure 8.6 Comparisons between calculated and measured coefficients of permeability for Lake-
land fine sand: (a) SWCC; (b) water coefficient for permeability as function of volumetric water
content (after Elzeftawy and Cartwright, 1981).

The term
∑m

j=i

{
(2j + 1 − 2i)

(
ua − uw

)−2
j

}
in Eq. 8.10

describes the shape of the permeability function. The
coefficient-of-permeability values kw are adjusted in accor-
dance with the saturated coefficient of permeability ks . The
Ad term does not need to be computed and is assumed to
be unity when the saturated coefficient of permeability is
independently measured.

The saturated coefficient of permeability ks in the ex-
ample shown has a value of 5.83 × 10−8 (m/s) (Gonzalez
and Adams, 1980). The permeability function kw (θ)i
is calculated by substituting matric suction values from
the midpoints along the drying curve into Eq. 8.10. The
saturated coefficient of permeability ks was measured in a
laboratory test using the steady-state method (Gonzalez and
Adams, 1980). Similar computations of the permeability
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Figure 8.7 Plot of measured permeability data on Lakeland fine sand to show water coefficient
of permeability as function of soil suction.

Figure 8.8 SWCC of fine tailings sand (after Gonzalez and Adams, 1980).

function kw (θ)i can also be performed for the wetting curve.
The kw (θ)i calculations should proceed from low to high
matric suction values for both the wetting and drying curves.

The water coefficients of permeability kw are computed as
a function of volumetric water content θ . It is also possible
to plot the data shown in Fig. 8.10 in the more conventional
form used for the permeability function (i.e., logarithm of
permeability versus logarithm of soil suction). Figure 8.11

shows the measured data from Gonzalez and Adams (1980)
plotted along with the computed values for the coefficient
of permeability.

8.2.4.2 Burdine Model (1953)

Several statistical models have been proposed which make
use of the Childs and Collis-George (1950) visualization
of water flow through an unsaturated soil. Examples of
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Figure 8.9 Subdivision of SWCC for calculation of water coefficient of permeability from
SWCC (after Marshall, 1958; Kunze et al., 1968).
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Figure 8.10 Comparisons between the computed and measured coefficients of permeability
(after Gonzalez and Adams, 1980).

permeability models based on the physical model suggested
by Childs and Collis-George are the Burdine (1953) and
Mualem (1976a) permeability models. The saturated coeffi-
cient of permeability and the SWCCs are used to solve the
integral form of the statistical models and thereby compute
a water permeability function.

Statistical models can be used to calculate the permeability
function when the saturated coefficient of permeability ks

and the SWCC are known. This approach assumes that the
permeability function and the SWCC are both closely related

to the pore-size distribution of the soil. Figure 8.12 shows
a typical SWCC for a silt soil along with its permeability
function. Burdine (1953) proposed the following equation
for the relative coefficient of permeability based on pore-size
distribution:

kw (θ) = ks�
q
n

θ∫
θr

dθ/[ψ2 (θ)]

θs∫
θr

dθ/[ψ2 (θ)]

(8.11)
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where:

q = a constant assumed to be equal to 2, and
�n = normalized water content (i.e., equal to [(θ−

θr )/(θs− θr )] with θs equal to saturated volumetric
water content and θr equal to residual volumetric
water content).

The square of the normalized water content is meant to
account for the effect of tortuosity of the water flow path.
This model appears to be significantly more accurate than
the same equation used without the correction factor, �

q
n.

In 1980, van Genuchten proposed a three-parameter
equation for the SWCC. It was then noted that a closed-
form solution could be obtained from the Burdine
integration procedure provided the three parameters in the

van Genuchten SWCC equation could be reduced to a two-
parameter equation. A closed-form permeability equation
was obtained from the Burdine integration procedure when
nvb and mvb SWCC fitting parameters were related as
follows: mvb = 1 − 2/nvb. It was then possible to perform
the integration of the Burdine (1953) equation and arrive
at the following closed-form equation for the permeability
function:

kr (ψ) = kw (ψ)

ks

= 1 − (
avbψ

)nvb−2 [
1 + (

avbψ
)nvb

]−mvb[
1 + (

avbψ
)nvb

]2nvb

(8.12)
where:

mvb = fitting parameter set equal to 1 − 2/nvb,
nvb = fitting parameter from the van Genuchten (1980)

equation best fit to the SWCC,
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kw = unsaturated coefficient of permeability,
ks = saturated permeability coefficient,
ψ = soil suction, and

avb = fitting parameter related to the inverse of the air-
entry value.

Equation 8.12 is the result of substituting the van
Genuchten (1980) equation into the statistical integration
model proposed by Burdine (1953). The resulting closed-
form expression for the permeability function is commonly
referred to as the van Genuchten-Burdine permeability
equation. A closed-form equation for the coefficient of per-
meability has the advantage of simplicity over an integration
form for the permeability function.

The accuracy of the closed-form van Genuchten-Burdine
equation is in part dependent on the reasonableness of the
proposed relationship between the mvb and nvb variables.
It should be noted that Burdine (1953) did not write an
equation for the SWCC. Rather, van Genuchten (1980) made
an assumption related to the three parameters for the SWCC
equation, thereby reducing his equation to a two-parameter
equation that could yield a closed-form permeability func-
tion consistent with the Burdine (1953) integral form of the
equation.

8.2.4.3 Mualem (1976a) Model

Mualem (1976a) analyzed a conceptual model of a porous
medium similar to that of the Childs and Collis-George
(1950) model and derived the following equation for pre-
dicting the coefficient of permeability:

kr (θ) = �q
n

⎛
⎜⎜⎜⎜⎝

θ∫
θr

dθ/[ψ (θ)]

θs∫
θr

dθ/[ψ (θ)]

⎞
⎟⎟⎟⎟⎠

2

(8.13)

where:

q = a constant set to 0.5,
�n = normalized water content for the SWCC, and

kr (θ) = relative coefficient of permeability [i.e., kr (θ) =
k(θ)/ks , where k (θ ) is any coefficient of perme-
ability as a function of volumetric water content
and ks is the saturated coefficient of permeability
of the soil].

The value of q depends on the soil-fluid properties and
may vary considerably for different soils. Based on the per-
meability data for 45 soils, Mualem (1976a) suggested an
optimal value of 0.5 for the q variable.

Soil suction must be expressed as a function of vol-
umetric water content when using a statistical model. The
integrations are performed along the volumetric water

content axis and the permeability is expressed as a function
of volumetric water content. The van Genuchten (1980)
equation for the SWCC can be used in combination
with the Mualem (1976a) integration equation form for the
permeability function.

Van Genuchten suggested that the three fitting parameters
for the SWCC equation could be reduced to two fitting
parameters. The reduction to two fitting parameters was
accomplished by assuming a fixed relationship between
the nvm and mvm parameters; namely, mvm = 1 − 1/nvm
with 0 < mvm < 1. It was now possible to produce a
closed-form permeability function for an unsaturated soil
based on soil parameters associated with the SWCC. By
substituting the van Genuchten (1980) equation into the
statistical integration model proposed by Mualem (1976a),
a closed-form expression was derived for the permeability
function:

kr (ψ) =
{

1 − (
avmψ

)nvm−1 [
1 + (

avmψ
)nvm

]−mvm
}2

[
1 + (

avmψ
)nvm

]0.5

(8.14)

where:

mvm = fitting parameter set equal to 1 − 1/nvm.

Equation 8.14 is commonly referred to as the van
Genuchten-Mualem permeability equation (van Genuchten,
1980). The closed-form equation for the coefficient-of-
permeability function has the advantage of simplicity over
an integration form for the permeability function when it
comes to solving saturated-unsaturated seepage problems.
The accuracy of the closed-form van Genuchten-Mualem
permeability equation is in part dependent upon the
reasonableness of the assumption relating the mvm and nvm
variables.

There does not appear to have been an attempt by van
Genuchten (1980) to use laboratory test results to justify
the empirical relationship between the nvm and mvm soil
parameters. The relationship between nvm and mvm is a math-
ematical restriction and the mvm parameter was limited to
varying between zero and 1. The nvm variable also needed
to be a positive value. The mathematical restriction was nec-
essary in order to ensure that the “power” term was positive
and less than 1 (e.g., 0 < mvm < 1).

It is possible to test the reasonableness of the relationship
between m and n by performing best-fit regression analyses
on SWCC data on unsaturated soils. A large number of
test results were retrieved from the SoilVision database
and independent van Genuchten (1980) mvg and nvg
parameters were back calculated using a best-fit regression
analysis. The results indicate that the empirical relationships
suggested by Burdine (1953) and Mualem (1976a) are not
representative of most experimental data. The Fredlund,
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et al. (1994b) permeability function retains independence
among the af , nf , and mf fitting parameters when using the
SWCC in the calculation of the permeability function. It is
suggested that retaining independence of the SWCC fitting
variables leads to superior estimations of the permeability
functions.

8.2.4.4 Fredlund et al. (1994b) Model

Fredlund et al. (1994b) used the Fredlund and Xing (1994)
SWCC equation along with the Childs and Collis-George
(1950) physical model to compute a water permeability
function. The procedure involved numerical integration
along the SWCC. Independent permeability functions can
be computed for the drying and wetting SWCC. It is
assumed that the volume change of the soil structure is
negligible when soil suction is changed. Equation 8.8 can
be expressed in the following integration form:

k (θ) = ks

θ∫
θL

θ − x

ψ2 (x)
dx

/ θs∫
θL

θs − x

ψ2 (x)
dx (8.15)

where:

ψ = soil suction as a function of volumetric water con-
tent θ ,

x = dummy variable of integration representing water
content,

θ = volumetric water content,
θs = volumetric water content at saturation, and
θL = lower limit for the volumetric water content.

Equation 8.15 can also be expressed as a relative coeffi-
cient of permeability, kr

(
θi

)
, in summation form:

kr

(
θi

) =
m∑

j=i

2 (j − i) + 1

ψ2
j

/
m∑

j=i

2j − 1

ψ2
j

(8.16)

The integration form of Eq. 8.16 can be written as fol-
lows:

kr (θ) =
θ∫

θL

θ − x

ψ2 (x)
dx

/ θs∫
θL

θs − x

ψ2 (x)
dx (8.17)

The residual volumetric water content θr is the water
content below which large increases in suction are required
to remove additional water. The residual water content can
generally be observed as a break in the SWCC; however, the
break in curvature is not always visible for high-plasticity
clay soils. It is commonly assumed that the coefficient of
permeability of a soil is essentially zero when its water con-
tent is below the residual water content. Kunze et al. (1968)
investigated the effect of using only a portion of the SWCC
for the prediction of coefficient of permeability. It was

concluded that the accuracy of the prediction is significantly
improved when the SWCC extended at least to residual
conditions. Therefore, the x integration should be carried
out at least over the interval from θs to θr :

kr (θ) =
θ∫

θr

θ − x

ψ2 (x)
dx

/ θs∫
θr

θs − x

ψ2 (x)
dx (8.18)

Most proposed models for the relative coefficient of per-
meability kr (e.g., Eqs. 8.11, 8.13, and 8.18) require the
designation of residual water content and the SWCCs are
rarely used over the entire range of water contents. Brooks
and Corey (1964), Mualem (1976a), and van Genuchten
(1980) suggest different methods for the extrapolation of
the measured soil-water characteristic data and the deter-
mination of the residual water content. The conventional
procedure for the prediction of the coefficient of permeabil-
ity using Eq. 8.18 consists of two steps. First, the residual
water content of the soil under consideration was estimated
from experimental data. Then the measured soil-water char-
acteristic data are fitted using a mathematical equation for
the interval between saturated water content θs and residual
water content θr . Subsequent integrations were performed
using the best-fit curve between these two water content
conditions. It is not clearly known under what water content
condition the coefficient of permeability goes to zero. There-
fore, it is better to estimate the coefficient-of-permeability
function without being restricted to an empirical estimation
of zero water flow.

The total suction corresponding to zero water content (i.e.,
oven-dried water content) is essentially the same for all
types of soils. A value approaching 106 kPa has been sup-
ported by thermodynamic considerations (Richards, 1965)
and experimental results (Croney and Coleman, 1961). A
general equation describing the SWCC over the entire suc-
tion range (i.e., 0 − 106 kPa) was proposed by Fredlund and
Xing (1994):

θ = C (ψ)
θs{

ln
[
e + (

ψ/af

)nf
]}mf

(8.19)

where:

e = the natural number 2.71828,
af = inflection point, related to the air-entry value of

the soil,
nf = parameter that controls the slope at the inflection

point in the SWCC,
mf = parameter that is related to the residual water

content,
C (ψ) = correction function defined as

C (ψ) = 1 − ln
(
1 + ψ

/
ψr

)
ln
(
1 + 1,000,000/ψr

)
ψr = constant related to the suction at residual water

content, θr .
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Equation 8.19 fits experimental data over the entire suc-
tion range from 0 to 106 kPa (Fredlund and Xing, 1994). It is
convenient to perform the integration along the soil suction
axis when calculating the coefficient of permeability using
Eqs. 8.18 and 8.19. Equation 8.18 can also be transformed
into the following form:

kr (ψ) =
ψr∫

ψ

θ(y) − θ(ψ)

y2
θ ′(y) dy

/ψr∫
ψaev

θ(y) − θs

y2
θ ′(y) dy

(8.20)
where:

ψaev = air-entry value of the soil under consideration
(i.e., the suction where air starts to enter the
largest pores in the soil),

ψr = suction corresponding to the residual water con-
tent, θr ,

y = dummy variable of integration representing suc-
tion, and

θ ′ = derivative of Eq. 8.19.

Equation 8.19 fits the experimental data over the entire
suction range and the integrations in Eq. 8.20 can be per-
formed from ψaev to 106 for all types of soils. This simplifies
the prediction procedure for the coefficient of permeabil-
ity since the residual value (θr or ψr ) does not have to be
accurately determined for each soil.

It is necessary to independently determine the air-entry
value ψaev of the soil. The air-entry value can be deter-
mined using the empirical construction procedure shown in
Chapter 5. Consequently, the soil is assumed to remain at the
saturated coefficient of permeability at suction values below
the air-entry value of the soil. The coefficient of permeabil-
ity of the soil then decreases at soil suctions higher than the
air-entry value in accordance with the proposed integration
procedure. A series of discrete data points are calculated
corresponding to the relationship between the coefficient of
permeability and soil suction. It is also possible to best fit
the permeability data points with another empirical equation,
if so desired.

To avoid numerical difficulties associated with performing
integration over the soil suction range from ψaev to 106 kPa
on an arithmetic scale, it is more convenient to perform the
integration on a logarithmic scale. Therefore, the following
variation of Eq. 8.20 is preferred:

kr (ψ) =
b∫

ln(ψ)

θ(ey) − θ(ψ)

ey
θ ′(ey

)
dy

/

b∫
ln(ψaev)

θ(ey) − θs

ey
θ ′(ey

)
dy (8.21)

where:

b = upper limit of integration [i.e., ln
(
106)],

y = dummy variable of integration representing the log-
arithm of suction,

θ ′ = derivative of the SWCC equation, and
ey = natural number raised to the dummy variable power.

8.2.5 Numerical Integration for Relative Coefficient of
Permeability

The permeability function is expressed in a form where inte-
gration can be performed on a logarithm scale (Eq. 8.21).
The two integrals in Eq. 8.21 can be evaluated using the fol-
lowing numerical integration method. Let a and b denote the
lower and upper limits of the integration. Then a = ln

(
ψaev

)
and b = ln

(
106). Let us divide the range [a, b] into N subin-

tervals of the same size and let �y denote the length of each
subinterval. Then,

a = y1 < y2 < · · · s < yN < yN+1 = b �y = b − a

N
(8.22)

The denominator of Eq. 8.21 can be evaluated as follows:

b∫
ln(ψaev)

θ(ey) − θs

ey
θ ′(ey

)
dy ≈ �y

N∑
i=1

θ
(
eȳi
)− θs

eȳi
θ ′(eȳi

)
(8.23)

where ȳi is the midpoint of the i th interval,
[
yi, yi+1

]
, and

θ ′ is the derivative of Eq. 8.19 given as follows:

θ ′(ψ) = C ′ (ψ)
θs{

ln
[
e + (

ψ/af

)nf
]}mf

− C (ψ)
θs{

ln
[
e + (

ψ/af

)nf
]}mf +1

× mf nf

(
ψ
/
af

)nf −1

a
[
e + (

ψ/af

)nf
] (8.24)

where
C ′ (ψ) = −1(

ψr + ψ
)

ln
(
1 + 106

/
ψr

) (8.25)

For any suction value ψ in the range between the air-entry
value, ψaev, and 106, the value of ln (ψ) is between a and b.
Let us assume that ln (ψ) is in the j th interval,

⌊
yj , yj+1

⌋
.

Then, the numerator of Eq. 8.21 can be evaluated as
follows:

b∫
ln(ψ)

θ(ey) − θ(ψ)

ey
θ ′(ey

)
dy

≈ �y

N∑
i=j

θ
(
eȳi
)− θ(ψ)

eȳi
θ ′(eȳi

)
(8.26)
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Therefore, the relative permeability kr (ψ) at suction
ψ is

kr (ψ) ≈
N∑

i=j

θ
(
eȳi
)− θ(ψ)

eȳi
θ ′(eȳi

)/

N∑
i=1

θ
(
eȳi
)− θs

eȳi
θ ′(eȳi

)
(8.27)

The lower limit of the integration given by Eq. 8.21 cor-
responds to the saturated water content θs . Although the
air-entry value is used as the lower limit of the integration,
any other value between 0 and ψaev can be used. In other
words, the air-entry value does not have to be known pre-
cisely. However, the value must be positive to perform the
integration on a logarithm scale.

8.2.6 Numerical Results and Comparisons with
Experimental Data

The numerical integration of Eq. 8.21 can be accomplished
as follows. First, it is necessary to determine the four fit-
ting parameters for the SWCC (i.e., af , nf ,mf , and ψr ),
as shown in Eq. 8.19. These parameters can be manually
determined or computed using a nonlinear least-squares rou-
tine. Neither of the residual values θr and ψr are explicitly
required as part of the curve-fitting procedure. The perme-
ability function can be computed once the SWCC fitting
parameters are known. Equation 8.21 is used in conjunction
with the saturated coefficient of permeability.

Following are some comparisons between measured and
predicted coefficient of permeability curves for several soils.
The soil properties and values of the fitting parameters for
Eq. 8.19 for each soil are listed in Table 8.1.

Figure 8.13 shows a curve that is best-fit to the experi-
mental data for Touchet silt (GE3) from Brooks and Corey
(1964). The predicted coefficient-of-permeability function
based on the best-fit curve in Fig. 8.14 is compared with

Table 8.1 Soil Properties and Fitting parameters for
Fredlund and Xing (1994) Equation on Several Soils

ks × 10−6

Soil Type θs (m/s) af nf mf ψr

Touchet silt
(GE3)

0.430 — 8.34 9.90 0.44 30.0

Columbia
sandy silt

0.458 — 6.01 11.86 0.36 30.0

Yolo light clay 0.375 0.123 2.70 2.05 0.36 100.0
Guelph silt 0.520 3.917 5.61 2.24 0.40 300.0

drying 0.430 — 3.12 4.86 0.23 100.0
wetting

Superstition
sand

— 18.3 2.77 11.20 0.45 300.0

the measured permeability data. Results show that the pre-
dicted permeability function closely matches the measured
permeability data.

Permeability function calculations for Columbia sandy
silt (Brooks and Corey, 1964) are presented in Figs. 8.15
and 8.16. The calculated relative coefficient-of-permeability
function closely matches the experimentally measured
values.

A best-fit SWCC for the experimental data for Super-
stition sand (Richards, 1952) is shown in Fig. 8.17. The
relative coefficients of permeability computed from the mea-
sured SWCC are shown in Fig. 8.18. The calculated rela-
tive coefficient-of-permeability values deviate slightly from
the measured coefficients of permeability as soil suction
increases. Residual conditions are reached at soil suctions
around 10 kPa.

The differences between the calculated and measured
coefficients of permeability may, in part, be due to inade-
quacies in the fit of the experimental SWCC data, as shown
in Fig. 8.17. To test this hypothesis, a second and more
accurate fit was performed on the experimental permeability
data. The improved best-fit curve to the experimental
soil-water characteristic for the Superstition sand is shown
in Fig. 8.19. The predicted permeability function based
on the improved best-fit curve provides a more accurate
fit of the experimental permeability data, as shown in
Fig. 8.20. The results indicate that it is important to obtain
an accurate fit of the experimental soil-water characteristic
data in order to accurately compute the coefficient-of-
permeability function.

The SWCC and permeability function results for Yolo
light clay (Moore, 1939) are presented in Figs. 8.21
and 8.22, respectively. The predicted permeability function
is close to the measured data in the low-soil-suction
range. The unusual shape of the measured permeability
function data suggests that there may have been errors in
the measured permeability data. The clay material may
have experienced some volume change as soil suction was
changed. If this is the case, then the degree-of-saturation
SWCC would have provided a better indication of the actual
air-entry value for Yolo light clay. The estimation of the
coefficient-of-permeability function for clayey soils is gener-
ally less accurate than permeability function estimations for
sandy soils.

SWCC and permeability data on Guelph silt (Elrick
and Bowman, 1964) are shown in Figs. 8.23 and 8.24.
This example illustrates the effect of hysteresis on the
SWCCs and the permeability function. The results indicate
that, although there is considerable hysteresis observed
in the volumetric water content SWCC, hysteresis is less
pronounced in the permeability function k (θ).

8.2.7 Comparison of Data Fit and Theory

The examples of experimental soil-water characteristic data
and measured permeability data presented in the previous
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Figure 8.13 Fredlund and Xing (1994) SWCC fit to experimental data for GE3. (Data from
Brooks and Corey, 1964.)
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Figure 8.14 Comparison between predicted and measured relative permeability for GES. (Data
from Brooks and Corey, 1964.)
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Figure 8.15 Fredlund and Xing (1994) SWCC fit experimental data for Columbia sandy silt.
(Data from Brooks and Corey, 1964.)
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Figure 8.16 Comparison of predicted and measured relative permeability function for Columbia
sandy silt. (Data from Brooks and Corey, 1964.)
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Figure 8.17 Fredlund and Xing (1994) SWCC fit to experimental data for Superstition sand.
(Data from Richards, 1952.)
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Figure 8.18 Comparison of predicted and measured relative permeability for Superstition sand.
(Data from Richards, 1952.)
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Figure 8.19 Improved fit of Fredlund and Xing (1994) SWCC data for Superstition sand. (Data
from Richards, 1952.)
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Figure 8.20 Comparison of predicted and measured relative permeability function using
improved best-fit analysis of SWCC experimental data on Superstition sand. (Data from Richards,
1952.)
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Figure 8.21 Fredlund and Xing (1994) SWCC fit experimental data for Yolo light clay. (Data
from Moore, 1939.)
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Figure 8.22 Comparison of predicted and measured relative permeability function for Yolo light
clay. (Data from Moore, 1939.)
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Figure 8.23 Fredlund and Xing (1994) SWCC fit of experimental data for Guelph silt. (Data
from Elrick and Bowman, 1964.)

section are primarily in the low-soil-suction range. Equation
8.19 for the SWCC can also be used to fit experimental data
in the high-soil-suction range. It is no longer necessary to
estimate the residual volumetric water content θr for each
soil when predicting the coefficient-of-permeability function
in the high-soil-suction range. Reasonable predictions of the
coefficient of permeability function appear to be possible for
a wide range of SWCCs.

It would appear that volume changes associated with
changes in soil suction are the primary reason for deviations
between measured permeability functions and estimated
permeability functions. It appears to be better to give
consideration to the degree-of-saturation SWCC when
performing integration along the SWCC when there are
volume changes associated with soil suction changes. It is

recommended that the SWCC also be measured in the high-
soil-suction range (i.e., at soil suction higher than the
residual suction).

The accuracy of the estimated coefficient-of-permeability
function depends not only on the closeness of the best-fit
curve to the experimental soil-water characteristic data
but also on the precision of the model adopted. Mualem
(1986) concluded that there was no single physical model
that fits every soil. Proposed permeability estimation
models have been found to be most satisfactory for sandy
soils, whereas agreement with experimental data may not
be satisfactory for fine-grained soils. The flexibility of
Eq. 8.21 can be increased by multiplying the equation by
a correction factor �q which takes tortuosity into consid-
eration (Mualem, 1986) and increases the flexibility of the
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Figure 8.24 Comparisons of predicted and measured coefficients
of permeability for Guelph silt. (Data from Elrick and Bowman,
1964.)

permeability estimation equation. Therefore, a more ac-
curate estimation permeability equation can be written
using the following modification to Eq. 8.21:

kr (ψ) = �q (ψ)

b∫
ln(ψ)

θ(ey) − θ(ψ)

ey
θ ′(ey

)
dy

/

b∫
ln(ψaev)

θ(ey) − θs

ey
θ ′(ey

)
dy (8.28)

Kunze et al. (1968) suggested that the value of the power
q could be set equal to 1.

8.2.8 Correlation of Soil Parameters for Permeability
Function

A number of possible correlations have been undertaken
which assist in the estimation of an unsaturated soil perme-
ability function. Correlations have been undertaken between
the fitting parameters for a particular permeability function
or SWCC and soil classification properties. Unfortunately,
the correlations related to a particular permeability equation
can only be used with the equation used when performing

the correlation study. The correlations cannot be transferred
to other permeability functions.

Probably the most general correlation that has been under-
taken for permeability functions is related to the functional
form suggested by Leong and Rahardjo (1997a). Details
of parameters for various soil types are presented below
along with statistical variation of the single required fitting
parameter.

8.2.8.1 Leong and Rahardjo (1997a) Permeability
Function

Leong and Rahardjo (1997a) suggested using a dimension-
less equation for the SWCC that was then raised to a power
q to obtain the permeability function. The permeability func-
tion was written in the following form:

kr (ψ) = ks

[
�d (ψ)

]q
(8.29)

where:

�d (ψ) = dimensionless water content form θ/θs for
SWCC, and

q = correlation-based soil fitting parameter.

Equation 8.29 is attractive for estimating the permeability
function due to its simplicity. The equation is easy to use
and reflects the relationship between the SWCC and the
permeability function. It is necessary to know the value to
use for the q soil fitting parameter when using Eq. 8.29.
Leong and Rahardjo (1997a) used the data from six soils
to assess the magnitude of the q soil fitting parameter. The
results of the fitting exercise are shown in Table 8.2.

A later study undertook the analysis of approximately 300
permeability data sets (Fredlund et al., 2001a). Each data set
consisted of (i) experimental results where the SWCC was
measured, (ii) experimental results where the coefficient
of permeability under various applied soil suctions was
measured, and (iii) the saturated coefficient of permeability
was measured. All experimental results were extracted
from the SoilVision knowledge-based system. The soils
were divided into a number of categories dependent upon

Table 8.2 Summary of Typical q Parameters from
Study by Leong and Rahardjo (1997a)

Soil Type af (kPa) nf mf q

Beit Netofa clay 389 0.69 1.176 52.12
Rehovot sand 2.25 4.32 1.235 6.04
Touchet silt 7.64 7.05 0.506 4.55
Columbia sandy silt 5.81 10.59 0.381 5.79
Superstition sand 2.66 6.86 0.525 6.21
Yolo light clay 2.93 2.11 0.379 9.57
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Table 8.3 Summary of Soil Types Analyzed for
Permeability Function

USDA Textural Classification Number of Samples

Clay 21
Clay silt 18
Silt 12
Silty sand 29
Sand 49
Sandy clay silt 17
Sandy silt 30
Silt 74
Silty clay 34
Silty clay 18

USDA textural classification. The textural categories along
with the number of data sets in each category are shown
in Table 8.3.

Soils in each textural category were first analyzed and
then all soils were combined to obtain overall average val-
ues for q . Each SWCC data set was first best fit to determine
the af , nf , and mf parameters associated with the Fredlund
and Xing (1994) equation. Then the SWCC and the satu-
rated coefficient of permeability were used to best fit the
permeability data in accordance with the equation proposed
by Leong and Rahardjo (1997a). The best-fit analysis of
the permeability data allowed the calculation of the q soil
parameter.

A typical best fit of the Leong and Rahardjo (1997) pro-
cedure for a sand soil is shown in Fig. 8.25. The best-fit
q parameter for the sand was 2.54. A similar best fit for
silt is shown in Fig. 8.26 and the q parameter was 3.62.
Both plots illustrate that the predicted permeability function
quite closely fits the experimental data when an appropriate
q parameter is selected for the permeability function.

Figure 8.27 shows the frequency distribution associated
with the q parameter when all soil textural categories are
combined (Fredlund et al., 2001a). The statistical analysis
of the q parameter is presented in Table 8.4. The results
show that the overall mean value for q is 3.29 and the stan-
dard deviation of q is 1.40. These values yield an overall
coefficient of variation of 43%, which is quite high. The
overall median value is 2.96 and the mode is 5.61.

Frequency distributions can be drawn for each of the soil
textural categories. The frequency distribution of q for sand
soil is shown in Fig. 8.28 and the frequency distribution of
q for silt is shown in Fig. 8.29. Table 8.5 summarizes the
statistical properties for the computed q parameters for each
of the soil textural categories.

The standard deviation was 0.49 for the sand soil and 1.50
for the clay soil. The standard deviation was 0.84 for the
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Figure 8.25 Fit of proposed Leong and Rahardjo (1997a) perme-
ability function for experimental data on sand.
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Figure 8.27 Frequency distribution for q permeability parameter
for all soils analyzed (from Fredlund et al., 2001a).
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Figure 8.28 Frequency distribution for q permeability parameter
for sand soils analyzed (from Fredlund et al., 2001a).

sandy silt and 1.81 for the clayey silt. The results indicate
that there is less scatter in the fitting parameter q as the soil
becomes closer to a sand material. The fitting parameter q
tends toward 1.0 for sand soils.

The sand showed a mean q value of 2.37 while the clay
soils showed a mean q value of 4.34. The sandy silt showed
a mean q value of 2.86 and the clay silt showed a mean q
value of 3.58. The results indicate a trend toward a larger
q value for soils with higher plasticity and a wider distri-
bution of particle sizes. The mean fitting parameters for all
soil types ranged from 2.4 to 5.6. The statistical results pro-
vide a general indication of the range and scatter that can
be anticipated when using the Leong and Rahardjo (1997a)
equation (i.e., Eq. 8.29) for estimation of the permeability
function for an unsaturated soil.

The analysis of an even larger database of measured
SWCC and permeability function measurements would
be useful to better understand the mean and variation
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Figure 8.29 Frequency distribution for q permeability parameter
for silt soils analyzed (from Fredlund et al., 2001a).

Table 8.4 Statistical Analysis of q Soil
Parameter for All Soils

Statistical Variable q Soil Parameter

Mean 3.29
Standard error 0.08
Median 2.96
Mode 5.61
Standard deviation 1.40
Sample variance 1.96
Kurtosis 14.80
Skewness 2.35
Range 14.39
Minimum 0.64
Maximum 15.03
Number of soils 323

associated with the q parameter. However, it must also be
recognized that there will always be considerable scatter
in the q parameter. The estimation procedure proposed by
Leong and Rahardjo (1997a) is of value, but it does not
appear to provide a singular value for the q parameter.

8.2.9 Regression Techniques for Best-Fit Permeability
Function

Gardner (1958a) published two empirical forms for a per-
meability equation. The first equation was presented earlier
and takes the following form:

kw

(
ua − uw

) = ks

1 + ag

{(
ua − uw

)/(
ρwg

)}ng
(8.30)
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Table 8.5 Statistics of Permeability Fitting Parameter q for Various Soil Textures

Clay Sandy clay Silty clay Silt Sandy Loam
Statistics Clay loam Loam Sand loam Silty clay loam loam loam sand

Mean 4.34 3.58 3.78 2.37 2.80 5.59 3.22 3.52 2.86 2.67
Median 4.71 2.62 3.56 2.36 2.62 4.77 3.18 3.46 2.85 2.59
Mode 3.00 2.80 3.25 2.20 2.75 4.60 4.05 3.15 2.75 4.63
Standard deviation 1.50 1.81 1.16 0.49 1.00 1.31 1.36 1.09 0.84 0.68
Sample variance 2.25 3.29 1.34 0.24 0.99 1.73 1.86 1.19 0.71 0.46
Range 5.42 5.92 4.14 2.25 4.71 6.33 4.97 5.99 4.20 4.01
Minimum 1.52 1.84 1.63 1.25 0.64 1.11 1.28 0.83 1.02 1.41
Maximum 6.94 7.76 5.76 3.49 5.35 7.44 6.25 6.82 5.22 5.42
Number of sets 21 18 12 49 17 34 18 74 30 29

where:

kw

(
ua − uw

) = coefficient of permeability as a function
of soil suction,

ks = saturated coefficient of permeability,
ag = fitting parameter related to the inverse of

the air-entry value,
ng = fitting parameter related to the rate of

desaturation of the soil,
ua − uw = matric suction,

ρw = density of water, and
g = acceleration due to gravity.

The second Gardner (1958a) permeability equation has
the following form:

kw

(
ua − uw

) = ks exp
[−cg

(
ua − uw

)]
(8.31)

where:

cg = soil parameter related to the exponential decrease in
permeability with respect to soil suction.

Inherent in the form of the latter equation is the assump-
tion that the air-entry value for the soil is near zero. Equation
8.31 should only be used when it is known that the air-
entry value of the soil under consideration is approaching
zero. Neither of the above permeability functions should be
used unless it has been possible to determine the ag and
ng fitting parameters through use of an independent anal-
ysis or through direct measurements of the coefficient of
permeability at various applied soil suction values.

8.2.10 Estimation of Minimum Coefficient
of Permeability

Limited research has been undertaken on the form that
the permeability function should take once residual water
content conditions are reached and exceeded. A recent

study (Ebrahimi-Birang et al., 2004) has suggested that
there should be a lower limit for the water coefficient of
permeability and that the magnitude of potential vapor
diffusion be taken into consideration.

Figure 8.30 shows the results of the method proposed
by Ebrahimi-Birang et al. (2004) applied to silty sand. The
lower limit that was suggested for liquid water flow was
1 × 10−14 m/s. It was suggested that the same lower limit
for the coefficient of permeability might be applicable for
all soils. The lower limit for the water coefficient of perme-
ability is of importance with respect to numerical modeling
of water flow. The lack of a lower limit for the water coeffi-
cient of permeability can give rise to numerical convergence
problems during seepage modeling.

8.2.11 Water Storage Modulus for Transient Modeling

The water storage property of a soil, mw
2 , is defined as

the relationship of the slope of the (volumetric) water con-
tent and soil suction. The water storage variable is required
whenever a transient seepage analysis is performed. The
water storage modulus can be obtained through the (arith-
metic) differentiation of any of the equations designated for
the SWCC (Fig. 8.31).

8.3 APPLICATION TO
SATURATED-UNSATURATED WATER FLOW
PROBLEMS

Steady- and unsteady-state water seepage through a
saturated-unsaturated soil system can be analyzed by solv-
ing the governing partial differential equation of seepage.
The solution is obtained through use of the numerical mod-
eling methods such as finite difference and finite element
methods. The approach is similar for steady-state seepage
and unsteady-state seepage with the exception that unsteady-
state seepage is time dependent, requiring discretization
of time (i.e., elapsed time is handled in an incremental
elapsed time manner for unsteady-state water seepage).
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Figure 8.30 Variations of liquid water and vapor permeability function for a silty sand soil.
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Figure 8.31 Relationship of water storage functions to drying and wetting SWCCs.

The solution of saturated-unsaturated seepage problems
is presented through a series of problems that are progres-
sively more complex. The first seepage problems are of
a steady-state nature and these are followed by several
unsteady-state (or transient) analysis problems. One-
dimensional steady-state problems are first solved and
these are followed by two-dimensional examples. The one-
dimensional seepage examples illustrate the application
of hydraulic head and moisture flux boundary conditions.
The one-dimensional problems are solved using a finite
difference technique. Two-dimensional steady-state example
problems are then solved using the finite element method.

These example problems are followed by a series of
two-dimensional, unsteady-state examples that are solved
using the finite element methodology.

8.3.1 Solution of One-Dimensional Flow Problems

The differential equation for one-dimensional steady-state
flow through a homogeneous , saturated soil can be solved
by integrating the differential equation two times. The
equation for one-dimensional steady-state flow through an
unsaturated soil requires a more complex solution than that
for a saturated soil. A numerical solution must be used rather
than a closed-form solution. The finite difference method
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Figure 8.32 Hydraulic head function h(y) written in finite differ-
ence form.

can be used to illustrate the solution to the steady-state
flow equation for an unsaturated soil.

The seepage differential equation can be written in a finite
difference form. Consider the situation where a function
h(y) varies in space, as shown in Fig. 8.32. Values of the
function at points along the curve describing hydraulic head
can be computed using a Taylor series to write forward-
difference and backward-difference equations. The forward
difference-equation can be written as

hi+1 = hi + �y

(
dh

dy

)
i

+ �y2

2!

(
d2h

dy2

)
i

+ �y3

3!

(
d3h

dy3

)
i

+ · · · (8.32)

The backward-difference equation can be written as

hi−1 = hi − �y

(
dh

dy

)
i

+ �y2

2!

(
d2h

dy2

)
i

− �y3

3!

(
d3h

dy3

)
i

+ · · · (8.33)

where:
i − 1, i , i + 1 = three consecutive points spaced at incre-

ments �y.
Subtracting the forward- and backward-difference

equations and neglecting the higher order derivatives result
in the first derivative of the function at point i:(

dh

dy

)
i

= hi+1 − hi−1

2 �y
(8.34)

Summing the forward- and backward-difference equations
and again neglecting the higher order derivatives give the
second derivative of the function at point i:(

d2h

dy2

)
i

= hi+1 + hi−1 − 2hi

�y2
(8.35)

Equations 8.34 and 8.35 are called the central-difference
approximations for the first and second derivatives of the
function h(y) at point i . These approximations can be used
to solve the differential seepage equation. Similar approxi-
mations can be derived for a function h(x) in the x -direction
when there is flow in the x-direction. The use of an iterative
finite difference technique in solving seepage problems is
illustrated in the following sections.

8.3.2 Head Boundary Conditions Applied

Steady-state evaporation under a fixed head boundary
condition from a column of unsaturated soil is illus-
trated in Fig. 8.33. A tensiometer is installed near the
ground surface to measure the negative pore-water pressure.
One-dimensional, steady-state flow is assumed when the ten-
siometer reading remains constant with respect to time. The
pore-water pressure at the base of the column (i.e., the water
table) is equal to zero.

The hydraulic head distribution along the length
of the column is given by Eq. 7.30 [Chapter 7; i.e.,
kwy

(
d2hw

/
dy2

)+ (
dkwy

/
dy
) (

dhw

/
dy
) = 0]. This equation

can be solved using the finite difference approximations
shown in Eqs. 8.34 and 8.35. The column length is first
subdivided into n equally spaced nodal points at a distance
�y apart (Fig. 8.33). A central-difference approximation
is then applied to the hydraulic head and coefficient-
of-permeability derivatives. The finite difference form can
be written as follows for point i:

kwy(i)

{
hw(i+1) + hw(i−1) − 2hw(i)(

�y2
)

}

+
{

kwy(i+1) − kwy(i−1)

2 �y

}{
hw(i+1) − hw(i−1)

2 �y

}
= 0 (8.36)

where:

kwy(i), kwy(i−1), kwy(i+1) = water coefficients of perme-
ability in the y-direction at
points i, i − 1, and i + 1, re-
spectively, and

hw(i), hw(i−1), hw(i+1) = hydraulic heads at points i, i −
1, and i + 1, respectively.

Equation 8.36 can be rearranged after assuming equal �y

increments:

− {
8kwy(i)

}· hw(i) + {
4kwy(i) + kwy(i+1) − kwy(i−1)

}· hw(i+1)

+ {
4kwy(i) + kwy(i−1) − kwy(i+1)

}· hw(i−1) = 0 (8.37)

The hydraulic heads at the external points (i.e., points
1 and n) become the boundary conditions. The hydraulic
head at point 1 is zero. The elevation of point n relative
to the datum, hgn, gives the gravitational head at point n.
The tensiometer reading near the ground surface indicates



400 8 solving saturated/unsaturated water flow problems

Figure 8.33 One-dimensional, steady-state water flow through an unsaturated soil with a
constant-head boundary condition.
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Figure 8.34 Steady-state evaporation from top of unsaturated soil column.

the negative pore-water pressure head at point n (i.e., hpn).
The hydraulic head boundary condition at the top and the
base of the soil column can be expressed mathematically as
follows:

hw(l) = 0.0 at y = 0.0 (base)

hw(n) = hgn + hpn at y = hgn (top)

The finite difference seepage equation can be written for
the n − 2 internal points (i.e., points 2, 3, . . . , n − 1). As a
result, there are n − 2 equations that must be solved simul-
taneously for n − 2 hydraulic heads at intermediate points.
The illustrated finite difference scheme is called an implicit
form. The equation is also nonlinear since the coefficients
of permeability kwy are a function of matric suction, which
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in turn is a function of pore-water pressure, which is a
component of hydraulic head hw. The nonlinear equations
require several iterations to produce convergence. The water
coefficient of permeability at each node is revised to a new
constant value following each solution for the hydraulic
heads.

For the first iteration, the kwy values at all points can be set
equal to the saturated coefficient of permeability ks . The n −
2 linear equations can then be solved simultaneously using a
procedure such as the Gaussian elimination technique. The
computed hydraulic heads are used to calculate new values
for the water coefficient of permeability. The coefficient-
of-permeability values at each point must be in agreement
with the coefficient of permeability versus soil suction func-
tion. The revised coefficient-of-permeability values kwy are
then used for the second iteration. New hydraulic heads
are then computed for all depths. The iterative procedure is
repeated until there is no longer a significant change in the
computed hydraulic heads and the computed coefficients of
permeability.

Figure 8.34 illustrates typical distributions for the pore-
water pressure and the hydraulic head along the unsaturated
soil column. Flow is occurring under steady-state evap-
oration conditions. The nonlinearity of the flow equation
results in a nonlinear distribution of the hydraulic head and
the pore-water pressure head. The equipotential lines are not
equally spaced along the column. This is different from the
uniformly spaced equipotential lines for a homogeneous,
saturated soil column. The difference is the result of the

varying coefficient-of-permeability values throughout the
unsaturated soil column. The above analysis can also be
applied to the steady-state downward flow of water through
an unsaturated soil. Once again, the hydraulic head bound-
ary conditions at two points along the soil column must
be known.

8.3.3 Flux Boundary Conditions Applied

Infiltration into an unsaturated soil column is another
example which can be used to illustrate the solution of the
nonlinear differential seepage equation (Fig. 8.35). Steady-
state infiltration can be established as a result of sprinkling
irrigation. Let us assume a constant downward water flux
qwy which is less than the saturated coefficient of perme-
ability of the soil. Steady-state flow can be described using
Eq. 7.30. The hydraulic head distribution can be determined
by solving the finite difference form of the steady-state
flow equation (i.e., Eq. 8.37). The hydraulic head boundary
condition at the ground surface is a computed value.
However, the water flux qwy is known and is constant
throughout the soil column for steady-state conditions.

The soil column can be discretized into n nodal points
with an equal spacing �y (Fig. 8.35). The water flux at
point i can be expressed in terms of the hydraulic heads at
points i + 1 and i − 1 using Darcy’s law:

qwy = −kwy(i)

hw(i+1) − hw(i−1)

2 �y
A (8.38)

Figure 8.35 One-dimensional steady-state water flow through an unsaturated soil with a flux
boundary condition.
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where:

qwy = water flux through the soil column during the
steady-state flow, where flux is assumed to be
positive in an upward direction and negative in a
downward direction, and

A = cross-sectional area of the soil column.

Equation 8.38 can be rearranged as follows:

hw(i+1) = hw(i−1) − 2 �y

Akwy(i)
qwy (8.39)

Substituting hw(i+1) into the flow equation for point i

yields the following form:

− {
8kwy(i)

}
hw(i) + {

4kwy(i) + kwy(i+1)

− kwy(i−1)

}{
hw(i−1) − 2 �y

Akwy(i)
qwy

}

+ {
4kwy(i) + kwy(i−1) − kwy(i+1)

} ·hw(i−1) = 0 (8.40)

The hydraulic head can now be solved for point i:

hw(i) = hw(i−1) −
{

4kwy(i) + kwy(i+1) − kwy(i−1)

8k2
wy(i)

}
2 �y

A
qwy

(8.41)

The finite difference hydraulic head equation (i.e.,
Eq. 8.41) is in an explicit form. The hydraulic heads can be

solved directly starting from a known boundary condition
such as point 1 (Fig. 8.35), which has a zero hydraulic head.
The base of the soil column is a suitable point to commence
solving for the remaining hydraulic heads. Hydraulic heads
can subsequently be solved point by point up to the ground
surface. Equation 8.41 is nonlinear since the coefficient
of permeability kwy varies with the pore-water pressure
component of hydraulic head hw. The equation must be
solved iteratively with the coefficient of permeability set
to constant values that are consistent with the computed
pore-water pressures.

The coefficient of permeability at each node, kwy, is
assumed to be equal to the saturated coefficient of perme-
ability, ks, for the first iteration. The computed hydraulic
heads, and subsequently the negative pore-water pressures,
are used to revise the coefficients of permeability for the
second iteration. The iterative procedure can be repeated
until there is convergence with respect to the hydraulic
heads and the coefficients of permeability. When computing
the hydraulic head at the ground surface, the kwy(n+1) value
can be assumed to be equal to the kwy(n) value.

Typical distributions of pore-water pressure and hydraulic
head during steady-state infiltration are illustrated in
Fig. 8.36. The nonlinear distribution of the pore-water
pressure and hydraulic head is produced by the nonlinearity
of the differential seepage equation. The equipotential lines
are not uniformly distributed along the soil column. The
above analysis is also applicable to steady-state, upward
flow (e.g., evaporation from ground surface), where the flux
qwy is known.

Hydraulic head, hw

Datum
(-) (+)0

Head, h

Water
table

Gravitational
head, hg

0.9 hwn
0.8 hwn
0.7 hwn
0.6 hwn

0.5 hwn

0.4 hwn

0.3 hwn

0.2 hwn

0.1 hwn

0

Pore-water
Pressure head, hp

hpn hwn

hgn

hgn

qwy

y

qwy

Figure 8.36 Steady-state infiltration through an unsaturated soil with a designated head at the
ground surface.
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In the case of a heterogeneous , saturated soil, the coeffi-
cients of permeability can be replaced by ks in Eq. 8.41:

hw(i) = hw(i−1) −
{

4ks(i) + ks(i+1) − ks(i−1)

8k2
s(i)

}
2 �y

A
qwy

(8.42)

Equation 8.42 becomes linear when the soil is homoge-
neous:

hw(i) = hw(i−1) − �y

Aks

qwy (8.43)

Equation 8.43 specializes to a linear distribution of the
hydraulic head for a homogeneous, saturated soil column
subjected to one-dimensional steady-state flow.

8.3.4 Solution of Two-Dimensional Water Flow
Problems

Two-dimensional steady-state flow through a homogeneous,
isotropic saturated soil must have the x- and y-direction
components added together. The result is a partial differ-
ential equation referred to as the Laplacian equation. The
solution of this equation describes the head at all points in

a soil mass. The solution can be obtained using closed-form
analytical methods, analog methods, or numerical methods.
Historically, a graphical method referred to as drawing
a flownet has been used to solve the Laplacian equation
(Casagrande, 1937).

The flownet solution results in two families of curves
referred to as flow lines and equipotential lines. The flownet
solution has been used extensively to analyze problems
involving seepage through saturated soils and is explained
in most soil mechanics textbooks. Boundary conditions for
the soil domain must be known prior to the construction
of the flownet. Either a head or zero flux is prescribed
along the boundary. A boundary condition exception is
the case of a free surface. A network of flow lines and
equipotential lines is sketched by trial and error in order
to satisfy the boundary conditions and the requirement of
right-angled, equal-dimensional elements.

A hydraulic head boundary condition or an imperme-
able boundary condition can readily be imposed for most
saturated soil problems. For example, steady-state seepage
beneath a sheet pile wall has the boundary conditions shown
in Fig. 8.37a. However, the boundary conditions can be more
difficult to assign when dealing with unsaturated soils.

(a)

Sheet pile wall

Datum

ImperviousH G

F

C D

E

A B
H1 H2

Saturated
soil

Datum

Assumed impervious

Free surface and
uppermost flowline

Impervious

Boundary conditions:
AB: hw = H1
BC: free surface, its location is unkown
CD: hw = 0
DA: qw = 0

Equipotential lines Horizontal drain

Reservoir level

Flow lines

D

A

B

C

H1

Saturated soil

(b)

Figure 8.37 Flownet constructions to solve the Laplacian partial differential equation:
(a) steady-state seepage throughout homogeneous, isotropic saturated soil, (b) steady-state seepage
throughout homogeneous, isotropic earth dam.
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Let us consider steady-state seepage through an earth
dam (Fig. 8.37b). In early soil mechanics, the assumption
was generally made that there was negligible water flow
through the unsaturated soil zone due to its low coefficient
of permeability. The phreatic line was assumed to behave
as an impervious, uppermost boundary when constructing
a flownet. This uppermost boundary (i.e., line BC in
(Fig. 8.37b) is considered to be not only a phreatic line but
also an uppermost flow line. The uppermost boundary was
referred to as a free surface under these special conditions
(Freeze and Cherry, 1979). However, the position of the
free surface was unknown and its location needed to be
approximated prior to constructing the flownet.

The position of the free surface was usually determined
using an empirical procedure (Casagrande, 1937). The
assumption that the free surface is a phreatic line requires
that the pore-water pressures be zero along this line. Equipo-
tential lines must intersect the free surface (which is also
an uppermost flow line) at right angles. In other words, it
was assumed that there was no flow across the free surface.
The flownet could then be drawn.

The flownet technique was mainly suitable for analyz-
ing steady-state seepage through isotropic, homogeneous,
saturated soils. The flownet technique becomes complex
and difficult to use when analyzing anisotropic, heteroge-
neous soil systems. There is an inherent problem associated
with applying the flownet technique to saturated-unsaturated
flow. Freeze (1971) stated that “the boundary conditions that
are satisfied on the free surface specify that the pressure head
must be atmospheric and the surface must be a streamline.
Whereas the first of these conditions is true, the second
is not.” The incorrect assumption regarding the uppermost
boundary condition can be avoided by recognizing that there
can be water flow between the saturated and unsaturated
zones (Freeze, 1971; Papagiannakis and Fredlund, 1984).

Steady-state flow in the saturated and unsaturated zones
can be solved simultaneously using the general partial dif-
ferential equation governing water flow through saturated-
unsaturated soils. Both zones are treated as a single domain.
The water coefficient of permeability in the saturated zone
is equal to ks . The water coefficient of permeability kw
varies with respect to the matric suction in the unsaturated
zone. The flownet technique is not applicable to saturated-
unsaturated flow modeling since the governing flow equation
is not of the Laplacian form. The general flow equation can
be solved using a numerical technique such as the finite dif-
ference method or the finite element method. Figure 8.38
shows several typical solutions by Freeze (1971) involving
saturated-unsaturated flow modeling.

8.3.5 Steady-State Seepage Analysis Using Finite
Element Method

The application of the finite element method requires the
discretization of the soil mass into elements. Triangular and
quadrilateral shapes of elements are commonly used for

Figure 8.38 Typical solutions for saturated-unsaturated flow
modeling of various dam sections (after Freeze, 1971).

two-dimensional problems. Figure 8.39 shows the cross
section of a dam that has been subdivided into triangular ele-
ments. The lines separating the elements intersect at nodal
points. The hydraulic head at each nodal point is obtained
by solving the governing flow equation for the applied
boundary conditions.

The finite element formulation for steady-state seepage in
two dimensions has been derived using the Galerkin prin-
ciple of weighted residuals (Papagiannakis and Fredlund,
1984):

∫
A

⎡
⎢⎢⎣

∂

∂x
{L}

∂

∂y
{L}

⎤
⎥⎥⎦

T [
kwx 0
0 kwy

]

×

⎡
⎢⎢⎣

∂

∂x
{L}

∂

∂y
{L}

⎤
⎥⎥⎦ dA

{
hwn

} ∫
S

{L}T v̄w dSp = 0 (8.44)
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(b)

Reservoir level

Phreatic line from finite element model
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7 m
6 m
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Datum

10 m

Reservoir level

Datum

Horizontal drain

10 m

(a)

Figure 8.39 Discretization of cross section of earthfill dam for finite element analysis. (a) Opti-
mized finite element mesh. (b) Finite element mesh with superimposed hydraulic head solution.

where:

{L} = matrix of the element area coordinates (i.e.,{
L1L2L3

}
) and

L1, L2, L3 = area coordinates of points in the element.

The area coordinates of points in the element are related
to the Cartesian coordinates of nodal points as follows
(Fig. 8.40):

Figure 8.40 Area coordinates in relation to the Cartesian coordi-
nates for a triangular element.

L1 = 1/2A
{(

x2y3 − x3y2

)+ (
y2 − y3

)
x + (

x3 − x2

)
y
}

L2 = 1/2A
{(

x3y1 − x1y3

)+ (
y3 − y1

)
x + (

x1 − x3

)
y
}

L3 = 1/2A
{(

x1y2 − x2y1

)+ (
y1 − y2

)
x + (

x2 − x1

)
y
}

where:

xi, yi (i = 1, 2, 3) = Cartesian coordinates of the three
nodal points of an element,

x , y = Cartesian coordinates of a point
within the element,

A = area of the element,[
kwx 0
0 kwy

]
= matrix of the water coefficients of

permeability (i.e.,
[
kw

]
),{

hwn

} = matrix of hydraulic heads at the

nodal points, that is,

⎧⎨
⎩

hw1
hw2
hw3

⎫⎬
⎭,

v̄w = external water flow rate in a direc-
tion perpendicular to the boundary
of the element, and

Sp = perimeter of the element.

A simplified form of Eq. 8.44 can be written as follows:∫
A

[B]T [kw

]
[B] dA

{
hwn

}−
∫

S

[L]T vw dSp = 0 (8.45)
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where, [B] , the matrix of the derivatives of the area coor-
dinates can be written as

1

2A

{
y2 − y3 y3 − y1 y1 − y2
x3 − x2 x1 − x3 x2 − x1

}
(8.46)

Either a hydraulic head or a flow rate must be specified
at boundary nodal points. Specified hydraulic heads at the
boundary nodes are called Dirichlet boundary conditions. A
specified flow rate across the boundary is referred to as a
Neumann boundary condition. The second term in Eq. 8.45
accounts for the specified flow rate measured in a direc-
tion normal to the boundary. For example, a specified flow
rate vw in the vertical direction must be converted to a nor-
mal flow rate v̄w, as illustrated in Fig. 8.41. The normal
flow rate is converted to a nodal flow Qw (Segerlind, 1984).
Figure 8.41 shows the computation of the nodal flows Qwi
and Qwj at the boundary nodes i and j , respectively. A pos-
itive nodal flow signifies that there is infiltration at the node
or that the node acts as a “source.” A negative nodal flow
indicates evaporation or evapotranspiration at the node and
that the node acts as a “sink.” When the flow rate across
a boundary is zero (e.g., impervious boundary), the second
term in Eq. 8.45 disappears.

The finite element equation 8.45 can be written for
each element and assembled to form a set of global flow

equations. The global equations are solved while satisfying
compatibility at each node (Desai and Abel, 1972). Nodal
compatibility requires that a particular node shared by the
surrounding elements must have the same hydraulic head
in all of the elements (Zienkiewicz, 1971).

Equation 8.45 is nonlinear because the coefficients of per-
meability are a function of matric suction, which is related to
the hydraulic head at each nodal point,

{
hwn

}
. The hydraulic

heads are unknown variables in Eq. 8.45 which are solved
by using an iterative procedure. The coefficient of perme-
ability within an element is set to a value depending upon
the average matric suction at the nodal points. In this way,
the global flow equations are linearized and can be solved
simultaneously using a Gaussian elimination technique. The
computed hydraulic head at each nodal point is again aver-
aged to determine a new coefficient of permeability from
the permeability function kw

(
ua − uw

)
. The above steps are

repeated until the hydraulic heads and the coefficients of
permeability no longer change by a significant amount.

The hydraulic head gradients in the x - and y-directions
can be computed for an element by taking the derivative
of the element hydraulic heads with respect to x and y ,
respectively: {

ix
iy

}
= [B]

{
hwn

}
(8.47)

Figure 8.41 Vertical rainfall converted to applied moisture flow rate across sloping boundary
expressed as nodal flows.
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where:

ix, iy = hydraulic head gradient within an element in the
x - and y-directions, respectively.

The element flow rates vw can be calculated from the
hydraulic head gradients and the coefficients of permeability
in accordance with Darcy’s law:{

vwx
vwy

}
= [

kw

]
[B]

[
hwn

]
(8.48)

where:

vwx,vwy = water flow rates within an element in the x -
and y-directions, respectively.

The hydraulic head gradient and the flow rate at nodal
points are computed by averaging the corresponding quan-
tities from all elements surrounding the node. The weighted
average is computed in proportion to the element areas.

8.3.6 Examples of Two-Dimensional, Steady-State
Water Flow Problems

The following examples are presented to demonstrate the
application of the finite element method to steady-state seep-
age through saturated-unsaturated soils. Papagiannakis and
Fredlund (1984) solved several examples of seepage through

a dam using a saturated-unsaturated finite element seepage
analysis. The cross section and discretization of the problem
are illustrated in Fig. 8.39. The discretization of the soil con-
tinuum is designed in an optimum manner. In other words,
there are areas where it is advantageous to have smaller
elements and there are other areas where larger elements
are adequate. The nonlinear soil properties also influence
the design of the finite element mesh. An automatic finite
element mesh design algorithm has been used for all finite
element example problems shown in this book (M.D. Fred-
lund, 2005). Consequently, each example problem has its
own finite element mesh.

Water 10 m high is applied to the upstream of the dam.
The permeability function used in the analysis is shown as
function A in Fig. 8.42. The saturated coefficient of per-
meability ks is 1.0 × 10−7 m/s. The pore-air pressure is
assumed to be atmospheric. Therefore, the matric suction
values in Fig. 8.42 are numerically equal to the pore-water
pressures. The base of the dam is chosen as the datum.

The first example is an isotropic earth dam with a hori-
zontal drainage layer near the downstream toe, as shown in
Fig. 8.43. The 10-m-high water on the upstream of the dam
gives a 10-m hydraulic head at each node along the upstream
face. A zero hydraulic head is specified at nodes along the
horizontal drain. Zero nodal flow is specified at nodes along
the remaining boundaries. The results of the finite element
analysis are presented in Figs. 8.43a and 8.43b.
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Figure 8.42 Specified permeability functions for analyzing steady-state seepage through earthfill
dam.



0
1

2
3

4
5

6
7

8
9

10

0

1
2

3
4

5
6

7
8

9
10

0

1
2

3
4

5
6

7
8

9
10

P
hr

ea
tic

 li
ne

 fr
om

 fi
ni

te
 e

le
m

en
t m

od
el

R
es

er
vo

ir 
le

ve
l

10
 m

D
at

um

H
or

iz
on

ta
l d

ra
in

0
1

2
3

4
5

6
7

8
9

10

0

1
2

3
4

5
6

7
8

9
10

0

1
2

3
4

5
6

7
8

9
10

P
hr

ea
tic

 li
ne

 fr
om

 fi
ni

te
 e

le
m

en
t m

od
el

R
es

er
vo

ir 
le

ve
l

10
 m

D
at

um

H
or

iz
on

ta
l d

ra
in

(a
)

(b
)

F
ig

ur
e

8.
43

Sa
tu

ra
te

d-
un

sa
tu

ra
te

d,
st

ea
dy

-s
ta

te
se

ep
ag

e
th

ro
ug

h
is

ot
ro

pi
c

ea
rt

hfi
ll

da
m

w
ith

ho
ri

zo
nt

al
dr

ai
n:

(a
)

eq
ui

po
te

nt
ia

l
lin

es
,p

hr
ea

tic
lin

e,
an

d
fin

ite
el

em
en

t
m

es
h

in
ba

ck
gr

ou
nd

;
(b

)
eq

ui
po

te
nt

ia
l

lin
es

,
ph

re
at

ic
lin

e,
an

d
flo

w
ve

ct
or

s.

408



8.3 application to saturated-unsaturated water flow problems 409

The phreatic line resulting from the saturated-unsaturated
seepage analysis is in close agreement with the empiri-
cal free surface from the conventional flownet construction
(Casagrande, 1937). This observation supports the assump-
tion that the empirical free surface is approximately equal to
a phreatic line. However, water can flow across the phreatic
line, as indicated by the nodal flow rate vectors. Water flow
across the phreatic line into the unsaturated zone indicates
that the phreatic line is not the uppermost flow line as
assumed in the flownet solution technique.

The difference between the phreatic line (from the finite
element analysis) and the free surface (from the flownet
technique) decreases as the permeability function for the
unsaturated zone becomes steeper. A steep permeability
function indicates a rapid reduction in the water coefficient
of permeability for a small increase in matric suction. In
this case, the quantity of water flow into the unsaturated
zone is considerably reduced. This condition approaches
the assumption associated with the conventional flownet
technique.

Equipotential lines extend from the saturated zone through
the unsaturated zone, as shown in Fig. 8.43. Changes in
hydraulic head between equipotential lines demonstrate
that water flows in both the saturated and unsaturated
zones. The amount of water flowing in the unsaturated
zone depends upon the rate at which the coefficient of
permeability changes with respect to matric suction.

The pore-water pressure heads are computed at all nodes
throughout the dam. Pore-water pressure heads are com-
puted by subtracting the elevation head from the hydraulic
head. Contour lines of equal-pressure heads or isobars are of
little value for the interpretation of the computer results for
this problem (apart from the phreatic line or zero-pressure
line).

The flow of water in the saturated and unsaturated zones is
approximately parallel to the phreatic line as observed from
the flow rate vectors in the central section of the dam. This
is not the situation for sections close to the upstream face
and the toe of the dam. Near the upstream face of the dam,
water flows across the phreatic line from the saturated to the
unsaturated zone and continues to flow in the unsaturated
zone. The water in the saturated and unsaturated zones then
flows essentially parallel to the phreatic line in the central
section of the dam. The water in the saturated zone then
flows across the phreatic line into the unsaturated zone at
the toe of the dam.

Figure 8.44 shows steady-state seepage through the
above dam cross section when the soil is assumed to be
anisotropic. The water coefficient of permeability in the
horizontal direction is assumed to be six times larger than
in the vertical direction (i.e., kwx = 6kwy). The anisotropy
ratio is assumed to be constant throughout the dam. One
permeability function (i.e., function A in Fig. 8.42) is used
for the x - and y-directions. The phreatic line is elongated
in the direction of the major coefficient of permeability

for the anisotropic case (Fig. 8.44). The saturated zone
could exit on the downstream face of the dam for higher
anisotropy ratios for the horizontal-to-vertical coefficients of
permeability.

The third example shows an isotropic earth dam having
a core with a lower coefficient of permeability and a hor-
izontal drain, as illustrated in Fig. 8.45. The soil forming
the shell of the dam has a saturated coefficient of perme-
ability ks of 1.0 × 10−7 m/s, and the permeability function
is in accordance with function A in Fig. 8.42. The core has
a saturated coefficient of permeability ks of 1.0 × 10−9 m/s
and a permeability function in accordance with function B
in Fig. 8.42. The boundary conditions used in the analysis
are the same as those applied to the previous problems.

The results show that most of the hydraulic head change
occurs in the region around the core as depicted by the
concentrated distribution of equipotential lines in the core
zone. As the difference in the coefficients of permeability
between the soil and the core increases, greater hydraulic
head changes take place in the core. The nodal flow rate
vectors also indicate that a significant amount of water flows
upward into the unsaturated zone and over the top of the rel-
atively impermeable core (i.e., the siphon effect), as shown
in Fig. 8.45b.

The fourth example demonstrates the effect of a mois-
ture flux boundary condition (i.e., infiltration) placed on
the isotropic earth dam (Fig. 8.43). The seepage analysis
results are presented in Fig. 8.46. Steady-state infiltration is
simulated by applying a positive nodal flow Qw of 1.0 ×
10−8 m2/s to each of the nodes along the upper boundary
of the dam. The results can be compared to the case of zero
flux across the upper boundary by comparing Figs. 8.43
and 8.46. Infiltration results in a rise in the phreatic line.
Consequently, the pore-water pressures in the unsaturated
zone increase relative to the case where there is zero infil-
tration at the ground surface.

The fifth example demonstrates the development of a
seepage face on the downstream of the dam. In this case,
there is no horizontal drain and zero nodal flows are
specified along the entire lower boundary. There is close
agreement between the phreatic line obtained from the finite
element analysis and the free surface obtained using the
flownet technique (Fig. 8.47). The phreatic line extends to
the downstream face of the dam. The phreatic line exits on
the downstream face and the portion below the exit point
is called the seepage face. The seepage face has a zero
pore-water pressure (i.e., atmospheric pressure), boundary
condition. In other words, the hydraulic head is equal to
the gravitational or elevation head along the seepage face.

The location of the exit point is not known prior to per-
forming the analysis. Therefore, the location of the exit
point must be assumed in order to commence the analy-
sis. The exit point is revised following each solution of the
finite element solver. The seepage face boundary condition
is reevaluated and the solution is repeated.
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The nodal flows above the assumed exit point are set at
zero while iterating toward a solution. The hydraulic heads
at or below the assumed exit point are specified as being
equal to the gravitational heads. After convergence, the pore-
water pressure head at the node directly above the assumed
exit point is examined. A negative pore-water pressure head
at this point indicates that the assumed exit point is correct.
Otherwise, the seepage face boundary needs to be revised by
assuming a higher exit point for the phreatic line. The above
procedure is repeated until the correct exit point is obtained.
The convergence of the solution to the correct exit point on
the downstream face adds one more degree of nonlinearity
that needs to be satisfied when using a numerical solution
for saturated-unsaturated seepage problems.

The above examples deal with seepage through earth
dams. However, steady-state analyses can be applied to
many other problems involving saturated-unsaturated flow.

8.3.7 Example of Infinite Slope

A slope of infinite length is illustrated in Fig. 8.48. Let us
consider the case where steady-state water flow is estab-
lished within the slope and the phreatic line is parallel to
the ground surface. Water flows through both the saturated
and unsaturated zones and is parallel to the phreatic line.
The direction of the water flow indicates that there is no
flow perpendicular to the phreatic line. In other words,
the hydraulic head gradient is equal to zero in a direction

perpendicular to the phreatic line. In this case, the lines
drawn normal to the phreatic line are equipotential lines.

Isobars are parallel to the phreatic line and this condition
is similar to that of the central section of a homogenous dam
shown earlier. The coefficient of permeability is essentially
independent of the pore-water pressure in the saturated zone.
Therefore, the saturated zone can be subdivided into several
flow channels of equal size. An equal amount of water (i.e.,
water flux qw) flows through each channel. Lines separating
the flow channels are referred to as flow lines.

The water coefficient of permeability depends on the neg-
ative pore-water pressure or the matric suction in the unsat-
urated zone. The pore-water pressure decreases from zero
at the phreatic line to some negative value at ground sur-
face. Similarly, the permeability decreases from the phreatic
line to ground surface. Increasingly larger flow channels are
therefore required in order to maintain the same quantity of
water flow, qw, as ground surface is approached.

The water flow in each channel is one dimensional, in
a direction parallel to the phreatic line. The coefficient of
permeability varies in the direction perpendicular to flow.
This condition can be compared to the previous case of
water flow through a vertical column. In the case of the
vertical column, the coefficient of permeability varied in the
flow direction and the equipotential lines were not equally
distributed throughout the soil column.

The above examples illustrate that equipotential lines
and flow lines intersect at right angles for unsaturated flow

Figure 8.48 Saturated-unsaturated, steady-state seepage through infinite slope with impervious
lower boundary.



8.3 application to saturated-unsaturated water flow problems 415

problems as long as the soil is isotropic. Heterogeneity with
respect to the coefficient of permeability results in varying
distances between either flow lines or equipotential lines;
however, the respective lines must cross at 90◦.

The pore-water pressure distribution in the unsaturated
zone can be analyzed by considering a horizontal datum
through an arbitrary point (e.g., point A in Fig. 8.49) on
the phreatic line. The pore-water pressure distribution in a
direction perpendicular to the phreatic line (i.e., in the a-
direction) is first examined. The results are then used to ana-
lyze the pore-water pressure distribution in the y-direction
(i.e., vertically). The gravitational head distribution in the
a-direction is zero at point A ( i.e., datum) and increases lin-
early to a gravitational head of H cos2 α at ground surface.
The pore-water pressure head at a point in the a-direction
must be negative and equal in magnitude to its gravitational
head because the hydraulic heads are zero in the a-direction.
Therefore, the pore-water pressure head distribution in the
a-direction must start at zero at the datum (i.e., point A) and
decrease linearly to −H cos2 α at ground surface. A pore-
water pressure head of −H cos2 α applies to any point along
the ground surface since every line parallel to the phreatic
line is also an isobar.

The pore-water pressure head distribution in a vertical
direction also commences with a zero value at point A and
decreases linearly to a head of −H cos2 α at ground sur-
face. However, the pore-water pressure head is distributed
along a length H cos α in the a-direction, while the head is
distributed along a length H in the vertical direction. The

negative pore-water pressure head at a point on a vertical
plane can therefore be expressed as follows:

hpi = −y cos2 α (8.49)

where:

hpi = negative pore-water pressure head on a vertical
plane (i.e., the y-direction) for an infinite slope,

y = vertical distance from the point under consideration
to the datum (i.e., point A), and

α = inclination angle of the slope and the phreatic line.

When the ground surface and the phreatic line are hori-
zontal (i.e., α = 0 or cos α = 1), the negative pore-water
pressure head at a point along a vertical plane, hps, is equal
to −y. This is the condition of static equilibrium above
and below a horizontal water table. The ratio between the
pore-water pressure heads on a vertical plane through an
infinite slope (i.e., hpi = −y cos2 α) and the pore-water pres-
sure heads associated with a horizontal ground surface (i.e.,
hps = −y) is plotted in Fig. 8.50. The ratio of pressure heads
indicates the reduction in the pore-water pressures on a ver-
tical plane as the slope α becomes steeper.

The gravitational head at a point along a vertical plane
is equal to its elevation from the datum, y ( Fig. 8.49). The
hydraulic head is computed as the sum of the gravitational
and pore-water pressure heads:

hwi = (
1 − cos2 α

)
y (8.50)

Datum

Pressure
head

-H cos2α

H
Pressure
head

Saturated zone

A

y

y
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Gravitational
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zero along the a-direction

Ground surface

Water flowPhreatic line
Water flow

Impervious layer

H cos α -H
 c
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H
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α
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α

Figure 8.49 Pore-water pressure distribution above phreatic line in unsaturated zone during
steady-state seepage through infinite slope.
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Figure 8.50 Effect of slope inclination on the pore-water pressure
distribution along a vertical plane.

The pore-water pressure head equation indicates that
there is a decrease in the hydraulic head as the datum is
approached. In other words, there is a vertical downward
component of water flow. The above analysis also applies to
the pore-water pressure conditions below the phreatic line.
Using the same horizontal line through point A, positive
pore-water pressure heads along a vertical plane can be
computed in accordance with Eq. 8.49. The hydraulic head
(Eq. 8.50) is zero at the phreatic line and decreases linearly
with depth along a vertical plane.

8.3.8 Examples of Two-Dimensional, Unsteady-State
Water Flow Problems

Example problems are presented to illustrate unsteady-state
seepage solutions when using the finite element method. The
finite element formulation for two-dimensional, saturated-
unsaturated seepage analyses is first presented followed
by the solution of several example problems. Unsteady-
state problems require that the permeability function and
the water storage function (i.e., kw and mw

2 ) be known
for each soil strata that might become desaturated at any
elapsed time. Both the permeability function and the water
storage function take the form of a nonlinear mathematical
function for unsaturated soils.

8.3.9 Unsteady-State Seepage Analysis Using Finite
Element Method

The finite element formulation for unsteady-state seepage in
two dimensions can be derived using the Galerkin princi-
ple of weighted residuals (Lam et al., 1987). The Galerkin
solution to the governing seepage equation is given by the
following integrals over the area and the boundary surface
of a triangular element:

∫
A

[
B
]T [

kw

] [
B
]

dA
{
hwn

}+
∫

A

[
L
]T

λ
[
L
]
dA

∂
{
hwn

}
∂t

−
∫

S

[L]T v̄w dS = 0 (8.51)

where:

[B] = matrix of the derivatives of the area coordinates,
as shown for the steady-state formulation,

[L] = matrix of the element area coordinates (i.e.,{
L1L2L3

}
), and

λ = ρwgmw
2 .

Boundary conditions must also be defined for an
unsteady-state finite element analysis. Either the hydraulic
head or the flow rate must be specified at the boundary
nodal points. Specified hydraulic heads at the boundary
nodes are called Dirichlet boundary conditions. A specified
flow rate across the boundary is referred to as a Neuman
boundary condition. The third term in Eq. 8.51 (i.e., the
terms just before the equal sign) accounts for the specified
flow rates across the boundary. The specified flow rates at
the boundary must be projected to a direction normal to the
boundary. As an example, a specified flow rate vw in the
vertical direction must be converted to a normal flow rate v̄w.

The normal flow rate must in turn be converted to a nodal
flow Qw (Segerlind, 1984). A positive nodal flow signifies
that there is infiltration at the node or that the node acts
as a source. A negative nodal flow indicates evaporation or
evapotranspiration at the node and shows that the node acts
as a sink. When the flow rate across a boundary is zero (e.g.,
impervious boundary), the third term in Eq. 8.51 disappears.

The numerical integration of Eq. 8.51 results in the
following expression for the saturated-unsaturated seepage
equation:

[D]
{
hwn

}+ [E]
{
hwn

} = [F ] (8.52)

where:

[D] = stiffness matrix, that is,
[
B
]T [

kw

] [
B
]
A,

[E] = capacitance matrix, that is,
λA

12

⎡
⎣ 2 1 1

1 2 1
1 1 2

⎤
⎦ ,

{
hwn

} = matrix of the time derivatives of the hydraulic
heads at the nodal points (i.e., ∂

{
hwn

}
/∂t), and

[F ] = flux vector reflecting the boundary conditions
(i.e.,

∫
S

[L]T v̄w dS).

The time derivative in Eq. 8.52 can be approximated using
a finite difference form. The relationship between the nodal
heads of an element at two successive time steps �t can be
expressed using the central-difference approximation(

[D] + 2 [E]

�t

){
hwn

}
t+�t

=
(

2 [E]

�t
− [D]

){
hwn

}
t
+ 2 [F ]

(8.53)
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or the backward-difference approximation

(
[D] + [E]

�t

){
hwn

}
t+�t

= [E]

�t

{
hwn

}
t
+ [F ] (8.54)

The above time derivative approximations are considered
to be unconditionally stable. The central-difference approx-
imation generally gives a more accurate solution than that
obtained from the backward-difference approximation.
However, the backward-difference approximation is found
to be more effective in reducing numerical oscillations
commonly encountered in highly nonlinear systems of flow
equations (Neuman and Witherspoon, 1971; Neuman, 1973).

The finite element seepage equation can be written for
each element and assembled to form a set of global flow
equations. The finite element formulation is solved while
satisfying nodal compatibility (Desai and Abel, 1972). Nodal
compatibility requires that a particular node shared by the
surrounding elements has the same hydraulic head in all
shared elements (Zienkiewicz, 1971; Desai, 1975b).

The global flow equations for the whole system are solved
for the hydraulic heads at the nodal points,

{
hwn

}
. However,

Eq. 8.52 is nonlinear because the coefficients of permeability
are a function of matric suction, which is related to the
hydraulic head at the nodal points.

The hydraulic heads are unknown variables in Eq. 8.52.
The equation must be solved using an iterative procedure
that involves a series of successive approximations. For the
first approximation, the coefficients of permeability are esti-
mated in order to calculate the first set of hydraulic heads
at the nodal points. The computed hydraulic heads are used
to calculate the average matric suction within an element.
In the subsequent approximations, the coefficient of perme-
ability is adjusted to a value corresponding to the computed
average matric suction in the element. The adjusted per-
meability value is then used to calculate a new set of nodal
point hydraulic heads. The above procedure is repeated until
both the hydraulic head and the permeability differences for
each element are smaller than a specified tolerance between
two successive iterations.

The above iterative procedure allows the global flow
equations to be solved using a Gaussian elimination tech-
nique. The convergence on hydraulic head and coefficient of
permeability is dependent on the degree of nonlinearity
of the permeability function and the spatial discretization
of the continuum. A steep permeability function generally
requires an increased number of iterations to achieve
convergence. A finer discretization in both element size and
time step assists in obtaining more rapid convergence with
a smaller tolerance. The solution often converges to within
a tolerance of less than 1% in a few iterations provided the
permeability and water storage functions are not too highly
nonlinear. The use of PDE solvers with optimized mesh
design and automatic mesh refinement is of great value in

solving highly nonlinear PDEs. The design of the finite
element mesh becomes dynamic, changing as necessary to
meet the requirements for convergence to a reliable solution.

The unsteady-state seepage equation is assumed to be
solved for one time step once the converged nodal hydraulic
heads of the system have been obtained. Having reached
convergence at a particular time step, other secondary quan-
tities, such as pore-water pressures, hydraulic head gradi-
ents, and water flow rates, can then be calculated using the
converged nodal hydraulic heads. The equation for nodal
pore-water pressures is

{
uwn

} = ({
hwn

}− {
yn

})
ρwg (8.55)

where:

{
uwn

} = matrix of pore-water pressures at the nodal

points

⎛
⎝i.e.,

⎧⎨
⎩

uw1
uw2
uw3

⎫⎬
⎭
⎞
⎠ ,

{
yn

} = matrix of elevation heads at the nodal points⎛
⎝i.e.,

⎧⎨
⎩

y1
y2
y3

⎫⎬
⎭
⎞
⎠ .

The hydraulic head gradients in the x - and y-directions
can be computed for an element by taking the derivative
of the element hydraulic heads with respect to x and y ,
respectively: {

ix
iy

}
= [B]

{
hwn

}
(8.56)

where:

ix , iy = hydraulic head gradient within an element in the
x - and y-directions, respectively.

The element flow rates vw can be calculated from the
hydraulic head gradients and the coefficients of permeability
in accordance with Darcy’s law:

{
vwx
vwy

}
= [

kw

] [
B
] {

hwn

}
(8.57)

where:

vwx, vwy = water flow rates within an element in the x -
and y-directions, respectively.

The hydraulic head gradient and the flow rate at nodal
points are computed by averaging the corresponding quan-
tities from all elements surrounding the node. The weighted
average is computed in proportion to the respective elemen-
tal areas.
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8.3.10 Example of Water Flow through Earth Dam

The example problem involving water flow through an earth-
fill dam is first discussed. The soil is assumed to be isotropic
with respect to its coefficient of permeability and the perme-
ability function along with the SWCC and the water storage
modulus function are shown in Fig. 8.51. The saturated coef-
ficient of permeability ks is 1.0 × 10−7 m/s. The pore-air
pressure is assumed to remain at atmospheric pressure. The
base of the dam is selected as the datum for elevation head.

The reservoir is initially assumed to be empty so the water
level is at 0 m (i.e., the datum). The water level in the
reservoir is then instantaneously raised to a level of 10 m
above datum. The water level remains constant at 10 m as
transient or unsteady-state seepage takes place in the dam.
The rise of the phreatic line from the initial steady-state
condition to an elapsed time of 1500 days is computed.

The development of equipotential lines, the phreatic sur-
face, and water flow vectors through the dam are illus-
trated for four elapsed times during the transient process.
Figure 8.52 shows the development of the phreatic lines,
the flow vectors, and the equipotential lines after an elapsed
time of 25 days. The dynamically generated finite element
mesh corresponding to the converged solution is also shown.
Similar plots of the phreatic lines, the flow vectors, and
the equipotential lines after an elapsed time of 60 days are
shown in Fig. 8.53. Likewise, the development of seepage
toward steady-state conditions is shown for elapsed times of
120 and 1500 days in Figs. 8.54 and 8.55, respectively.

The increase in the reservoir level results in an increase in
pore-water pressures with time. This is demonstrated by the
advancement of equipotential lines from upstream to down-
stream of the dam with elapsed time. It should also be noted
that the equipotential lines extend from the saturated through
the unsaturated zones. In other words, water flows in both
the saturated and the unsaturated zones as a result of the
hydraulic head differences between the equipotential lines.
The flow of water in both zones can be observed directly
from the flow rate vectors that exist in both the saturated and
unsaturated zones. The amount of water flowing in the unsat-
urated zone depends on the rate of change in the coefficient
of permeability with respect to matric suction changes.

8.3.11 Example of Groundwater Seepage below
Lagoon

The second example problem illustrates unsteady-state
groundwater seepage below a lagoon. The lagoon is placed
on top of a 1-m-thick soil liner. The geometry of the
problem is symmetrical, and the liner and the surrounding
soil are assumed to be isotropic with respect to coefficient
of permeability. The problem is analyzed by considering
half of the geometry. The SWCC is assumed to be the same
for the soil liner and the underlying soil and is shown in
Fig. 8.56a. The permeability functions for the soil liner and
the surrounding soil are shown in Fig. 8.56b. The saturated

coefficients of permeability are equal to 5.0 × 10−6 and
1.0 × 10−5 m/s for the liner and the surrounding soil,
respectively. A water storage modulus mw

2 of for both soils
is shown in Fig. 8.56c.

The discretized cross section of the soil liner and its sur-
rounding soil are depicted in Fig. 8.57. Initially the ground-
water table was located 5 m below the ground surface.
The lagoon was assumed to be instantaneously filled with
water to a depth of 1 m. No-flow boundary conditions were
assumed along the ground surface outside the lagoon, the
bottom boundary, and the vertical axis of symmetry. On the
right-hand boundary, a hydrostatic condition was assumed
to exist below the groundwater table. A no-flow condition
was assumed to exist above the groundwater table to the
ground surface. The exit point of the groundwater table was
assumed to be fixed with elapsed time.

The transient modeling process commenced as the lagoon
was filled with water to the 1-m height which gave rise
to a 1-m pore-water pressure head. The water commenced
seeping from the lagoon, causing the groundwater to grad-
ually mound to its final steady-state condition. Figure 8.57
illustrates the transient positions of the water table at an
elapsed time of 24 h. Figure 8.57a shows the pressure head
contours, including the phreatic line, along with the automat-
ically generated finite element mesh required for solving the
problem at 24 h of elapsed time. It can be seen that there is
a slight rise in the groundwater table 5 m below the ground
surface. At the same time there is a phreatic line that has
developed at the 0.5-m depth below ground surface as water
moves downward from the lagoon. Figure 8.57b shows the
equipotential heads along with the flow vectors correspond-
ing to an elapsed time of 24 h. The water level in the lagoon
remains constant at a 1-m height throughout the transient
process.

The seepage flow pattern and the development of pore-
water pressures in the soil below the lagoon after an elapsed
time of 40 h are shown in Figs. 8.58a and 8.58b. At the
beginning of the transient process, water moved downward
from the lagoon, while the position of the groundwater table
showed little effect. With time, the wetting front moves
deeper into the soil mass while the groundwater begins to
mound upward. After 52 h, the downward wetting front from
the lagoon joins the rising groundwater table, as shown in
Fig. 8.59. Steady-state conditions are approached after an
elapsed time of about 200 h, as shown in Fig. 8.60. The
length of time required to approach steady-state seepage
conditions is largely controlled by the saturated coefficients
of permeability for the soils.

8.3.12 Example of Seepage within Layered Hill Slope

The third example problem illustrates unsteady-state seepage
within a layered hill slope under constant-infiltration condi-
tions. Rulon and Freeze (1985) studied this problem using a
sandbox model of the layered hill slope. Details of the geom-
etry of the slope and the applied surface moisture flux are
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Figure 8.56 Permeability and water storage function for analyzing unsteady-state seepage below
a lagoon. (a) SWCC. (b) Permeability function. (c) Water storage function.
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Figure 8.58 Hydraulic heads after an elapsed time of 40 hours. (a) Finite element mesh and
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Figure 8.61 Geometry and boundary conditions for an example
involving layered soils in a hillslope.

shown in Fig. 8.61. The physical model was instrumented
with pore-water pressure measuring devices. The slope con-
sisted of medium sand with a horizontal layer of fine-grained
sand. The fine sand had a lower coefficient of permeabil-
ity than the medium-grained sand. The intent was to study
whether the fine sand layer would impede water flow and
create a seepage face on the slope. The steady-state results
from the experimental measurements are shown in Fig. 8.62.
The steady-state equipotential lines and the phreatic water
surface are presented. The experimental study forms a valu-
able benchmark problem against which numerical models
can be tested.

The soil properties of the materials involved are shown
in Fig. 8.63. The two sand materials are assumed to have
the same SWCCs (Fig. 8.63a); however, the saturated coef-
ficients of permeability for the two sand materials were
different (Fig. 8.63b). The saturated coefficient of perme-
ability for the medium sand was 1.4 × 10−3 m/s and the
fine sands had a saturated coefficient of permeability of
5.5 × 10−5 m/s (Rulon and Freeze, 1985). The water stor-
age function for both sands was obtained by differentiating
the volumetric SWCC and the result is shown in Fig. 8.63c.

The constant rate of infiltration of 2.1 × 10−4 m/s was
applied at the top of the hill slope in the experimental model

Figure 8.62 Comparison of observed water table and pore-water
pressures in experimental tank with that predicted using Neu-
mann model under steady-state conditions (from Rulon and Freeze,
1985).

and in the numerical simulation. The results of pore-water
pressure measurements can be compared with the computed
results from a numerical model. Close agreement has been
observed between pore-water pressure measurements and
the results of an unsteady-state finite element analysis.

An initial steady-state condition was assumed with the
water table located at a height of 0.3 m from the toe of the
slope. At an elapsed time taken as zero, a constant infiltration
rate of 2.1 × 10−4 m/s was applied to the top portion of the
hill slope. The development of the groundwater table from
its initial steady-state condition (i.e., at time equal to zero)
to an elapsed time of 100 s is shown in Fig. 8.64. The water
level at the toe of the slope and the infiltration rate at the top
of the slope were assumed to remain constant throughout
the transient process. No flow boundary conditions were
assumed along the remainder of the slope boundaries.

The seepage flow pattern and the development of the
equipotential lines within the slope continued to change
with elapsed time. The finite element mesh was also auto-
matically refined as necessary, internal to the analysis. The
equipotential lines and the phreatic line corresponding to an
elapsed time of 200 s are shown in Fig. 8.65. The results for
an elapsed time of 220 s are shown in shown in Fig. 8.66.
The results show a gradual rise in the lower phreatic water
surface and a gradual change in the equipotential lines. At
the start of the infiltration process, water infiltrates vertically
toward the impeding layer. As the infiltration of water
continues, water moves through the impeding layer, causing
the groundwater table to rise. After 240 s a perched water
table develops on the impeding layer and moves toward the
face of the slope (see Fig. 8.67). After 260 s a wedge-shaped
unsaturated zone is formed, and the perched water table
moves toward the edge of the slope, as shown in Fig. 8.68.

Now, two seepage faces began to develop. One seepage
face is near the toe of the slope and the other seepage face
develops at the top of the impeding layer. In other words, the
presence of the impeding layer results in a complex configura-
tion for the groundwater table and the position of the equipo-
tential lines. A steady-state condition is established after about
280 s. The steady-state results are shown in Fig. 8.69. There
is close agreement between the results of the physical model
measurements (Rulon and Freeze, 1985) and the numerical
model results. The positions of the developed water table, the
seepage faces, and pore-water pressures are similar.

The finite element numerical analyses presented for the
three example problems have illustrated the way in which
unsteady-state modeling can be performed for saturated-
unsaturated flow problems. The application of a saturated
flow model to each of these problems would be virtually
impossible to undertake. However, the use of a combined
saturated-unsaturated flow is quite straightforward. The flow
systems that developed throughout the unsaturated soil sys-
tem can be complex, depending upon the contrast in the
coefficients of permeability and the water storage modulus
for the different soils.
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Figure 8.63 Permeability and water storage functions for analyzing unsteady-state seepage
below a lagoon. (a) SWCC. (b) Permeability functions. (b) Water storage function.
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8.4 conditions under which matric suction can be maintained 437

There are many natural slope conditions where the pore-
water pressures in the unsaturated soil portion of the slope
are strongly influenced by the infiltration of precipitation.
Modeling the unsaturated soil portion becomes important
in understanding changes in matric suction in a slope and
consequential changes in the computed factor of safety.

8.3.13 Ground Surface Moisture Flux Conditions

The solution for nonisothermal flows can be obtained by
solving the partial differential equations for the air phase,
the liquid water and water vapor phases, and the heat flow
equation simultaneously. The pore-air pressure changes can
sometimes be assumed to be negligible during a transient
process (Rahardjo, 1990; Wilson, 1990). As a result, only
water and heat flow differential equations need to be solved
simultaneously.

Solving the partial differential equations for nonisothermal
moisture flow at the ground surface is closely related to mod-
eling evaporation from the ground surface. Further informa-
tion on coupled heat and moisture flow was presented in
Chapter 6 where ground surface boundary conditions where
addressed.

8.4 CONDITIONS UNDER WHICH MATRIC
SUCTION CAN BE MAINTAINED

The effect of negative pore-water pressure on the stability
of slopes is sometimes ignored in geotechnical engineer-
ing practice. While this might be a reasonable assumption
in some situations, it does not provide the geotechnical
engineer with an in-depth understanding of potential fail-
ure mechanisms. This is particularly true when the water
table is deep and a reduction in matric suction near ground
surface becomes the trigger mechanism for slope instability.

It is often rationalized that matric suction can be ignored
in slope stability studies because there is a perception that
the infiltration of rainfall will produce a wetting front that
gradually moves downward and causes the disappearance of
matric suction throughout the soil profile. Consequently, it is
prematurely concluded that matric suction cannot be relied
upon to improve the stability of a slope in the long term.

The infiltration of water into a soil slope depends not only
on the rainfall intensity and duration but also on the saturated
coefficient of permeability of the near-ground-surface soil,
the permeability function, and the water storage capacity
of the soil. An unsaturated soil can have a greatly reduced
coefficient of permeability from that of a saturated soil and
also possesses an increased capacity for water storage.

Rainfall must be sustained over a considerable time period
and the rainfall intensity must approach the saturated coef-
ficient of permeability of the soil at the ground surface in
order to eliminate matric suction from the soil profile. In
situ suction measurements of negative pore-water pressures
have shown that in some cases matric suctions do not dis-
appear following intense rainstorms while in other cases the

negative pore-water pressures are eliminated in a relatively
short time following a rainfall. Sweeney (1982) presented in
situ suction measurements from a slope instrumented with
tensiometers in Hong Kong. The slope was inclined at 60◦

with an average height of 30 m. From the slope surface to a
depth of 5–10 m the soil consisted of a completely weath-
ered rhyolite. The saturated coefficient of permeability for
in situ completely decomposed rhyolite was in the range
of 10−5 − 10−7 m/s (GEO, 1993). The stratum immediately
below the completely decomposed rhyolite was a completely
to highly weathered rhyolite layer that was 5–10 m in thick-
ness. The underlying soil was a slightly weathered rhyolite
followed by bedrock at 20–30 m.

Suction measurements were made throughout the year
of 1980 and the following observations were made from
the results. First, matric suction showed a gradual reduc-
tion near ground surface during the rainy season. However,
the pore-water pressures remained negative even during the
long rainy season. Second, matric suctions in the 5–17 m
depth remained constant throughout the year. The ground-
water table at a depth of about 30 m rose and fell by 9 m
throughout the year. The results illustrate the significant
water storage capacity of the soil and its role in maintain-
ing matric suctions throughout most of the soil profile. The
matric suctions decreased at shallow depths into the slope
but remained almost constant throughout the intermediate
depths.

A second example where in situ matric suction measure-
ments were made involved a slope consisting of colluvium
material in Hong Kong (Anderson, 1983). The saturated
coefficient of permeability of the colluvium material ranged
from 10−4 to 10−7 m/s (GEO, 1993). The measured matric
suctions in the colluviums were relatively low prior to a rain-
storm and decreased to small values after heavy rainstorms.
This example showed that it is also possible for the matric
suctions to essentially disappear under certain conditions.

The above two examples show that there are certain condi-
tions under which matric suctions in the soil might disappear
during prolonged rainfall while there are other conditions
under which matric suctions are maintained throughout the
soil profile. There are rainfall and soil conditions under
which soil suction can be maintained in a soil profile. Situ-
ations where soil suction may be lost or maintained during
rainfall can be studied using saturated-unsaturated soil infil-
tration modeling. The physical processes associated with
infiltration have been the focus of numerous studies (Zhang
et al., 2004).

The wetting-front or wetting-band concept was introduced
by Lumb (1962) in relation to the investigation of slope
failures in Hong Kong. Figure 8.70 shows the variation of
degree of saturation with depth during rainfall. The soil is
assumed to become saturated near ground surface during
heavy rainfall and essentially saturated to a depth h under
ongoing infiltration. The wetting front was assumed to be
defined by a sharp separation between the initial conditions
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Figure 8.70 Variation of degree of saturation with depth during
rainfall infiltration (after Lumb, 1962).

and the wetted zone. Under prolonged and heavy rainfall the
depth of the wetting front, h, was defined as

h = kst

n
(
Sf − S0

) (8.58)

where:

ks = saturated coefficient of permeability,
Sf = final degree of saturation,
S0 = initial degree of saturation,
n = porosity of the soil, and
t = elapsed time.

Sun et al. (1998) proposed a generalized wetting-band
equation based on the Lumb (1962) wetting-band approach
and presented the results of a series of one-dimensional
finite element analyses. Figure 8.71 shows a typical variation
of negative pore-water pressure with depth in an unsatu-
rated soil. For a given ground surface moisture flux q0 less
than the saturated coefficient of permeability ks , the matric
suction is (ua − uw)0 under steady-state conditions. If the
infiltration rate is increased to q1, a new infiltration zone is
formed that gradually progresses downward. The depth of

Groundwater table

Pore-water pressure

New infiltration zone

Transition zone

u1u0

h

Figure 8.71 Transient infiltration into an unsaturated soil, (mod-
ified from Sun et al., 1998).

the wetting front, h , corresponding to a particular elapsed
time was calculated using the following equation:

h =
(
k1 − k0

)
t

θ1 − θ0
(8.59)

where:

k0 = q0, initial moisture flux,
k1 = q1, subsequent moisture flux,
θ0 = initial volumetric water content, and
θ1 = subsequent volumetric water contents.

Equations 8.58 and 8.59 are similar, but the latter equation
allows for a flux change from one steady-state condition
to a new steady-state condition. The wetting-front concept
provides a simplified methodology for considering changes
in the degree of saturation (or matric suction) under a change
in rainfall conditions. However, there will not always be a
distinct change between the infiltration zone and the zone
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Figure 8.72 Transient infiltration at 80 mm/hr and 5 mm/hr based on a one-dimensional analysis
(after Sun et al., 1998).
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where the negative pore-water pressures are maintained. The
numerical study conducted by Sun et al. (1998) showed that
the transition zone is less distinct when the new infiltration
rate is quite small (Fig. 8.72).

Matric suction in an unsaturated soil may not be destroyed
even under long periods of rainfall infiltration. Kasim et al.,
(1998a) studied the relationship between steady-state rain-
fall, the permeability function, and the SWCC on equilib-
rium matric suction conditions. The study was carried out for
both horizontal ground surfaces and sloping ground surfaces.
Results of the analysis showed that steady-state rainfall does
not necessarily eliminate matric suctions in the soil. The
long-term matric suction in the soil is largely maintained
when the steady-state rainfall is one or more orders of mag-
nitude less than the saturated coefficient of permeability.
It appears that matric suction will not disappear unless the
steady-state rainfall flux approaches the saturated coefficient
of permeability of the soil near the ground surface.

There are two soil properties that need to be taken into
consideration when analyzing the infiltration of water into
an unsaturated soil. These two properties are the permeabil-
ity function and the water storage function. Both of these
properties bear a relationship to the SWCC as shown in
Fig. 8.73. Steady-state seepage conditions can be analyzed
by giving consideration to the permeability function. How-
ever, both the permeability function and the water storage
function need to be taken into consideration when analyzing
transient seepage.

8.4.1 Infiltration during Rainfall

The infiltration and the seepage of water through an
unsaturated soil can be analyzed through use of saturated-
unsaturated seepage modeling. The results of numerical
studies, however, can be difficult to interpret because several
variables are involved. The primary soil parameters are the
coefficient of permeability function, water storage function,
rainfall intensity, and rainfall duration. The unsaturated
soil properties are related to the SWCC. The fundamental
processes associated with infiltration under both steady-state
and unsteady-state conditions need to be considered sepa-
rately in order to interpret results from a numerical analysis.

Kisch (1959) derived an equation for one-dimensional
steady-state seepage into a soil subjected to a constant water
flux q at the ground surface. The magnitude of the water
flux, q , was calculated for a vertical soil column of unit
cross-sectional area:

q = kw

(
1 + duw

ρwg dy

)
(8.60)

The moisture flux q is constant under steady-state condi-
tions and Eq. 8.60 can be written as

d
(
uw/ρwg

)
dy

=
(

q

kw
− 1

)
(8.61)
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Figure 8.73 Relationship between the SWCC, water storage
function and permeability function for an unsaturated soil.

If the magnitude of the ground surface flux, q , is in
the unsaturated coefficient of permeability range for a soil,
kw, the pore-water pressure head gradient d

(
uw/ρwg

)
/dy

becomes zero [i.e., pressure head uw/
(
ρwg

)
tends toward a

constant].
Figure 8.74 shows steady-state pressure head profiles in a

clay liner and an underlying sand layer published by Kisch
(1959). The surface water flux q was equal to the saturated
coefficient of permeability of the clay liner, ks,clay. The sat-
urated coefficient of permeability of the sand, ks,sand, was
140 times ks,clay. The thickness of the clay liner was 0.5 m.
The water table was at depths of 2.5 and 4.5 m for cases I
and II, respectively.

The gradient of pressure head is zero at the upper por-
tion of the sand layer under both steady-state cases. The
pore-water pressures at the top of the sand remain at a con-
stant value of −5.5 kPa when the ground surface flux q
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Figure 8.74 Variation of pore-water pressure with depth in the
clay liner and the underlying sand layer for a surface water flux,
q = ks,clay = 0.0068 ks,sand. (modified from Kisch, 1959).

(equal to ks,clay), is equal to the coefficient of permeability of
the unsaturated sand. Figure 8.75 shows typical pore-water
pressure distributions under steady-state conditions. Hydro-
static conditions correspond to the situation where there is
no moisture flux at the ground surface. Under steady-state
infiltration conditions the gradient of pore-water pressure is
−1, as shown in Fig. 8.75. The water flux in and out of the
soil becomes equal. If the water flux is the same as the coef-
ficient of permeability of the unsaturated soil at a particular
value of matric suction, the pore-water pressure gradient is
zero as shown in Fig. 8.75.

Figure 8.76 shows typical pore-water pressure distribu-
tions under transient conditions. Infiltration under transient
conditions can be considered as a transitional state between
the initial and final steady states. The time to reach steady-
state conditions is a function of the ground surface flux, the

−uw +uw

Increasing q/ksat ratio

Hydrostatic
condition

Figure 8.75 Infiltration into an unsaturated soil under steady state
conditions with various ground surface moisture fluxes expressed
as a ratio of the saturated coefficient of permeability at ground
surface.

−uw
+uw

Time
increasesq < ksat

Steady state bound

Time increasesq < ksat

−uw +uw

Figure 8.76 Infiltration into unsaturated soil under transient seep-
age conditions with two different ground surface moisture fluxes.

coefficient of permeability of the soil, and the water storage
of the soil. The matric suction in the unsaturated soil can
decrease but will not disappear when the flux is less than the
saturated coefficient of permeability. Only when the ground
surface moisture flux is equal to or greater than the satu-
rated coefficient of permeability can the matric suctions be
eliminated with depth. The conceptual framework set forth
by Kisch (1959) sets steady-state bounds for the infiltration
of water into unsaturated soils.

8.4.2 Numerical Modeling of Steady-State Conditions

Let us consider a slope of 20 m in height inclined at 30◦.
The slope is assumed to consist of a homogenous, isotropic
soil. A series of finite element saturated-unsaturated seep-
age analyses were conducted in order to study the influence
of various unsaturated soil properties on the infiltration of
water into the slope. The geometry and boundary condi-
tions are shown in Fig. 8.77 (Zhang et al., 2004). Constant
hydraulic heads were applied along the left and right bound-
aries below the groundwater table. A zero flux boundary
was applied along the left and right boundaries above the
groundwater table. The groundwater table was fixed as a
straight line between the boundaries in order to consider the
same cross section for each set of soil and boundary condi-
tions. The lowermost material in the slope was assumed to
be impermeable.

Precipitation was modeled as a moisture flux boundary
q applied along the ground surface. Section X-X located
in the middle of the slope was used to illustrate the pore-
water pressure profile in response to applied precipitation.



8.4 conditions under which matric suction can be maintained 441

-30 -20 -10 0 10 20 30 40 50 60 70 80 90 100 110

Horizontal distance, m

20

30

40

50

60

70

80

90

E
le

va
tio

n,
 m

Head

Head

30°

X

X

q
Impervious

Impervious

Figure 8.77 Geometry and boundary conditions for analyzing moisture infiltration to a slope.

Various af values for the Fredlund and Xing (1994) SWCC
were used (e.g., 1, 5, 10, 20, 50, 100, and 200 kPa) and fixed
values of nf ,mf and saturated coefficient of permeability
ks values (i.e., nf = 2, mf = 1, and ksat = 10−5 m/s) were
used in the parametric study. The SWCCs and the corre-
sponding coefficient-of-permeability functions for the soils
are shown in Fig. 8.78. The effect of varying nf and ks was
also studied.

The results shown in Figs. 8.79a to 8.79f were obtained
for soils having the same saturated coefficient of permeabil-
ity of 10−5 m/s, with nf = 2 and mf = 1. The pore-water
pressure profiles correspond to soils with af equal to 5,
10, 20, 50, 100, and 200 kPa, respectively (Fredlund and
Xing, 1994). Different ratios of ground surface flux to satu-
rated coefficient of permeability (i.e., q/ks equal to 0.001,
0.01, 0.1, 0.2, 0.5) were applied to the ground surface of
the slope.

The results illustrate that matric suction at the surface of
the slope approaches zero as the rainfall flux approaches
the saturated coefficient of permeability of the soil.
There is essentially a vertical matric suction profile [i.e.
d
(
uw/ρwg

)
/dy is zero] established under steady-state

conditions as the ground surface flux is increased toward
the saturated coefficient of permeability. The depth to
which there is a constant-matric-suction profile decreases
with decreasing ratio of the steady-state rainfall flux to the
saturated coefficient of permeability q/ks .

Matric suction values along a vertical portion of the pres-
sure profiles decrease with decreasing af values for SWCC.
The depth of the constant-matric-suction portion decreases
with an increasing af value for the soil. The long-term
matric suction remains close to the hydrostatic profile when
the steady-state rainfall flux is two or more orders of mag-
nitude less than the saturated coefficient of permeability
and the af value is greater than 100 kPa (Fig. 8.79f). The
reduction in matric suction is more significant when the af

parameter is small.
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Figure 8.78 SWCCs and permeability functions for parametric
study with varying af values: (a) SWCCs with various af values;
(b) estimated permeability functions based on SWCCs (after Zhang
et al., 2004).

Figure 8.80 presents the pore-water pressure profiles for a
soil with the same SWCC (i.e., af = 10, nf = 2,mf = 1)
but different saturated coefficients of permeability (i.e.,
10−3, 10−5, and 10−7 m/s, respectively). These results
confirm the observations of Kasim et al., (1998a) which



442 8 solving saturated/unsaturated water flow problems

400

Pore-water pressure (kPa)

(a) (d)

(e)

(f)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 5, nf = 2, mf = 1

400

Pore-water pressure (kPa)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 50, nf = 2, mf = 1

(b)

400
Pore-water pressure (kPa)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 10, nf = 2, mf = 1

(c)

400
Pore-water pressure (kPa)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 20, nf = 2, mf = 1

400
Pore-water pressure (kPa)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 100, nf = 2, mf = 1

400
Pore-water pressure (kPa)

−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

af = 200, nf = 2, mf = 1

q/ksat 0.001 0.01 0.1 0.2 0.5 Hydrostatic

Figure 8.79 Pore-water pressure profiles in slopes with various a values subjected to rainfall
fluxes under steady-state conditions: (a) af = 5 kPa, (b) af = 10 kPa, (c) af = 20 kPa,
(d) af = 50 kPa, (e) Parameter af = 100 kPa, and (f) af = 200 kPa (after Zhang et al., 2004).

show that it is not the absolute value of the ground surface
moisture flux, but rather the ratio of q/ks , that influences the
pore-water pressure profiles under steady-state conditions.
Therefore, the soil response to a moisture flux is better
understood when the rainfall flux is expressed as a
percentage of the saturated coefficient of permeability.

Figure 8.81 illustrates that the long-term matric suction
profiles in slopes with different nf values are comparable.
However, the values of matric suction along the vertical por-
tion of the pore-water pressure profiles at the same q/ks do
not decrease or increase monotonically with the nf values.

Kasim et al. (1998a) illustrated that the long-term
matric suction at ground surface could be estimated using
the coefficient-of-permeability function when the ground
surface was horizontal. The long-term matric suction
distribution under hydrostatic conditions can be represented

by a straight line with a hydraulic gradient of zero. When
a steady-state rainfall flux q1 is applied at the ground
surface, a hydraulic gradient of unity (or close to unity)
will be established for a portion of the unsaturated soil
profile. The long-term matric suction

(
ua − uw

)
1 associated

with a constant moisture flux q1 can be determined directly
from the coefficient-of-permeability function of the soil, as
illustrated in Fig. 8.82.

Kasim (1997) showed that the difference between the
matric suction values from numerical modeling and the esti-
mated values from the permeability functions were related
to the depth of the groundwater table. The matric suction
profile for an unsaturated soil is cut off from the constant-
matric-suction profile for an infinite thickness of unsaturated
soil. The estimated values for matric suction increase with
an increasing thickness of unsaturated soil (Fig. 8.83).
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Figure 8.80 Comparison of pore-water pressure profiles for
soils with varying saturated coefficients of permeability ksat: (a)
ksat = 10−3 m/s, (b) ksat = 10−5 m/s, and (c) ksat = 10−7 m/s (after
Zhang et al., 2004).

Figure 8.84 presents the SWCCs and the corresponding
permeability functions for soils with varying nf values. The
theoretical long-term matric suction along the vertical por-
tion of the pore-water pressure profiles for soils with varying
nf values does not decrease or increase monotonically by a
significant amount as nf varies with a constant q/ksat ratio.
These results assist in explaining the pore-water pressure
profiles shown in Fig. 8.81.

8.4.3 Numerical Modeling of Transient Conditions

The effects of air-entry value, water storage capacity, satu-
rated coefficient of permeability, and groundwater boundary
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Figure 8.81 Comparison of pore-water pressure profiles for soils
with various n values: (a) nf = 1, (b) nf = 2, and (c) nf = 3
(after Zhang et al., 2004).

conditions on the pore-water pressure profiles can be
illustrated by starting from a hydrostatic condition. It should
be noted that varying initial soil moisture conditions can
significantly influence rainfall infiltration and pore-water
pressure profiles in a slope (Freeze, 1969; Tsaparas et al.,
2002).
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Figure 8.82 Determination of matric suction values at horizontal
ground surface for soil subjected to steady-state rainfall flux q1
(after Kasim, et al., 1998).
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Figure 8.83 Cutoff matric suction profiles in unsaturated soil with
horizontal ground surface (after Kasim et al., 1998).

8.4.4 Effect of Air-Entry Value on Wetting Front
during Transient Modeling

Figures 8.85a–8.85f show the pore-water pressure profiles
under transient condition with various af values for the
Fredlund and Xing (1994) SWCC. The rainfall flux is set
equal to the saturated coefficient of permeability, which
means that the ground surface is subjected to the maximum
moisture flux it can accept. The results illustrate that differ-
ent infiltration patterns than those calculated for steady-state
seepage are generated for the pore-water pressure profile.
When the af value is equal to 1 kPa, the wetting front
is sharp and distinct. The matric suction near the ground
surface decreases with time, but the rate of downward move-
ment of the wetting front is small. The depth of the wetting
front is only about 1 m below the ground surface after 50
days of rainfall with a flux equal to the saturated coefficient
of permeability.

When af = 5 kPa, the transition zone between the infil-
tration zone and the unaffected zone is still quite sharp and
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Figure 8.84 SWCCs and permeability functions with varying n
values of soils used in parametric study (after Zhang et al., 2004).

distinct. The matric suction decreases at shallow depths into
the slope but remains essentially constant at greater depths.
It takes about 1 day for the wetting front to move to a depth
of 1 m. After 3 days the infiltration depth of the wetting front
is about 4 m. The negative pore-water pressure essentially
disappears after 6 days of rainfall.

The pore-water pressure profiles in the soil when af =
10 kPa resembles the profiles of the soil with af =
5 kPa. However, the negative pore-water pressures almost
disappear after 4 days of rainfall infiltration. The transition
between the infiltration zone and the underlying zone
becomes less distinct for af > 10 kPa. The remaining
matric suctions in the soil decrease at a more rapid rate
when the af value is increased.

The time required to eliminate matric suction varies sig-
nificantly with the air-entry value of the soil. Figure 8.86
shows the matric suction profiles after 24 h for soils with
differing air-entry values. After 24 h of rainfall, soils with a
low air-entry value (i.e., af < 5 kPa) have an average infil-
tration depth in the order of a few millimeters. However,
soils with a greater air-entry value (e.g., af > 10 kPa) have
an infiltration depth of wetting that can extend a few meters.
When the af value is even greater (i.e., af > 100 kPa), the
soil can be fully saturated after 24 h of rainfall when a
flux rate equal to the saturated coefficient of permeability is
applied.
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Figure 8.85 Pore-water pressure profiles for soils with various air-entry values (i.e., a param-
eters) and ksat = 10−5 m/s subjected to flux q = 10−5 m/s under transient seepage conditions:
(a) af = 1 kPa, (b) af = 5 kPa, (c) af = 10 kPa, (d) af = 50 kPa, (e) af = 100 kPa, and
(f) af = 200 kPa (after Zhang et al., 2004).

The gradient of pore-water pressure in the transition zone
becomes smaller as af increases (Fig 8.85). For example,
the gradient of the pore-water pressures in the transition
zone approaches infinity for soils with af < 10 kPa. Con-
versely, the wetting fronts for soils with af > 100 kPa no
longer appear as horizontal lines. According to Eq. 8.60,
the gradient of the pore-water pressure depends on the ratio
of moisture flux and the coefficient of permeability of the
unsaturated soil.

Figure 8.87 shows two examples of pore-water pressure
profiles when the rainfall flux is 10−6 m/s, which is 10%
of the saturated coefficient of permeability of the soils.
The most significant difference is seen in the shape of the
wetting front. For soils with af = 10 kPa, the wetting front

is approximately horizontal and the infiltration rate is much
greater than the unsaturated coefficient of permeability,
according to Eq. 8.61. However, for soils with af =
100, the initial coefficient of permeability in the soil is
comparable to the flux rate, and the pore-water pressure
gradient approaches zero.

8.4.5 Effect of Varying Saturated Coefficient
of Permeability

The pore-water pressure profiles for soils with the same
SWCC (i.e., af = 100, nf = 2, mf = 1) but different
saturated coefficients of permeability (i.e., 10−7, 10−5, and
10−3 m/s, respectively) are shown in Figures 8.88a–8.88c.
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Figure 8.87 Examples of pore-water pressure profiles in soil
with two air-entry values subjected to surface flux, q = 10−6 m/s:
(a) af = 10 kPa; (b) af = 100 kPa (after Zhang et al., 2004).

The rainfall fluxes are assumed to be equal to the saturated
coefficient of permeability for the three cases. The pore-
water pressure profiles are similar, but the rates of
downward movement of the wetting fronts are distinct,
indicating that the rainfall infiltration can be related to the
absolute intensity of the rainfall and the soil properties.

8.4.6 Influence of Water Storage on Pore-Water
Pressure Profile

Unsaturated soil property functions corresponding to two air-
entry-values are shown in Figure 8.89. The infiltration of
water into soils with varying air-entry values is shown in
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Figure 8.88 Pore-water pressure profiles in slope subjected to the
same ratio of q/ksat = 1 for soils with af = 100, nf = 2, mf = 1:
(a) q = 10−7 m/s and ksat = 10−7 m/s; (b) q = 10−5 m/s and
ksat = 10-5 m/s, (c) q = 10−3 m/s and ksat = 10−3 m/s (after
Zhang et al., 2004).

Figure 8.90. The primary difference between the two SWCCs
is the air-entry value. The desaturation rate (i.e., nf = 2)
is the same for both soils, but the maximum water storage
modulus for the soil with af = 1 is 0.1445 while the soil with
af = 10 kPa is only 0.0145. These values show that the desat-
uration rate nf represents the slope at the inflection point of
the SWCC and is expressed on a logarithm scale of matric
suction while the water storage modulus mw

2 is expressed as
the arithmetic slope of the SWCC. The change of matric suc-
tion, �(ua − uw), is much smaller when af = 1 than when
af = 10 because the desaturation part is in the low-matric-
suction portion for af = 1 and as a result it has a larger water
storage modulus.



8.4 conditions under which matric suction can be maintained 447

0.01 1 100 10,000 106

Soil suction, kPa

0.00

0.10

0.20

0.30

0.40

0.50
               af = 1, nf = 2, mf = 1
               af = 10, nf = 2, mf = 1

0.01 1 100 10,000 106

Soil suction, kPa

0.00

0.05

0.10

0.15

W
a

te
r 

st
or

ag
e 

m
od

ul
u

s,
 k

P
a−

1

               af = 1, nf = 2, mf = 1
               af = 10, nf = 2, mf = 1

V
ol

um
et

ric
 w

at
er

 c
on

te
nt

Figure 8.89 Comparison of water storage functions for soils with
af = 1 and af = 10.

Differences in the water storage functions help explain the
rate of movement of the wetting front for soils with different
air-entry values (see Figs 8.85a–8.85f). For soils with the
same coefficient of permeability and the same desaturation
rate subjected to the same magnitude of rainfall flux, the
soil with a lower air-entry value has a greater water storage
capacity than the soil with a larger air-entry value. Conse-
quently, the movement of the wetting front is much slower
for the soil with the low air-entry value. On the other hand, if
the soils have the same SWCC (i.e., the same water storage
function), the soil with a smaller saturated coefficient of per-
meability allows less infiltration than the soil with a larger
coefficient of permeability even though both soils have the
same water holding capacity. These results illustrate why
the rate of downward movement of the wetting front for a
soil with ks = 10−7 m/s is much slower than for a soil with
ks = 10−3 m/s (See Figs. 8.88a–8.88c).

Freeze (1969) studied the mechanism of groundwater
recharge and discharge using a one-dimensional finite dif-
ference model involving transient flow through a saturated-
unsaturated soil system. Three soils, Del Monte sand,
Rehovot sand, and Grenville silt, were used in the study.
The permeability function, water storage capacity, and
air-entry value were shown to be controlling parameters for
the pore-water pressure response of the soil. The wetting
front was shown to propagate more slowly through the
pore-water pressure profile in the Rehovot sand, which had
a larger water storage capacity, than through the Del Monte
sand and the Grenville silt.
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Figure 8.90 Pore-water pressure profiles in a slope (with a water
table) subjected to rainfall flux q = 10−5 m/s: (a) af = 10 kPa;
(b) af = 100 kPa (after Zhang et al., 2004).

8.4.7 Effect of Varying Groundwater Boundary
Conditions

The groundwater tables in soil slopes can vary significantly
depending on the imposed boundary conditions. Figures 8.90
and 8.91 show the pore-water pressure profiles when the
groundwater table is allowed to rise during infiltration. The
selected rainfall fluxes were 100 and 10% of ks , respectively.
Comparing Fig. 8.90 with Fig. 8.85 for similar pore-water
pressure profiles, it can be observed that the rates of down-
ward movement of the wetting front are comparable. The
rising of the groundwater table is more obvious for the soils
with larger air-entry values because the soil has less water
storage capacity. Similar observations can be seen when
comparing Fig. 8.91 and Fig. 8.87.

The pore-water pressure profiles presented above were for
section X-X at the midpoint of the slope (see Fig. 8.75).
However, the pore-water pressure distribution across the
entire slope appeared to a give a similar message with regard
to the permanence of matric suction.

8.4.8 Geotechnical Engineering Implications

Numerous research studies have been undertaken that show
the changes in pore-water pressure profiles in slopes sub-
jected to various surface moisture flux conditions. Much
has been learned about the response of the soil in the unsat-
urated soil zone to rainfall conditions, but this seems to
be where most of the studies have ended. Consequently,



448 8 solving saturated/unsaturated water flow problems

Pore-water pressure (kPa)

(a)

400−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

Initial
2 h
8 h

24 h
2 days
4 days

Pore-water pressure (kPa)

(b)

400−40−80−120−160
50

55

60

65

70

75

E
le

va
tio

n 
(m

)

Initial
1 day
2 days

4 days
6 days
9 days

12 days

af = 10, nf = 2, mf = 1
q = 10−6  m/s
k sat = 10−5  m/s       

af = 100, nf = 2, mf = 1
q = 10−6  m/s
k sat = 10−5  m/s       

Figure 8.91 Pore-water pressure profiles in a slope (with a water
table) subjected to rainfall flux q = 10−6 m/s: (a) af = 10 kPa;
(b) af = 100 kPa (after Zhang et al., 2004).

the application of numerical modeling of rainfall infiltra-
tion has not significantly influenced engineering design. The
use of matric suction in slope design has not yet received
general acceptance in routine engineering practice. There
appears to be a perception that there are insufficient field
measurements as well as modeling studies to demonstrate
the long-term reliance upon matric suction in soil slopes dur-
ing and after rainstorms. The results of the above parametric
numerical study contribute to a better understanding of infil-
tration processes. The studies assist geotechnical engineers
in formulating more appropriate engineering design proto-
cols and practices where the permanence of matric suction
is part of the functionality of slopes.

Numerical studies allow for a wide variety of factors to
be considered during the design of a soil slope. Once the
SWCCs and the saturated coefficients of permeability for
the materials involved are known, the times required for the
dissipation of negative pore-water pressure under various
rainstorm conditions can be modeled. If the matric suction
requires more time to dissipate than the possible duration of
heavy rainfalls, then the matric suction profiles should be
taken into consideration in the design of the soil slope. On
the other hand, if the dissipation or loss of matric suctions
occurs in a relatively short time, the soil slope needs to be
designed accordingly.

The long-term matric suction changes in a slope are con-
trolled by factors related to the ground surface moisture flux
as well as the hydraulic properties of the soils near the
ground surface. The ratio of the ground surface moisture
flux to the saturated coefficient of permeability of the soil
near the ground surface appears to be the primary variable
that should be considered when assessing the permanence
of matric suction.

It is important to use design features that tend to reduce
the infiltration flux at ground surface. A common practice
in Hong Kong is to provide a layer of soil cement and
lime plaster cover called “chunam” on the soil slopes. Any
near-ground-surface layer of reduced permeability assists in
maintaining the matric suction in the underlying soils. Lim
et al. (1996) carried out a field instrumentation program to
monitor negative pore-water pressures in residual soil slopes
in Singapore. The slopes were protected by various types of
surface covers. Changes in matric suction due to changes
in ground surface moisture flux were found to be most sig-
nificant below a bare slope and least significant under a
canvas-covered slope. Other relatively impermeable surface
covers can also be adopted depending on the saturated coef-
ficients of permeability of the material at the surface of a
slope.

It is also effective to maintain negative pore pressures in
a slope through the use of a soil of reduced saturated perme-
ability (see Fig. 8.91). After the 1976 Sau Mau Ping failure
in Hong Kong, the investigation panel (Government of Hong
Kong, 1976) recommended that the minimum stabilization
of a suspect slope should consist of removing the loose sur-
face soil by excavating the slope to a vertical depth of not
less than 3 m for slopes that were not steeper than 1 on 1.5
and recompacting the soil to 95% of standard compaction
density. The average saturated coefficient of permeability
for the Sau Mau Ping earthfill material decreased by three
times when the relative compaction of the fill was increased
from 82 to 95%.

In some cases it might not be practical to prevent the
infiltration of rainfall into a soil slope through use of a rela-
tively impermeable surface cover. It still may not mean that
the matric suctions will go toward zero with time. Steady-
state simulations might reveal a permanence of the negative
pore-water pressure conditions. On the other hand, it may
be important to assume zero matric suction in the slope
for design purposes when the results of numerical modeling
simulations considering realistic site and weather conditions
show that negative pore-water pressures cannot be main-
tained. The risks associated with a possible slope failure
also need to be taken into consideration.

The initial pore-water pressure conditions in the slope and
the boundary conditions of the slope are important factors
to be considered in the quantification of possible changes
in pore-water pressures. Numerical studies provide an
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opportunity for greater ingenuity and design considerations
for soil slopes. Field measurements and monitoring are
needed to provide greater confidence with respect to the
use of computed changes in matric suction.

Matric suction can be eliminated after a rainfall in some
situations while in other situations matric suction may not
disappear over a reasonable time span. This phenomenon
has been observed based on in situ measurements of neg-
ative pore-water pressures in soil slopes as well as from

numerical studies. The fundamental behavior of infiltration
under both long-term steady-state rainfall and unsteady-state
rainfall conditions needs to be understood in order to identify
the most important factors controlling rainfall infiltration.
Engineers need to formulate appropriate questions to con-
sider when analyzing the long-term stability of a slope.
Measures can often be taken to maintain matric suctions
in slopes.



CHAPTER 9

Air Flow through Unsaturated Soils

9.1 INTRODUCTION

Air behaves as a compressible fluid whose density (or the con-
centration of air molecules per unit volume) changes signifi-
cantly with a change in air pressure or temperature. The effect
of changes in air density due to pressure changes is taken
into consideration in the PDEs that describe air flow. The
effect of changes in air density due to temperature changes is
considered as a mechanism that couples with heat flow.

Air is a gas comprised mainly of oxygen and nitrogen
along with small percentages of other gases and water vapor.
Each component of air behaves as an independent gas, but
for most geotechnical engineering problems it is possible to
consider the combination of gases as a single gas, namely,
air. It is possible to write the constitutive law of air flow
in the form of Fick’s law or Darcy’s law. It is useful to be
able to use either Fick’s law or Darcy’s law in geotechni-
cal engineering and be able to convert between the intrinsic
permeability of a soil and the measured hydraulic conductiv-
ity (or coefficient of permeability). The Klinkenberg effect
associated with the absolute pressure at which air flow mea-
surements are made is also described in this chapter.

A basic understanding of the physical concepts of air
flow is presented along with example problems involving air
movement. The need to accommodate air phase compress-
ibility makes the formulation of the air flow PDEs appear
to be more complex than the PDEs for water flow. On the
other hand, the low density of air makes it possible for the
gravity term (i.e., unit weight of air) to be omitted.

The geotechnical engineer does not frequently encounter air
flow problems; however, when air flow problems are encoun-
tered, it is important to understand the differences between
the physics of water flow and the physics of air flow. One of
the applications of air flow involves forcing air through the
soil for the purpose of removing volatile soil contaminants. If
a positive air pressure is used to force air through the soil, the
process is referred to as air sparging. If a negative air pressure
(i.e., a vacuum) is used to produce air flow through the soil,
the process is referred to as soil vapor extraction. Increased
air pressure (i.e., air pressure translation) is sometimes used

during the construction of tunnels under water and is referred
to as an air cushion. There are certain conditions that must
be met in order for the air pressure translation process to be
successful. For example, the air-entry value of the material
around the tunnels should be greater than the required air
pressure translation.

Ba-Te (2005) studied the effect of pore-air pressure reduc-
tion on the stability of slopes. It was found that even a
relatively small reduction in pore-air pressure can result in
a significant increase in the factor of safety of a slope. The
results were confirmed as part of an analytical study as well
as laboratory experiments utilizing a tilting box of sand soil.

The air in an unsaturated soil consists of two forms: “free
air” and “dissolved air.” Water has the appearance of being
a permeable material with a diffusion coefficient that has the
form of a coefficient of permeability of water with respect to
air flow. The flow of air in and out of solution obeys the laws
of a compressible fluid flowing through a porous medium.
The volume-mass relations for free air and dissolved air
were described in Chapter 2. The axis translation technique
in the laboratory requires that consideration be given to the
effect of air diffusion through water.

There are certain problems where air pressure changes
and temperature changes are interrelated and occur simulta-
neously. Interrelated air flow and heat flow are common to
the processes that take place in solid waste containment (i.e.,
landfills). The same is true for waste materials from mining
operations (e.g., waste rock). Chemical reactions often gen-
erate heat which, in turn, changes air pressure and causes
the flow of air by convection. Air flow and heat flow often
occur simultaneously, and it becomes necessary to consider
the respective processes in either an uncoupled or a coupled
manner. However, it is useful to first understand air flow
as an independent physical process prior to combining the
process with heat flow.

9.2 THEORY OF FREE AIR FLOW

Air flow can occur through the mechanisms of convection,
conduction, and radiation. This chapter considers air flow
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due to convection. Air flow by conduction is assumed to be
negligible because air acts as an insulator. Air flow resulting
from radiation was discussed in Chapter 6 for the assessment
of actual evaporative flux for climatic boundary conditions.
Air flow by diffusion (e.g., air dissolving in water) and air
flow by advection (e.g., air swept along by water flow) are
briefly discussed.

Air in an unsaturated soil can exist either as a continu-
ous phase or in the form of occluded air bubbles (Fig. 9.1).
The air phase generally becomes continuous as the degree
of saturation becomes less than about 85% (Corey, 1957).
The flow of free air through an unsaturated soil commences
as the air phase becomes continuous. When the degree of
saturation is above about 90%, the air phase generally exists
as occluded air bubbles and air flow is reduced to the dif-
fusion of air through the pore-water (Matyas, 1967) as well
as dissolved air flow by advection.

The flow of air through a soil can be caused by factors
such as variations in barometric pressure, rainwater infil-
tration that compresses the air in the pores of the soil,
temperature changes, and externally applied loads. There are
also some situations where human impact results in changes
in air pressure and subsequent convective air flow.

9.2.1 Driving Potential for Air

The flow of free air is governed by a concentration, den-
sity, or pressure gradient when the air phase is continuous.
The elevation gradient is negligible. The pressure gradient is
most commonly considered as the only driving potential for
the air phase. Both Fick’s law and Darcy’s law can be used
to describe the flow of air through a porous medium. Fick’s
law may appear to be more fundamentally correct, but it
is also useful to be able to apply a Darcy-type formulation
with its associated air coefficient of permeability.

9.3 FICK’S LAW AND DARCY’S LAW
FOR AIR FLOW

Fick’s (1855) law is often used to describe the diffusion of
gases through liquids. A modified form of Fick’s law can
be applied to the air flow process. Fick’s first law states that

Flow systems common 
to unsaturated soils

Air diffusion 
through water

Continuous air phase 
(two-phase flow)

Occluded air bubbles 
(compressible 
pore fluid flow)

Water Air

Figure 9.1 Subdivision of air flow systems in unsaturated soil.

the rate of mass transfer of a diffusing substance across a
unit area is proportional to the concentration gradient of the
diffusing substance. It is reasonable to apply Fick’s law for
the flow of free air through an unsaturated soil, the flow of
water vapor in response to a vapor pressure gradient, and
the diffusion of air through fluids such as water.

Air has a low density and as a result the driving potential
for flow can be taken as the air pressure gradient. The mass
of air flow, ma (as opposed to the volume of air flow), can be
written using Fick’s (1855) constitutive flow relationship:

max = −Dax
dua

dx
(9.1)

may = −Day
dua

dy
(9.2)

maz = −Daz
dua

dz
(9.3)

where:

max,may,maz = mass flow rate in the x-, y-, and z -
directions, respectively, and

Dax,Day,Daz = air diffusivity in the x-, y- and z-
directions, respectively.

The air flow law can also be written as a velocity of air
flow, va , similar to Darcy’s (1856) law, thereby taking on
the following form (Blight, 1971):

vax = −kax
dua

dx
(9.4)

vay = −kay
dua

dy
(9.5)

vaz = −kaz
dua

dz
(9.6)

The air coefficient of permeability ka (and air diffusivity)
is a mathematical function in the sense that the transmission
of air varies with the amount of air in the soil. The amount
of air can be described using the SWCC. Figure 9.2a shows
a SWCC for sand and Fig. 9.2b illustrates the form of the
air permeability function (Ba-Te et al., 2005). The air per-
meability function takes on an inverse form to that of the
water permeability function.

The magnitude of the air coefficient of permeability tends
toward the diffusion of air through water when soil suc-
tion becomes less than the air-entry value of the soil. The
air coefficient of permeability increases by several orders of
magnitude as suction is increased once the suction in the soil
exceeds the air-entry value. The low viscosity of air means
that air can flow through a soil with much greater ease than
water flow through a soil of equal porosity.

The void space of a porous medium (i.e., porosity of the
soil) can be used as the reference. There is one extreme sit-
uation where the void space is filled with water and another
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Figure 9.2 SWCC and air permeability function for sand tested by Samingan et al. (2003): (a)
SWCC data and best-fit SWCC for sand; (b) measured and calculated air permeability function
for sand (after Ba-Te et al., 2005).

extreme situation where the void space is filled with air.
It is possible to visualize the soil as having a coefficient
of permeability with respect to water and a coefficient of
permeability with respect to air.

The mass rate of air flow and the concentration gradient
in the air are computed with respect to a unit area and a unit
volume of the soil:

Ja = −Da

∂C

∂y
(9.7)

where:

Ja = mass rate of air flowing across a unit area of
the soil,

Da = transmission constant for air flow through a soil,
C = concentration of the air expressed in terms of

the mass of air per unit volume of soil, and
∂C/∂y = concentration gradient in the y-direction.

The negative sign in the air flow equation indicates that air
flows in the direction of a decreasing concentration gradient.
Air flow equations can similarly be written for each of the
three Cartesian coordinate directions.

The concentration of air with respect to a unit volume of
the soil can be written as

C = Ma

Va/(1 − S)n
(9.8)
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where:

Ma = mass of air in the soil,
Va = volume of air in the soil,
S = degree of saturation, and
n = porosity of the soil.

Substituting the density-of-air term ρa for Ma/Va in the
above equation gives

C = ρa(1 − S)n (9.9)

Air density is related to the absolute air pressure in accor-
dance with the universal gas law [i.e., ρa = (ωaua)/RTK ,
where, ωa = molecular mass of air, R = universal (molar)
gas constant, and TK = absolute temperature; see Eq. 2.19].
Therefore, the concentration gradient can also be expressed
with respect to a pressure gradient in the air. The gauge air
pressure can be used in reformulating Eq. 9.7:

Ja = −Da

∂C

∂ua

∂ua

∂y
(9.10)

where:

ua = pore-air pressure and
∂ua/∂y = pore-air pressure gradient in the y-direction (or

similarly in the x - and z -directions).

A modified form of Fick’s law is obtained by defining a
coefficient of transmission for air flow through soils, D∗

a :

D∗
a = Da

∂C

∂ua

(9.11)

or

D∗
a = Da

∂[ρa(1 − S)n]

∂ua

(9.12)

The coefficient of transmission D∗
a is a function of the

volume-mass properties of the soil (i.e., S and n) and air
density. Substituting D∗

a into Eq. 9.10 results in an equation
for the mass of air flow:

Ja = −D∗
a

∂ua

∂y
(9.13)

A modified form of Fick’s law has been used in geotech-
nical engineering to describe air flow through soils (Blight,
1971). The coefficient of transmission D∗

a can be related to
the air coefficient of permeability ka , which can be measured
in the laboratory.

Steady-state air flow can be established through an unsat-
urated soil specimen that has a fixed degree of saturation (or
constant matric suction). The soil specimen is treated as an
element of soil having an air coefficient of permeability cor-
responding to the selected degree of saturation. The air coef-
ficient of permeability is assumed to be constant through-
out the soil specimen. Steady-state air flow is produced by

applying an air pressure gradient across the soil specimen.
The amount of air flowing through the soil specimen is mea-
sured at the exit point. The flow rate must be measured
at a designated constant-pressure condition (i.e., usually at
101.3 kPa absolute or zero gauge pressure) since air is com-
pressible (Matyas, 1967).

The mass rate of the air flow is measured at a constant
air density ρma. Equation 9.13 can be rewritten as a volume
rate of air flow for the case of constant air pressure:

ρma
∂Va

∂t
= −D∗

a

∂ua

∂y
(9.14)

or

va = −D∗
a

1

ρma

∂ua

∂y
(9.15)

where:

ρma = constant air density corresponding to the pres-
sure used in the measurement of the mass rate
(i.e., at the exit point of flow) and

∂Va/∂t = volume rate of the air flow across a unit area
of the soil at the exit point of flow, designated
as the flow rate va .

The pore-air pressure ua can also be expressed in terms of
a pore-air pressure head ha using a constant air density ρma:

va = −D∗
ag

∂ha

∂y
(9.16)

where:

ha = pore-air pressure head (i.e., ua/ρmag) and
∂ha/∂y = pore-air pressure head gradient in the

y-direction, designated as iay.

Equation 9.16 has the same form as Darcy’s equation for
the air phase and can be written as follows:

va = −ka

∂ha

∂y
(9.17)

Equation 9.17 was earlier written for each of the Carte-
sian coordinate directions (i.e., Eqs. 9.4, 9.5, and 9.6). The
relationship between the air coefficient of transmission D∗

a

and the air coefficient of permeability ka is as follows:

ka = D∗
ag (9.18)

The hydraulic head gradient in Eq. 9.17 consists of the
pore-air pressure head gradient as the driving potential and
has been used to compute the air coefficient of permeability
ka (Barden, 1965; Matyas, 1967; Langfelder et al., 1968;
Barden et al., 1969b; Barden and Pavlakis, 1971).

Air permeability measurements can be performed at var-
ious applied matric suction values (or different degrees of
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saturation) to establish an air permeability functional rela-
tionship ka(ua − uw) or ka(S). The air permeability func-
tion also applies to the air coefficient of transmission D∗

a

since the two coefficients are related by the gravitational
constant, g .

Experimental verifications have been performed for Fick’s
law and Darcy’s law and some results are presented in
Fig. 9.3 (Blight, 1971). A series of permeability tests were
performed by establishing steady-state air flows through dry
soils. The soils were assumed to have a rigid structure with
no measurable volume change during the tests. The air flow
measurements were referenced to the air-filled pore space
(Blight, 1971). The mass rate of air flow must be multiplied
by the air porosity, na , as shown in Fig. 9.3a, when using
the bulk soil as the reference state.

The applicability of Fick’s law to air flow is demonstrated
in Fig. 9.3b. The mass flow rate Ja is almost linearly pro-
portional to the pore-air pressure gradient (∂ua/∂y), with
D∗

a being the coefficient of proportionality corresponding to
a small change in the pore-air pressure gradient. It should be
noted that the air pressure gradients used in the above exper-
iment were relatively high. The magnitudes of D∗

a and ka

vary with the volume-mass properties of an unsaturated soil.

9.3.1 Coefficient of Permeability with Respect
to Air Flow

Several relationships have been proposed between the air
coefficient of permeability and the volume-mass properties
of a soil. The coefficient of transmission D∗

a can either be
computed in accordance with Eq. 9.18 or measured directly
in experiments. The coefficient of permeability for the air
phase, ka , is a function of the fluid (i.e., air) and soil volume-
mass properties. The fluid properties are generally consid-
ered to be constant during the flow process. Therefore, the
air coefficient of permeability can be expressed as a function
of the volume-mass properties of the soil. The volumetric
percentage of air in the pores largely controls the flow rate
of air through a soil. The air coefficient of permeability
increases as soil suction increases (or the degree of satu-
ration decreases), giving rise to the terminology of an air
permeability function.

9.3.2 Relationship between Air Coefficient
of Permeability and Degree of Saturation

The air coefficient of permeability of an unsaturated soil is
strongly influenced by the degree of saturation of the soil.
The air coefficient of permeability approaches its maximum
value when the water degree of saturation is low. The air
coefficient of permeability decreases as the water degree of
saturation increases until the suction reaches the air-entry
value of the soil. The air-entry value is the point where air
starts to enter the largest pores of the soil. Air flow takes
the form of air diffusion through the soil-water when soil
suction is below the air-entry value of the soil. At this point,
the air coefficient of permeability is extremely small.

Figure 9.3 Verifications of Fick’s and Darcy’s laws for flow of
air through dry porous medium: (a) mass of air flow versus air
pressure gradient (Fick’s law); (b) flow rate of air versus pressure
gradient (Darcy’s law) (after Blight, 1971).

The prediction of the air coefficient of permeability based
on the pore-size distribution and the SWCC has also been pro-
posed for the air phase. The relative air coefficient permeabil-
ity function kra is essentially the inverse of the relative water
coefficient-of-permeability function krw, as shown in Fig. 9.4.
The data are for Hygiene sandstone, and the respective air
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Figure 9.4 Relative permeability of water and air as function of degree of saturation during
drainage (modified from Brooks and Corey, 1964).

and water coefficients of permeability are plotted relative to
completely dry and wet conditions. In other words, the rela-
tive air coefficient of permeability is presented as a ratio of the
air permeability corresponding to the completely dry condi-
tion. Similarly, the relative water coefficient of permeability
is plotted relative to the water permeability corresponding to
the water-saturated conditions.

The following equations were used by Brooks and Corey
(1964) to describe the ka(Se) function:

ka = 0.0 for ua − uw ≤ (ua − uw)b
(9.19)

ka = kd(1 − Se)
2(1 − S(2+λ)/λ

e ) for ua − uw >(ua − uw)b
(9.20)

where:

kd = coefficient of permeability with respect to the air
phase for a soil at a degree of saturation of zero.

The air coefficient of permeability ka corresponding to
various degrees of saturation can be computed using Eq.
9.20. The relative coefficient of permeability of air perme-
ability, kra (%), can be written as follows:

kra = ka × 100

kd

(9.21)

A comparison between the computed relative air perme-
ability for several soils with measured experimental data is
shown in Fig. 9.5. The data from each of the soils show that
the air coefficient of permeability increases with respect to
the applied soil suction until a maximum value is obtained.

The data also show that at under low applied soil suctions
the soil becomes saturated and the air coefficient of perme-
ability tends to a small value (i.e., diffusivity of air through
the water in the soil).

9.3.3 Relationship between Air Coefficient
of Permeability and Matric Suction

Equation 9.20 can also be expressed in terms of matric suc-
tion (ua − uw). The functional form for the air coefficient
of permeability takes on an inverse form of the equation
suggested by Brooks and Corey (1964) for the water per-
meability function:

ka = 0.0 for ua − uw ≤ (ua − uw)b (9.22)

ka = kd

[
1 −

(
(ua − uw)b

ua − uw

)λ
]2 [

1 −
(

(ua − uw)b

ua − uw

)2+λ
]

for ua − uw >(ua − uw)b (9.23)

Figure 9.2 illustrates the agreement between measured
data and the theoretical air coefficient-of-permeability func-
tion described using Eq. 9.23.

Several studies have been undertaken to measure the air
permeability of compacted soils. The coefficient of perme-
ability with respect to air, ka , decreases as the degree of satura-
tion of the soil increases (Ladd, 1960; Olson, 1963; Langfelder
et al., 1968; Barden and Pavlakis, 1971). Figure 9.6 presents
air and water coefficients of permeability for a soil compacted
at different water contents or matric suction values by Barden
and Pavlakis (1971). The air and water coefficients of perme-
ability ka and kw were measured on the same soil specimen
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Figure 9.5 Measured data and calculated relative permeability for air as function of matric
suction (modified from Brooks and Corey, 1964).

Figure 9.6 Air coefficient of permeability ka and water coeffi-
cients of permeability kw as function of gravimetric water content
for Westwater soil (after Barden and Pavlakis, 1971).

under steady-state flow conditions subjected to small pressure
gradients. The air coefficient of permeability ka decreased
rapidly as optimum water content was approached. At this
point, the air phase becomes occluded, and the flow of air
takes place as the diffusion of air through water. The occluded
stage for soils with high clay content usually occurs at water
contents slightly above optimum water content (Matyas, 1967;
Barden and Pavlakis, 1971).

Although the air coefficient of permeability decreases and
the water coefficient of permeability increases with increasing
water content, the air permeability values remain significantly
larger than the water permeability values for all water contents
(Fig. 9.6). The difference in the viscosity of air and water is
one of the main reasons for the air coefficient of permeability
being greater than the water coefficient of permeability.

The coefficient of permeability is inversely proportional
to the absolute (i.e., dynamic) viscosity of the fluid, υ. The
absolute viscosity of water, υw, is approximately 56 times
the absolute viscosity of air, υa , at an absolute pressure
of 101.3 kPa and a temperature of 20◦C. Assuming that the
volume-mass properties of a soil do not differ for completely
saturated and completely dry conditions, the saturated water
coefficient of permeability would be expected to be about
56 times smaller than the air coefficient of permeability at
dry condition (Koorevar et al., 1983). It should be noted that
other factors also have an influence on the measured air and
water coefficients of permeability.

Another factor affecting the measured air coefficient of
permeability is the method of compaction. A dynamically
compacted soil usually has a higher air coefficient of perme-
ability than a statically compacted soil at the same density.

The air coefficient of transmission D∗
a can be obtained

by dividing the air coefficient of permeability ka by the
gravitational acceleration g . If the gravitational acceleration
is assumed to be constant, D∗

a functions are similar to the
above air permeability ka functions.

9.3.4 Intrinsic Permeability

Intrinsic permeability K is a fluid flow property related to
the nature of a porous medium. Intrinsic permeability is
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computed by taking the properties of the pore fluid into
consideration. Bear (1972) called intrinsic permeability the
“medium’s permeability” and described it as “an average (or
macroscopic) medium property that measures the ability of
the porous medium to transmit fluid through it.”

Two primary fluid properties that influence the hydraulic
conductivity k are commonly measured in the laboratory
(Fredlund and Rahardjo, 1993a). The fluid properties are
(1) density of the fluid, ρ (kg m−3), and (2) dynamic vis-
cosity of the fluid, υ (Pa s or kg m−1 s−1). The mathemat-
ical relationship between intrinsic permeability K(m2) and
hydraulic conductivity k (m s−1) can be written as follows:

k = ρg

υ
K = γ

υ
K (9.24)

where:

g = gravitational acceleration, m s−2,
ρ = density, kg/m3, and
γ = unit weight of the medium, N m−3.

The pore fluid properties can be “scaled” to the properties
of water at standard conditions (Parker et al., 1987). Using
the properties of water at 20◦C a hydraulic conductivity of
10−5 m/s measured using water will give an intrinsic per-
meability of approximately 10−12 m2. The density of water
was taken to be 1000 kg/m3 and the dynamic viscosity υ

was taken to be 1 cP (where 1 cP = 10−3 Pa s = 1 mPa s).
Intrinsic permeability can be used to convert flow prop-

erties used in one discipline (e.g., geotechnical engineering)
to flow properties used in another discipline (e.g., petroleum
and soil science disciplines). The concept of intrinsic per-
meability also has an important role to play in unsaturated
soil mechanics. For example, the measurement of saturated
water coefficient of permeability can be used to calculate
a value for air coefficient of permeability for a dry soil
at the same void ratio. Or vice versa, air flow measure-
ments in the laboratory or field on a dry soil can be used to
compute saturated coefficient of permeability. Saturated soil-
water coefficient-of-permeability measurements can also be
used in conjunction with a SWCC to estimate the air per-
meability function for an unsaturated soil. The properties of
the pore fluid can provide an estimate of the relative ease
with which air and water can flow through a soil.

The viscosity of water and air are dependent upon tem-
perature as mentioned in Chapter 2 (Tuma, 1976). Dynamic
viscosity is presented in centipoises , where 1 cP =
10−3 kg m−1 s−1. At 20◦C, the viscosity of water is 1.009 cP
whereas the viscosity of air is only 0.0179 centipoise; a
viscosity ratio of 56.37. The density of water changes with
temperature and typical values were shown in Chapter 2
(McCutcheon et al., 1993).

Let us consider air flow and water flow through a hori-
zontal tube, porous medium with a cross-sectional area A

and length L under an applied entrance pressure p1 and

an exit pressure p2 where p1 > p2. The test is performed
under isothermal conditions at 20◦C. The air flow rate can
be written in accordance with Darcy’s law:

Qa = K

υa

p1 − p2

L
A (9.25)

where:

Qa = volumetric flow rate, m3s−1,
υa = dynamic viscosity of air, and
K = intrinsic permeability of the porous medium.

Similarly, the water flow rate (m3 s−1) can be written
using Darcy’s law:

Qw = K

υw

p1 − p2

L
A (9.26)

where:

Qw = volumetric flow rate and
υw = dynamic viscosity of water.

It is possible to compare the flow volumes of air and water
since the intrinsic permeability is a constant. The air volume
flow rate would be 56.4 times more than the water volume
flow rate using dynamic viscosities corresponding to 20◦C:

Qa

Qw
= υw

υa

= 1.009

0.0179
= 56.4 (9.27)

The ratio of air coefficient of permeability ka to water coef-
ficient of permeability kw must take into consideration the
relative densities of air and water. The ratio of the air coeffi-
cient of permeability to water coefficient of permeability cor-
responding to 20◦C and standard pressure (i.e., 101.3 kPa) is

ka

kw
= ρa

υa

υw

ρw
= 1.196

0.0179

1.009

998.2
= 1

14.8
(9.28)

Equation 9.28 shows that the air coefficient of permeabil-
ity is 14.8 times less than the water coefficient of permeabil-
ity. The information from Eqs. 9.27 and 9.28 may at first
seem to be contradictory. Perhaps that is the reason why it
is possible to encounter seemingly contradictory statements
regarding the ease of air and water flow through soils in the
literature.

The ratios of mass flow rates of air and water, dMa/dt
and dMw/dt, respectively, can be written as follows:

dMa/dt

dMw/dt
= ρaQa

ρwQw
= ρaυw

ρwυa

= 1

14.8
(9.29)

A comparison of the air mass flow rate and the water
mass flow rate shows that the mass flow rate of water will
be 14.8 times more than the mass flow rate of air. However,
more air (by volume) will flow through a porous medium
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than water (by volume) under the same pressure gradient.
Equation 9.29 shows that the mass flow rate of water will
be higher than the mass flow rate of air under the same
pressure gradients.

The volume flow ratio of air to water under a soil tem-
perature of 10◦C can be written as follows:

Qa

Qw
= υw

υa

= 1.310

0.0176
= 74.3 (9.30)

The mass flow ratio of air to water under the same soil
temperature can be written as follows:

ka

kw
= dMa/dt

dMw/dt
= 1

9.18
(9.31)

The volume flow rate of air is 74.3 times more than the
volume flow rate of water. However, the mass flow rate of
water will be 9.18 times more than the mass flow rate of air.

9.3.5 Klinkenberg Effect

The intrinsic permeability measured by passing air through
a dry porous medium, Ka , should be similar to the intrinsic
permeability measured by passing water through the same
saturated porous medium, Kw. However, air passage does
not behave quite the same as water flow because the air
velocity at the solid boundaries of a pore is not zero as it
is for the case when water is used. The intrinsic permeabil-
ity measured using air, Ka , will appear to be larger than
the intrinsic permeability measured when using water, as
shown in Fig. 9.7. This difference in flow behavior is known
as “gas slippage” or the “Klinkenberger effect” (Klinken-
berger, 1941). Klinkenberger demonstrated that the perme-
ability measured using gases was approximately a linear
function of the reciprocal of the applied gas pressure.

Klinkenberger (1941) showed that the effect of gas slippage
can be evaluated by measuring the air intrinsic permeability
Ka for a range of pressures and extrapolating the results to an
infinite mean pressure. The extrapolated value will be simi-
lar to the intrinsic permeability measured when using water,

Liquid flow and gas flow at high mean flowing pressure is 
laminar
- Darcy's Law is valid
- Flow velocity at walls is zero

At low mean flowing pressure gas slippage occurs
- Non-Darcy flow is observed
- Flow at walls is not zero

Klinkenberg developed a method to correct gas permeability
measures at low mean flowing pressure to equivalent liquid
permeability

Figure 9.7 Difference in intrinsic permeability observed when
using water and a gas such as nitrogen.

Kw. It has been noted that the intrinsic permeability measured
when using water is still smaller than the intrinsic permeabil-
ity measured when using air even after the air permeability
results have been corrected for gas slippage.

The Klinkenberger effect becomes important when the
measured intrinsic permeability is lower than 10−18 m2

and the applied differential pressures are low during the
measurement of permeability. When the rate of air flow is
high and the applied pressures are high, the two intrinsic
measurements come closer to one another. The correction
of air intrinsic permeability for the Klinkenberger effect
becomes relevant as the permeability measurements become
extremely low. In general, the application of a correction for
gas slippage is not necessary because soils have a sufficiently
high coefficient of permeability.

The air coefficient of permeability under dry conditions,
Ka , is often considered to be a constant for simplicity.
However, the intrinsic permeability varies with the absolute
pore-air pressure, and this is also part of the Klinkenberg
effect (Klinkenberg, 1941). The Klinkenberg effect can be
approximated using the following relationship:

Ka = K∞

(
1 + b

ua

)
(9.32)

where:

Ka = intrinsic permeability measured using air,
K∞ = air phase intrinsic permeability when using a high

air pressure, and
b = parameter representing the porous medium.

Heid et al. (1950) proposed an empirical relationship
between K∞ and b based on experimental data:

b = 0.147K−0.39
∞ (9.33)

where b is in kilopascals and K∞ is in meters squared.
Equation 9.33 has been adopted by the American Petroleum

Institute for correcting for the Klinkenberg effect (Baehr and
Hult, 1991). The maximum percent error in estimating the
air permeability by ignoring the Klinkenberg effect was stud-
ied by Baehr and Hult (1991). The Klinkenberg effect was
shown to produce an error greater than 10% when measur-
ing the air permeability of a porous media where the intrinsic
permeability was 10−13 m2 (or 10−7 mm2) or less.

9.4 DIFFUSION OF AIR THROUGH WATER

The diffusion process occurs in response to a concentration
gradient. Ionic or molecular movement will take place
from regions of higher concentration to regions of lower
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concentration. Air and water in the voids of a soil are the
conducting media for diffusion processes. On the other
hand, the soil structure determines the path length and
cross-sectional area available for diffusion. The transport
of gases (e.g., O2 and CO2), water vapor, and chemicals
provides examples of diffusion processes in soils.

There are two examples of air diffusion common to unsat-
urated soils. The first example of diffusion involves the
flow of air through the pore-water in a saturated or unsatu-
rated soil (Matyas, 1967; Barden and Sides, 1967). Another
example of air diffusion involves the passage of air through
water in a high-air-entry ceramic disk of a pressure plate
apparatus. This type of diffusion involves gases dissolving
into the water on one side of the ceramic disk and subse-
quently coming out of the water on the other side of the
ceramic disk.

The second type of diffusion involves the movement of
constituents through the water phase due to a chemical con-
centration gradient or an osmotic suction gradient. Chemical
diffusion comes under the topic of contaminant transport
phenomena and is not discussed in this book.

9.4.1 Air Diffusion through Water

Fick’s law can be used to describe the diffusion process. The
concentration gradient provides the driving potential for the
diffusion process and can be expressed with respect to the
soil voids. In other words, the mass rate of diffusion and the
concentration gradient are expressed with respect to a unit
area and a unit volume of the soil voids. The formulation
of Fick’s law for diffusion in the y-direction is as follows:

∂M

∂t
= −D

∂C

∂y
(9.34)

where:

∂M/∂t = mass rate of the air diffusing across a unit area
of the soil voids,

D = coefficient of diffusion,
C = concentration of the diffusing air expressed in

terms of mass per unit volume of the soil voids,
and

∂C/∂y = concentration gradient in the y-direction (or
similarly in the x - or z -direction).

The diffusion equation can appear in several forms, sim-
ilar to the forms presented for the flow of air through a
porous medium. The concentration gradient for gases or
water vapor (i.e., ∂C/∂y) can be expressed in terms of
partial pressures. Consider a constituent diffusing through
the pore-water in a soil. Fick’s law for diffusion can be
rewritten with respect to the partial pressure of the diffusing
constituent:

∂M

∂t
= −D

∂C

∂ūi

∂ūi

∂y
(9.35)

where:

ūi = partial pressure of the diffusing constituent,
∂C/∂ūi = change in concentration with respect to a

change in partial pressure, and
∂ūi/∂y = partial pressure gradient in the y-direction (or

similarly in the x- or z-direction).

The mass rate of the constituent diffusing across a unit
area of the soil voids (i.e.,∂M/∂t) can also be determined
by measuring the volume of the diffusing constituent under
constant-pressure conditions. The ideal gas law is applied
to the diffusing constituent in order to obtain the mass
flow rate:

∂M

∂t
= ūfi

ωi

RTK

∂Vfi

∂t
(9.36)

where:

ūfi = absolute constant pressure used in the volume
measurement of the diffusing constituent,

ωi = molecular mass of the diffusing constituent,
R = universal (molar) gas constant,

TK = absolute temperature,
∂Vfi/∂t = flow rate of the diffusing constituent across a

unit area of the soil voids, and
Vfi = volume of the diffusing constituent across a

unit area of the soil voids.

The change in concentration of the diffusing constituent rel-
ative to a change in partial pressure (i.e.,∂C/∂ūi) is obtained
by considering the change in density of the dissolved con-
stituent in the pore-water. The density of the dissolved con-
stituent in the pore-water is the ratio of the mass of dissolved
constituent to the volume of water:

∂C

∂ūi

= ∂(Mdi/Vw)

∂ūi

(9.37)

where:

Mdi = mass of the dissolved constituent in the pore-water
and

Vw = volume of water.

Applying the ideal gas law yields the following equation:

∂C

∂ūi

= ∂[(Vdi/Vw)ūi(ωi/RT)]

∂ūi

(9.38)

where:

Vdi = volume of the dissolved constituent in the pore-
water.

The ratio of the volume of dissolved constituent to the
volume of water (i.e.,Vdi/Vw) is referred to as the volumetric
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coefficient of solubility, h . Under isothermal conditions, h
is essentially a constant:

∂C

∂ūi

= h
ωi

RTK

. (9.39)

where:

h = volumetric coefficient of solubility for the constituent
in water.

Substituting Eq. 9.36 into Eq. 9.39 results in the following
diffusion equation (van Amerongen, 1946):

vfi = −Dh

ūfi

∂ūi

∂y
(9.40)

where:

vfi = flow rate of the diffusing constituent across a unit
area of the soil voids (i.e.,∂Vfi/∂t).

The above equation can be applied to air or gas diffu-
sion through water in a soil or through other materials such
as a rubber membrane (Poulos, 1964). The partial pres-
sure term can be expressed in terms of the partial pressure
head hfi (i.e.,hfi = ūi/ρfig) with respect to the density of
the constituent, ρfi. The constituent density corresponds to
the absolute constant pressure ūfi used in the measurement
of the diffusing constituent volume. The absolute constant
pressure ūfi is usually selected to correspond to atmospheric
conditions (i.e., 101.3 kPa), and ρfi is the constituent density
at the corresponding pressure:

vfi = −Dh
ρfig

ūfi

∂hfi

∂y
(9.41)

where:

ρfi = constituent density at the constant pressure ūfi used
in the volume measurement of the diffusing con-
stituent and

hfi = partial pressure head (ūfi/ρfig).

The above equation has a form similar to Darcy’s law. The
equation can be considered as a modified form of Darcy’s
law for air flow through an unsaturated soil with occluded
air bubbles where the air flow is of the diffusion form:

vfi = −kfi

∂hfi

∂y
(9.42)

where:

kfi = diffusion coefficient of permeability for air through
an unsaturated soil with occluded air bubbles.

The diffusion coefficient of permeability can then be writ-
ten as follows:

kfi = Dh
ρfig

ūfi
(9.43)

Substituting the ideal gas law into Eq. 9.43 results in
another form for the diffusion coefficient of permeability:

kfi = D
hωig

RTK

(9.44)

The above equation indicates that under isothermal con-
ditions the coefficient of permeability (i.e., diffusion type)
is directly proportional to the coefficient of diffusion since
the term hωig/RTK is a constant.

The coefficients of diffusion for several gases through
water and for air through different materials were presented
in Chapter 2. The diffusion coefficients D for air through
pure water were computed in accordance with Eq. 9.42 (Bar-
den and Sides, 1967). The diffusion values for soils appear
to be significantly smaller than the diffusion values for free
water. The difference has been attributed to factors such as
the tortuosity within the soil and the higher viscosity of the
adsorbed water close to the soil particle clay surface. Mea-
sured diffusion coefficients have been observed to decrease
as the water content of the soil decreases.

9.5 OTHER COMPONENTS OF AIR FLOW

Air flow may take place by two other mechanisms: (i) air
flow within the liquid pore-water by diffusion and (ii) dis-
solved pore-air being carried by water flow. In the latter
case the air movement is referred to as advective flow. If air
flows through the water in the soil, it is driven by gradients
in the dissolved pore-air concentration and is referred to as
flow by diffusion.

The mass flux of free air can be described in terms of
Fick’s law and Darcy’s law. The flow of dissolved air is also
driven by gradients in dissolved air concentration. Dissolved
air flow can also be described using Fick’s law:

vad
y = −Dad

ρa

∂Cad

∂y
(9.45)

where:

vad
y = dissolved air flow rate in the y-direction across a

unit area of the soil due to pore-air concentration
gradients, m/s,

Dad = molecular diffusivity of dissolved air through
water, m2/s (also referred to as coefficient of
transmission of air),

Cad = concentration of dissolved air in terms of the mass
of vapor per unit volume of soil, Cad = ρaSnh,
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h = Henry’s volumetric coefficient of solubility, Vad/
Vw,

Vad = volume of air dissolved in pore-water, and
ρa = density of air, kg/m3.

Equation 9.45 can be rewritten as follows:

vad
y = −Dad

ρa

∂Cad

∂ūa

∂ūa

∂y
= −Dad∗

ρa

∂ūa

∂y
(9.46)

where:

Dad∗ = coefficient of transmission, (kg m)/(kN s), and
ūa = absolute air pressure, kPa.

The soil properties Dad and Dad∗ have been defined and
can be measured or estimated. The diffusion of dissolved
air through liquid pore-water decreases as the degree of
saturation of a soil decreases. Dissolved air movement
becomes insignificant when compared with the flow of free
air through the soil. The dissolved air component υad can
be incorporated into the prediction of the coefficient of
transmission Dad∗ through use of a tortuosity coefficient.

The flow of dissolved pore-air carried by water flow (i.e.,
advection) can be described using Darcy’s law for water
flow and taking the amount of dissolved air into account:

vaa
y = −hkw

∂h

∂y
(9.47)

where:

vaa
y = dissolved pore-air flow rate in the y-direction across

a unit area of the soil due to bulk pore-liquid water
flow, m/s.

The total flow of pore-air, va
y , is the summation of the

three flow mechanisms described by Eqs. 9.42, 9.45, 9.46,
and 9.47:

va
y = vaf

y + vad
y + vaa

y = −ka

γa

∂ua

∂y
− kad

γa

∂ua

∂y
− hkw

∂h

∂y

(9.48)
where:

ka = air coefficient of permeability, γaD
a∗/ρa , m/s,

kad = diffusion coefficient of air through water, γaD
a∗/

ūa , m/s, and
γa = unit weight of air, kN/m3.

Equation 9.48 provides a smooth transition between unsat-
urated and saturated conditions. The soil becomes saturated
as soil suction decreases and ka decreases toward zero. How-
ever, the flow of air does not completely cease for satu-
rated conditions. Pore-air conductivity by diffusion within
the pore-water and the flow of dissolved air carried by bulk
water flow increase as the pores become filled with water.

9.6 PARTIAL DIFFERENTIAL EQUATIONS FOR
AIR FLOW THROUGH UNSATURATED SOILS

Air is compressible and, as such, changes in density must
be taken into consideration when describing the flow of air
through a referential element. The mass flow of air through
a referential element takes the form of a partial differential
equation for compressible fluid flow.

A series of partial differential equations are presented
that describe the components of air flow under various
conditions. Steady-state air flow is first presented followed
by transient or unsteady-state flow. The partial differential
equations associated with one-, two-, and three-dimensional
situations are presented.

9.6.1 One-Dimensional Steady-State Air Flow

The bulk flow of air (i.e., free air) can occur through an
unsaturated soil when the air phase is continuous. Air is
compressible and the derivation of the partial differential
equations for air flow must take into consideration changes
in density as a result of pressure changes.

The air coefficient of transmission D∗
a or the air coefficient

of permeability ka (i.e., D∗
ag) is a function of the volume-

mass properties (or stress state) of the soil. The relationship
between the air coefficient of permeability ka and matric suc-
tion [i.e., ka(ua − uw)] or degree of saturation [i.e., ka(Se)]
was previously described. The value of ka or D∗

a may vary
with location, depending upon the distribution of the pore-
air volume in the soil. The air coefficient of permeability in
an unsaturated soil can vary with direction and location. The
air coefficient of permeability at a point can be assumed to
be constant with respect to time during steady-state air flow
provided soil suction remains constant.

Steady-state formulations for one-dimensional air flow are
first presented using Fick’s law. Heterogeneous, isotropic,
and anisotropic conditions are taken into consideration in
the derivation of the flow equations. Steady-state air flow
is analyzed assuming that the pore-water pressures have
reached equilibrium and are not influenced by the pore-
water pressures. One-dimensional air flow equations can be
solved using numerical methods such as the finite difference
method or the finite element method.

Consider an unsaturated soil ( i.e., heterogeneous), ele-
ment with air flow in the y-direction (Fig. 9.8). The air flow
has a mass rate Jay under steady-state conditions. The mass
rate is assumed to be positive for upward air flow. The prin-
ciple of continuity requires that the mass of air flowing into
the soil element must be equal to the mass of air flowing
out of the element:(

Jay + dJay

dy
dy

)
dx dz − Jay dx dz = 0 (9.49)

where:

Jay = mass rate of air flow across a unit area of the soil
in the y-direction.
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Figure 9.8 One-dimensional steady-state air flow through unsat-
urated soil element.

The net mass rate of air flow can be written as(
dJay

dy

)
dx dy dz = 0 (9.50)

Substituting Fick’s law for the mass rate of flow into the
above equation yields a nonlinear differential equation:

d{−D∗
ay(ua − uw)dua/dy}

dy
= 0 (9.51)

where:

D∗
ay(ua − uw) = air coefficient of transmission as a func-

tion of matric suction,
dua/dy = pore-air pressure gradient in the y-direc-

tion,
ua = pore-air pressure, and
uw = pore-water pressure.

The coefficient of transmission D∗
ay(ua − uw) will be writ-

ten as D∗
ay for simplicity, and it must be remembered that

the soil property is a function of soil suction. The spatial
variation of the variable,D∗

ay, results in nonlinearity in the
mass flow equation:

D∗
ay

∂2ua

dy2
+ dD∗

ay

dy

dua

dy
= 0 (9.52)

where:

dD∗
ay/dy = change in the air coefficient of transmission

in the y-direction.

Equation 9.52 describes the pore-air pressure distribution
in the soil mass in the y-direction. The second term in the
equation accounts for the spatial variation in the coefficient
of transmission. The coefficient of transmission is obtained
by dividing the air coefficient of permeability kay by gravi-
tational acceleration (i.e., D∗

ay = kay/g). In other words, the

coefficients D∗
ay and kay have similar functional relationships

with respect to soil suction.
The measurement of the air coefficient of permeability in a

triaxial cell is an application of one-dimensional steady-state
air flow. The air coefficient of permeability is assumed to be
constant throughout the soil specimen. The air flow equation
is reduced to a linear differential equation by neglecting
changes in the air coefficient of permeability with respect to
location:

∂2ua

dy2 = 0 (9.53)

The pore-air pressure distribution in the y-direction is
obtained by integrating Eq. 9.53 two times:

ua = C1y + C2 (9.54)

where:

C1, C2 = constants of integration related to the boundary
conditions

y = distance in the y-direction.

Figure 9.34 illustrates the pore-air pressure distribution
within a soil specimen during an air permeability test. The
air pressures at both ends of the specimen (i.e., ua = uab at
y = 0.0 and ua = uat = 0.0 aty = hs) are the boundary con-
ditions. Substituting the boundary conditions into the flow
equation results in a linear equation for the pore-air pressure
along the soil specimen [i.e., ua = (1 − y/hs)uab].

9.6.2 Two-Dimensional Steady-State Air Flow

Two-dimensional steady-state air flow is first formulated for
the case where the air coefficient of transmission is a func-
tion of matric suction. The air coefficients of transmission in
the x - and y-directions, D∗

ax and D∗
ay, are related to matric

suction using the same transmission function, D∗
a

(
ua − uw

)
.

The D∗
ax/D

∗
ay ratio is assumed to be constant at any point

within the soil mass. An element of soil subjected to two-
dimensional air flow is shown in Fig. 9.9. Satisfying conti-
nuity for steady-state flow yields the following equation:(

Jax + ∂Jax

∂x
dx − Jax

)
dy dz

+
(

Jay + ∂Jay

∂y
dy − Jay

)
dx dz = 0 (9.55)

where:

Jax = mass rate of air flowing across a unit area of the
soil in the x -direction.

Rearranging Eq. 9.55 results in the following equation:(
∂Jax

∂x
+ ∂Jay

∂y

)
dx dy dz = 0 (9.56)
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Figure 9.9 Two-dimensional steady-state air flow through an
unsaturated soil element.

Substituting Fick’s law for the mass rates Jax and Jay
gives the following nonlinear partial differential equation:

∂

∂x

{
D∗

ax(ua − uw)
∂ua

∂x

}
+ ∂

∂y

{
D∗

ay(ua − uw)
∂ua

∂y

}
= 0

(9.57)
where:

D∗
ax(ua − uw) = air coefficient of transmission as a func-

tion of matric suction and
∂ua/∂x = pore-air pressure gradient in the x -di-

rection.

Let us write D∗
ax(ua − uw) and D∗

ay(ua − uw) simply as
D∗

ax and D∗
ay, respectively. The coefficient of transmission

D∗
ax is related to the air coefficient of permeability kax by

the gravitational acceleration (i.e., D∗
ax = kax/g). Expanding

Eq. 9.57 results in the following flow equation:

D∗
ax

∂2ua

∂x2
+ D∗

ay
∂2ua

∂y2
+ ∂D∗

ax

∂x

∂ua

∂x
+ ∂D∗

ay

∂y

∂ua

∂y
= 0

(9.58)
where:

∂D∗
ax/∂x = change in air coefficient of transmission in

the x -direction.

Spatial variations in the coefficients of transmission are
accounted for by the third and fourth terms in Eq. 9.58.
These two terms produce the nonlinearity in the flow equation.
Equation 9.58 describes the pore-air pressure distribution in
the x -y plane of the soil mass during two-dimensional steady-
state air flow.

For the heterogeneous , isotropic case, the coefficients of
transmission in the x - and y-directions are equal (i.e., D∗

ax =

D∗
ay = D∗

a ), and the air flow equation becomes

D∗
a

(
∂2ua

∂x2
+ ∂2ua

∂y2

)
+ ∂D∗

a

∂x

∂ua

∂x
+ ∂D∗

a

∂y

∂ua

∂y
= 0 (9.59)

where:

D∗
a = air coefficient of transmission in the x - and y-

directions.

The partial differential equations for steady-state air flow
bear a similarity in form to those previously presented for
water flow.

9.6.3 Three-Dimensional Steady-State Air Flow

The three-dimensional steady-state partial differential equa-
tion for air flow requires that a third dimension be added to
the previously presented two-dimensional air flow equation:

D∗
a

(
∂2ua

∂x2
+ ∂2ua

∂y2
+ ∂2ua

∂z2

)
+ ∂D∗

a

∂x

∂ua

∂x
+ ∂D∗

a

∂y

∂ua

∂y

+ ∂D∗
a

∂z

∂ua

∂z
= 0 (9.60)

The three-dimensional geometry must be input to the com-
puter and a numerical technique must be used to solve
three-dimensional problems.

9.6.4 One-Dimensional Transient Air Flow

The derivation for the differential equation for transient air
flow is derived using Darcy’s flow law for air. The flow
of air in and out of a referential element must take density
changes into consideration. Both the density of air and the
velocity take the form of a field representation across the soil
element. The velocity of air flow multiplied by the density
of air is equal to the mass of air flow:(

ρa + ∂ρa

∂y

) (
νay + ∂νay

∂y
dy

)
dx dz − ρaνay dx dz = ∂Ma

∂t

(9.61)
where:

ρa = density of air,
vay = velocity of air flow in the y-direction, and
Ma = mass of air in the element.

The net air flux in the y-direction is obtained by multiply-
ing out the terms in the above equation:(

ρa

∂νay

∂y
+ νay

∂ρa

∂y

)
dx dy dz = ∂Ma

∂t
(9.62)

Equation 9.62 can be written as follows since a unit vol-
ume is being considered:

ρa

∂νa

∂y
+ νay

∂ρa

∂y
= ∂Ma

∂t
(9.63)
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The density of air can be written using the ideal gas law:

ρa = ūaωa

RTK

(9.64)

where:

ūa = absolute air pressure,
ωa = molecular weight of air, 28.8 g/mol,
R = universal gas constant, 8.314 g/(s2 cm2mol K), and

TK = absolute temperature, K.

The mass of air for a unit volume of soil can be written in
terms of the volume of air multiplied by the density of air:

Ma = e

1 + e
Sa

ūaωa

RTK

(9.65)

where:

e = void ratio and
Sa = amount of voids filled with air, equal to 1 − S ,

where S is the degree of saturation with respect to
water.

Darcy’s law can be written for air flow in the y-direction:

vey = kay

ρmag

∂ua

∂y
(9.66)

where:

vey = volume rate of air flow across a unit area at the
exit point under constant-pressure conditions (i.e.,
usually 101.3 kPa absolute pressure) and

ρma = constant air density.

For a particular mass of air, the following condition exists:

ρavay = ρeavey (9.67)

where:

ρev = density of air at the exit point under constant pressure
conditions.

Darcy’s equation can be written as

vay = kay

ρag

∂ua

∂y
(9.68)

Substituting Darcy’s law into the net air flux equation (i.e.,
Eq. 9.63) gives the following flow equation:

ρa

∂vay

∂y
+ vay

∂ρa

∂y
= ∂Ma

∂t
(9.69)

9.6.5 Two- and Three-Dimensional Transient Air Flow

The above differential equation can be expanded to form a
partial differential equation for transient air flow in two and

three dimensions. The two-dimensional transient air flow
equation can be written as follows:

ρa

∂vax

∂x
+ vax

∂ρa

∂x
+ ρa

∂vay

∂y
+ vay

∂ρa

∂y
= ∂Ma

∂t
(9.70)

The three-dimensional transient air flow equation can be
written as follows:

ρa

∂vax

∂x
+ vax

∂ρa

∂x
+ ρa

∂vay

∂y
+ vay

∂ρa

∂y
+ ρa

∂vaz

∂z
+ vaz

∂ρa

∂z

= ∂Ma

∂t
(9.71)

The air flow Ma is the total mass of air flowing in all
directions.

9.6.6 Transient Air Flow Considering Other
Components of Air Flow

Fredlund and Gitirana (2005) presented partial differential
equations that satisfy the conservation of air mass when
three components of air flow are considered (i.e., convection,
advection, and diffusion). The flow law equations and an air
volume change constitutive equation must be combined to
satisfy the continuity for air mass.

The partial differential equation for air mass flow is formed
using three main partial derivatives for the flow in each direc-
tion. The presence of the partial derivatives is a result of
the assumption that the mass rate of air flow across a rep-
resentative elemental volume is continuously distributed in
space. Therefore, the spatial distribution of air flow rate can be
described by the partial derivative of flow for each direction.

Considering a constant referential volume V0, the follow-
ing expanded form of the air flow equation is obtained under
conditions that the soil element does not change volume:

∂

∂x

[
ka

g

∂ua

∂x
+ kad

g

∂ua

∂x
+ ρahkw

∂

∂x

(
uw

γw

)]

+ ∂

∂y

[
ka

g

∂ua

∂y
+ kad

g

∂ua

∂y
+ ρahkw

∂

∂y

(
uw

γw
+ y

)]

+ ∂

∂z

[
ka

g

∂ua

∂z
+ kad

g

∂ua

∂z
+ ρahkw

∂

∂z

(
uw

γw

)]

= (1 − S + hS)n
Wa

RTK

∂ua

∂t
(9.72)

Equation 9.72 shows that the flow and storage of air within
a saturated-unsaturated soil is a function of the pore-air
and pore-water pressures provided the soil element remains
at constant volume. Therefore, the pore-water partial dif-
ferential equation also needs to be solved. The pore-air
conductivity function, the pore-air conductivity by diffusion
within the pore-liquid water, and the coefficient-of-water-
permeability function are related to the SWCC. The soil
property functions vary with soil suction, and therefore, the
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partial differential equation is mathematically nonlinear. The
above equation provides a smooth transition between unsat-
urated and saturated conditions when the soil properties are
written as functions of state variables.

The air flow properties have a smooth transition from com-
pletely dry, unsaturated soil conditions to saturated soil condi-
tions. A dry soil has high pore-air permeability. The pore-air
conductivity decreases and eventually may become negligible
as soil suction decreases and the soil moves toward satura-
tion. However, air flow continues to take place as air diffusion
within the pore-water phase.

9.6.7 Boundary Conditions for Air Flow

Several types of boundary conditions can be applied at the
boundaries of an air flow problem. The boundary conditions
for air flow bear a similarity to the boundary conditions pre-
viously discussed for water seepage problems. The Neumann
boundary condition corresponds to the total air flowing nor-
mal to the boundary surface. The Neumann boundary condi-
tion does not differentiate between the type of air flow (i.e.,
whether it is free air flow or dissolved air flow).

The other type of primary boundary condition that can
be applied is called a predetermined pore-air pressure value
(i.e., Dirichlet boundary condition).

9.7 DIRECT MEASUREMENT OF AIR
COEFFICIENT OF PERMEABILITY

There are direct and indirect methods available for obtaining
the coefficient of permeability with respect to air, ka . Indirect
methods for calculating the air coefficient-of-permeability
function make use of the SWCC. The indirect methods of
computing the air permeability function are discussed later
in this chapter.

The air permeability of a soil can vary over a wide range.
Fine-grained soils such as silts and clays may experience
low air flow rates and the system for measuring air flow
may need to be quite different from a system required for
a coarse-grained soil that may have a high flow rate. Direct
steady-state methods are preferable to transient testing pro-
cedures due to the compressibility of air.

9.7.1 Steady-State Air Permeability Measurement
in Fine-Grained Soils

The testing procedure used for the direct measurement of
the water coefficient of permeability kw can also be used in
the measurement of the air coefficient of permeability ka .
In principle, the air and water coefficients of permeability
can be measured at different water contents by changing the
matric suction of the soil. A change in either the pore-air
pressure ua or the pore-water pressure uw causes a change
in matric suction accompanied by a change in the volume of
water in the soil. The total volume or the void ratio of the
soil may or may not change significantly, depending upon

the compressibility characteristics of the soil. Changes in
the soil volume-mass properties (i.e., S , e, or w ) alter the
coefficients of permeability for the soil.

An alternative permeability testing procedure involves
changing the net confining pressure (σ − ua) and the matric
suction (ua − uw) in order to change the volume-mass
properties. This procedure has been used to obtain direct
measurements of the air and water coefficients of permeabil-
ity. An increase in the all-around stress σ on an unsaturated
soil will result in a decrease in total volume, even when the
water phase is undrained. The result is an increase in the
degree of saturation and a decrease in matric suction. These
changes affect the coefficients of permeability with respect
to water, kw, and air, ka .

The net normal stress of an unsaturated soil can be
altered using a one-dimensional odometer [Massachusetts
Institute of Technology (MIT), 1963; Barden et al., 1969b]
or a triaxial permeameter cell (Matyas, 1967; Barden
et al., 1969b; Barden and Pavlakis, 1971; Blight, 1971).
Permeability measurements performed using an odometer
sometimes encounter difficulties in obtaining a reliable seal
between the soil specimen and the odometer ring when the
matric suction is increased (Barden and Pavlakis, 1971).

9.7.2 Triaxial Permeameter Cell for Measurement
of Low Air Coefficients of Permeability

The triaxial permeameter cell shown in Fig. 9.10 was devel-
oped by Matyas (1967) to measure the air coefficient of
permeability. The soil specimen was placed between two
dry coarse porous stones. A soil specimen was subjected
to an isotropic confining pressure σ (i.e., cell pressure). A
constant air pressure was applied to the base of the speci-
men. The outflow of air from the top of the specimen was

Figure 9.10 Triaxial permeameter for measuring air coefficient
of permeability (after Matyas, 1967).
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collected in a graduated burette that had an air-oil interface.
The air flow was measured under atmospheric pressure con-
ditions by adjusting the legs of the U-tube and maintaining
the air-oil interfaces at the center elevation of the specimen.

The air coefficient of permeability for Sasumua clay was
measured at various confining pressures using the triaxial
permeameter. A steady-state air flow was maintained dur-
ing measurements of the coefficient of permeability. Two
specimens were compacted at an optimum water content of
60.5%. The Sasumua clay had high clay content and was
compacted at standard AASHTO compaction. Values for
the air coefficient of permeability were obtained by apply-
ing Darcy’s law to the test results. The results are plotted in
Fig. 9.11 as a function of the confining pressure σ . Decreas-
ing air permeability values were observed as the confining
pressure was increased or the matric suction was decreased.

Air and water permeability tests have been measured on
Backwater boulder clay at increasing values of net confin-
ing pressure (σ − ua) from 35 to 1000 kPa and at decreas-
ing matric suction values from 94 to 14 kPa. Several sets
of air and water permeability measurements are shown in
Fig. 9.12. The results showed decreasing air coefficients of
permeability and increasing water coefficients of permeabil-
ity as the soil specimen was compressed. The matric suction
in the soil decreased as the confining pressure was increased.

Figure 9.11 Air coefficients of permeability for two specimens of
Sasumua clay measured using a triaxial permeameter (after Matyas,
1987).

Figure 9.12 Water and air coefficients of permeability measured
on Backwater boulder clay using triaxial permeameter cell (from
Barden and Pavlakis, 1971).

9.7.3 Triaxial Permeameter Cell for Measurement
of High Air Coefficients of Permeability

Ba-Te (2005) used a triaxial cell to measure the air perme-
ability of soils under the application of both positive and
negative air pressures. The laboratory tests were performed
on fine and uniform crushed silica sand (i.e., Leighton
Buzzard sand), with grain sizes ranging between 0.09 and
0.15 mm. A flowmeter with a maximum air flow rate of 2000
(standard) cm3/min was used. The test procedure was similar
to that used for the measurement of water coefficient of
permeability.

The air permeability apparatus consists of three main
parts: the pressure source, the triaxial cell, and the flowmeter
(Fig. 9.13). Pressure transducers were also used to measure
the air pressure at the top and bottom of the soil specimen.
The platens placed at the top and bottom of the soil
specimen were specially designed to ensure that there was no
impedance to air flow through the soil. Details of the platen
design are shown in Fig. 9.14. The holes in the stainless steel
plate were 0.075 mm in diameter. The air permeability of the
top and bottom disks was at least two orders of magnitude
greater than that of the soil. The mass flowmeter (i.e.,
GFM air flow meter) had a range from 0 to 2000 (standard)
cm3/min with an accuracy of ± 1.5% of full scale.

The soil specimens were 70 mm in diameter and 60 mm
in height and were confined using a flexible rubber mem-
brane. The cell pressure used to confine the soil specimen
was 140 kPa.

Test results on dry Leighton Buzzard sand ranged from
2.0 × 10−6 to 9.0 × 10−6 m/s, as shown in Fig. 9.15. The
air coefficient of permeability was found to increase as the
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Figure 9.13 Permeability apparatus used to measure air coefficients of permeability (after Ba-Te,
2005).
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Figure 9.14 High-flow disk placed at top and bottom of air per-
meability soil specimen (after Ba-Te, 2005).

absolute air pressure increased. The water coefficient of
permeability was also measured and found to range between
1.3 × 10−4 and 1.4 × 10−4 m/s. Intrinsic permeability val-
ues computed from the measured air and water coefficients
of permeability were found to be comparable.

9.8 DIRECT MEASUREMENT OF AIR DIFFUSION
THROUGH WATER

Long periods of time are often required for the laboratory
testing of unsaturated soils. These long time periods allow
air to diffuse through water. Although a high-air-entry disk is
placed between the soil specimen and the measuring system
to resist the passage of free air, air can diffuse through the
water within the ceramic disk (Bishop and Donald, 1961).
The diffused air accumulates beneath the disk and intro-
duces an error in either the pore-water pressure measure-
ment associated with undrained tests or the water volume
change measurement associated with drained tests. Air dif-
fusion is a common and important problem which must be
given serious consideration when testing unsaturated soils
(Bishop, 1969).

9.8.1 Mechanism of Air Diffusion through
High-Air-Entry Disks

Undrained shear strength tests with pore-water pressure mea-
surements can be performed by maintaining the water phase
as a closed system. However, air can diffuse through the high-
air-entry disk and come out of solution in the “compartment”
below the disk, as illustrated in Fig. 9.16a. Diffused air dis-
places the water in the compartment (Fig. 9.16b), and water is
forced upward through the disk back into the soil specimen.
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Figure 9.15 Air coefficients of permeability measured for various average applied air pressures
(after Ba-Te, 2005).

(a)

(b)

Figure 9.16 Replacement of water in compartment below high-
air-entry disk by diffused air (from Fredlund, 1975c): (a) assembly
showing compartment below high-air-entry disk; (b) air diffusion
through saturated high-air-entry disk.

The water pressure measurement gradually changes from its
original equilibrium value to the applied air pressure. The
matric suction of the soil specimen does not tend to a constant
value but gradually decreases with time. The air diffusion
problem is common to null-type measurements of matric suc-
tion, as shown by the results in Fig. 9.17. The measured matric
suction increases until the flow of diffused air forces water
into the soil specimen with the result that the matric suction

Figure 9.17 Development of matric suction in statically com-
pacted Regina clay using axis translation technique (from Pufahl,
1970).

in the soil is decreased. Air diffusion imposes a limitation on
the closed system measurement of pore-water pressure.

Drained shear strength tests and volume change tests on
unsaturated soils are performed by controlling the pore-
water pressure uw and the pore-air pressure ua . Determining
the change in water volume involves measuring the flow of
water to and from the soil specimen. Diffused air also moves
through the water in the high-air-entry disk. Therefore, a dif-
fused air volume indicator should be used to independently
measure the diffused air volume. A correction needs to be
applied to the measured overall fluid volume change (i.e.,
water and dissolved air). The diffused air beneath the disk
can also prevent or retard the uptake of water if the soil
specimen should tend to expand or dilate during the test.
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The volume of air diffusing through a high-air-entry disk
over a period of several days can, in some cases, exceed
the total volume of water in the soil specimen (Fredlund,
1973a). A drained test extending more than one day should
take into account the volume of diffused air if it is necessary
to know the change in water content or degree of saturation
of the soil (Fredlund, 1975c).

The time required for air diffusion depends on the thick-
ness of the high-air-entry disk and the matric suction being
applied or measured. Attempts have been made to theoreti-
cally calculate the volume of diffused air; however, there are
many factors affecting the diffusion rate, making a theoreti-
cal prediction difficult. Consequently, it is better to measure
the volume of diffused air in laboratory experiments.

9.8.2 Diffused Air Volume Indicators

Several devices have been proposed to measure the volume
of diffused air. The intent in each case is to provide an
independent measurement of the volume of diffused air. One
example of a diffused air volume measurement is the air trap
and roller used in conjunction with the volumetric pressure
plate apparatus (see Chapter 5). The measured inflow or
outflow of water is adjusted by releasing the trapped diffused
air. This adjustment is applied as a diffused air correction
to the overall water volume change measured.

Two other devices used for the measurement of the diffused
air volume are the “bubble pump” (Bishop and Donald, 1961)

and the “diffused air volume indicator (DAVI),” consisting
of an inverted burette (Fredlund, 1975c).

Figure 9.18 shows a perspex bubble pump connected to the
compartment below a high-air-entry disk in a triaxial cell. A
U-tube containing mercury is used to circulate water through
the base plate in order to flush and collect diffused air in
a calibrated bubble trap. The collection of diffused air was
accomplished by rocking the U-tube to establish a differential
pressure of about 1.0 kPa across the base plate. The rocking
action was continued for approximately 30 s. Flexible con-
necting tubes and perspex valves with soft rubber washers
enabled the mercury in the U-tube to act as a piston in a
double-acting pump during the rocking process. The volume
of diffused air is measured in the 5-cm3 bubble trap.

The diffused air volume indicator proposed by Fredlund
(1975c) differs from the bubble pump in that it is relatively
simple to construct and can function under an applied
backpressure. A variable pressure gradient of at least 7 kPa
was used to establish a gradient across the base plate.
Figure 9.19 shows the layout of the diffused air volume
indicator which can be connected to the base plate of a
triaxial cell.

The diffused air volume indicator consists of a 10-cm3

graduated burette and a Lucite exit tube placed inside an
80-mm-diameter Lucite cylinder. A vent on the top of
the burette can be opened when filling the burette with
water. The vent remains closed during operation of the

Figure 9.18 Bubble pump and air trap constructed at Imperial College, United Kingdom (from
Bishop and Donald, 1961).
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Figure 9.19 Diffused air volume indicator (from Fredlund, 1975c).

indicator. Two O-rings are placed around the top of the
burette to form a seal with the Lucite cylinder. The base
of the burette is sealed against the Lucite cylinder using
a threaded brass sleeve tightened against an O-ring. The
exit tube is connected to the burette to form a U-tube. A
constant air pressure uab is supplied to the Lucite cylinder
to establish a pressure gradient relative to the controlled
water pressure below the ceramic disk.

The burette is first filled with water to any desired level.
A few drops of the commercial cleaner Fantastik should be
added to the water in the burette to reduce surface tension
and promote the upward movement of air bubbles in the
burette.

The valve connecting the base plate and the diffused air
volume indicator is only opened when making a diffused
air volume measurement. The water pressure below the disk
is controlled at a constant pressure uc. A backpressure uab
(i.e., uab< uc) can be applied to the air in the Lucite cylinder
in order to establish a suitable pressure gradient across the
base plate. The pressure gradient between the water pres-
sure in the base plate and the air pressure in the diffused
air volume indicator is the driving force for flushing water
containing air bubbles from the base plate into the burette.
The pressure gradient should not exceed 70 kPa to avoid
causing bubbles to form in the water due to the sponta-
neous release of dissolved air from the water below the
base plate.

9.8.3 Procedure for Measuring Diffused Air Volume

The initial water level reading in the burette, ha1, can be
taken when the air pressure in the Lucite cylinder is at atmo-
spheric pressure or at the applied backpressure (i.e., at the
air pressure uab) (Fig. 9.20). The connecting valve is then
opened momentarily to apply a pressure gradient across the
base plate. The pressure gradient flushes the diffused air
into the burette. The flushed diffused air displaces the water
in the burette while water flows out of the exit tube. After

Figure 9.20 Computation of volume of diffused air under isother-
mal conditions.
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removing all of the diffused air from the base plate, a new
water level reading, ha2, is recorded.

9.8.4 Computation of Diffused Air Volume

The diffused air volume in the base plate, Vfa, is registered
on the water volume change indicator as though it were
water leaving the soil specimen. The measured water volume
changes from the soil specimen must therefore be corrected
for the volume of diffused air (i.e., diffused air volume must
be subtracted from the total water volume).

The diffused air pressure below the high-air-entry disk is
assumed to be at a pressure equal to the water pressure in
the base-plate compartment, uc. The diffused air mass Mfa
can be expressed as

Mfa = ωa

RTK

ūfaVfa (9.73)

where:

Mfa = mass of diffused air,
ωa = molecular mass of diffused air,
R = universal (molar) gas constant,

TK = absolute temperature (i.e., TK = 273.16 + T ,
where T = temperature, ◦C),

ūfa = absolute diffused air pressure in the base plate (i.e.,
ūfa = ūatm + uc),

ūatm = atmospheric pressure (i.e., 101.3 kPa),
uc = water pressure in the base plate, and
Vfc = volume of diffused air in the base plate.

The diffused air volume in the base plate, Vfa, is computed
by applying the ideal gas law to the air volume measured
in the diffused air volume indicator. Let us consider the ini-
tial and final conditions in the diffused air volume indicator
shown in Fig. 9.20. The initial mass of air in the burette,
Ma1, can be computed from its absolute pressure ūa1 and
its volume Va1:

Ma1 = ωa

RTK

ūa1Va1 (9.74)

where:

Ma1 = initial mass of air in the burette,
ūa1 = absolute initial air pressure in the burette [i.e.,

ūatm + uab + (ha1 − d)ρwg],
uab = gauge applied air pressure in the Lucite cylinder,
ha1 = initial reading of the water level in the burette,

d = height difference between the burette and the exit
tube,

Va1 = initial volume of air in the burette (i.e., ha1A),
and

A = cross-sectional area of the burette.

Similarly, the final mass of air in the burette can be
expressed as

Ma2 = ωa

RTK

ūa2Va2 (9.75)

where:

Ma2 = final mass of air in the burette,
ūa2 = absolute final air pressure in the burette [i.e.,

ūatm + uab + (ha2 − d)ρwg],
ha2 = final reading of the water level in the burette, and
Va2 = final volume of air in the burette (i.e., ha2A).

When the initial and final burette readings are at atmo-
spheric pressure, uab = 0 in Eqs. 9.74 and 9.75. The differ-
ence between the initial and the final mass of air in the burette
(i.e., Ma2 − Ma1) is the amount of diffused air removed from
the base plate, Mfa. The gas law is used to compute the dif-
fused air volume Vfa under isothermal conditions:

ūa2Va2 − ūa1Va1 = ūfaVfa (9.76)

The diffused air volume is

Vfa = ūa2Va2 − ūa1Va1

ūfa
(9.77)

It is also possible to compute the amount of diffused air
removed from the base plate, Mfa, by reading the initial
and final water levels in the burette at the same applied
air pressure (Fredlund, 1975c). For example, if the initial
burette reading was taken at atmospheric pressure, the air in
the Lucite cylinder should be depressurized to atmospheric
pressure conditions before the final reading is recorded. The
diffused air volume is computed as

Vfa = ūa1(Va2 − Va1)

ūfa
(9.78)

The base plate is generally flushed once or twice a day.
Corrections to intermediate water volume change readings
can be made using a linear interpolation of diffused air flow
with respect to time. No temperature correction is necessary
provided the temperature of the diffused air volume indicator
and the base plate of the triaxial cell are the same.

The accuracy of the diffused air volume indicator has
been tested by diffusing air through a saturated high-air-
entry ceramic disk. An air pressure is applied to the top of
a saturated ceramic disk. The saturated disk is connected to
the water volume change indicator. A change in the water
volume reading with time indicates the accumulation of dif-
fused air below the high-air-entry disk. The ceramic disk
remains saturated since the air-entry value of the disk is not
exceeded.

The volume of diffused air can be measured either peri-
odically using the diffused air volume indicator or contin-
uously using the water volume change indicator. The two
results should be essentially the same if the diffused air vol-
ume indicator performs satisfactorily. Figure 9.21 compares
the volume of diffused air measured using the water vol-
ume change indicator and the diffused air volume indicator.
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Figure 9.21 Measurement of steady-state diffusion of air through
saturated ceramic disk using water volume change indicator and
diffused air volume indicator (from Fredlund, 1973a).

The air diffusion test was performed on a saturated, 15-bar
ceramic disk (i.e., 1500 kPa air-entry value). Both the water
volume change indicator and the diffused air volume indi-
cators recorded essentially the same volumes of diffused air
over a period of 2 days. The straight lines indicate steady-
state diffusion of air through water in the high-air-entry disk.

Figure 9.22 shows an automated diffused air volume indi-
cator developed by GCTS. The device can be set to automat-
ically flush the compartment below the high-air-entry disk
of a triaxial cell at prescribed time intervals. The appropri-
ate valves are closed and diffused air is flushed from below
the high-air-entry disks at predetermined times. Measured
results of air diffusion through 5- and 15-bar ceramic disks
are shown in Figs. 9.23 and 9.24.

The diffusion of air through the high-air-entry disks appears
to accelerate as the air-entry value of the disk is approached.

Figure 9.22 Automated diffused air volume indicator developed
by GCTS. (Photo courtesy of GCTS, Tempe, AZ.)

The 5-bar disks showed that there was about 0.15 cm3 of
diffused air that collected in the compartment below the high-
air-entry disk each day as the applied air pressure approached
500 kPa. The 15-bar disks showed that there was more than
2.0 cm3 of diffused air per day as the applied air pressure
approached 1500 kPa. Laboratory tests on unsaturated soils
often run for many days and even weeks, and as a result it is
important that diffused air volumes be measured and used to
correct water volume changes in the soil specimen.

9.9 INDIRECT ESTIMATION OF AIR FLOW
PROPERTIES

The SWCC can be used for the indirect estimation of the air
permeability function. The air permeability function provides
a relationship between the air coefficient of permeability and
either soil suction or the air content of the soil. The minimum
air permeability occurs as the soil approaches saturation. The
assumption is made that air can only diffuse through the water
phase at a rate defined by the diffusivity of air through water
and the tortuosity of the water paths around the soil particles.
The soil will have the maximum coefficient of air permeability
when the soil is completely dry and soil suction is approaching
a value of 106 kPa. The concept of intrinsic permeability can
be used to relate the saturated hydraulic conductivity of a soil
to its maximum coefficient of air permeability.

9.9.1 Soil-Air Characteristic Curve

The concept of a soil-air characteristic curve (SACC), can
be used to describe the relationship between the volume of
air in the soil (i.e., volumetric air content) and soil suction.
The volumetric air content can also be referred to as the air
degree of saturation. The SACC can be used to compute the
air permeability function (Ba-Te et al., 2005). The amount of
air in the voids can be written as the air degree of saturation
Sa(ψ), which is related to the water degree of saturation:

Sa(ψ) = 1.0 − S(ψ) (9.79)

where:

ψ = soil suction and
S = degree of water saturation.

The degree of saturation is expressed in decimal form in
Eq. 9.79. The amount of air in the soil can also be written
as a percentage of the total volume of the soil sample and
the volumetric water content:

θa(ψ) = e

1 + e
− θ(ψ) (9.80)

where:

θa = volumetric air content,
θ = volumetric water content, and
e = void ratio.
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Figure 9.23 Air diffusion rates through 5-bar ceramic disks (after Padilla et al., 2006a).
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Figure 9.24 Air diffusion through 15-bar ceramic disks (after Padilla et al., 2006a).

Equations 9.79 and 9.80 show two different forms for writ-
ing the SACC equation. There is more than one way to define
the amount of air in a soil just as there was more than one
way to define the amount of water in a soil. Some soil-water
characteristic curve (SWCC) empirical equations have been
defined over the entire water content range while others have
been defined between saturated conditions and residual con-
ditions. The use of various SWCC equations is investigated
for the estimation of the air permeability function.

Numerous empirical equations have been used to describe
the SWCC (Brooks and Corey, 1964; van Genuchten 1980;
Fredlund and Xing, 1994). The Fredlund and Xing (1994)
equation for the SWCC is written as follows:

θ(ψ) = θs

(
1 − ln(1 + ψ/ψf )

ln(1 + 106/ψr)

)
1

{ln[e + (ψ/af )nf ]}mf

(9.81)

where:

af , nf ,mf = fitting parameters for the SWCC,
e = irrational constant equal to 2.71828 for tak-

ing the natural logarithm,
ψ = any soil suction value, and
ψr = soil suction at residual condition.

Residual suction can vary over a wide range depending
upon the soil type. Residual suction can exceed 3000 kPa
for clay soils and be less than 100 kPa for coarse-grained
soils. The Fredlund and Xing (1994) equation uses three
fitting parameters, namely, af , nf , and mf . Equation 9.81
can be combined with Eq. 9.80 to yield an expression for
the SACC. The SACC can be developed for both the drying
and wetting curves.
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The van Genuchten (1980) equation defines volumetric
water content between saturation and residual water content
conditions (i.e., normalized volumetric water content):

�n = 1

(1 + (avψ)nv)mv
(9.82)

where:

av, nv,mv = soil fitting parameters for the SWCC,
�n = normalized volumetric water content defined

as �n = θ − θr

θs − θr

,

θ = any selected volumetric water content,
θs = saturation volumetric water content, and
θr = residual volumetric water content.

The van Genuchten (1980) model describes the SWCC
over the range between saturation and residual suction con-
ditions. The equation uses three fitting parameters; namely,
av, nv and mv. Other SWCC equations could also be used in
conjunction with Eqs. 9.79 and 9.80 to write equations for
the SWCCs. However, only the Fredlund and Xing (1994)
equation and the van Genuchten (1980) equation are used
to illustrate the estimation procedure.

9.9.2 Relationships between Air Coefficient
of Permeability and Degree of Air Saturation

A number of empirical relationships have been proposed
for the coefficient of air permeability and the amount of
air in a soil. Published air permeability relationships fall
into two main categories, namely, those that assume power
functions for the air content and those based on the SWCC
(Stylianou and DeVantier, 1995). Power relations include
equations proposed by Irmay (1954), Wyllie (1962), Falta
et al. (1989), and Delage et al. (1998). Relations based on
the SWCC include equations proposed by Brooks and Corey
(1966), Parker et al., (1987), and Cary et al., (1989).

Brooks and Corey (1964) proposed the following empiri-
cal relationship relating the coefficient of air permeability ka

to the effective degree of water saturation Se. The equation
applies for soil suctions greater than the air-entry value of
the soil:

ka = kd(1 − Se)
2(1 − S(2+λ)/λ

e ) (9.83)

where:

Se = effective degree of saturation with respect to the
water phase, defined as Se = (1.0 − S)/(1.0 − Sr),
where degree of saturation is in decimal form,

Sr = residual degree of saturation,
kd = coefficient of air permeability when the soil is dry

(i.e., zero water content), and
λ = fitting coefficient.

Van Genuchten (1980) proposed a coefficient-of-air-
permeability equation based on an effective degree-of-
saturation equation that embraces the Mualem (1976)
unsaturated permeability model. The end result is a closed-
form expression for relative air permeability. The relative
coefficient of air permeability is assumed to be a function of
degree of air saturation. The van Genuchten-Mualem (1980)
model for the coefficient of air permeability can be expressed
as follows:

ka = kd(1 − Se)
1/2(1 − S1/q

e )2q (9.84)

where:

ka = air coefficient of permeability,
kd = air coefficient of permeability of the dry soil,
q = fitting parameter related to the pore-size distribution;

van Genuchten (1980) suggested limiting q values to
the range between 0 and 1.0.

The van Genuchten (1980) air permeability equation can
be written by substituting Eq. 9.82 into Eq. 9.84. Ba-Te
et al., (2005) extended the van Genuchten (1980) model
(i.e., Eq. 9.84) for use with the Fredlund and Xing (1994)
equation which accepts the entire degree-of-saturation range
(i.e., zero to 100%):

ka = kd(1 − S)1/2(1 − S1/q)2q (9.85)

9.9.3 Relationship between Air Coefficient
of Permeability and Soil Suction

The Fredlund and Xing (1994) air permeability model and
the van Genuchten (1980) model are used to illustrate
the application of the SWCC to the computation of the
coefficient-of-air permeability function. The Fredlund and
Xing (1994) SWCC equation can be used in conjunction
with Eq. 9.85 to compute the air permeability function. The
van Genuchten (1980) SWCC equation can be modified
and the degree of saturation can be written as follows:

S = 1 + e

e

[
1

[1 + (avψ)nv ]mv

(
e

1 + e
− θr

)
+ θr

]
(9.86)

where:

θr = residual volumetric water content and
e = void ratio.

The Fredlund and Xing (1994) SWCC equation can be
written as

S = 1 + e

e
θs

(
1 − ln(1 + ψ/ψr)

ln(1 + 106/ψr)

)
1

{ln[e + (ψ/af )nf ]}mf

(9.87)
where:

e = void ratio,
θs = saturated volumetric water content,
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e = irrational constant equal to 2.71828,
ψ = any soil suction value, and
ψr = soil suction at residual conditions.

The air permeability equation is obtained by substituting
Eq. 9.87 [i.e., Fredlund and Xing (1994) SWCC equation]
into Eq. 9.57.

Other empirical relationships between the coefficient of
air permeability and the degree of saturation have also been
suggested. Different air permeability functions can also be
obtained by using different equations to describe the SWCC.
The reliability of various proposed air permeability functions
can best be validated through comparisons with experimen-
tal measurements of air permeability. However, data from
air permeability measurements are scarce.

9.9.4 Comparison of Estimated and Measured Air
Permeability Functions

The results obtained from indirect computation of the
air permeability (i.e., through use of the SWCC) can be
compared with published experimental data (Ba-Te et al.,
2005). Laboratory data from SWCC tests can be best fit
with the Fredlund and Xing (1994) SWCC equation or the
van Genuchten (1980) SWCC equation. The relationship
between the air content of the soil and soil suction (i.e.,
SACC) can then be calculated. The SACC results are then
substituted into the proposed air permeability functions
to give the relationship between the coefficient of air
permeability and soil suction. A comparison can then be
made between the experimental data and the estimates made
using the indirect, empirical air permeability functions.

Two data sets on air permeability measurements were ana-
lyzed by Ba-Te (2005). The results of the analysis can be
used to compare the measured and estimated air permeability
functions. One set of results is from a series of air per-
meability tests undertaken by Samingan et al., (2003) on
Singapore residual soils. The second set of air permeability
measurements was undertaken by Moldrup et al., (2003) on

a number of soils from Japan. Laboratory measurements on
the soils were compared to estimations of the air permeabil-
ity functions based on measured SWCCs. The results were
interpreted using the residual degree of saturation as well as
a zero degree of saturation.

9.9.4.1 Samingan et al. (2003) Results

Samingan et al., (2003) conducted a series of air permeabil-
ity tests and made SWCC measurements on four Singapore
residual soil samples. The soil consisted of 43% sand, 45%
silt, and 12% clay. The initial void ratio and saturated vol-
umetric water content of the specimen were 1.05 and 0.51,
respectively. The air permeability test results on soil spec-
imen UP-2 showed hysteresis; however, only the drying
curve results are presented.

The Fredlund and Xing (1994) equation and the van
Genuchten (1980) equation were used to fit the experimental
results using a least-squares method. The residual volumet-
ric water content was estimated at 3.5% and the residual
suction was estimated at 10,000 kPa for the Samingan soil
specimen. The SWCC for the Samingan sample is shown
in Fig. 9.2a.

The best-fit soil parameters for both soils are listed in
Table 9.1. The fitting parameters for the SWCC data are
shown for the case where the observed residual conditions
were used as well as the case where the minimum degree of
saturation was zero. Dry air permeability values kd are also
presented along with an estimated value for the q parameter.

The volumetric air content for the Samingan et al., (2003)
soil as well as the Moldrup et al., (2003) soil is shown in
Fig. 9.25. At low soil suctions the graphs show zero air
content and the air-entry value indicates the point at which
free air commences flowing through the soil sample.

Substituting Eq. 9.87 [i.e., Fredlund and Xing (1994)
SWCC equation] into Eq. 9.85 yields the functional relation-
ships for the air coefficient of permeability and soil suction.
Other functional relationships between the air coefficient of
permeability and soil suction can be calculated using the

Table 9.1 Parameters for Fitting Test Data from Samingan et al. (2003)

θr (Sres)

(decimal) Model a n m ψr (kPa) kd (m/s) q

Fredlund and Xing + ka(S) 1.79 × 10−5 2.923
30.68 0.80 1.54 10,000

0.035 Fredlund and Xing + ka(Se) 6.92 × 10−6 2.850

(0.068) van Genuchten +ka(S) 3.38 × 10−4 3.528
0.07 16.62 0.02 —

van Genuchten +ka(Se) 1.01 × 10−4 3.430

Fredlund and Xing +ka(S) 1.70 × 10−5 2.914
30.68 0.80 1.54 10,000

Fredlund and Xing +ka(Se) 1.73 × 10−5 2.917
0 (0)

van Genuchten +ka(S) 1.71 × 10−4 3.320
0.06 2.53 0.13 —

van Genuchten +ka(Se) 1.68 × 10−4 3.317
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Figure 9.25 SACCs best fit with Fredlund and Xing (1994) SWCC equation for test data from
Samingan et al., (2003) and Moldrup et al., (2003).

above equations. In total, four air permeability functions
were computed. The variable q can be determined using a
least-squares technique for each of the four equations. The
coefficient of air permeability under dry conditions was not
independently measured for the soil tested by Samingan
et al., (2003). Therefore, the dry soil coefficient of air
permeability was considered as an independent variable and
obtained using a least-squares method. The air permeability
functions were then computed.

The estimated air permeability results were plotted
together with the experimental data for the Samingan soil in

Fig. 9.26. The parameters for the air permeability functions
are shown in Table 9.1. Reasonable agreement between the
measured and estimated air coefficient of permeability was
found in the range over which the tests were performed
(i.e., 50–300 kPa).

9.9.4.2 Moldrup et al. (2003) Results

Moldrup et al. (2003) presented data on SWCCs and gas
diffusion coefficients as a function of water content for 22
soils from Japan. The measurements were originally con-
ducted to evaluate factors that influence plant performance.
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Figure 9.26 Calculated and measured air coefficient of permeability functions for soil tested
by Samingan et al., (2003).
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Besides the SWCCs, gas diffusivity and void ratio were tab-
ulated (i.e., e = 3.0). Results from the test labeled “Miura
4 Andisol” were analyzed by Ba-Te et al., (2005).

The Fredlund and Xing (1994) equation and the van
Genuchten (1980) equation were fit to the experimental
results using a least-squares method. The residual volu-
metric water content was estimated at 29.2 % and the
residual suction was estimated at 1554 kPa for the Moldrup
sample. The SWCC for the Moldrup sample is shown
in Fig. 9.27.

The best-fit soil parameters for both soils are listed in
Table 9.2. The fitting parameters for the SWCC data are
shown for the case where the observed residual conditions
were used as well as the case where the minimum degree
of saturation was set to zero. The coefficients of air per-
meability for the dry soil, kd , are also presented along with
estimated values for the q parameter.

The permeability data from Moldrup et al. (2003)
were presented in terms of the relative air coefficient of
permeability. An arbitrary value of 2 × 10−9 m/s was
assigned for the dry coefficient of air permeability kd .

The generated air permeability equations are plotted
together with the experimental data for the Moldrup soil in
Fig. 9.28. The parameters for the air permeability functions
are shown in Table 9.2. Reasonable agreement was found
over the range of soil suction applied to the soil (i.e.,
50–300 kPa). It appears that leaving the dry permeability
kd as a fixed value in Eq. 9.85 yields a closer fit to the data
than Eq. 9.84, as shown in Fig. 9.28.

9.9.4.3 Comparison of Samingan et al., (2003)
and Moldrup et al., (2003) Analysis

The coefficient air permeability equations tend to asymp-
totically approach a zero value when soil suction was low
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Figure 9.27 SWCCs best fit to test data from Moldrup et al. (2003).

Table 9.2 Parameters for Fitting Test Data from Moldrup et al., (2003)

θr (Sres)

(decimal) Model a n m ψr (kPa) kd (m/s) q

Fredlund and Xing + ka(S) 2 × 10−9 1.126
0.47 0.37 1.26 1554

0.292 Fredlund and Xing + ka(Se) 2 × 10−9 1.606

(0.068) van Genuchten +ka(S) 2 × 10−9 1.126
1.19 0.96 0.43 —

van Genuchten +ka(Se) 2 × 10−9 1.604

Fredlund and Xing +ka(S) 2 × 10−9 1.126
0.47 0.37 1.26 1544

Fredlund and Xing +ka(Se) 2 × 10−9 1.126
0 (0)

van Genuchten +ka(S) 2 × 10−9 1.132
6.70 3.05 0.04 —

van Genuchten +ka(Se) 2 × 10−9 1.132
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Figure 9.28 Calculated and measured air coefficient-of-permeability functions for soil tested
by Moldrup et al., (2003).

(e.g., < 50 kPa). A zero coefficient of air permeability
should not occur because there is still the diffusion of air
through water. There should be a limiting value of coeffi-
cient of air permeability where the coefficient of air perme-
ability tends toward the diffusion of air through water.

At high soil suction values (e.g., over ψr ), the volumetric
water content should extend to be less than the residual value
(θ < θr ). However, when using the van Genuchten (1980)
SWCC equation, the volumetric water content is asymptotic
to θr . The volumetric water content must therefore be held
larger than residual water content.

Four air permeability equations were best fit to the
data from Samingan et al. (2003) in order to determine

the coefficients of air permeability ka that were closest
to the dry soil permeability kd in the high-suction range
when using van Genuchten’s SWCC equation (Ba-Te et
al., 2005). Different values for residual volumetric water
content were also selected. Figure 9.29 shows that when
the residual water content θr was 0.035, the combination of
Eqs. 9.82 and 9.84 produced results that were close to the
dry soil permeability. Similar trends were found regarding
the best fit for the air permeability equations applied to the
Moldrup et al. (2003) data, as shown in Fig. 9.30. Setting
the residual water content to zero brings the predicted air
permeability ka closer to the dry air permeability kd for
the combination of Eqs. 9.85 and 9.86. It appears that
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Figure 9.29 Calculated and measured air coefficient-of-permeability functions for soil tested
by Samingan et al. (2003) using van Genuchten (1980) SWCC model.
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Figure 9.30 Calculated and measured air coefficient-of-permeability functions for soil tested
by Moldrup et al., (2003) using van Genuchten (1980) SWCC model.

when using the van Genuchten’s (1980) SWCC equation,
Eq. 9.85 provides a better fit of the data. Setting the resid-
ual volumetric water content to zero appears to improve its
performance in the high-suction range.

The air coefficient of permeability appears to reach the
dry air permeability kd when soil suction reaches 106 kPa.
It should be noted that the usage of Eqs. 9.84 and 9.87
can result in the calculation of negative numbers. Setting
the residual water content at zero avoids this difficulty.
Figures 9.31 and 9.32 also show that setting the residual
water content to zero provides an air permeability function
that is close to the combination of Eqs. 9.85 and 9.87. In
summary, the Fredlund and Xing (1994) SWCC equation
appears to provide the closest fit of the air permeability data
over the entire soil suction range.

9.9.5 Air Storage Function

The volumetric air content of a soil is, in essence, the inverse
of the SWCC defined using volumetric water content. Volu-
metric air content versus soil suction (i.e., the SACC) defines
the amount of air in a soil at any particular soil suction. The
slope of the SACC defines the rate of change of the volume
of air in the soil with respect to a change in soil suction and
can be described using the symbol ma

2:

ma
2 = dθa

dψ
(9.88)

where:

θa = volumetric air content in the soil and
ψ = soil suction.
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Figure 9.31 Calculated and measured air coefficient-of-permeability functions for soil tested
by Samingan et al., (2003) using Fredlund and Xing (1994) SWCC model.
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Figure 9.32 Calculated and measured air coefficient-of-permeability functions for soil tested
by Moldrup et al., (2003) using Fredlund and Xing (1994) SWCC model.
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Figure 9.33 Inverse relationship between SWCC and SACC.

The symbol ma
2 is not a compressibility of the air phase;

rather, it is a symbol that indicates the change in air storage
with respect to the soil suction. The compressibility of the
air phase is defined in terms of the general gas law, as shown
in Chapter 15.

Figure 9.33 shows a plot of both a SWCC and a SACC
illustrating the reciprocal nature of these two curves. Both
curves can be generated using the Fredlund and Xing (1994)
SWCC equation. The initial porosity was assumed to be
50% and the void ratio was assumed to be 0.5. The SWCC
parameters are shown on Fig. 9.33. The assumption is made
that there is no change in void ratio as suction is changed.
The reference for the coefficient of air permeability becomes
the completely dry soil state. The air-entry value (on the
desorption curve) becomes the point at which air can only
diffuse through the water phase of the soil.

9.10 APPLICATIONS TO SATURATED-
UNSATURATED AIR FLOW PROBLEMS

The application section illustrates a few of the concepts asso-
ciated with air flow. Relatively simple air flow problems are
used to illustrate the flow of air through an unsaturated soil.
The conditions defining each problem are described along
with the soil properties needed to solve the problem. All
problems are solved within the context of a boundary value
problem.

9.10.1 Solution to Air Flow Boundary Value Problem

A boundary value problem requires that the following infor-
mation be available to solve the problem at hand. First, the
ground surface geometry and the stratigraphic soil units must
be defined. A decision must be made regarding whether the



9.10 applications to saturated-unsaturated air flow problems 481

problem at hand should be solved in a one-, two-, or three-
dimensional context.

Second, the geotechnical engineer must be satisfied that an
appropriate partial differential equation can be written for a
representative elemental volume of the continuum. The par-
tial differential equation must adequately describe the physi-
cal processes that control air flow through a porous media.

Third, it must be possible to measure or estimate the air
phase soil properties and other soil properties relevant to the
problem being solved.

Fourth, boundary conditions must be assessed for all
boundaries. Initial conditions also need to be established
when modeling time-dependent flow problems. Transient
air flow problems can be highly nonlinear and the computed
heads can be dependent upon the selected initial values.
The modeler should also assess whether a steady-state or
transient analysis is required. It is generally advisable to
first perform a steady-state analysis.

Fifth, the solutions should be performed and the results
should be studied from the standpoint of being reasonable.
There are many potential sources of error when undertaking
numerical modeling studies and it is important that “checks”
be performed to ensure that the computer output is correct.

9.10.2 Types of Boundary Conditions for Air
Flow Problems

The first air flow problem illustrates the diffusion of air
through a saturated ceramic disk. The analysis is one dimen-
sional and the initial air pressures are known. It is not
necessary to use numerical modeling software to solve the
first problem.

Other example problems are more complex and require
numerical modeling software in order to obtain a solution.
Air fluxes near ground surface may be part of the input
information that needs to be provided by the modeler. Often
it is the air pressure isochrones that are of greatest interest.

9.10.3 Example 1: One-Dimensional Air Flow
Examples

The diffusion of air through a saturated ceramic high-air-
entry disk is an example of steady-state air diffusion through
water. Another example is the diffusion of air through a sat-
urated soil specimen. In each case, the diffused air pressure
is dissipated across a region of water.

The measurement of the coefficient of diffusion can be
used as an example of steady-state air diffusion through
water. The coefficient is assumed to be a constant. The
partial differential equation describing air diffusion takes
the same form as that for air flow through an unsaturated
soil (i.e., d2ua/dy2 = 0). The pore-air pressure distribution
through the soil specimen can be assumed to be linear.

An example showing the pore-air and pore-water pressure
distributions across a soil specimen during the measurement
of the coefficient of diffusivity is shown in Fig. 9.34. The air

Figure 9.34 Pore-air pressure distribution during measurement of
coefficient of diffusion D .

pressures at each end of the specimen (i.e., ua = uab = 0.0
at y = 0.0 and ua = uat at y = L) are the boundary con-
ditions. Substituting the boundary conditions into the dif-
ferential equation yields a linear equation for the diffus-
ing pore-air pressure distribution in the y-direction [i.e.,
ua = (y/L) uatm].

9.10.4 Two-Dimensional Air Flow Well (or Trench)
Example

A two-dimensional cross section is passed through a 2-m-
wide trench that was dug to a depth of 20 m. The lower
6 meters of the trench was sealed off and subjected to a pres-
sure of 20 kPa (gauge). Steady-state air flow conditions were
established from the bottom of the trench to the surrounding
atmosphere.

Relevant coordinates of the geometry of the problem are
shown in Fig. 9.35. The soil is fine sand with an air coefficient
of permeability of 2.18 × 10−4 m/s. The right and left sides
of the model were assumed to be impervious. The ground
surface and the top portion of the trench were exposed to
atmospheric pressure (i.e., 101.0 kPa absolute). The objective
was to calculate the dissipation of pore-air pressures from the
bottom of the trench to the surrounding atmosphere.

Figure 9.36 shows the generated finite element mesh along
with the contour of pore-air pressure under steady-state air
flow using the SVAir software. The highest pore-air pressure
gradients are near the packers that were placed at a distance
of 6 m above the base of the trench. The highest pore-air
pressure gradient locations are also the locations where the
finite element mesh needs to be refined (i.e., smaller ele-
ments) in order to ensure a correct numerical solution. Also
shown are the air pressure contours throughout the sand.

9.10.5 Two-Dimensional Air Flow Well
with Clay Layer

The above example involving the trench in sand was reana-
lyzed with one change made to the geometry of the problem,
as shown in Fig. 9.37. In this case, a 2-m-thick layer of
fine silt was shown to be located 2 m below the bottom of
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Figure 9.35 Geometry of trench with air pressure applied near bottom of trench.
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Figure 9.37 Geometry of trench subjected to air pressure when less permeable layer exists
below bottom of trench.

the trench. The silt layer has a coefficient of air permeabil-
ity of 2.18 × 10−5 m/s and the sand has a coefficient of
air permeability of 2.18 × 10−4 m/s. The bottom portion of
the trench was again subjected to a positive air pressure of
20 kPa above atmospheric pressure.

The trench was again approximated as a two-dimensional
plane passing through the soil mass. The model is meant to
study the influence of a less pervious soil layer located below
the bottom of the trench. The contours of pore-air pressure
were calculated throughout the soil region. The dense clay
layer beneath the borehole is meant to inhibit the flow of air.
The pore-air pressure contours around the trench computed
using SVAir are shown in Fig. 9.38. The air flux results show
that the clay layer has significantly impeded the flow of air.

The above example problems have been analyzed with
the assumption that a positive pressure has been applied to
the zone near the bottom of the trench. It is also possible
to solve the same problem with a vacuum applied to the
bottom of the trench (i.e., vacuum extraction).

9.10.6 Baehr and Hult (1991) Two-Dimensional
Steady-State Air Flow

Baehr and Hult (1991) analyzed an air flow problem involv-
ing a single material layer exposed to the atmosphere. A
well was drilled to a depth of 2.88 m and a horizontal water

table was encountered at a depth of 3.37 m. The well depth
was 2.88 m and the well screen height was 0.6 m. The well
radius was 0.115 m, the model radius was 20 m, and the
model depth was 3.37 m.

The absolute air pressure at the ground surface was
101.5 kPa (i.e., atmospheric pressure). The side and base
of the well screen had an applied air flux (or standard
condition velocity) of 0.1379 m/s. The remainder of the
well had zero air flux designated as the boundary condition.
The intrinsic permeability of the soil was 1.4 × 10−10 m2.
The vertical anisotropy ratio was 0.3142. An initial air
pressure of 101.5 kPa was applied to the soil through the
well screen. The soil was exposed to the atmosphere.

Baehr and Hult (1991) presented two analytical solutions
for steady-state axisymmetric air flow into a single well that
was partially screened in the unsaturated soil zone. Input
data were collected from a series of pneumatic tests. One
model assumed that there was a stratum with a relatively
low coefficient of air permeability that created a separation
of the soil from the atmosphere. In another scenario, it was
assumed that there was no separating layer between the soil
and the atmosphere. The second analytical model with no
separating layer was solved using a closed-form solution and
presented by Baehr and Hult (1991).

Figures 9.39–9.42 show the normalized air pressure
versus radial distance from the pumping well at various
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permeable layer is present below trench.
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Figure 9.39 Normalized pressure as function of cylindrical coordinates (r, z ) in upper unsatu-
rated soil zone for depth z = 2.58 m.

depths. The square symbols represent measured values
obtained from field tests. The dashed lines indicate the
analytical solution. The computer program SVAir (M.D.
Fredlund, 2011) was used to solve the same problem and
the results are presented as solid lines on each of the
graphs. There is good agreement with both the analytical
solution and the measured field results.

9.10.7 Coupled Air Flow with Other Physical
Processes

There are numerous time-dependent analyses (i.e., transient

flow) and coupled solutions that could be used to illustrate

more complex problems that could be solved using numeri-

cal procedures. The volume or mass of air flowing through
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Figure 9.40 Normalized pressure as function of cylindrical coordinates (r, z ) in upper unsatu-
rated soil zone for depth z = 3.17 m.
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Figure 9.41 Normalized pressure as function of cylindrical coordinates (r, z ) in upper unsatu-
rated soil zone for depth z = 2.17 m.
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Figure 9.42 Normalized pressure as function of cylindrical coordinates (r, z ) in upper unsatu-
rated soil zone for depth z = 1.17 m.
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any plane passed through a soil (or at the surface of the soil)
can be calculated in addition to air pressures.

Air flow numerical analyses can be performed in terms of
either gauge pressures or absolute pressures when steady-
state conditions are being analyzed. Numerical analyses
should be performed in terms of absolute pressures when
transient or unsteady-state conditions are being analyzed.

Convection air flow problems can also be coupled with
either heat flow or water flow. It is possible for there to
also be coupling with stress–deformation soil behavior as
is required in the study of long-term storage of radioac-
tive materials. These types of analyses are considered to be
beyond the scope of this book.



CHAPTER 10

Heat Flow Analysis for Unsaturated Soils

10.1 INTRODUCTION

Heat transfer in soils occurs by three primary mechanisms:
conduction, convection, and radiation. Heat transfer by con-
duction occurs as thermal energy is transferred between
molecules as a result of direct contact. Heat transfer by
convection occurs when kinetic energy in the pore fluid of
a soil is transported from one location to another location.
Heat transfer by convection is usually considered to be much
smaller than heat transfer by conduction (Milly, 1984a) and
can be neglected in many situations (Jame and Norum, 1980;
Wilson, 1990).

Heat transfer associated with radiation occurs as electro-
magnetic energy is emitted from one object and transmitted
through space to another object. Radiation from the sun is
the driving mechanism for phase change in the form of
vaporization and condensation at the ground surface. The
phase change may also be in the form of freezing and thaw-
ing of the water in soils. Radiation has an important role in
unsaturated soils, but it is generally considered as small in
comparison to heat flow by conduction.

Unsaturated soil mechanics problems can involve heat
transfer through each of the three mentioned mechanisms.
It is possible for the water phase in soils to exist in the
liquid phase and solid phase as well as being in the vapor
phase and condensing back to the liquid phase. This chapter
will focus primarily on unsaturated soil mechanics problems
where there is heat flow by conduction. Chapter 6 dealt with
the calculation of moisture flux in vapor form at ground sur-
face. As such, Chapter 6 describes the role of net radiation
in the calculation of evaporation and transpiration.

Many environmental problems involve the complex inter-
action of several physical processes. For example, it is com-
mon for heat fluxes, air fluxes, and vapor fluxes to occur
simultaneously in an unsaturated soil. This means that there
are several physical processes that are coupled processes.
It is difficult to model interrelated soil problems without
fully understanding the physical processes associated with
each independent process. It is often possible that one (or

possibly two) of the physical processes are dominant for a
particular geotechnical engineering problem and therefore a
rigorous solution of all processes is unwarranted.

The constitutive relations associated with heat flow are
first presented for the situation where heat flow is above the
freezing phase change isotherm (e.g., 0◦C). This is followed
with a description of the constitutive relations related to
freezing and thawing. Partial differential equations are then
derived for heat flow problems of increasing complexity.

There is a section on the measurement of thermal prop-
erties followed by a section on estimation procedures for
the determination of thermal conductivity properties. The
estimation of saturated and unsaturated thermal properties
contains a summary of properties and equations that have
been published by various researchers. Tables and plots of
previously measured thermal properties are useful for esti-
mating specific thermal properties for each phase of the soil.
A number of example problems are solved using the solution
of the partial differential equation for heat flow.

10.1.1 Heat Flow Processes Involving
Unsaturated Soils

Conductive heat flow is often viewed as being somewhat
analogous to the flow of water through soil with the obvi-
ous exception that there is no gravity component in the total
energy state that drives heat flow. There are some similari-
ties between heat flow by conduction and water flow through
soils, but it is important to also understand the fundamental
differences.

Heat flow by conduction is similar to water flow in that
both processes involve two primary soil properties. One soil
property defines the rate at which flow occurs and the other
property defines the capacity for storage. In the case of heat
flow, the rate at which flow occurs is defined as the thermal
conductivity λ of the material (e.g., unsaturated soil). The
capacity to store thermal energy is defined in terms of the
volumetric heat capacity ζ of the material. Objects get warmer
as heat is stored in much the same manner that a soil gets
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wetter as water is stored. The ability of a soil to store heat
(e.g., the rate at which heat can be taken on or given off) is
a function of its temperature. A soil is less likely to take on
more heat as it gets warmer.

There are also a number of key differences between the
physics associated with liquid water flow and heat flow. For
example, heat flow analyses quite commonly encompass water
in both the liquid and solid state. The analysis may also involve
a phase change as is the case when the soil water freezes or
thaws. There may also be a phase change as water evaporates
at ground surface. The phase changes involve a material prop-
erty referred to as the latent heat of fusion or the latent heat of
evaporation. Heat flow in unsaturated, unfrozen soils is pre-
sented as well as situations where freezing and thawing may
take place.

The assessment of soil properties for water flow prob-
lems (i.e., saturated or unsaturated seepage) is quite different
from the procedure used for heat flow analyses. Unsaturated
soil water flow problems generally require that the saturated
coefficient of permeability be measured and that the perme-
ability function be estimated from the SWCC. The water
storage function is also computed from the SWCC. How-
ever, for heat flow analyses the thermal conductivity and
heat storage soil parameters can generally be indirectly cal-
culated based on an understanding of the compositions of
the soil (i.e., amount of air and water) and the types of min-
erals present in the soil. Heat flow soil properties can be
measured in the laboratory, but the validity of such mea-
surements depends quite strongly on the skill of the person
performing the test and the quality of the equipment. Con-
sequently, estimation procedures are satisfactory for many
heat flow engineering problems.

It is noteworthy that while the hydraulic conductivity of a
soil may vary over several orders of magnitude, thermal con-
ductivity typically varies by about three times for all types
of soil solids (i.e., about one-third of one order of mag-
nitude). The estimation of heat flow parameters constitutes
an acceptable approach for many geotechnical engineering
problems. Sensitivity and parametric studies play an impor-
tant complimentary role when analyzing heat flow problems.

The SWCC curve also has a role to play in conductive
heat flow analyses since it is the relative components of
air, water, and solids that largely dictate thermal proper-
ties. However, the proportion of air and water in a soil
often remains essentially constant during a conductive heat
flow analysis. Therefore, the thermal properties can often be
assumed to be constant for a particular analysis.

Consideration is given to the case where the thermal prop-
erties remain constant during the heat flow analysis as well
as situations where the thermal properties are nonlinear func-
tions of the SWCC. Writing the thermal properties in terms
of the SWCC is particularly relevant when considering the
solution of coupled analyses where more than one physical
process is involved (e.g., simultaneous flow of water, air,
and heat).

10.2 THEORY OF HEAT FLOW

The constitutive relations associated with heat flow are de-
scribed for each of the thermal soil properties. Typical prop-
erties are given along with the units of measurement. The
freezing and thawing of soils involve the latent heat of fusion,
and modeling these conditions is more complex than model-
ing conductive heat flow through unfrozen soils. The theory
section discusses heat flow when the temperatures are above
freezing as well as thermal modeling when temperatures are
reduced below the phase change isotherm (i.e., 0◦C).

10.2.1 Heat Flow Constitutive Relations

The state variable that creates the driving potential for con-
ductive heat flow is temperature T . Temperature is a state
variable. Instruments designed to measure temperature are
referred to as thermometers. Some of the devices for measur-
ing temperature are mercury thermometers, liquid-in-glass
thermometers, bimetallic thermometers, bourdon thermome-
ters, electrical resistance thermometers, and thermocouples.

Heat flow by conduction is the result of a difference in
temperature between two points or what is termed a thermal
gradient. Heat flow qh can be described using Fourier’s law,
which has a form similar to Fick’s law. The soil property
controlling conductive heat flow is thermal conductivity λ

qhx = −λ
dT

dx
(10.1)

qhy = −λ
dT

dy
(10.2)

qhz = −λ
dT

dz
(10.3)

where:

T = temperature, ◦C, and
λ = thermal conductivity of the soil (W/m/K or J/m/◦C

since 1 W = 1 J/s)

Standard SI units of measurement are used to represent each
of the thermal properties for soils and other materials. Thermal
conductivity is generally assumed to be an isotropic soil prop-
erty although particle shape effects can be taken into account.

10.2.2 Thermal Conductivity of Soils

Thermal conductivity governs the rate of flow of heat through
a material (e.g., soil with solids, water, and air). Conduction
is responsible for the flow of heat through solid materials such
as soil particles. Heat also flows by conduction through water
and air. It is also possible that the mechanisms of convection
and radiation may be involved. The emphasis of this chapter
is on heat transfer by conduction.

Table 10.1 shows thermal conductivity values for water
over a range of temperatures between freezing and 80oC.
Table 10.2 shows typical thermal conductivity values for a
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Table 10.1 Thermal Conductivity versus Temperature
for Water ....

Temperature, ◦C Thermal Conductivity, λw (W/m/K)

0 0.5610
4 0.5694
5 0.5736

10 0.5862
15 0.5945
20 0.6029
25 0.6113
30 0.6196
35 0.6280
40 0.6322
45 0.6406
50 0.6448
60 0.6543
70 0.6631
80 0.6700

Source: Data compiled from Lide (1992).

Table 10.2 Thermal Properties of Common Materials
and Soils ....

Substance Thermal Conductivity, λ (W/m/K)

Air (20◦C) 0.025
Water (20◦C) 0.58
Ice (0◦C) 2.2
Quartz 8.8
Clay minerals 2.9
Soil organic matter 0.25
Light soil with roots 0.11
Wet sand (θ = 40%) 1.8

Source: Data from de Vries (1963) and Rosenberg et al.
(1983).

range of common materials. Average values for the ther-
mal conductivity of various rock and soil types are given in
Table 10.3.

The thermal conductivity λ of a soil consisting of soil
particles, water, and air can be expressed as follows (de
Vries, 1963):

λ = fpθpλp + fwθ λw + faθaλa

fpθp + fwθ + faθa

(10.4)

where:

fp, fw, fa = weighting factors for the solid particles,
water, and air phases, respectively,

θp, θ, θa = percentage of total volume that is solid par-
ticles, water, and air, respectively, and

λp, λw, λa = thermal conductivities of the solid particles,
water, and air phases, respectively.

De Vries (1963) showed from experiments that the thermal
conductivity of quartz sand could vary from 0.25 to 1.9 W/m/K
when the temperature was 20◦C and increased to 2.5 when the
temperature increased to 60◦C. The volumetric water content
of water of the sand varied from zero to 10%. Riha et al.,
(1980) measured thermal conductivity values ranging from
0.1 to 1.0 W/m/K for silt loam where the volumetric water
content varied between zero and 55%, respectively.

A typical thermal conductivity value for water is 0.57
W/m/K while air has a thermal conductivity of 0.025 W/m/K
(de Vries, 1963; Jame, 1977). The amount of water in the
soil has a significant effect on the thermal conductivity of a
soil. The difference in thermal conductivity between air and
water (i.e., 0.025–0.57 W/m/K) gives rise to the change in
overall thermal conductivity. The latent heat of water vapor
also has an effect on thermal conductivity when there is a
temperature gradient.

The thermal conductivity of air, λa , consists of two com-
ponents (Jame, 1977):

λa = λdry air + λwater vapor (10.5)

Table 10.3 Average Values of Thermal Conductivity
of Solid Particles

Material ρs (g/cm3) λp (W/m/K)

Rocks
Anorthosite 2.73 1.8
Basalt 2.90 1.7
Diabase 2.98 2.3
Dolostone 2.90 3.8
Gabbro 2.92 2.2
Gneiss 2.75 2.6
Granite 2.75 2.5
Limestone 2.75 2.5
Marble 2.80 3.2
Quartzite 2.65 5.0
Sandstone 2.80 3.0
Schist 2.65 1.5
Shale 2.65 2.0
Syenite 2.80 2.0
Trap rock 2.90 2.0
Coal 1.35 0.26
Peat 1.50 0.25
Silt and clay 2.75 2.90

Source: Summarized by Côté and Konrad (2005) from var-
ious published sources.
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where:

λdry air = 0.025 W/m/K and
λwater vapor = varies linearly between 0 and 0.0736

W/m/K for volumetric water contents, θ ,
ranging between 0 and 12.1%.

The weighting factors f are calculated using the assumption
that the soil particles are ellipsoidal in shape. The weighting
factor for a continuous medium (i.e., air or water) is equal to
1.0. Water can be selected as the continuous medium with a
weighting factor fw equal to 1.0. The weighting factors for
the solid particles and air can then be calculated in accordance
with the following relationship:

f = 1

3

3∑
i=1

[
1 +

(
λ

λw
− 1

)
gi

]−1

(10.6)

where:

f = fa or fp,
λ = λa or λp, and
g = depolarization factors for the ellipsoid (i.e., g1, g2, and

g3, where g1 + g2 + g3 = 1); the values of g1, g2, and
g3 are independent of particle size but dependent on
the ratio of the length of the ellipsoid axes.

Wilson (1990) used equal depolarization factors of 1/3

in computing the weighting factors for a sandy soil. The
sand particles were assumed to have spherical shapes. The
depolarization factors g1 and g2 for the air phase were
assumed to decrease linearly from 0.333 to 0.105 for volu-
metric water contents θ ranging from 23.6 to 12.1%, respec-
tively, and from 0.105 to 0.015 for volumetric water con-
tents ranging from 12.1 and 0%, respectively (Jame, 1977).
Figure 10.1 illustrates the thermal conductivity λ variation
for Beaver Creek sand with respect to gravimetric water
contents.

The thermal conductivity of an unsaturated soil is a func-
tion of the relative amounts of air, water, and solids in the
soil and therefore can be considered to be a function of the
SWCC (Aldrich, 1956). Figure 10.2 shows the shape of the
thermal conductivity–suction relationship with the SWCC.

A specific thermal conductivity value can be computed
for a soil when the degree of saturation is a constant value.
However, if the partial differential equations for moisture
flow and heat flow equations are solved as “combined” pro-
cesses, the thermal conductivity will change as the amount
of water in the soil changes.

The thermal conductivity of water bears a relationship to
temperature, as shown in Fig. 10.3. The thermal conductivity
of ice is different from that of water. It is as if an additional
phase is slowly added to the soil when part of the pore-water
becomes frozen. Not all water in the pores of the soil freezes
when the temperature is lowered to 0◦C. The amount of water
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Figure 10.1 Thermal conductivity versus water content for the
Beaver Creek sand (after Wilson, 1990).
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Figure 10.2 Volumetric water content and thermal conductivity
versus soil suction for silica flour (from Jame, 1972): (a) volumetric
water content versus soil suction; (b) thermal conductivity versus
soil suction.

that freezes is a function of the temperature below 0◦C. The
unfrozen water content in the soil can be calculated from
the SWCC and the Clapeyron equation (Newman, 1995). The
latent heat of fusion L must be taken into consideration when
the water in a soil either freezes or thaws.
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Figure 10.3 Thermal conductivity of water versus temperature.

10.2.3 Heat Capacity and Specific Heat
for Unsaturated Soils

Temperature change in a soil occurs in response to the adsorp-
tion or release of heat. The soil property describing the ability
of a material to adsorb or release heat is called volumetric
heat capacity. The heat capacity of a soil is dependent upon
the type of minerals present, the porosity of the soil, and the
relative portion of water and air in the voids (Baver, 1956).
Volumetric heat capacity is the term commonly used when
describing the heat storage capability of a soil-water-air mix-
ture. Specific heat is the term often used when referring to
each of the constituents of a multiphase system.

It is possible to calculate the volumetric heat capacity of
a multiphase system if the specific heat of each constituent
and the amount of each constituent is known. Considerable
attention has been given to the accurate measurement of the
specific heat of each constituent of a multiphase system. It is
also useful to know the specific heat of water as a function
of the various states in which it can exist (i.e., liquid, solid,
and vapor).

The heat capacity of a soil can be designated either with
reference to a unit volume or with respect to a unit mass.
Specific heat is commonly designated with respect to a unit
mass of material. Volumetric heat is referenced to a unit
volume. The volumetric heat capacity ζ of an unfrozen soil
consisting of solids, water, and air can be calculated using
the relationship given by de Vries (1963):

ζ = ζpθp + ζwθ + ζaθa (10.7)

where:

ζp = heat capacity of the soil solids [i.e., a typical value
is 2.235 × 106 J/m3/K for fine sands (de Vries,
1963)],

θp = volumetric solid content (i.e., Vs/V ),
Vs = volume of soils solids in the soil,

V = total volume of soil,
ζw = heat capacity for the water phase (i.e., 4.2 × 106

J/m3/K for water at 20◦C),
θ = volumetric water content (i.e., Vw/V ),

Vw = volume of water in the soil,
ζa = heat capacity for the air phase (i.e., 1.2 × 103 J/

m3/K), and
θa = volumetric air content (i.e., Va/V ).

Typical values for specific heat of water at various tem-
peratures are shown in Table 10.4.

It can be observed in Table 10.5 that volumetric heat is
equal to the heat capacity Cw multiplied by the density ρw
of the material. For example, the volumetric heat capacity
of water can be written as follows:

ζw = ρwCw (10.8)

10.2.4 Heat of Vaporization

The volumetric latent heat of vaporization or condensation,
L, is 2.5 × 109 J/m3 (Andersland and Anderson, 1978). The
latent heat of vaporization in terms of mass is 2.42 × 106

J/kg. The latent heat of vaporization can be applied during
a vaporization process which may occur when the tempera-
ture is greater than the freezing temperature. Condensation
is the reverse of vaporization and the latent heat term for
condensation is the same as for vaporization.

10.2.5 Diffusivity Constant

Thermal diffusivity is another term that is often used when
considering the analysis of heat flow. Thermal diffusivity

Table 10.4 Specific Heat Capacity Cw versus
Temperature for Water (Liquid Phase)

Temperature, ◦C Specific Heat Capacity Cw (J/g/K)

0 4.2161
4 4.2077
5 4.2035

10 4.1910
15 4.1868
20 4.1826
25 4.1784
30 4.1784
35 4.1784
40 4.1784
45 4.1784
50 4.1826
60 4.1843
70 4.1895
80 4.1963

Source: Data compiled from Lide (1992).
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Table 10.5 Specific Heat and Volumetric Heat
Capacity for Common Materials and Soils

Specific Volumetric
Heat, Heat

Density Capacity, C Capacity, ζ

Substance (k/m3) (J/kg/K) (J/m3/K)

Air (20◦C) 1.2 1000 1200
Water (20◦C) 1000 4200 4.2 × 106

Ice (0◦C) 9200 2100 1.9 × 106

Quartz 2660 800 2 × 106

Mineral clay 2650 800 2 × 106

Soil organic matter 1300 2500 2.7 × 106

Light soil with roots 1400 1300 500,000
Wet sand (θ = 40%) 1600 1700 2.7 × 106

Source: Data from de Vries (1963) and Rosenberg et al.
(1983).

is the ratio of the thermal conductivity of a material to the
product of specific heat and material density. The thermal
diffusivity term allows the mathematical equations of heat
flow to be written in a more convenient form for obtaining
closed-form solutions. When undertaking numerical model-
ing solutions in geotechnical engineering, it is usually better
to keep the heat flow and heat storage soil properties as
separate entities.

Diffusivity α is defined as the ratio of the thermal con-
ductivity to volumetric heat capacity:

α = λ

ζ
(10.9)

where:

λ = thermal conductivity of the soil, W/m/K, and
ζ = volumetric heat capacity, J/m3/K.

Combining thermal conductivity and heat storage into a sin-
gle parameter is comparable to combining hydraulic conduc-
tivity and the coefficient of volume change into the coefficient
of consolidation when solving consolidation problems. Using
a single constant value for the material properties has distinct
advantages when performing long-hand calculations; how-
ever, when solving numerical models in geotechnical engi-
neering, it is generally advantageous to maintain independence
between the heat transfer and heat storage properties, particu-
larly when dealing with unsaturated soil conditions.

10.3 THEORY OF FREEZING AND
THAWING SOILS

The Arctic and Antarctic regions have soils that remain
frozen for the entire year. Moving away from the poles,

the soils may be frozen for part of the year and then remain
unfrozen for the remainder of the year. The portion of the
soil profile that is frozen for part of the year and unfrozen
for the remainder of the year is referred to as the “active
zone.” The prediction of the depth of the active zone and
the time period over which the soil will remain frozen is
relevant to geotechnical engineering designs.

The thermal energy of a soil-water system becomes dis-
continuous when the temperature passes through the zero
isotherm. The discontinuity is the result of the latent heat of
water, as shown in Fig. 10.4. The thermal energy change is
essentially linear with respect to temperature when the tem-
perature is either above or below the freezing point. Heat is
either adsorbed or given off at the freezing point as a result
of the phase change in the water. The heat quantity associ-
ated with the phase change in water is called the latent heat
of fusion.

The freezing front in a soil is, in reality, more of a freezing
zone, as illustrated in Fig. 10.5. The freezing zone has a
particular thickness and the water within this zone goes from
being ice in the completely frozen portion to being water at
the completely unfrozen portion. Jumikis (1966), Dirksen and
Miller (1966), and Hoekstra (1966) viewed a freezing soil as
having three zones: a frozen zone, a freezing zone, and an
unfrozen soil. The water coefficient of permeability gradually
changes across the freezing zone. The unfrozen water content
varies across the freezing zone and, likewise, the coefficient
of water permeability changes across the freezing zone.

The freezing zone can also be viewed as a zone with a
water coefficient of permeability versus unfrozen water con-
tent function. High soil suction values are also generated in the
freezing zone. The soil suctions are related to the Clapeyron
equation (Newman, 1995). Consequently, the permeability in
the freezing zone can also be viewed as a relationship between
soil suction and water coefficient of permeability. While the
general mechanisms associated with the freezing of soils is
understood, there has not been general agreement on how
to predict the water coefficient of permeability in the freez-
ing zone (Newman, 1995). The water permeability function
forms an important part of mechanistic models that have been
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Figure 10.4 Thermal energy of soil-water system illustrating role
of latent heat of water.
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Figure 10.5 Idealization of partially frozen zone in soil (i.e., tran-
sition from water to ice in the voids).

proposed for describing the freezing behavior of fine-grained
soils (Harlan, 1973; Guymon and Luthin, 1974; Jame, 1977;
Konrad and Morgenstern, 1990; Nixon, 1992).

10.3.1 Latent Heat of Fusion

The volumetric latent heat of fusion L is the amount of
energy associated with phase change during the freezing or
thawing of a soil. The volumetric latent heat of water-ice
is 3.34 × 108 J/m3 (Andersland and Anderson, 1978). The
latent heat consumption must be taken into consideration
when water is converted to ice and vice versa.

The latent heat of fusion applies only to the water phase
but can be written in terms of the total soil mass (Andersland
and Anderson, 1978):

L = 3.34wρd

ρw
× 108 (10.10)

where:

L = latent heat written in terms of the total soil sample,
J/m3,

w = gravimetric water content,
ρd = dry density, kg/m3, and
ρw = density of water, kg/m3.

The freezing of water in a soil does not occur instanta-
neously. Rather, some of the water is converted to ice as

heat is extracted from the soil system. Ice starts to form at
0◦C. The temperature may be from –5 to –10◦C before all
the water in the soil is frozen.

The latent heat of fusion is often viewed as a disconti-
nuity that occurs as water freezes or thaws. However, in
reality, water in a soil gradually freezes as the temperature
is lowered. The reverse process occurs as ice thaws.

10.3.2 Freezing of Soils

The freezing of soils is usually driven by thermal conditions in
the atmosphere above the ground surface. A thermal gradient
develops between the cold atmosphere and the underlying
warmer soil (Fig. 10.5). A transient process is initiated that
involves conductive, convective, and radiation heat transfer.
However, the conductive heat transfer is generally dominant.

As the temperature of the atmosphere drops below the
freezing point, water in the pores of the soil begins to freeze
and releases latent energy into the system. The amount of
liquid water is reduced in the freezing zone and negative
pore-water pressures are generated in the freezing zone. The
thermal and suction gradients result in water flow toward
the freezing zone. The affinity of the ice-water interface for
more water can result in the buildup of ice lenses in the soil.

The frost front advances downward into the soil as long as
the frozen zone can remove the latent energy released by the
phase change. The suction gradients are high, calculated in
accordance with the Clapeyron equation. At the same time,
there is a reduction in the water permeability across the freez-
ing zone. The reduced water coefficient of permeability limits
the amount of water that can be delivered to the freezing front.
Harlan (1973) suggested that the frozen water reduces the
water coefficient of permeability in a similar manner to the
way that desaturation of a soil reduces the water coefficient
of permeability for an unsaturated soil. Partial freezing of the
soil gives rise to the soil suction versus water coefficient of
permeability relationship for the freezing soil.

10.3.3 Unfrozen Water Content

Boyoucous (1920) showed that part of the water in clay
remains unfrozen at temperature values as low as –78◦C.
Other researchers have attempted to explain the unfrozen
water content in terms of freezing point depression and the
freezing temperature as a function of the unfrozen water con-
tent (Williams, 1964, 1966; Nersesova and Tsytovich, 1966;
Miller, 1966). One of the most common forms for repre-
senting the freezing mechanism has been the relationship
of unfrozen water content to temperature below the freez-
ing point of pure water (Yong, 1965; Nersesova and Tsy-
tovich, 1966). Figure 10.6 shows temperature below freez-
ing versus water content for silt and clay soils compacted
at various water contents (Yong, 1965). Similar plots for
a variety of soils are shown in Fig. 10.7 (Nersesova and
Tsytovich, 1966). Jame (1972) showed that the relationship
between freezing point depression and water content was
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Figure 10.6 Unfrozen water content versus temperature below
0◦C for silt and clay with various initial water contents (after Yong,
1965).
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Figure 10.7 Unfrozen water content versus temperature below
0◦C for several nonsaline soils (after Nersesova and Tsytovich,
1965).

similar in character to the relationship of temperature below
freezing and water content. Consequently, there is a relation-
ship between water content, soil suction, and temperature
which is related to the SWCC for the soil.

10.3.4 Clapeyron Equation

The Clapeyron equation relates a change in pressure between
two phases of a substance (e.g., liquid-solid) to the change in
temperature of the system. The Clapeyron equation has been
of limited value for the solution of practical engineering
problems but has been used in the estimation of the amount
of unfrozen water in a freezing soil as a function of the
temperature below freezing (i.e., 0◦C).

Various forms of the Clapeyron equation have been
presented in the research literature. Jame (1972) plotted
soil suction versus temperature below freezing for a
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Figure 10.8 Relationship between soil suction and temperature
below 0◦C for coarse-grained soil (after Jame, 1972).

coarse-grained soil, as shown in Fig. 10.8. The Clapeyron
equation has been used in the development of theories
for ice segregation and frost heave models (Harlan, 1973;
Taylor and Luthin, 1978; Nixon, 1991, 1992).

10.3.5 Soil-Freezing Characteristic Curve

Williams (1964) presented data that showed a relationship
between SWCCS measured at room temperature and a
soil-freezing curve for the same material (i.e., temperature
below freezing and unfrozen water content). The Clapeyron
equation provides the freezing temperature for the unfrozen
water content. Koopmans and Miller (1966) noted a simi-
larity between the soil drying and wetting curves and the
freezing and thawing curves, as shown in Fig. 10.9. It was
noted that the freezing/thawing curve exhibited hysteresis
just as the wetting/drying curve exhibits hysteresis.

The Clapeyron equation allows a relationship to be devel-
oped between soil suction and the temperature below freez-
ing when the SWCC is known for a particular soil. The
SFCC is therefore inherently linked to the SWCC.

The temperature range over which water becomes frozen
is defined by the SFCC. The temperature at which water
in the soil starts to freeze is designated by the variable Tef

(i.e., generally 0◦C), and the temperature at which freezing
is complete is designated as Tep. The latent heat of freezing
is applied over the temperature range between Tef and Tep.

Figure 10.10 shows a typical SFCC for silica flour tested
by Jame (1972). The slope of the SFCC is defined by
the variable mi

2. The slope of the SFCC is defined by the
change in unfrozen volumetric water content with respect
to a change in temperature below freezing.

10.3.6 Coefficient of Permeability for Freezing Zone

The soil-freezing curve can be used in conjunction with the
saturated coefficient of permeability for a soil to estimate
the water coefficient of permeability versus soil suction rela-
tionship for a freezing soil (Newman, 1995). Figure 10.11
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Figure 10.9 Experimental data showing similarity between SFCCs and SWCCs, including hys-
teresis effects (after Koopmans and Miller, 1966).
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Figure 10.10 SFCC for silica flour (after Jame,1972).

shows the results for the silica flour tested by Jame (1977).
The saturated coefficients of permeability ranged from 2.5 ×
10−6 to 3.0 × 10−7 m/s when the porosity ranged from 0.52
to 0.48, respectively. The SWCCs for the silica flour are
shown in Fig. 10.11a and the relative coefficients of per-
meability versus soil suctions computed using the Fredlund
and Xing (1994) equation are shown in Fig. 10.11b.

10.4 FORMULATION OF PARTIAL
DIFFERENTIAL EQUATIONS FOR CONDUCTIVE
HEAT FLOW

Conductive heat flow differential equations can be derived
satisfying the conservation of thermal energy. The formu-
lations are similar in form to those previously derived for
water flow and air flow. The analysis starts with the selection
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Figure 10.11 Relative coefficient-of-permeability functions com-
puted for three specimens of silica flour using Fredlund and Xing
(1994) SWCC equation: (a) SWCCs for silica flour (Jame, 1972);
(b) relative coefficient-of-permeability curves for silica flour.

of a REV. The conservation of thermal energy under steady-
state conditions requires that the heat flow into an element
must be equal to the outward heat flow.

Partial differential equations can be written for one-, two-
and three-dimensional geometries. The partial differential
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equations can be solved for situations where the bound-
ary conditions are constant as well as situations where the
boundary conditions change with time. These two situations
are referred to as steady-state conditions and transient (or
unsteady-state) conditions, respectively. The divergence of
heat flow (∂/∂x + ∂/∂y + ∂/∂z) is equated to the change in
heat storage in the elemental volume with respect to time.

The PDEs for heat flow are solved in a manner similar to the
proceduresusedforwaterflowandairflowinunsaturatedsoils.
Heat flow formulations have the appearance of being relatively
simple to solve. Heat flow problems can also be complex when
the water undergoes a phase change. The heat flow formula-
tions are presented in a hierarchical manner from the simplest
situation to more complex situations. Each situation is consid-
ered in terms of one, two, and three dimensions and also in
terms of steady-state conditions and transient conditions.

The first set of formulations is for the analysis of heat flow
when the temperature conditions in the soil range from just
above freezing conditions to near the boiling point of water.
The formulation of the partial differential equation does not
need to take any phase changes into consideration. The sec-
ond set of formulations is for the case where the soil may
experience freezing and thawing conditions, and as a result,
the latent heat of fusion needs to be taken into consideration.
The third set of formulations is for the case where water may
move into the vapor phase and as a result the latent heat of
vaporization needs to be taken into consideration. Finally,
some special cases are also presented.

10.4.1 Steady-State Heat Flow Partial Differential
Equation for Unfrozen Soils

One-Dimensional Heat Flow: Consider the one-dimensional
flow of heat in the y-direction through a REV of unsaturated
soil (Fig. 10.12). The element has infinitesimal dx, dy, and dz
dimensions. The dy and dz sides of the element are assumed
to be perfectly insulated, and therefore, heat flow occurs only
in the y-direction. One-dimensional heat flow could also occur
when the soil on the dy and dz sides is identical to the soil
in the column. Boundary conditions on the soil adjacent to
the element being analyzed must also be the same as for the
element being analyzed.

The heat flow rate in the y-direction is designated as qhy .
The conservation of thermal energy requires that the amount
of heat flowing in and out of the element must be equal for
steady-state conditions:(

qhy + dqhy

dy
dy

)
− qhy = 0 (10.11)

where:

qhy = heat flow rate across a unit area of the soil
in the y-direction and

dx, dy, dz = dimensions in the x -, y-, and z -directions,
respectively.

qhy + 
∂qhy

∂y ∂y

qhy = rate of flow of mass
qhy

x

dx

dz

dy
z

y

x = plane and
z = plane insulated

Figure 10.12 Representative elemental volume showing heat
fluxes for one-dimensional heat flow, other sides insulated.

The net heat flow can be written as follows:

dqhy

dy
= 0 (10.12)

Let us assume that the thermal conductivity λ of the soil
might vary from one location to another in a soil column
due to a variation in the degree of saturation of the soil.
Substituting Fourier’s law for heat flow into the net heat
flow equation yields

d {−λdT/dy}
dy

= 0 (10.13)

where:

λ = thermal conductivity of the soil, W/m/K,
dT/dy = temperature gradient in the y-direction, and

T = temperature, ◦C.

The above equation can be solved for temperature T pro-
vided there are independent, known values for thermal con-
ductivity. For example, the variations in the degree of satura-
tion in the soil might he known as a result of an independent
unsaturated water seepage analysis. The variation in thermal
conductivity of the soil from one location to another would
need to be taken into consideration when solving Eq. 10.13.
The above equation can be rewritten in the following non-
linear differential form:

λ
d2T

dy2
+ dλ

dy

dT

dy
= 0 (10.14)

The above equation is nonlinear since the thermal conduc-
tivity is, in general, variable throughout the soil column. If
the unsaturated soil varied in soil suction in the y-direction,
then it would be necessary to take into account the variation
of thermal conductivity with matric suction, water content,
or degree of saturation. It is also possible for the thermal
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analysis to be combined with a saturated-unsaturated soil
seepage analysis. The results of the seepage analysis could
be used to calculate the thermal conductivity throughout the
soil mass.

Only one soil thermal property is required when solving a
steady-state heat flow analysis, namely, the thermal conduc-
tivity of the soil. In some cases the thermal conductivity can
be represented as a constant value while in other cases the
thermal conductivity may need to be considered as a function
of the stress state or one of the volume-mass soil properties.

The nonlinearity in the heat flow equation arises in the
second term of Eq. 10.14, which accounts for the variation
in thermal conductivity with respect to space. If the thermal
conductivity is a constant value and the soil is homogeneous,
then Eq. 10.14 becomes linear, as shown in the equation

λ
d2T

dy2
= 0 (10.15)

Two-Dimensional Heat Flow: The partial differential
equation for steady-state heat flow through a saturated-
unsaturated soil can readily be extended to a two-dimensional
continuum. One face of the soil continuum (i.e., the third
dimension) would have an insulated surface or else it is
possible that the soil adjacent to the soil being analyzed is
subjected to the same boundary conditions and the same soil
properties as the two-dimensional plane of soil. The partial
differential equation for two-dimensional steady-state heat
flow can be written as follows:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= 0 (10.16)

There might be a variation in the thermal conductivity of
the soil in two-dimensional space. In this case, the solution
of the PDE for heat flow would rely upon an independent
analysis for the determination of appropriate thermal con-
ductivity values. Thermal conductivity is most significantly
affected by the proportion of air and water in the soil voids.
The SWCC can be used to relate thermal conductivity to the
degree of saturation of the soil (or soil suction).

Three-Dimensional Heat Flow: The three-dimensional,
steady-state heat flow equation can be written as follows:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= 0

(10.17)
There may be situations where the soil is not isotropic,

and this situation can lead to different thermal conductivity
values in different principal directions. It is also possible that
the principal directions for the thermal conductivity properties
may not coincide with the Cartesian coordinate directions.

10.4.2 Transient Heat Flow Partial Differential
Equation for Unfrozen Soils

A transient analysis requires that the net heat flux through an
element be equal to the change in heat storage with respect

to time. The volumetric heat capacity of the soil, ζ , must be
specified when performing a transient heat flow analysis.

One-Dimensional Heat Flow: The conservation of ther-
mal energy requires that the net heat flux through an elemen-
tal volume be equal to the volumetric heat capacity of the
soil multiplied by the change in temperature with respect to
time. The heat flux equation satisfying transient conditions
can be written as follows:

∂qhy

∂y
= ζ

∂T

∂t
(10.18)

where:

ζ = volumetric specific heat, J/m3/◦C.

The volumetric heat capacity ζ (i.e., in units of J/m3/◦C)
can be written as the mass specific heat (i.e., in units of
J/g/◦C) multiplied by soil density ρ (i.e., in units of g/cm3).
The above equation applies as long as the temperature of
the soil is above freezing.

A transient analysis occurs when one or more of the bound-
ary conditions are changed. Consequently, there are changes
in temperature within the continuum with respect to time.
Fourier’s heat flow equation can be substituted for the quan-
tity of heat flow to give the following differential equation:

λ
∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
(10.19)

The second term on the left-hand side of the equation
takes into account variations in thermal conductivity in the y-
direction. For example, variations in the degree of saturation
of a soil would influence the thermal conductivity of the soil
and thereby affect the results of a heat flow analysis.

If there is no change in thermal conductivity with respect
to the y-dimension, then Eq. 10.19 takes on the standard
diffusion form

λ
∂2T

∂y2
= ζ

∂T

∂t
(10.20)

The above equation can be applied to heat flow in either
an unfrozen soil or a frozen soil provided the respective soil
properties are inserted for thermal conductivity and volu-
metric heat capacity. However, the temperatures must not
pass through the zero isotherm during the analysis.

Two-Dimensional Heat Flow: A two-dimensional
transient analysis assumes that there is no heat loss in the
third dimension. The continuum is subjected to a change
in boundary conditions (or an internal thermal source or
sink), and the temperatures throughout the remainder of the
continuum are calculated:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
(10.21)

Three-Dimensional Heat Flow: A three-dimensional
transient thermal analysis involves an extension of the
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previous partial differential equation into the third dimension.
Each dimension that is added must have the heat flux in that
direction taken into consideration. However, the right-hand
side of the equation involving the heat storage term remains
the same:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2

+ ∂λ

∂y

∂T

∂y
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
(10.22)

The above partial differential equation satisfies transient
and steady-state conditions as long as the soil temperature is
in the unfrozen soil range. The thermal soil properties have
also been assumed to be isotropic.

10.4.3 Heat Flow Partial Differential Equations
Including Freezing and Thawing of Soils

The phase change from liquid water to ice produces what
appears to be a discontinuity in the heat flow partial dif-
ferential equations. The phase change can be modeled as a
process that occurs as the water in the soil gradually freezes
over a relatively small temperature range.

The heat storage portion of the formulation is influenced
by the freezing and thawing of a soil. There is no need to
write partial differential equations for steady-state conditions
involving freezing and thawing because it is only the transient
heat flow process that is affected by the latent heat of fusion.

As temperature is lowered to zero degrees (Celcius), the
latent heat of fusion L must be satisfied before the soil-water
temperature can decrease further. The reverse process occurs
as ice in the soil reverts to liquid water. The latent heat of
fusion behaves as a heat sink during the freezing process
and as a heat source during the thawing process.

The heat and mass transfer formulations proposed by Har-
lan (1973) have been extensively used for modeling heat flow
when passing through the freezing isotherm. Nixon (1975),
Taylor and Luthin (1978), and Fuch et al., (1978) have shown
that the convective heat term proposed by Harlan (1973) is
negligible and can be omitted from the formulation.

The volumetric heat capacity term ζ needs to be modified
to accommodate the latent heat of fusion, which can now
be written as follows:

ζ = ζ − Lρi

∂θi

∂T
(10.23)

where:

ζ = modified volumetric heat capacity as the soil freezes
or thaws, J/m3/◦C,

ζ = volumetric heat capacity of the unfrozen soil,
J/m3/◦C,

L = latent heat of fusion, J/kg,
ρi = density of ice, kg/m3, and
θi = volumetric fraction of ice, m3/ m3.

The modified volumetric heat capacity term applies only
as the soil is going through either the freezing process or
the thawing process.

One-Dimensional Heat Flow: The transient differential
equation that includes the freezing process in a soil must
use the equation with the modified volumetric heat capacity
of the soil. The modified volumetric heat capacity equation
(i.e., Eq. 10.23) can be substituted into the transient heat
flow equations presented in the previous section to yield the
following equation:

λ
∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
=

(
ζ − Lf ρi

∂θi

∂T

)
∂T

∂t
(10.24)

The terms on the right-hand side of Eq. 10.24 can be
expanded to separate the heat flow components that are due
to latent heat from the remainder of the heat flow equation:

λ
∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
− Lρi

∂θi

∂T

∂T

∂t
(10.25)

The term, ∂θi

/
∂T , represents the slope of the SFCC, mi

2.
Therefore, Eq. 10.25 can incorporate the soil-freezing func-
tion (i.e., the slope of the ice content versus temperature
below 0◦C):

λ
∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
− Lρim

i
2
∂T

∂t
(10.26)

The latent heat term applies when the temperature lies
within the zone of temperatures over which the water in the
soil freezes (or thaws). The zone of freezing temperatures
ranges from 0◦C to a lower temperature where all the water
in the soil becomes frozen.

The thermal conductivity λ and the volumetric heat capac-
ity ζ of the soil must correspond to the unfrozen soil when
the temperature is above 0◦C and the frozen soil properties
must be used when the temperature corresponds to condi-
tions where the pore-water is frozen.

Two-Dimensional Heat Flow: The two-dimensional tran-
sient heat flow equation for freezing conditions can be writ-
ten as follows:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
= ζ

∂T

∂t
− Lf ρim

i
2
∂T

∂t

(10.27)
The soil properties must represent either the frozen or

unfrozen conditions in the soil.
Three-Dimensional Heat Flow: The three-dimensional

transient heat flow equation for freezing conditions can be
written as follows:

λ
∂2T

∂x2
+ ∂λ

∂x

∂T

∂x
+ λ

∂2T

∂y2
+ ∂λ

∂y

∂T

∂y
+ λ

∂2T

∂z2
+ ∂λ

∂z

∂T

∂z

= ζ
∂T

∂t
− Lf ρim

i
2
∂T

∂t
(10.28)

The soil properties must represent either the frozen or the
unfrozen conditions in the soil.
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10.4.4 Heat Flow Equations Including Vapor Flow

There can also be vapor flow associated with a thermal gra-
dient; however, vapor flow is closely associated with flow in
the pore-air and pore-water phases. The components related
to vapor flow are mentioned below, but further details related
to the theory and solution to practical engineering problems
are mentioned under the topic of coupling liquid and vapor
flow through unsaturated soils.

Fredlund and Gitirana (2005) presented the vapor flow in
terms of two components: one due to vapor diffusion within
the air phase and a second due to advection within the free
pore-air. The velocity of vapor flow can be written as follows:

vv
y = vvd

y + vva
y = −kvd

γw

∂uw

∂y
+ kvd

γw

uw

T + 273.15

∂T

∂y

− kva

γa

∂ua

∂y
(10.29)

where:

vv
y = total velocity of vapor flow, m/s,

vvd
y = velocity of vapor flow by diffusion through the air

phase, m/s,
vva
y = velocity of vapor flow by advection in the air phase,

m/s,
kvd = pore-water vapor conductivity by vapor diffusion

within the air phase; which can be written as

γw
ωvu

air
v

ρwR(T + 273.15)

Dv∗

ρw
, m/s

kva = pore-water vapor conductivity by advection within

the free pore-air, which can be written as γa

ρv

ρa
Da∗

ρw
, m/s

γw = unit weight of water, kN/m3,
ρv = density of the vapor, kg/m3,
ρw = density of water, kg/m3,
ρa = density of air, kg/m3,

uair
v = vapor pressure, kPa,
ua = pore-air pressure, kPa,
uw = pore-water pressure, kPa,
T = temperature, ◦C,

ωv = molecular weight of water vapor, 18.016 kg/kmol,
R = universal gas constant, 8.314 J/(mol.K),

Dv∗ = molecular diffusivity of vapor through soil, m2/s, and
Da∗ = (1–S)nDvωv/RT, kg·m/kN·s.

The above equation shows that the flow and storage of heat
within a saturated-unsaturated soil can be a function of three
primary variables: uw, ua , and T . Volume changes associated
with the relative phases of the soil are not explicitly pre-
sented as primary variables; however, volume-mass changes
affect thermal conductivity and volumetric heat capacity. Sev-
eral unsaturated soil property functions can be identified in

the above equation: the thermal conductivity function, the
vapor conductivity function (diffusion), and the vapor advec-
tion function. These soil property functions can vary with
the stress state (e.g., soil suction), and therefore, the partial
differential equations are nonlinear.

10.4.5 Temperature and Heat Flux Boundary
Conditions

There are two common thermal boundary conditions asso-
ciated with the solution of heat flow problems: Dirichlet-
type boundary conditions (i.e., the primary variable specified
is temperature T ) and Neumann-type boundary conditions
(i.e., the derivative of the primary variable or the heat flux
qh). The Neumann heat flux can be specified as zero when
the boundary is perfectly insulated. The boundary condi-
tion can also be considered as a zero heat flux bound-
ary under conditions of symmetry for the material being
modeled (e.g., a two-dimensional section out of a laterally
extending continuum).

Most geotechnical engineering problems involve exposure
to the ground surface where weather conditions are rapidly
and continuously changing. The nighttime and morning peri-
ods are generally cool relative to the midday temperatures.
Also, the temperatures from one day to the next can change
significantly, as can the conditions from one month to the
next. In other words, the temperature boundary condition at
ground surface is in an unsteady or transient state.

Some geotechnical engineering problems can be mod-
eled using average daily temperature values. However, other
engineering problems may require a more rigorous represen-
tation of the thermal boundary conditions (e.g., a mathemati-
cal function approximating changes in temperature through-
out the day). Weather stations commonly collect data and
report the information on a daily basis (Fig. 10.13). Quite
often the average daily temperature is recorded along with
values for the maximum and minimum temperatures for the
day. Temperature data can also be collected on an hourly
basis but the amount of data becomes excessive.

Temperature as a Dirichlet-type boundary condition can
readily be applied at the ground surface. The temperature
may be assumed to vary according to a particular pattern
during the day. For example, temperature may take the form
of a sine function with the peak temperature near noontime.
It is also possible to use measured hourly temperatures as
input for numerical modeling purposes.

Temperature at a weather station is generally recorded at
1 or 2 m above ground surface. It is the ground surface tem-
perature, however, that forms the more accurate boundary
condition for modeling geotechnical engineering problems.
The soil temperature at the ground surface may not be the
same as the air temperature above the ground surface. The
difference in temperature between the air and the soil can
be taken into consideration when performing coupled heat
and moisture flow analyses for the calculation of actual
evaporation at ground surface. Wilson (1990) suggested a
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Figure 10.13 Minimum, maximum, and average air temperature readings at a site in northern
Canada in 2007.

closed-form equation that can be used for the estimation of
the soil temperature when the air temperature above the soil
is measured:

Ts = Ta + 1

Cf ηf (u)
(Qn − AE) (10.30)

where:

Ts = soil temperature, ◦C,
Ta = air temperature, ◦C,
Cf = conversion factor (i.e., 1 kPa = 0.0075 mHg),

η = psychrometric constant, 0.06733 kPa/◦C,
f (u) = wind speed function [i.e., f (u) = 0.35(1. +

0.146Ww), where Ww is the wind speed in km/hr],
Qn = net radiation, mm/day, and
AE = actual evaporation, mm/day.

Further information on the above equation is presented
in Chapter 6, where consideration is given to coupled heat
and moisture flow analysis for the assessment of actual
evaporation.

Thermal boundary conditions can also be applied inter-
nal to the overall geometry. As an example, consider the
case of a pipeline installed underground. The pipeline may
operate at a temperature different from the temperature of
the surrounding soil. Therefore, heat may be extracted from
the surrounding soil to the pipeline or vice versa. If heat is
extracted from the pipeline to the soil, the pipeline operates
as a source. If the reverse is true, the pipeline operates as a
sink. If the pipeline passes through a permafrost area and is
operated at a temperature above water-freezing conditions,
there will be a gradual thawing of the surrounding soil.

It is also possible to have Neumann-type boundary condi-
tions that are based on a computed heat flux from the system.

A mathematical function describing a boundary condition
that is intermediate between the Dirichlet- and Neumann-
type conditions can also be used when solving problems.

10.5 DIRECT MEASUREMENT OF
THERMAL PROPERTIES

The following section presents information on the measure-
ment of the thermal properties of soils. Quite often the
thermal properties are computed using estimation proce-
dures, and as a result the thermal properties may not be
measured for geotechnical engineering purposes. However,
it is important to understand the principles involved with the
measurement of thermal properties for saturated and unsat-
urated soils.

10.5.1 Measurement of Thermal Conductivity

Thermal conductivity is the most important soil property asso-
ciated with the analysis of conductive heat flow. It is possible
to estimate the thermal conductivity of a soil mixture, but
sometimes it is preferable to undertake measurements in the
laboratory. The principles behind the laboratory measurement
of thermal conductivity are similar to those associated with
the measurement of hydraulic conductivity. However, in this
case, a thermal gradient is applied across a soil specimen
rather than a hydraulic head gradient. Also, the sides of the
soil specimen must be thermally insulated rather than being
impervious, as in the case of permeability measurements.

10.5.1.1 Laboratory Thermal Conductivity Apparatus

Numerous researchers have measured the thermal conduc-
tivity of dry soils as well as soils with varying water contents
(Smith, 1942; Kersten, 1949; van Rooyen and Winterkorn,
1959; Johansen, 1975). The apparatus recently developed
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Figure 10.14 Experimental setup used to measure the thermal
conductivity of soils (after Côté and Konrad, 2005).

by Côté and Konrad (2005) is described to illustrate the
procedure that can be used to measure the thermal conduc-
tivity of unfrozen as well as frozen soils.

Figure 10.14 shows the experimental apparatus used by
Côté and Konrad (2005) to measure the thermal conductivity
of a range of materials. The equipment consists of a thermal
conductivity cell surrounded with an insulated, temperature-
controlled box. The entire apparatus was placed in a room
where the temperature was maintained at 4oC. The cylin-
der had an inside diameter of 101.6 mm and a height of
75 mm. Soil specimens were placed between Pyrex disks
that were 30 mm in thickness. Each Pyrex disk had thermis-
tors embedded just below the top and bottom surfaces of
the disk. The thermal conductivity of the Pyrex disks was
1.015 W/m/◦C at −20◦C and 1.090 W/m/◦C at +20◦C. The
instrumented Pyrex disk acted as a heat flux meter. The tem-
perature boundary conditions at the top and bottom of the

three-layer system were maintained at constant values using
independent heat exchangers. The heat exchangers created
a constant vertical heat flux through the Pyrex disks and the
soil specimen.

The soil specimen and the Pyrex disks were surrounded
by a 50-mm-thick polystyrene jacket to reduce radial heat
losses. The temperatures at the top and bottom of the Pyrex
disks were recorded periodically until steady-state heat flux
conditions were established, as shown in Fig. 10.15 (Côté and
Konrad, 2005). The thermal conductivity of the soil specimen,
λ, was determined from the temperature measurements at the
surfaces of the Pyrex disks along with the following equation:

λ = 1

2

[(
λuf

�Tuf

�huf
+ λlf

�Tlf

�hlf

)
�h

�T

]
(10.31)

where:

�h = distance between two temperature measure-
ments, m,

�T = temperature difference, ◦C,
λ = thermal conductivity, W/m/◦C,

uf = upper heat flux meter, and
lf = lower heat flux meter.

The Côté and Konrad (2005) apparatus was used for mea-
suring the thermal conductivity of both unfrozen and frozen
soil specimens. The temperature difference between the top
and the bottom of the soil specimen was about 8◦C, resulting
in a thermal gradient of 0.2–0.6◦C/cm. Figure 10.16 shows
typical thermal conductivity values measured on a variety of
coarse materials. The specimens were tested at various ini-
tial water contents. Figure 10.17 shows thermal conductivity
measurements on the same materials in a frozen state.

10.5.1.2 Use of Thermal Needle Probe

The use of a thermal needle probe to measure thermal con-
ductivity originated with Stalhane and Pyk (1931) and was
further developed by van der Held and van der Drunen
(1949). ASTM Designation D5334–08 (2008b) provides a
standard method for the measurement of thermal conduc-
tivity when using the thermal needle probe. The proposed
transient heating method can be used when the temperature
range is between 0 and 100◦C. The method fails once there
is a phase change involved.

Figure 10.18 shows the layout of the thermal needle
probe along with the electrical components used to apply a
constant current. The temperature change is measured with
respect to elapsed time. The needle probe must have a large
length-to-diameter ratio which is assumed to simulate an
infinitely long but thin heating source. The thermal needle
consists of a stainless steel hypodermic needle which
contains a heater element and a thermocouple.

A known constant current is applied inside the needle and
the rise in temperature with time is monitored. The needle
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Konrad, 2005).
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Figure 10.18 Details of needle probe used to measure thermal
conductivity of soils: (a) thermal probe setup; (b) components of
needle probe (ASTM D5334-08, 2008b).

probe can be calibrated against a material with a known
thermal conductivity such as water (i.e., thermal conduc-
tivity of 0.607 W/m/◦K at 25◦C) or glycerine (i.e., thermal
conductivity of 0.292 W/m/◦K). The calibration constant for
the needle, Cn, can be calculated as follows:

Cn = λmaterial

λmeasured
(10.32)

where:

λmaterial = thermal conductivity of the known material
and

λmeasured = thermal conductivity measured with the needle
probe on the calibration material.

There is no need for a calibration constant if the heat
input to the needle is well controlled. The calibration con-
stant remains a constant value and the thermal needle probe
can be used to measure the thermal conductivity of other
materials, λ, through use of the following equation from
ASTM (2008b) D5334–08:

λ = CnQ

4πS
(10.33)

where:

Q = heat input, W/m,
Cn = calibration factor, and
St = slope of the temperature change versus natural log-

arithm of elapsed time.

Figure 10.19 shows typical results of temperature change
versus the natural logarithm of elapsed time, the slope of
which is the variable St . It is also possible to use the mea-
surement of the drop in temperature as the needle probe is
allowed to cool when the application of the constant current
is terminated.

10.5.2 Measurement of Volumetric Heat Capacity
and Specific Heat of Soils

Heat capacity controls the amount of temperature change
that will occur as heat is absorbed or released from a mate-
rial. It is possible to measure the specific heat of the con-
stituents of a soil as well as the volumetric heat capacity of
the combined soil-water system. It is possible to estimate
the volumetric heat capacity of a soil-water system if the
specific heat of each of the constituents of a soil is known.
Specific heat is usually defined with respect to mass while
volumetric heat capacity is defined with respect to volume.
It is quite common to refer to the specific heat of each of the
constituents of a mixture while referring to the volumetric
heat capacity of a mixture.
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Figure 10.19 Data obtained during heating cycle with thermal
needle probe.
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Figure 10.20 General layout of laboratory calorimeter.

Specific heat and volumetric heat capacity can be measured
using a commercially available calorimeter. Figure 10.20
shows the general layout of a calorimeter. The important
features of the calorimeter are the insulated walls, top, and
bottom along with a thermometer capable of measuring
temperature to within 0.01◦C.

The heat capacity of the calorimeter should be measured
prior to its usage for measuring the heat capacity of a mate-
rial. This is done by adding a known amount of water at
a slightly higher temperature than the temperature of the
water already in the calorimeter. The heat capacity of the
calorimeter, Ccal, is calculated using the following equation:

Ccal = MwcCw − MwaCw

[
�Tw

�Tcf

]
(10.34)

where:

Mwc = mass of water initially in the calorimeter, g,
Mwa = mass of water added to the calorimeter, g,
Cw = specific heat of water at the mean temperature

when determining the calorimeter calibration
(i.e., 4184 J kg−1 K−1 at 15◦C),

�Tw = temperature change of the water in degrees Cel-
cius between its temperature before and after
being added to the calorimeter,

�Tcf = temperature change for the water already in the
calorimeter, and

Ccal = mean specific heat or the calorimeter constant in
J kg−1 K−1.

The specific heat capacity of the calorimeter is measured
once the mixture has come to a new equilibrium temper-
ature. It is then possible to place a mass of soil into the
calorimeter for the measurement and calculation of the

specific heat of the soil. The specific heat of the soil, Cp,
is computed using the following equilibrium equation:

Cp = Cw

(
Mwa

Ms

) [
�Tw

�Tcf

]
− MwcCw + Ccal

Ms

(10.35)

where:

Ms = mass of soil used in the experiment.

It may be necessary to correct the change in temperature,
�Tcf , for thermal losses and to compensate for energy added
by the stirrer. A detailed test procedure can be found in
Taylor and Jackson (1986).

10.5.3 Measurement of Unfrozen Water Content

A calorimeter can also be used to measure the unfrozen
water content of frozen soils. The test procedure is similar to
that used for the measurement of the specific heat capacity of
a soil. The test procedure requires that a soil specimen frozen
to a particular temperature below 0◦C be placed inside the
calorimeter. The calorimeter is generally filled with water.
The calorimeter consists of an inner and outer jacket and an
internal stirrer, as shown in Fig. 10.20.

The temperature is recorded when a new equilibrium tem-
perature is achieved after the partly frozen soil has been
placed in the calorimeter. Radiation losses may need to be
taken into account when measuring the unfrozen water con-
tent. An equation satisfying thermal equilibrium can be used
to calculate unfrozen water content. It is necessary to know
the specific heat of each component of the soil mixture in
order to compute the unfrozen water content.

Thermal equilibrium can be written for each component of
the soil mixture. A soil specimen is prepared at a temperature
slightly below 0◦C for testing purposes. A portion of the water
in the soil is frozen and a portion is unfrozen (i.e., a partly
frozen soil). The objective of the experiment is to determine
the percentage of the water that was unfrozen at the initial
temperature at which the soil specimen was prepared.

Several soil specimens can be prepared at slightly differ-
ent temperatures below 0◦C and the unfrozen water content
corresponding to each initial temperature is computed based
on the calorimeter measurements. The results from several
measurements give rise to an unfrozen water content function.

The heat associated with each component of the soil mix-
ture can be quantified. The initial quantity of heat associated
with the soil solids, His , can be written as the mass of the
solids times the specific heat of the solids and the absolute
temperature in Kelvin:

His = MsCpTKi (10.36)

where:

Ms = mass of the soil solids, kg,
Cp = specific heat of the soil solids, J kg−1 K−1, and
TKi = initial sample temperature, K.
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The final quantity of heat, Hfs, associated with the soil
solids, Hs , can be written in a similar manner:

Hfs = MsCpTKf (10.37)

where:

TKf = final sample temperature, K (i.e., equilibrium tem-
perature).

The change in stored heat, �Hs , in the soil solids between
the initial and final temperatures can be written as

�Hs = MsCp(TKf − TKi) (10.38)

The quantity of heat associated with the frozen water (ice),
Hi , has a stored heat term for ice between the initial tem-
perature and zero degrees as well as a latent-heat-of-fusion
term. The two components of change in heat for ice can be
written as

�Hi = (Mw − Muw)Ci(273.15 − TKi) + (Mw − Muw)L

(10.39)
where:

Mw = mass of water, kg,
Muw = mass of unfrozen water, kg,

Ci = specific heat of ice, J kg−1 K−1, and
L = latent heat of fusion, J/kg.

The change in the quantity of heat associated with water
in the soil specimen, �Hw, can be written as

�Hw = (Mw − Muw)Cw�TKf + MuwCw(TKf − TKi)

(10.40)
where:

Cw = specific heat of water, J kg−1 K−1, and
�TKf = TKf − 273.15, difference between the final tem-

perature and 273.15 K.

The quantity of heat associated with the calorimeter, �Hc,
can be written as

�Hc = (M1 − M2)Cw �T1 (10.41)
where:

M1 = mass of water in the calorimeter, kg,
M2 = mass of calorimeter, kg, and

�T1 = temperature change of the calorimeter and con-
tents during the test.

The above-mentioned changes in heat can be combined
into one equation to give

�Hs + �Hi + �Hw = �Hc (10.42)

The thermal equilibrium equation can be written by substi-
tuting the individual heat components into Eq. 10.42 to give

MsCp(TKf − TKi) + (Mw − Muw)Ci �TKi

+ (Mw − Muw)L + (Mw − Muw)Cw �TKf

+ MuwCw(TKf − TKi) = (M1 − M2)Cw �T1 (10.43)

Rearranging Eq. 10.43 and solving for the mass of
unfrozen water gives

Muw =

⎡
⎢⎢⎣

Mw(Ci�TKi + L + Cw�TKf )

+MsCp(TKf − TKi) − (M1 − M2)Cw�T1

Ci�TKi + L + Cw�TKf − Cw(TKf − TKi)

⎤
⎥⎥⎦

(10.44)
The unfrozen water content can be calculated as follows:

wuw = Muw

Ms

(10.45)

Soil samples tested for unfrozen water content must be
initially frozen to various temperatures (e.g., −2◦C, −4◦C,
−8◦C, etc.) in order to obtain a function describing the rela-
tionship between the temperature below 0◦C and the amount
of unfrozen water in the soil.

10.6 ESTIMATION PROCEDURES FOR
THERMAL PROPERTIES

Estimation procedures are of particular interest when dealing
with heat flow problems since it is quite common to use esti-
mated thermal properties when performing thermal analyses
in geotechnical engineering. Some of the common proce-
dures used for the estimation of unsaturated soil thermal
properties are described in the following sections.

10.6.1 Thermal Conductivity of Soils

Estimation procedures for the determination of the thermal
conductivity of soil mixtures have been proposed by several
researchers. The predictive models take into consideration
soil properties such as water content, degree of saturation,
and dry density (or porosity). Three estimation procedures
are presented for thermal conductivity: (i) the Kersten (1949)
model, (ii) the Johansen (1975) model, and (iii) the Côté and
Konrad (2005) model. The Johansen (1975) model requires
that the thermal conductivity of the saturated material be
part of the input to the predictive model.

10.6.1.1 Kersten Estimation Model

Kersten (1949) undertook an extensive study involving the
measurement of thermal conductivity on more than 1000
soils. The soils included gravels, crushed rocks, sands, silts,
clays, and peat. The results from a portion of the mea-
sured values were used to develop an empirical relationship
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between thermal conductivity and other volume-mass soil
properties such as water content and dry density. The empir-
ical relationships were developed for both unfrozen and
frozen soil conditions. Soil fabric was found to have an
important influence on thermal conductivity giving rise to
different equations for coarse- and fine-grained materials.

The empirical thermal conductivity equations proposed by
Kersten (1949) for sandy soils were converted to SI units by
Andersland and Anderson (1978). The proposed empirical
equation for unfrozen sandy soils is as follows:

λu = 0.1442
[
0.7 log(w) − 0.4

] × 100.6243ρd (10.46)

where:

λu = thermal conductivity of the unfrozen soil, W/m/K,
w = gravimetric water content, %, and

ρd = dry density, g/cm3.

The above equation shows that the water content and the
dry density of the soil are the dominant factors influencing
thermal conductivity.

The proposed empirical equation for frozen sandy soils is

λf = 0.001096 × 100.8116ρd + 0.00461w × 100.9115ρd

(10.47)
where:

λf = thermal conductivity of the frozen soil, W/m/K.

Kersten (1949) proposed the following empirical equation
for unfrozen fine-grained soils:

λu = 0.1442
[
0.9 log(w) − 0.2

] × 100.6243ρd (10.48)

Another empirical equation was proposed for frozen fine-
grained soils:

λf = 0.001442 × 101.373ρd + 0.01226w × 100.4994ρd

(10.49)
Côté and Konrad (2005) applied the Kersten (1949) model

to a variety of coarse-grained materials and found the model
generally predicted thermal conductivities that were higher
than the measured values. The closest predicted thermal con-
ductivity values were for crushed sandstone and quartzite.
It should be noted that the Kersten (1949) model does not
include the influence of the thermal conductivity of the solid
particles which can have a significant influence on the over-
all thermal conductivity.

10.6.1.2 Johansen Model

Johansen (1975) used the concept of a normalized (or relative)
thermal conductivity and reanalyzed the database generated
by Kersten (1949). The mineralogy of the soil was taken
into consideration as well as the degree of saturation. A nor-
malized thermal conductivity equation was developed for

unfrozen and frozen soils. The normalized thermal conduc-
tivity equation for unfrozen sandy soils is as follows:

λru = 0.7 log(Su) + 1 (10.50)

where:

λru = normalized thermal conductivity of the unfrozen soil,
W/m/K, and

Su = degree of saturation of the unfrozen soil.

The normalized thermal conductivity equation for frozen
sandy soils was written as follows:

λrf = Su (10.51)

where:

λrf = normalized thermal conductivity of the frozen soil,
W/m/K, and

Su = degree of saturation in decimal form.

The normalized thermal conductivity equation for
unfrozen fine-grained soils was written as follows:

λru = log(Su) + 1 (10.52)

The normalized thermal conductivity equation for frozen
fine-grained soils was written as follows:

λrf = Su (10.53)

The normalized thermal conductivity, λr , equation with
respect to saturated and fully dried conditions is as follows:

λr = λ − λdry

λs − λdry
(10.54)

where:

λr = normalized thermal conductivity of the soil at a
particular water content, W/m/◦C,

λs = thermal conductivity of the saturated soil,
W/m/◦C, and

λdry = thermal conductivity of the dry soil, W/m/◦C.

Johansen (1975) normalized thermal conductivity with
respect to the amount of water in the soil (i.e., normalized
water content or degree of saturation, S ). This infers that
the following limiting condition must be observed:

S = 0; λ = λdry or λr = 0 (10.55)

S = 1.0; λ = λs or λr = 1 (10.56)

It should be noted that the equations proposed by Johansen
(1975) do not satisfy the equation for the unfrozen soil when
the degree of saturation goes to zero.
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Equation 10.54 can be rewritten as follows for an unfrozen
soil:

λu = (λs(u) − λdry)λru + λdry (10.57)

where:

λs(u) = thermal conductivity of the saturated, unfrozen
soil, W/m/◦C.

Equation 10.54 can also be rewritten as follows for a
frozen soil:

λf = (λs(f ) − λdry)λrf + λdry (10.58)

where:

λs(f ) = thermal conductivity of the saturated, frozen soil,
W/m/◦C.

Johansen (1975) used the concept of a geometric mean for
the soil particles and obtained the following thermal conduc-
tivity equations for saturated, unfrozen soils, λs(u):

λs(u) = λ1−n
p λn

w when T ≥ 0◦C (10.59)

The equivalent equation proposed for the thermal con-
ductivity equations for saturated, frozen soils, λs(f ), was as
follows:

λs(f ) = λ1−n
p λn

i when T < 0◦C (10.60)

where:

λp = thermal conductivity of the soil solids, W/m/◦C,
λw = thermal conductivity of water, W/m/◦C,
λi = thermal conductivity of ice, W/m/◦C, and
n = porosity of the soil in decimal form.

It was noted that the amount of quartz mineral in a soil has
a significant effect on the thermal conductivity of the soil
solids. Johansen (1975) proposed the following equations to
compensate for the quartz content.

λp = 2.01−q × 7.7q when q > 0.2 (or 20%) (10.61)

λp = 3.01−q × 7.7q when q ≤ 0.2 (or 20%) (10.62)

where:

q = amount of quartz expressed as a volume ratio refer-
enced to the solids portion.

The Johansen (1975) model takes the amount of quartz
mineral into consideration in the estimation of the over-
all thermal conductivity. However, it does not take a wider
variety of possible mineral solids into consideration.

The thermal conductivity for natural soils that were
rounded and subrounded particles was estimated using a
derivation from the de Vries (1963) equation:

λdry = 0.135ρd + 64.7

2700 − 0.947ρd

(10.63)

It was noted that crushed rocks (angular and subangular)
yielded a different equation for the thermal conductivity for
dry materials:

λdry = 0.39n−2.2 (10.64)

There are also other predictive models that have been pro-
posed for the estimation of thermal conductivity (Farouki,
1981); however, the Johansen (1975) model has been shown
to perform quite well.

10.6.1.3 Côté and Konrad (2005) Model

Côté and Konrad (2005) undertook an examination of the
factors influencing the prediction of thermal conductivity of
coarse soils and have suggested a series of refinements to the
Johansen (1975) model. The first refinement took into con-
sideration the change in porosity that occurs when water in
a saturated soil freezes. The water in the voids expands by
9% upon freezing, causing a change in the porosity of a satu-
rated soil:

nf = 1.09nu

1 + 0.09nu

(10.65)

where:

nu = porosity of the saturated unfrozen soil and
nf = porosity of the saturated frozen soil.

No volume change occurs when a soil is dry. If the assump-
tion is made that volume change occurs linearly with the
amount of water in the soil, the above equation can then be
written in terms of the degree of saturation:

Sf = 1.09Su

1 + 0.09Su

(10.66)

where:

Sf = degree of saturation of the frozen soil and
Su = degree of saturation of the unfrozen soil.

Côté and Konrad (2005) also suggested that the geometric
mean method of Sass et al., (1971) and Woodside and Mess-
mer (1961) be used to determine the thermal conductivity
of soil solids:

λp =
z∏

j=1

λ
xj

mj

z∑
j=1

xj = 1 (10.67)
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where:∏ = product of the thermal conductivity of a particular
mineral, km

x = volumetric proportion of a particular mineral,
j = refers to the j th mineral, and
z = total number of minerals.

Table 10.6 provides thermal conductivity values for most
common minerals. The thermal conductivity values were
compiled by Côté and Konrad (2005) from the database of
Horai (1971).

Further measurements of thermal conductivity on dry min-
erals, λdry, have been made by Côté and Konrad (2005). The
thermal conductivity of dry soils heavily relies on struc-
tural effects (e.g., cemented particles, angular particles, and
rounded particles) and the thermal conductivity ratio. For
example, a soil with a porosity of 40% could have a ther-
mal conductivity for natural quartz sand of 0.3 W/mK in the
dry state. For the same porosity, dry crushed quartzite has a
value of 0.65 W/mK and for naturally porous quartzite rock
the thermal conductivity could be 1.15 W/mK. The materi-
als have the same origin and porosity but different particle
arrangements. The lower the ratio of fluid thermal conduc-
tivity to particle thermal conductivity, λf /λp, the higher will
be the effect of structural characteristics.

Côté and Konrad (2002) proposed the following equation
for two-phase porous materials (e.g., solid particles and a fluid
such as water in the pores) with any fluid filling the pores:

λ2P = (κ2P λp − λf )(1 − n) + λf

1 + (κ2P − 1)(1 − n)
(10.68)

where:

κ2P = an empirical factor that depends on structural
effects (two-phase thermal conductivity),

λp = thermal conductivity of the solid particles,
λf = thermal conductivity of the pore fluid such as water,

and
n = porosity.

The factor κ2P, was empirically determined for a
number of soil types including porous rock and concrete.
Figure 10.21 shows the variation of κ2P as a function of the
ratio, λf /λp and particle types. The HSU and HSL lines
refer to the Hashin-Shtrikman (1962) theoretical bounds
for thermal conductivity of two-phase porous materials.
The relationship between κ2P and the ratio, λf /λp can be
expressed in the form

κ2P = 0.29

(
15λf

λp

)β

(10.69)

where:

β = factor related to particle type and depending on the
trigger value of 1

15 of the ratio of λf /λp, (Table 10.7)

Table 10.6 Thermal Conductivity Values λp for Some
Rock-Forming Minerals

Mineral λp (W/m/◦C)

Amphibole 3.46
Calcite 3.59
Chlorite 5.15
Dolomite 5.51
Feldspar 2.25
Mica 2.03
Olivine 4.57
Plagioclase 1.84
Plagioclase (labradorite) 1.53
Pyroxene 4.52
Quartz 7.69

Source: Côté and Konrad (2005).
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Figure 10.21 Values for the structural effects factor, κ2P , for
various two phase porous materials.

Table 10.7 Empirical β Factors for Materials with
Various Particle Types

λf /λp < 1
15 , λf /λp < 1

15 ,

Particle Type Dry Saturated

Natural (rounded) 0.81 0.46
Crushed (angular) 0.54 0.46
Cemented (bound) 0.34 0.46

Source: Côté and Konrad (2005).
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The following equation by Côté and Konrad (2005) can
be used to estimate the thermal conductivity of dry soil:

λdry = (κ2P λp − λf )(1 − n) + λf

1 + (κ2P − 1)(1 − n)
(10.70)

where:

κ2P = from Eq. 10.69 with β = 0.81 for natural soils and
0.54 for crushed rock.

When the pore fluid in a soil is water, the ratio λf /λp is
generally larger than 1

15 and there are no structural effects.
Consequently, the β factor can be set equal to 0.46 for
all particle types. The results are essentially the same as
those obtained by Johansen (1975) using the geometric mean
procedure.

The relative or generalized thermal conductivity model by
Côté and Konrad (2005) can be written as follows:

λr(u,f ) = κ(u,f )S(u,f )

1 + (κ(u,f ) − 1)S(u,f )

(10.71)

where:

S(u,f ) = degree of saturation, unfrozen or frozen,
λr(u,f ) = thermal conductivity of either unfrozen or

frozen soils, u designating unfrozen and f
designating frozen soils, and

κ(u,f ) = an empirical factor that depends on the type of
soil, (Table 10.8)

A comparison of the predicted and measured values of ther-
mal conductivity for an unfrozen gravelly material when using
the Côté and Konrad (2005) model are shown in Fig. 10.22.
A comparison of the predicted and measured thermal conduc-
tivities for a frozen gravelly material is shown in Fig. 10.23.

There has been a gradual evolution of the equations used
for the estimation of thermal conductivity of both frozen and
unfrozen soils. The estimated saturated and unsaturated ther-
mal properties are adequate for solving most geotechnical
engineering problems.

Table 10.8 Empirical Factors κ(u,f ) for Unfrozen and
Frozen Soils

Material κ(u) Unfrozen κ(u) Frozen

Gravel and coarse sand 4.6 1.7
Medium and fine sand 3.55 0.95
Silts and clays 1.9 0.85
Peat 0.3 0.25

Source: Côté and Konrad (2005).

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

λ (measured) (W/m/ °C)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

λ 
(c

om
pu

te
d)

 (
W

/m
/ °

C
)

Slusarchuk and Watson (1975)
Côté and Konrad (2005)
Smith and Byers (1938)
Johansen (1975)
Kerslen (1949)
Smith (1942)

+ 
20

%

− 20%

Figure 10.22 Comparison of measured and predicted thermal
conductivity of unfrozen gravelly materials using Cote and Konrad
(2005) model.
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Figure 10.23 Comparison of measured and predicted thermal
conductivity of frozen gravelly materials using Côté and Konrad
(2005) model.

10.6.1.4 Degree of Saturation versus Matric Suction

The equations proposed for the estimation of the thermal
conductivity of a soil show the importance of the degree
of saturation. The degree of saturation of a soil is also
related to soil suction, and therefore the thermal conductiv-
ity functions can also be written in terms of soil suction (see
Fig. 10.2). The relationship between soil suction and thermal
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conductivity is particularly useful when solving heat flow
problems where the degree of saturation of the soil varies
throughout the geometry or with elapsed time.

The relationship between thermal conductivity and soil
suction becomes obvious when coupling a thermal analysis
with a moisture flow analysis. The SWCC can be used for
the calculation of all unsaturated soil heat flow and moisture
flow properties.

10.6.2 Volumetric Specific Heat of Soils

The volumetric heat capacity ζ of a soil consisting of solids,
water, and air can be calculated by proportioning the volu-
metric heat capacities of each phase according to the volume
of each phase, as shown in Eq. 10.7. Typical values for the
volumetric heat capacity of water, soil solids, and air have
been presented earlier in this chapter. The volumetric heat
capacity of air can be assumed to be negligible in compari-
son to that of water or soil solids. Therefore the volumetric
heat capacity of a soil mixture can be written as

ζ = ζpθp + ζwθ (10.72)

where:

ζp = volumetric heat capacity of the soil solids, J/m3/◦C,
θp = volumetric solid content (i.e., Vs/V ),
V s = volume of solid particles in a total soil element, m3,
ζw = volumetric heat capacity for the water phase,

J/m3/◦C, and
θ = volumetric water content (i.e., Vw/V ), and
Vw = volume of water in the soil element.

A typical value for the volumetric heat capacity of soil
solids is 2.2 × 106 J/m3/◦C and a typical volumetric heat
capacity for water is 4.2 × 106 J/m3/◦C. Therefore, the vol-
umetric heat capacity of a soil mixture can be approximated
as follows:

ζ = (
2.2 × 106) θp + (

4.2 × 106) θ (10.73)

where:

ζ = volumetric heat capacity for the overall soil mass,
J/m3/◦C.

The volumetric phase representations can also be written
in terms of other volume-mass soil properties:

ζ = (
2.2 × 106)Gs + (

4.2 × 106) wρd (10.74)

where:

w = gravimetric water content,
ρd = dry density of the soil, and
Gs = specific gravity of the soil solids.

10.6.3 Relationship of Thermal Properties to SWCC

The SWCC provides a relationship between the amount of
water in a soil and soil suction. The amount of water in the
soil can be designated in terms of gravimetric water content,
volumetric water content, or degree of saturation.

The heat capacity of a soil is usually proportioned accord-
ing to the proportion of the overall volume that is water and
the amount that is comprised of soil solids. Under saturated
soil conditions, the volumetric water content represents the
porosity of the soil which partitions the soil mass into solids
and water. At any other soil suction the volumetric water con-
tent designates the portion of the total volume that is occupied
by water.

Volumetric heat capacity of a soil will vary with soil suction.
The SWCC can be used to calculate the heat capacity as a
function of soil suction. The relationship between soil suction
and heat capacity is hysteretic in character. The need to use the
relationship between heat capacity and soil suction becomes
more apparent when solving problems where the amount of
water in the soil is changing with time (e.g., coupled heat and
moisture flow).

The thermal conductivity of a soil is also a function of
the proportion of the phase making up the soil mixture. The
amount of air in the soil also has a significant influence on
the thermal conductivity. The plot of degree of saturation ver-
sus soil suction can be used to write the thermal conductivity
of a soil mixture in terms of soil suction. The thermal con-
ductivity relationship is hysteretic, as is the SWCC. There are
distinct advantages in relating all soil properties to the SWCC
when solving problems that couple more than one physical
process.

The SWCC is also of value in estimating the amount of
frozen water in the freezing zone of a soil.

10.7 APPLICATIONS TO THERMAL PROBLEMS

The application section illustrates some of the concepts asso-
ciated with modeling heat flow. A limited number of rela-
tively simple heat flow problems are used for this purpose.
The conditions associated with each problem are described
along with the soil properties needed to solve the problem.

10.7.1 Solution to Boundary Value Heat Flow Problem

The solution of a heat flow boundary value problem requires
the following information. First, it is necessary that the
ground surface geometry and the stratigraphic soil units be
defined. It must also be decided whether the problem at hand
should be solved as a one-dimensional, two-dimensional, or
three-dimensional geometry.

Second, the geotechnical engineer must be satisfied that a
partial differential equation can be written for a representa-
tive elemental volume. The partial differential equation must
adequately describe the physical processes that control soil
behavior.
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Third, it must be possible to measure or estimate the ther-
mal soil properties and other soil properties relevant to the
problem being solved.

Fourth, boundary conditions must be applied to the bound-
aries of the geometry. Initial conditions also need to be estab-
lished when modeling situations where the partial differential
equation is time dependent. Many geothermal analyses are
not highly nonlinear, and as a result it is quite straightfor-
ward to assess initial or starting conditions when analyzing a
transient heat flow problem. It is generally advisable to first
perform a steady-state analysis, even when a transient analy-
sis is required. Heat flow problems often involve performing
numerous transient-type analyses to capture the sensitivity
associated with changing a number of variables related to the
problem at hand.

Fifth, the numerical solutions should be performed and each
set of results studied from the standpoint of reasonableness.
There are many potential sources of error when undertaking
numerical modeling studies, and it is important that the com-
puter output be properly interpreted. Most studies involve the
use of a series of analyses (i.e., a parametric or sensitivity
analysis) in order to ascertain the range of results that might
be anticipated in situ.

10.8 ONE-DIMENSIONAL HEAT FLOW
IN UNFROZEN AND FROZEN SOILS

The first heat flow problem illustrates the solution of a tran-
sient one-dimensional geometry where the soil is unfrozen.
The initial temperature is assumed to be constant with depth,
and it is assumed that a sinusoidal temperature variation is
imposed at the ground surface over a period of one year.
The temperature profile with depth is plotted every 2 weeks
of the year.

10.8.1 Description of One-Dimensional Heat Flow

Let us consider the case where the soil profile is unfrozen
and the initial temperature is constant with depth at 15◦C.
The geometry consists of a column of soil 5 m high. The
ground surface is level and the geometry is one dimen-
sional. The upper meter of soil is somewhat different from
the underlying soil. Therefore, different thermal properties
are input for the zone above and below the 1-m depth.

It is necessary to input both the thermal conductivity and the
heat capacity properties for the soil since the problem under
consideration is transient in nature. The thermal conductivity
in the upper meter of soil is 1.1 W/m/K. The remaining soil
profile has a thermal conductivity of 1.9 W/m/K. The volu-
metric heat capacity of the soil in the upper meter is 2 × 106

J/m3/K and the remaining soil profile has a volumetric heat
capacity of 2.7 × 106 J/m3/K.

The temperature imposed at the ground surface varies
from a low of +5◦C to a high of +35◦C, in accordance
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Figure 10.24 Sinusoidal variation of temperature throughout one
year.

with the graph in Fig. 10.24. The temperature throughout
365 days can be written in equation form as follows:

T = 20 + 15 sin

(
−π

2
+ 2πt

365

)
(10.75)

where:

T = temperature, ◦C, and
t = time in days from January 1.

The highest temperature occurs in July and the coldest
temperature occurs in January.

10.8.2 Solutions of Partial Differential Heat
Flow Equation

The heat flow problem requires the solution of the partial dif-
ferential equation 10.21. The finite element mesh generated for
the solution of this problem consists of a series of nodes that are
almost equally distributed with depth. Figure 10.25 shows the
temperature isotherms with time (Côté, 2009). The isotherms
have a bell shape with the highest variations at ground surface
and virtually no change in temperature at a depth of 2.5 m.

10.9 TWO-DIMENSIONAL HEAT FLOW
EXAMPLE INVOLVING CHILLED PIPELINE

Coutts and Konrad (1994) presented an example conductive
heat flow problem that is common to the pipeline industry.
The example considers the transfer of oil or gas through a
pipeline from a northern cold region to a warmer southern
region. It is assumed that the fluid in the pipeline is chilled to
avoid thawing of the permafrost terrain. A problem may be
encountered when the pipeline passes through discontinuous
permafrost or when the terrain is not frozen.

10.9.1 Description of Soil Freezing around Pipeline

Consider the case of a pipeline where the inside fluid has a
temperature of −2◦C. The pipeline is embedded in a soil with
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Figure 10.25 Temperature isotherms below highway surface for
each month of the year (from Cote, 2009; Colloquium address)

a temperature of 3◦C. Figure 10.26 shows the unfrozen water
content versus temperature graph, referred to as the SFCC.
The slope of the SFCC is given the symbol mi

2. The SFCC
forms a continuous function with respect to temperature. Small
temperature change steps must be used for the soil-freezing
curve in order to ensure convergence to the correct solution.

Figure 10.27 shows a plot of thermal conductivity versus
temperature for the soil surrounding the pipeline. The vol-
umetric water content of the soil is 37.7%. The volumetric
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Figure 10.26 SFCC for the soil.
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Figure 10.27 Thermal conductivity of unfrozen and frozen soil.

heat capacity of the unfrozen soil is estimated at 2.5 × 106

J/m3/◦K. The volumetric heat capacity of the frozen soil is
estimated at 2.070 × 106 J/m3/◦K. The thermal conductivity
of the unfrozen soil is estimated to be 1.3 W/m/K and the
thermal conductivity of the frozen soil is 1.55 W/m/K.

The diameter of the pipeline is 0.3 m and the top of the
pipeline is 0.3 m below ground surface. The temperature of
the ground surface is assumed to remain constant at 3.0◦C.
Figure 10.28 shows the geometry of the problem along with
boundary and initial conditions. Also shown is the final auto-
matically generated mesh associated at an elapsed time of
7 days. Figure 10.29 shows the isotherms around the pipeline
corresponding to an elapsed time of 7 days. The freezing
front is on average about 0.1 m outside the pipeline.

Figure 10.30 shows the isotherms around the pipeline after
730 days. The freezing front has now extended about 0.6 m
below the invert of the pipe and about 0.1 m above the pipe.
The soil and the pipeline appear to have reached a steady-
state condition after an elapsed time of 730 days. The slope
of the SFCC, mi

2, no longer has any influence on the solution
after 730 days.

The above heat flow example problem has involved the use
of constant specific heat soil properties. The thermal conduc-
tivity is also assumed to have constant values in the unfrozen
and frozen states. There is a change in thermal conductivity
as the soil changes phases from liquid to ice, and this change
is taken into account in the analysis.

The thermal conductivity and volumetric heat capacity
properties do not need to be changed during the heat
flow process unless there is a change in the volume-mass
properties of the soil.

10.10 TWO-DIMENSIONAL HEAT FLOW
EXAMPLE WITH SURFACE TEMPERATURES
ABOVE AND BELOW FREEZING

The next example problem has a two-dimensional geome-
try and involves consideration of the latent heat of fusion
associated with the freezing and thawing of soil. The results
were published by Harlan and Nixon (1978) and have been
used as a benchmark solution.

10.10.1 Description of Two-Dimensional Heat
Flow Problem

Harlan and Nixon (1978) performed a steady-state analysis
involving the heat transfer between two adjacent areas with
a ground surface temperature of +4◦C on the left side and
−5◦C on the right side, as shown in Fig. 10.31. The thermal
conductivity of the soil was estimated to be 1.0 W/m/K.

The computer simulation was set up as two adjacent semi-
infinite regions. One region was subjected to a surface tem-
perature of +4◦C while the other surface had a temper-
ature of −5◦C. The soil temperatures were computed for
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Figure 10.28 Geometry and boundary conditions for chilled pipe placed in unfrozen soil along
with generated finite element mesh.
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Figure 10.31 Partition separating above and below freezing conditions at ground surface,
Harlan and Nixon (1978) heat flow problem.

steady-state conditions under the applied boundary condi-
tions. The computer-generated finite element mesh is shown
in Fig. 10.32.

The analytical solution and the finite element simulation
are in close agreement (Fig. 10.33). Both solutions showed
the same location for the freezing front as well as the

temperature contours in both the frozen and thawed
soil.

10.10.2 Placement of Warm Building on Soil

Let us consider a variation of the above example problem
where the effect of a building maintained at a temperature
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Figure 10.32 Computer-generated finite element mesh generated for solution of Harlan and
Nixon (1978) heat flow problem.
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Figure 10.34 Geometry and boundary conditions for warm building placed over frozen soil
problem.

above freezing is placed on frozen soil. Once again the build-
ing is modeled as a heated strip at a temperature of +4◦C.
Only steady-state conditions are considered in the analy-
sis. The ground surface temperature on either side of the
building is maintained at −5◦C, as shown in Fig. 10.34.
However, it is assumed that the temperature below ground
surface increases at a rate of 1◦C per 30 m. The thermal con-
ductivity of the soil is 1.0 W/m/K. Only half of the geometry
is modeled due to symmetry.

The finite element mesh should be refined in the vicinity
of the edge of the building to ensure accuracy of the solu-
tion (Fig. 10.35). The refinement of the computer-generated
mesh can be controlled by specifying the desired tolerance
for the final solution. Figure 10.36 shows contours of the
computed constant temperatures below and around the heated
building.

10.11 ALDRICH (1956) EXAMPLE OF
VERTICAL COLUMN

Aldrich (1956) and Li and Koike (2001) published a
closed-form analytical heat flow for the calculation of frost
depth. Only conductive heat flow was modeled. The geometry
consisted of a one-dimensional vertical column 5 m long, as
shown in Fig. 10.37. The soil is assumed to be homogeneous.

The freezing temperature applied at ground surface was
−5◦C and later the thawing temperature was set at +5◦C. The
intermittent temperatures were applied in accordance with the
graph shown in Fig. 10.38. The graph shows that the freezing
temperatures were applied for 120 days. It was assumed that
10 days were required to change to freezing conditions and
vice versa. The bottom of the soil column has a unit gradient
imposed and its initial temperature was 5◦C.
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Figure 10.35 Computer-generated finite element mesh for warm building placed over frozen
soil problem.
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Figure 10.37 One-dimensional column with nodes used in solv-
ing Aldrich (1956) problem.
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Figure 10.38 Temperature conditions applied on upper boundary.

The material was assumed to be silica flour with material
properties equal to those defined by Jame (1977). The thermal
conductivity was calculated based on the Johansen method
(Johansen, 1975) and a value of 2.873 W/m/K was obtained.
The volumetric heat capacity was calculated based on the spe-
cific heat of the solid component, water, ice, soil dry density,
and respective volumetric fractions (Jame, 1977; Newman,
1995). The thermal conductivity, volumetric heat capacity,
and dry density of the soil are required as input when solving
this problem. The volumetric heat capacity of the solid com-
ponent was 837 J/kg/K. The latent heat of fusion was taken as
3.34 × 108 J/m3. The volumetric water content was 47% and
the dry density was 1330 kg/m3.

The SFCC was estimated using the Fredlund and Xing
(1994) SWCC equation. It was assumed that the phase
change from water to ice commenced at –0.1◦C and that the
phase change was complete when the temperature reached
−0.607◦C. The Fredlund and Xing (1994) equation was fitted
to laboratory data of unfrozen water content as a function of
soil suction.

The computer results are presented in terms of temper-
ature contours and are presented in Fig. 10.39. The frost
depth (i.e., zero degree isotherm) is shown in Fig. 10.40.
The closed-form analytical solution could only be applied
for the freezing period; however, the numerical solution was
continued throughout the subsequent thawing period.

10.11.1 Solving Complex Coupled Heat Flow Problems

There is a wide variety of example problems involving heat
flow that could be solved for illustration purposes; however,
only the above few examples have been presented. It is also
possible to couple heat flow with the flow of air and/or water;
however, these topics are outside the scope of this book. Other
phase flows require the coupling (or simultaneous solution)
of more than one partial differential equation.
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CHAPTER 11

Shear Strength of Unsaturated Soils

11.1 INTRODUCTION

The safety of many engineered structures is dependent upon
the strength of the underlying soil. Bearing capacity, lateral
earth pressures, and slope stability are examples of common
geotechnical applications that depend on the shear strength
of the soil. The soils used for the construction of engineered
structures are often unsaturated soils. It is important to quan-
tify the shear strength of the unsaturated soil and to also be
able to quantify changes in shear strength that might occur
as a result of water infiltration into the soil.

The general principles associated with the shear strength
of a saturated soil also apply to unsaturated soils. For
example, the strength of a soil changes when the stress state
of a soil is changed. Also, concepts of dilation and changes
in strength with strain are similar for both saturated and
unsaturated soils. Shear strength can be related to the stress
state of the soil. In the case of an unsaturated soil the stress
state can be described in terms of the net normal stresses(
σ − ua

)
and the matric suction

(
ua − uw

)
.

The term matric suction is generally used when describing
the shear strength of an unsaturated soil; however, the term
soil suction could also be applied since the shear strength
concepts are of importance over the entire range of suction
values. The influence of soil suction on shear strength in the
high-suction range may be significantly reduced; however,
general concepts pertaining to the influence of soil suction
are important to understand.

The shear strength of an unsaturated soil is presented both
in an analytical and a graphical manner. The presentations of
laboratory test procedures assist in visualizing the changes
that occur when going from unsaturated to saturated con-
ditions and vice versa. The possibility of nonlinearity and
hysteresis in the description of shear strength is also taken
into consideration.

Each soil sampled from in situ conditions has an inherent
stress history. The stress history has an influence on the
soil fabric or soil structure. The geotechnical engineer must
discern when soils can be assumed to be the “same soil” and
when they must be considered as “different” soils. Soils with

the same classification properties and similar stress histories
can generally be considered to be the same soil and their
shear strength properties can be quantified by testing several
soil specimens.

Several soil specimens that qualify as the same soil (i.e.,
according to their classification properties, volume-mass
properties, and stress history) are required for the measure-
ment of shear strength parameters. The specimens should be
prepared at the same initial water content and with the same
compaction effort if the strength parameters for a compacted
soil are being measured. The compacted soil specimens can
then be allowed to equalize under a range of applied stress
conditions and then tested for shear strength. Conversely,
soils compacted at different water contents result in differ-
ent densities and are generally considered as different soils
(Fig. 11.1). Soils compacted to similar densities at water
contents above and below optimum water content conditions
can have quite different soil fabrics. It is anticipated that
the compacted soils from below and above optimum water
content would likely have different “peak” and possibly
“critical state” shear strength parameters. Soils compacted
above and below optimum water content conditions should
be viewed as different soils.

Two apparatuses commonly used to measure shear
strength are triaxial equipment and direct shear equipment.
The theory associated with various types of triaxial tests
and direct shear tests on unsaturated soil is presented along
with the methodology for interpreting the test results. The
laboratory test should reasonably represent the in situ and
loading conditions that are likely to occur in the field.
Various stress paths can be simulated when using triaxial
test equipment.

11.2 THEORY OF SHEAR STRENGTH

Theories of shear strength for an unsaturated soil have been
proposed as extensions to the concepts and mathematical
equations that have been used for shear strength theories for
saturated soils. The shear strength section commences with
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Figure 11.1 Particle structure or fabric of clay specimens com-
pacted at various dry densities and water contents (after Lambe,
1958).

a brief review of the Mohr-Coulomb failure criteria (Mohr,
1914) for a saturated soil. Other failure criteria such as the
Tresca (1868) criterion and the von Mises (1913) criterion
could also be extended to consider unsaturated soil behav-
ior; however, these extensions have not been included in
this book. Rather, the presentation will be limited to exten-
sions to the Mohr-Coulomb failure conditions for unsatu-
rated soils. The extensions to the Mohr-Coulomb criterion
are referred to as the “extended Mohr-Coulomb” failure cri-
terion for unsaturated soil.

11.2.1 Shear Strength of Saturated Soil

The shear strength of a saturated soil can be described using
the Mohr-Coulomb failure criterion and the effective stress
variable (Terzaghi, 1936):

τff = c′ + (
σf − uw

)
f

tan φ′ (11.1)

where:

τff = shear stress on the failure plane at failure,
c′ = effective cohesion, which is the shear

strength intercept when effective normal
stress is equal to zero,

(σf − uw)f = effective normal stress on the failure plane
at failure,

σff = total normal stress on the failure plane at
failure,

uwf = pore-water pressure at failure, and
φ′ = effective angle of internal friction.

Equation 11.1 defines a linear relationship between shear
strength and effective stresses as illustrated in Fig. 11.2. The
line tangent to the Mohr circles is commonly referred to as a
failure envelope since it represents possible combinations of
shear stress and effective normal stress on the failure plane
at failure. The shear and normal stresses are given the sub-
script f . The f subscript within the parentheses refers to the
failure plane, and the f subscript outside of the parenthe-
ses indicates the failure stress condition. One subscript f is
given to the pore-water pressure when referring to failure
conditions. The pore-water pressure is isotropic and there-
fore acts equally on all planes. The shear stress described
by the failure envelope indicates the shear strength of the
soil for each effective normal stress.

The failure envelope for a saturated soil is obtained by
plotting a line tangent to a series of Mohr circles represent-
ing the stress state at failure. The slope of the line defines the
effective angle of internal friction, φ′, and its intercept on
the ordinate is called the effective cohesion, c′. The direc-
tion of the failure plane in the soil is obtained by joining the
pole point to the point of tangency between the Mohr circle
and the failure envelope. The tangent point on the Mohr cir-
cle at failure represents the stress state on the failure plane
at failure.

c ′

Failure envelope:
τff = c ′ + (σf  – uw)f tan φ ′

σff  = total normal stress on the failure
 plane at failure

c ′   = effective cohesion which is the shear
 strength intercept when the effective
 normal stress is equal to zero

φ ′   = effective angle of internal friction

φ ′

Effective normal stress, σf  – uw
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Figure 11.2 Mohr-Coulomb failure envelope for saturated soil.
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The use of effective stresses with the Mohr-Coulomb fail-
ure criterion has proven to be satisfactory when dealing
with saturated soils in engineering practice. Two indepen-
dent stress state variables are required to define the stress
state and consequently the shear strength of an unsaturated
soil (Fredlund et al., 1977).

Numerous shear strength tests and other related studies
on unsaturated soils have been conducted during the past
30 years. This section presents a brief review of studies
related to the shear strength of unsaturated soils. The shear
strength testing of an unsaturated soil can be viewed as
occurring in two stages. The testing procedures are simi-
lar to those used when testing saturated soils. The first stage
takes place prior to shearing when the soils can either be
consolidated to a specific set of stresses or left unconsoli-
dated. The second stage pertains to the control of drainage
as the soil specimen is sheared. The pore-air and pore-water
phases can be independently maintained in an undrained or
drained mode during shear.

The pore fluid is allowed to completely drain from the
specimen under drained conditions. The desire is to have
essentially no excess pore pressures in the soil during the
shear process. In other words, the pore pressure is externally
controlled at a constant value during shear. No drainage of
pore fluid is allowed under undrained conditions. Changes
in pore pressures during shear may or may not be measured.
It is important, however, to measure or control the pore-air
and pore-water pressures when it is necessary to know the
net normal stress and the matric suction at failure. The stress
state variables at failure must be known in order to assess
the shear strength of the soil in a fundamental manner.

Many shear strength tests on unsaturated soils have been
performed without either controlling or measuring the pore-
air and pore-water pressures during shear. In some cases, the
matric suction of the soil has been measured at the beginning
of the test. These results serve only as an indicator of the
present soil shear strength since the actual stress state at
failure is unknown.

A high-air-entry disk with an appropriate air-entry value
should be used when measuring or controlling pore-water
pressures in an unsaturated soil. The absence of a high-
air-entry disk limits the ability to measure the difference
between the pore-air and pore-water pressure. The interpre-
tation of the results from shear strength tests on unsaturated
soils becomes ambiguous when the stress state variables at
failure are not known. On the other hand, shear strength
tests where the pore-air and pore-water pressures have been
controlled or measured have provided the greatest insight
into unsaturated soil behavior.

11.2.2 Concept of Strain

The concept of “strain” is used in presenting triaxial test
results in the form of stress versus strain curves. Normal
or longitudinal strain is defined as the ratio of the change
in length to the original length. When a soil specimen is

σy

L0 – L

L

σy

L0

Figure 11.3 Strain concept applied to triaxial test specimen.

subjected to an axial normal stress, the normal strain in the
axial direction is defined as follows (Fig. 11.3):

εy = L0 − L

L0
× 100 (11.2)

where:

εy = axial normal strain in the y-direction expressed as
a percentage,

L0 = original length of the soil specimen, and
L = any subsequent or final length of the soil specimen.

The measurement of lateral displacement on a triaxial soil
specimen allows the normal or longitudinal strains in the
x- and z-directions to also be computed, that is, εxand εz,
respectively. It is also possible to perform simple shear types
of tests where the rotation of the specimen allows the direct
measurement of shear strain.

11.2.3 Failure Criteria and Failure Envelope

The shear strength envelope is a measure of the ability of the
soil to withstand applied shear stresses. Consequently, the
shear strength envelope is a description of failure conditions.
The soil will fail when the applied shear stresses equal or
exceed the shear strength of the soil. The above-mentioned
definition of shear strength or failure conditions may seem
straightforward, but selecting the point of failure can prove
to be a challenge.

Figure 11.4 shows typical behavioral plots for an initially
loose and an initially dense soil. The initially dense soil
shows a stress versus strain plot with a peak shear stress that
then reduces to a critical state value. The other plots show
the corresponding volume changes (i.e., void ratio changes)
that occur as deviator stress is applied to the specimen. The
question can be asked, “When did the dense soil fail?” Did
failure occur at “peak” deviator stress conditions or under
strains corresponding to the critical state? The geotechni-
cal community has wrestled over the definitions of what
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Figure 11.4 Typical behavior of loose and dense soils under
drained shear conditions: (a) soil specimen subjected to simple
shear; (b) peak and critical shear strength; (c) volume change upon
strain; (d) void ratio change during strain.

constitutes the definition of failure. The authors of this book
attempt to embrace the concept of critical state shear strength
as well as the concept of peak strengths in describing unsat-
urated soil shear strength. There are several criteria that have
been proposed for defining soil failure in unsaturated soils
just as there are for saturated soils.

A triaxial shear strength test is performed by loading a
soil specimen with increasing applied loads until a condi-
tion of failure is reached. There are several ways to perform
the triaxial test, and likewise, there are several ways to
define the state of failure. Consider a consolidated drained
triaxial compression test where the pore pressures in the
soil specimen are allowed to drain (i.e., remain constant).
The soil specimen is subjected to a constant matric suc-
tion and is surrounded by a constant net confining pressure
(i.e., the net minor normal stress)

(
σ3 − ua

)
. The specimen

is failed by increasing the net axial pressure (i.e., the net
major normal stress)

(
σ1 − ua

)
. The difference between the

(a)

(b)

(c)

Figure 11.5 Consolidated drained triaxial test results on Dhanauri
clay: (a) stress versus strain curves; (b) water content change versus
strain curves; (c) soil volume change versus strain curves (after
Satija, 1978).

major and minor normal stresses is commonly referred to
as the deviator stress

(
σ1 − σ3

)
and is a measure of the

shear stress developed in the soil specimen. As the soil is
compressed, the deviator stress increases gradually until a
maximum value is obtained. The applied deviator stress can
be plotted versus the axial strain εy and the plot is referred
to as a “stress versus strain” curve. Figure 11.5 shows two
stress versus strain curves for Dhanauri clay performed as
consolidated drained triaxial tests at two different net confin-
ing pressures. The maximum deviator stress,

(
σ1 − σ3

)
max,

is an indicator of the shear strength of the soil and can be
used as a failure criterion. The net principal stresses corre-
sponding to failure conditions are called the net major and
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net minor normal stresses at failure [i.e.,
(
σ1 − ua

)
f

and(
σ3 − ua

)
f

, respectively].
The principal stress ratio is defined as

(
σ1 − σ3

)
f

/
(
σ3

−uw

)
f

(Bishop et al. 1960) and can also be used as a
failure criterion when pore-water pressures are measured
during the test. A plot of the principal stress ratio versus
the axial strain for an undrained triaxial test on compacted
shale is shown along with the corresponding stress versus
strain curve in Fig. 11.6a. The maximum deviator stress,(
σ1 − σ3

)
max, and the maximum principal stress ratio,(

σ1 − σ3

)
max /

(
σ3 − uw

)
f

, may not occur at the same axial
strain in the undrained test, as illustrated in Fig. 11.6a.
The maximum principal stress ratio is a function of the
pore-water pressure measured during an undrained test
(Fig. 11.6b). On the other hand, the maximum deviator stress
is not a direct function of the pore pressures. For the results
presented in Fig. 11.6a, the authors selected the maximum
principal stress ratio as the failure criterion since it occurred
prior to the maximum deviator stress. It is not presently
clear whether pore-air pressure or pore-water pressure
should be used in calculating the principal stress ratio. It is
also possible that other definitions of principal stress ratios
could be used to define the state of failure under undrained
conditions.

The above-mentioned failure criteria describe some maxi-
mum stress combinations that the soil can resist. Researchers
have also suggested that the amount of strain in the soil
specimen should play a role in assessing the state of fail-
ure. Consideration of amount of strain at failure is some-
what related to whether peak or critical state stresses should
be used when selecting failure conditions for engineering
design purposes.

A plot of stress versus strain does not always exhibit a dis-
tinct maximum value even at quite large strains, as shown in
Fig. 11.7. In this case, an arbitrary strain (e.g., 12%) may be
selected to represent the failure criterion. The shape of triax-
ial test specimens can become quite distorted at high strain
values, and this can jeopardize the quality of the test data.
A limiting displacement definition for failure is sometimes
used when interpreting direct shear test results.

The above-mentioned failure criteria have been proposed
for the analysis of shear strength data for unsaturated soils,
often with limited corroborating evidence. In general, the
different failure criteria produce quite similar shear strength
parameters. Probably the largest difference in shear strength
parameters occurs as a result of the difference between peak
conditions and critical state conditions.

11.2.4 Shear Strength Equations for Unsaturated Soils

The shear strength constitutive relationship provides a math-
ematical equation relating the normal and shear components
of the stress tensors. Any one of several shear strength fail-
ure criteria could be used to extend the saturated soil shear
strength representation to unsaturated soil conditions. The

(a)

(b)

(c)

Figure 11.6 Undrained triaxial tests on compacted shale:
(a) stress versus strain curves; (b) pore pressure versus strain
curves; (c) soil volume change versus strain curves (after Bishop
et al., 1960).

Figure 11.7 Defining failure criterion in terms of limiting strain
value.

Mohr-Coulomb failure criterion was extended to embrace
unsaturated soils by Fredlund et al., (1978). The extended
shear strength equation for an unsaturated soil can be written
as follows:

τ ′ = c′ + (σn − ua) tan φ′ + (ua − uw)f1 (11.3)
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where:

τ = shear strength,
c′ = effective cohesion intercept,
σn = total normal stress on the failure plane at failure,
φ′ = effective angle of internal friction, and
f1 = soil property function defining the relationship

between shear strength and soil suction, the deriva-
tive of which [i.e., df1/d(ua − uw)] gives the instan-
taneous rate of change in shear strength with
respect to soil suction (Fredlund, 2005).

Figure 11.8 shows Eq. 11.3 plotted as a three-dimensional
constitutive surface with matric suction perpendicular to the
conventional two-dimensional Mohr-Coulomb plot. The soil
properties c′ and φ′ are presented as saturated soil constants,
but the soil property f1 is shown as a function of soil suction
(i.e., or the amount of water filling the voids of the soil).
The form of Eq. 11.3 allows the shear strength envelope
with respect to matric suction to be either linear or curved,
depending upon the experimental test results. Shear strength
envelopes that are measured over a wide range of matric
suction values tend to show a curved shape.

Under low-suction conditions (i.e., less than the air-entry
value of the soil), the derivative of f1 tends to a value equal
to the tangent of the effective angle of internal friction of
the saturated soil (i.e., tan φ′). The shear strength enve-
lope starts to become curved as the air-entry value for the
soil is exceeded. There generally appears to be a gradual
curvature in the shear strength envelope up to residual suc-
tion conditions. At high suction conditions (i.e., greater than
residual soil suction), the derivative of f1 has been shown
to tend toward zero for several soils with varying silt and
clay contents (Nishimura and Fredlund, 2001). Sandy soils
have shown that the slope may even become negative at
suctions greater than the residual value (Donald, 1956; Gan
and Fredlund, 1996).

A linear form of the general shear strength equation (i.e.,
Eq. 11.3) was published by Fredlund et al. (1978). Some
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Figure 11.8 Extended Mohr-Coulomb failure surface depicted in
terms of independent stress state variables (from Fredlund et al.,
1978).

of the earlier unsaturated soil shear strength data sets (e.g.,
Bishop et al., 1960) show a close fit to the linear shear
strength equation (Fredlund and Rahardjo, 1993a). The lin-
ear form (i.e., f1 = tan φb) is convenient to use for illus-
trating the effect of matric suction on shear strength.

11.2.5 Shear Strength Equations at Critical State

Several critical state shear strength equations have also been
proposed for unsaturated soils (Alonso et al., 1990; Wheeler
and Sivakumar, 1995; Toll, 1990; Maatouk et al., 1995). The
proposed equations attempt to describe the shear strength of
an unsaturated soil under critical state conditions in terms
of q-p-r space. In general, the results show an increase in
shear strength as matric suction is increased, but the charac-
ter of the results varies among researchers. The stress state
variables used to present critical state shear strength are as
follows:

q = σ1 − σ3; deviator stress (11.4)

p = σ1 + σ2 + σ3

3
; mean total stress (11.5)

r = ua − uw; matric suction (11.6)

where:

σ1 = major principal stress,
σ2 = intermediate principal stress,
σ3 = minor principal stress,
ua = pore-air pressure, and
uw = pore-water pressure.

A general equation form for incorporating matric suction
into the critical state shear strength equation can be written
as follows:

q = Mf2(p − ua, ua − uw) (11.7)

where:

M = material characteristic independent of stresses and
f2 = an independent function of p − ua and ua − uw.

The critical state shear strength model proposed by Alonso
et al. (1990) has the following form:

q = M(p − ua) + κ(ua − uw) (11.8)

where:

κ = soil parameter.

Joomi (2000) combined the net mean stress and matric
suction using the degree of saturation and suggested a sim-
ilar equation form:

q = M[(p − ua) + S(ua − uw)] (11.9)
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where:

S = degree of saturation of the soil at failure.

Wheeler and Sivakumar (1995) suggested a critical shear
strength equation where each of the shear strength properties
is a function of matric suction:

q = Ms(p − ua) + μs (11.10)

where:

Ms = material characteristic that is a function of suction,
and

μs = material characteristic that is a function of suction.

A summary of critical state shear strength models can be
found in Leong et al. (2003a).

11.2.6 Approximate Linear Shear Strength Equation

A linear form of the shear strength for an unsaturated soil
can be formulated in terms of independent stress state vari-
ables (Fredlund et al., 1978). Any two of three possible
stress state variables can be used to write an appropriate
shear strength equation. The stress state variables σ − ua

and ua − uw have been found to be the most practical combi-
nation of stress state variables for solving practical engineer-
ing problems. The linear form of the shear strength equation
can be written as follows when using σ − ua and ua − uw
as the stress state variables:

τff = c′ + (
σf − ua

)
f

tan φ′ + (
ua − uw

)
f

tan φb (11.11)

where:

c′ = intercept of the “extended” Mohr-Coulomb
failure envelope on the shear stress axis
where the net normal stress and the matric
suction at failure are equal to zero, also
referred to as “effective cohesion,(

σf − ua

)
f

= net normal stress state on the failure plane
at failure,

uaf = pore-air pressure on the failure plane at fail-
ure,

φ′ = angle of internal friction associated with
the net normal stress state variable,(
σf − ua

)
f

,(
ua − uw

)
f

= matric suction on the failure plane at fail-
ure, and

φb = angle indicating the rate of increase in shear
strength with respect to a change in matric
suction,

(
ua − uw

)
f

.

A comparison of Eqs. 11.1 and 11.11 reveals that the shear
strength equation for an unsaturated soil takes the form of

an extension of the shear strength equation for a saturated
soil. Two stress state variables are used to describe the shear
strength of an unsaturated soil while only one stress state
variable [i.e., effective normal stress

(
σf − uw

)
f

] is required
for a saturated soil.

The proposed shear strength equation for an unsaturated
soil exhibits a smooth transition to the shear strength
equation for a saturated soil. The pore-water pressure uw
approaches the pore-air pressure ua as the soil approaches
saturation and the matric suction ua − uw goes to zero. As
the matric suction component vanishes, Eq. 11.11 reverts
to the equation for a saturated soil.

11.2.7 Extended Mohr-Coulomb Failure Envelope

The failure envelope for a saturated soil is obtained by
plotting a series of Mohr circles corresponding to failure
conditions on a two-dimensional plot as shown in Fig. 11.2.
The line tangent to the Mohr circles is called the failure
envelope and is defined by Eq. 11.1. In the case of an
unsaturated soil, Mohr circles corresponding to failure con-
ditions can be plotted in a three-dimensional manner, as
illustrated in Fig. 11.9. The three-dimensional plot has the
shear stress τ as the ordinate and the two stress state vari-
ables σ − ua and ua − uw as abscissas. The frontal plane
represents saturated soil conditions where matric suction is
zero. The σ − ua axis reverts to the σ − uw axis on the
frontal plane since the pore-air pressure becomes equal to
the pore-water pressure at saturation.

The Mohr circles for an unsaturated soil are plotted with
respect to the net normal stress axis σ − ua in the same
manner as the Mohr circles are plotted for saturated soils
with respect to effective stress axis σ − uw. The location
of the Mohr circle plot in the third dimension is a function
of the matric suction (Fig. 11.9). The surface tangent to
the Mohr circles at failure is referred to as the extended
Mohr-Coulomb failure envelope for unsaturated soils. The
extended Mohr-Coulomb failure envelope defines the shear
strength of an unsaturated soil. The intersection line between
the extended Mohr-Coulomb failure envelope and the frontal
plane is the failure envelope for saturated conditions.

The inclination of the failure plane is defined by joining
the tangent point on the Mohr circle to the pole point. The
tangent point on the Mohr circle at failure represents the
stress state on the failure plane at failure.

The extended Mohr-Coulomb failure envelope may be a
planar surface or it may be somewhat curved. The theory is
first presented with the assumption that the failure envelope
is planar and can be described by Eq. 11.11. A curved failure
envelope can also be described by Eq. 11.11 for limited
changes of the stress state variables. Techniques for handling
the nonlinearity of the failure envelope are discussed later.

Figure 11.9 shows a planar failure envelope that inter-
sects the shear stress axis, giving a cohesion intercept c′.
The envelope has slope angles of φ′ and φb with respect
to σ − ua and ua − uw axes, respectively. Both angles are
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Figure 11.9 Extended Mohr-Coulomb failure envelope for unsaturated soils.

assumed to be constants. The cohesion intercept c′ and the
slope angles φ′ and φb are the strength parameters used to
relate shear strength to the stress state variables. The shear
strength parameters represent many factors which have influ-
enced the results of the shear strength test. Some of these
factors are density, void ratio, degree of saturation, mineral
composition, stress history, and strain rate. In other words,
these factors have been combined and are expressed math-
ematically in terms of the shear strength parameters.

The mechanical behavior of an unsaturated soil is affected
differently by changes in net normal stress than by changes
in matric suction (Jennings and Burland, 1962). The increase
in shear strength due to an increase in net normal stress
is characterized by the friction angle φ′. The increase in
shear strength caused by an increase in matric suction is
characterized by the angle φb when assuming linear fail-
ure conditions. The value of φb appears to be consistently
equal to or less than φ′, as indicated in Table 11.1 The soils
represented in Table 11.1 are from a variety of geographic
locations.

The failure envelope intersects the shear stress versus
matric suction plane along a line of intercepts, as illus-
trated in Fig. 11.10. The line of intercepts represents the
increase in strength as matric suction increases. The shear
strength increase with respect to an increase in matric suc-
tion is defined by the angle φb. A linear form for the line
of intercepts can be written as follows:

c = c′ + (
ua − uw

)
f

tan φb (11.12)
where:

c = intercept of the extended Mohr-Coulomb failure
envelope with the shear stress axis at a specific

matric suction
(
ua − uw

)
f

. At zero net normal
stress, the intercept can be referred to as the “total
cohesion intercept.”

The extended Mohr-Coulomb failure envelope can be pre-
sented as a horizontal projection onto the shear strength
τ versus σ − ua plane. The horizontal projection can be
shown for various matric suction values

(
ua − uw

)
f

. The
horizontal projection of the failure envelope onto the τ ver-
sus σ − ua plane results in the series of contours shown in
Fig. 11.11. The lines have cohesion intercepts that depend
upon the magnitude of the corresponding matric suctions.
The cohesion intercept reverts to the effective cohesion c′
when matric suction goes to zero. All lines of equal suction
have the same slope angle φ′ as long as the failure plane
is planar. The equation for each of the contour lines can be
written as

τff = c + (
σf − ua

)
f

tan φ′ (11.13)
where:

c = total cohesion intercept.

Substituting Eq. 11.12 into Eq. 11.13 yields the equation
for the extended Mohr-Coulomb failure envelope. Equation
11.11 is the same as Eq. 11.13 and Fig. 11.11 is a two-
dimensional representation of the extended Mohr-Coulomb
failure envelope. The failure envelope projections illustrate
the increase in shear strength as matric suction is increased at
a specific net normal stress. Equation 11.13 is a convenient
form of the shear strength equation to use when performing
simple analytical studies involving unsaturated soils.
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Table 11.1 Experimental Values Measured for φb

Soil Type c′ (kPa) φ′ (deg) φb (deg) Test Procedure Reference

Compacted shale;
w = 18.6%

15.8 24.8 18.1 Constant water content
triaxial

Bishop et al. (1960)

Boulder clay; w = 11.6% 9.6 27.3 21.7 Constant water content
triaxial

Bishop et al. (1960)

Dhanauri clay; w = 22.2%,
ρd = 1580 kg/m3

37.3 28.5 16.2 Consolidated drained
triaxial

Satija (1978)

Dhanauri clay; w = 22.2%,
ρd = 1478 kg/m3

20.3 29.0 12.6 Constant drained triaxial Satija (1978)

Dhanauri clay; w = 22.2%,
ρd = 1580 kg/m3

15.5 28.5 22.6 Consolidated water
content triaxial

Satija (1978)

Dhanauri clay; w = 22.2%,
ρd = 1478 kg/m3

11.3 29.0 16.5 Constant water content
triaxial

Satija (1978)

Madrid grey clay; w = 29% 23.7 22.5a 16.1 Consolidated drained
direct shear

Escario (1980)

Undisturbed decomposed
granite; Hong Kong

28.9 33.4 15.3 Consolidated drained
multistage triaxial

Ho and Fredlund
(1982a)

Undisturbed decomposed
rhyolite; Hong Kong

7.4 35.3 13.8 Consolidated drained
multistage triaxial

Ho and Fredlund
(1982a)

Tappen-Notch Hill silt;
w = 21.5%,
ρd = 1590 kg/m3

0.0 35.0 16.0 Consolidated drained
multistage triaxial

Krahn et al. (1989)

Compacted glacial till;
w = 12.2%,
ρd = 1810 kg/m3

10.0 25.3 7–25.5 Consolidated drained
multistage direct shear

Gan et al. (1988)

aAverage value.

Figure 11.10 Line of intercepts along failure plane on τ versus ua − uw plane.
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Figure 11.11 Horizontal projection of failure envelope onto τ versus σ − ua plane viewed
parallel to matric suction ua − uw axis as contour lines of failure envelope on σ − ua plane.

The inclusion of matric suction in the definition of the
cohesion intercept does not necessarily suggest that matric
suction is a cohesion component of shear strength. Rather,
the matric suction component [i.e.,

(
ua − uw

)
tan φb]

is lumped with effective cohesion c′ for the purpose
of translating the three-dimensional failure envelope
onto a two-dimensional representative plot. The suction
component of shear strength has also been called the
apparent or total cohesion (Taylor, 1948).

A smooth transition from an unsaturated condition to sat-
urated conditions can be demonstrated using the extended
Mohr-Coulomb failure envelope shown in Fig. 11.9. As the
soil becomes saturated, matric suction goes to zero and the
pore-water pressure approaches the pore-air pressure. The
three-dimensional failure envelope is consequently reduced
to the two-dimensional envelope of τ versus σ − uw. The
smooth transition between unsaturated and saturated soil
conditions can also be observed in Fig. 11.11. The failure
envelope projection gradually lowers onto the failure enve-
lope for the saturated soil as matric suction decreases. The
cohesion intercept c then becomes equal to the effective
cohesion c′.

The extended Mohr-Coulomb failure envelope can also
be projected horizontally onto the τ versus–ua − uw plane
(Fig. 11.12). The horizontal projection is made for vari-
ous net normal stresses at failure,

(
σf − ua

)
f

. The resulting

contour lines have an ordinate intercept of c′ + (
σf − ua

)
f

tan φ′ and a slope angle of φb. The horizontal projection
shows that there is an increase in shear strength as the net
normal stress is increased with matric suction held constant.

11.2.8 Use of σ − uw and ua − uw to Define Shear
Strength

The shear strength equation has thus far been expressed
using σ − ua and ua − uw as the stress state variables. How-
ever, the shear strength equation for an unsaturated soil can
also be expressed in terms of other combinations of stress
state variables, such as σ − uw and ua − uw:

τff = c′ + (
σf − uw

)
f

tan φ′ + (
ua − uw

)
f

tan φ′′ (11.14)

where:

(
σf − uw

)
f

= net normal stress state with respect to
pore-water pressure on the failure plane
at failure and

φ′′ = friction angle associated with the matric
suction stress state variable

(
ua − uw

)
f

when using the σ − uw and ua − uw
stress state variables in formulating the
shear strength equation.

It should be noted that the stress variables and the soil
properties in Eq. 11.14 are changed in such a way that the
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τff = c′ + (σf - ua)ftan φ′ + (ua - uw)ftan φb
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Figure 11.12 Horizontal projection of failure envelope onto τ versus ua − uw plane viewed
parallel to σ − ua axis as contour lines of failure envelope on τ versus ua − uw plane.

computed shear strength for the unsaturated soil remains
consistent with the shear strength previously calculated. As
suction goes to zero, the third terms in Eqs. 11.14 and 11.11
disappear, and the pore-water pressure approaches the pore-
air pressure. As a result, both equations revert to the shear
strength equation for a saturated soil. The second term in
both equations should have the same friction angle parame-
ter φ′ [i.e.,

(
σf − ua

)
f

tan φ′ and
(
σf − uw

)
f

tan φ′].
Equations 11.14 and 11.11 give the same shear strength

for a soil at a specific stress state; therefore, the two
equations can be equated:

− uaf tan φ′ + (
ua − uw

)
f

tan φb

= −uwf tan φ′ + (
ua − uw

)
f

tan φ′′ (11.15)

Rearranging Eq. 11.15 gives the relationship between the
respective angles of friction:

tan φ′′ = tan φb − tan φ′ (11.16)

Equation 11.16 shows that the friction angle φ′′ will gen-
erally be negative since the magnitude of φb is less than
or equal to φ′. Figure 11.13 shows the extended Mohr-
Coulomb failure envelope when failure conditions are plot-
ted with respect to σ − uw and ua − uw (i.e., Eq. 11.14) and
with respect to σ − ua and ua − uw (i.e., Eq. 11.11).

11.2.9 Mohr-Coulomb and Stress Point Envelopes

The extended Mohr-Coulomb envelope has been defined as
a surface tangent to the Mohr circles at failure. Each Mohr
circle is constructed using the net minor and net major prin-
cipal stresses at failure (i.e., σ3f − uaf and σ1f − uaf), as
shown in Fig. 11.14a. The difference between the net minor
and net major principal stresses at failure is called the max-
imum deviator stress.

The top point of a Mohr circle with coordinates
(pf , qf , rf ) can be used to represent the stress conditions at
failure. A stress point surface (i.e., stress point envelope) can
be drawn through the stress points at failure (Fig. 11.14b).
The stress point envelope constitutes another representation
of the stress state of the soil at failure conditions.
However, the stress point envelope and the extended Mohr-
Coulomb failure envelope are different surfaces. Neverthe-
less, the stress point envelope is mathematically related to
stress state at failure.

The stress point envelope can be mathematically defined
using the following equation:

qf = d ′ + pf tan ψ ′ + rf tan ψb (11.17)

where:

qf = half of the deviator stress at failure [i.e.,(
σ1 − σ3

)
f

/2],
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Figure 11.13 Extended Mohr-Coulomb failure envelope plotted
with respect to two possible combinations of stress state variables:
(a) failure envelope defined in terms of σ − uw and ua − uw stress
state variables; (b) failure envelope defined in terms of σ − ua and
ua − uw stress state variables.

σ1f = major principal stress at failure,
σ3f = minor principal stress at failure,
d ′ = intercept of the stress point envelope on the q axis

when pf and rf are equal to zero,
pf = [(

σ1 + σ3

)
/2 − ua

]
f

; mean net normal stress at
failure,

ψ ′ = slope angle of the stress point envelope with
respect to the stress variable pf ,

rf = matric suction at failure [i.e.,
(
ua − uw

)
f

], and
ψb = slope angle of the stress point envelope with

respect to the stress variable rf .

Figure 11.14b presents a planar stress point envelope cor-
responding to the planar extended Mohr-Coulomb failure
envelope shown in Fig. 11.14a. Equation 11.17 defines the
stress point envelope. The frontal planes shown in Fig. 11.14
represent the saturated condition where matric suction is
zero. As a result, the

(
σ1 + σ3

)
/2 − ua axis reverts to the(

σ1 + σ3

)
/2 − uw axis on the frontal plane. The intersec-

tion line between the stress point envelope and the frontal
plane is a line commonly referred to as the Kf line in

saturated soil mechanics (Lambe and Whitman, 1979). The
Kf line passes through the top points of the Mohr circles
for saturated soils at failure. The Kf line has a slope angle
ψ ′ with respect to the p axis and an ordinate intercept d ′ on
the q axis. Any line parallel to the Kf line on the planar
stress point envelope will have a slope angle ψ ′ with respect
to the p axis. The stress point envelope reverts to the Kf

line as the soil becomes saturated or when matric suction rf

becomes equal to zero.
The intersection line between the stress point envelope

and the q-versus-r plane has a slope angle ψb with respect
to the r axis (Fig. 11.14b). The intersection line indicates
that there is an increase in strength as the matric suction at
failure, rf , increases. The equation for the intersection line
can be written as follows:

d = d ′ + rf tan ψb (11.18)

where:

d = ordinate intercept of the stress point envelope on the
q axis at a rf and pf value equal to zero.

The ordinate intercept of the stress point envelope on the
q-versus-r plane is equal to d ′ when rf is zero. The ordinate
intercept is equal to d (i.e., Eq. 11.18) when rf is not zero.
The above variables, d ′, ψ ′, and ψb, are the required param-
eters for Eq. 11.18. The stress point envelope can also be
represented by contour lines when the surface is projected
onto the q-versus-p plane. The equation for the contour lines
is obtained by substituting Eq. 11.18 into Eq. 11.17:

qf = d + pf tan ψ ′ (11.19)

The stress point envelope can be related to the extended
Mohr-Coulomb failure envelope by obtaining the relation-
ships between the parameters used to define both envelopes
(i.e., c, φ′, φb and d , ψ ′, ψb). Figure 11.15 presents Mohr
circles on the τ versus σ − ua) plane for a specific matric
suction. The extended Mohr-Coulomb failure envelope is
drawn tangent to the Mohr circles (e.g., at point A), whereas
the stress point envelope passes through the top points of the
Mohr circles (e.g., through points B ). The extended Mohr-
Coulomb failure envelope and the stress point envelope have
slope angles of φ′ and ψ ′, respectively, with respect to
the σ − ua axis. The distance between the tangent point
A and the top point B (i.e., AB) can be computed from
triangle ADC as being equal to qf sin φ′. The radius qf

decreases and eventually goes to zero as the Mohr circle
moves to the left. As a result, the distance between the
tangent and the top points (i.e., qf sin φ′) also decreases
and eventually goes to zero. This means that the extended
Mohr-Coulomb failure envelope and the stress point enve-
lope converge to a common point on the σ − ua axis (i.e.,
point T ).
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(b)

(a)

Figure 11.14 Comparisons of failure envelope and corresponding stress point envelope:
(a) extended Mohr-Coulomb failure envelope; (b) extended stress point envelope.

The relationship between the slope angles φ′ and ψ ′ is
obtained by equating the lengths TC computed from trian-
gles TBC and TAC as follows:

qf

tan ψ ′ = qf

sin φ′ (11.20)

The qf variable can be canceled to give

tan ψ ′ = sin φ′ (11.21)

The relationship between the cohesion intercept c and the
ordinate intercept d can be computed by considering the
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Figure 11.15 Relationships between c, d , φ′, and ψ ′′.

distance between points T and O (i.e., TO):

d

tan ψ ′ = c

tan φ′ (11.22)

Substituting Eq. 11.21 into Eq. 11.22 and rearranging
Eq. 11.22 yields

d = c cos φ′ (11.23)

When matric suction at failure is equal to zero (i.e., the
saturated condition), Eq. 11.23 becomes

d ′ = c′ cos φ′ (11.24)

Figure 11.16 shows the intersection lines of the extended
Mohr-Coulomb failure envelope and the stress point
envelope on the shear strength versus matric suction plane.
The intersection lines associated with the extended Mohr-
Coulomb failure envelope and the stress point envelope
are defined by Eqs. 11.12 and 11.18, respectively. The
ratio between the d and c values is always constant and
equal to cos φ′ (i.e., Eq. 11.23) at various matric suctions.
As a result, the difference between the d and c values
is not constant for different matric suctions. In other
words, the intersection lines are not parallel, or put another
way, φb �= ψb. Substituting Eq. 11.12 and Eq. 11.18 into
Eq. 11.23 gives the following relationship:

d ′ + rf tan ψb = c′ cos φ′ + (
ua − uw

)
f

tan φb cos φ′.
(11.25)

The above equation can be rearranged by substituting
Eq. 11.24 for d ′ and substituting

(
ua − uw

)
f

for rf in order
to obtain the relationship between, ψb, φb, and φ′:

tan ψb = tan φb cos φ′ (11.26)

The above relationships can be used to define the
stress point envelope corresponding to an extended Mohr-
Coulomb failure envelope or vice versa. The extended
Mohr-Coulomb failure envelope can be established by test-
ing a soil under saturated and unsaturated conditions. The
Mohr-Coulomb failure envelope for the saturated condition
gives the angle of internal friction φ′ and the effective
cohesion c′.

The cohesion intercept c can be obtained from a single
Mohr circle if a planar failure envelope is assumed at an
angle φ′ and the matric suction is known. Figure 11.17 illus-
trates the construction of a Mohr circle at failure with its
corresponding pf and qf values. A failure envelope with a
slope angle φ′ is drawn tangent to the Mohr circle at point
A. The envelope intersects the shear strength axis at point B
and the σ − ua axis at point T . The cohesion intercept c is
computed from triangle TBO (Fig. 11.17):

c =
[

qf

sin φ′ − pf

]
tan φ′ (11.27)

Rearranging Eq. 11.27 gives

c = qf

cos φ′ − pf tan φ′ (11.28)
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Figure 11.16 Relationship between φ′, φb , and ψb angles.

Figure 11.17 Analytical procedure to obtain cohesion intercept c from a single Mohr circle.
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The cohesion intercepts c at various matric suctions can be
computed using Eq. 11.28 and plotted on the shear strength
versus matric suction plane (Fig. 11.16) in order to obtain
the angle φb. Knowing the strength parameters c′, φ′, and
φb, the parameters for the stress point envelope (i.e., d ′, φ′,
and ψb) can also be computed.

11.2.10 Nonlinearity of Failure Envelope

A linear shear strength theory has been presented for an
unsaturated soil using an extended Mohr-Coulomb failure
envelope. As a wider variety of soil types have been tested
over a wider range of soil suctions, it has become increas-
ingly apparent that the shear strength versus matric suction
relationship should not be limited to a linear relationship.

Shear strength test results on compacted glacial till by Gan
(1986) showed that the shear strength envelope was curved.
Figure 11.18 illustrates the nonlinear matric suction failure
envelope measured by Gan (1986). The φb angle appears
to be equal to φ′ at low matric suctions and decreases to a
lower value at high matric suctions. Consequently, the φb

angle appears to be a function of matric suction. Similar
curved suction versus shear strength envelopes were earlier
presented by Escario and Sáez (1986).

An examination of the effect of increasing matric suc-
tion from an initially saturated condition suggests that it is
reasonable for the shear strength versus matric suction rela-
tionship to be nonlinear. Let us consider a shear strength
test performed using the axis translation technique over a
wide range of matric suctions. The tests can start from an
initially saturated condition with the soil consolidated under
a designated confining pressure σ . The initial matric suction
is maintained at zero (i.e., pore-water pressure in the soil is
equal to externally applied pore-air pressure).

The total confining pressure can be referenced to the exter-
nal air pressure σ − ua . Assuming that the φ′ and c′ param-
eters are known, the soil shear strength under the initial con-
ditions is equal to c′ + (

σ − ua

)
tan φ′. Let us now increase

the applied air pressure (i.e., producing a positive matric suc-
tion) while keeping the net normal stress σ − ua constant.
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Figure 11.18 Direct shear test results exhibiting nonlinear behav-
ior for failure envelope projected onto τ versus ua − uw plane (after
Gan, 1986).

At low matric suctions, the soil specimen remains saturated.
Under these conditions the effect of pore-water pressure and
total normal stresses on the shear strength are characterized
by the friction angle φ′. Both the pore-water pressure and
the total normal stresses are referenced to the same exter-
nal air pressure, as expressed by the stress state variables
ua − uw and σ − ua . The shear strength behaves as a satu-
rated soil with a friction angle φ′. The shear stress versus
matric suction envelope has a slope angle φb equal to φ′.
This condition is maintained as long as the soil is saturated.

Water is drawn out of the pore spaces once the air-entry
value of the soil specimen,

(
ua − uw

)
b
, is exceeded. As the

matric suction in the soil is increased, the soil begins to
desaturate. The pore-water pressure is referenced to the pore-
air pressure (i.e., ua − uw), which is now both external and
internal to the soil since the soil becomes unsaturated. The
total normal stress is similarly referenced to the pore-air
pressure through the σ − ua stress state variable.

The pore-water occupies only a portion of the pore spaces
in the soil as indicated by a degree of saturation which is
less than 100%. A further increase in matric suction is not
as effective in increasing shear strength as is an increase
in net normal stress. As a result, it is necessary for the
φb angle to reduce to a value lower than φ′ when matric
suction is increased beyond the air-entry value of the soil,(
ua − uw

)
b
. The effects of net normal stress and pore-water

pressure on the shear strength of an unsaturated soil take
on independent roles in terms of the stress state variables
σ − ua and ua − uw.

The air-entry value of a soil largely depends on the grain
size distribution of the soil. Coarse-grained soils such as
sands desaturate at lower matric suctions than fine-grained
clayey soils. Test results have shown that there is a rela-
tionship between the air-entry value of the soil and the pore
sizes in the soil. Sands often have an air-entry value less
than 10 kPa whereas clayey soils can have an air-entry value
well beyond 100 kPa. The air-entry value of a soil may also
depend to some extent on the net confining pressure applied
to the soil. The air-entry value provides an indication of the
point where the shear strength versus matric suction starts
to exhibit nonlinear shear strength behavior.

The study of shear strength results on soils tested over
a wide range of suction values has clearly revealed that
the suction versus shear strength envelope bears a relation-
ship to the SWCC for a soil. The φb angle with respect to
matric suction is more clearly understood by considering the
amount of water in the pores of the soil. Curvature of the
shear strength versus matric suction envelope is related to
the air-entry value of the soil and residual conditions.

Several empirical procedures have been proposed whereby
the SWCC can be used to estimate the shape of the shear
strength function for an unsaturated soil. The proposed pro-
cedures are presented later under the section on the estima-
tion of the unsaturated soil shear strength envelope (i.e., the
beginning of Chapter 12).
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11.2.11 Relationship between tan φb and χ

The shear strength equation proposed by Bishop et al. (1960)
and that proposed by Fredlund et al. (1978) appears to be
similar in form. The χ parameter emerged in the shear
strength equation from an extension of the effective stress
equation. Equating the linear form of the Fredlund et al.
(1978) shear strength equation and the Bishop et al. (1960)
equation yields the following relationship:

(
ua − uw

)
f

tan φb = χ
(
ua − uw

)
f

tan φ′ (11.29)

Equation 11.29 can be solved for the parameter χ :

χ = tan φb

tan φ′ (11.30)

A graphical comparison between the φb representation of
strength and the χ representation of strength is shown in
Fig. 11.19. The increase in shear strength due to matric
suction is represented as an upward translation from the
saturated failure envelope when using the Fredlund et al.,
(1978) designation. The magnitude of the upward translation
is equal to

{(
ua − uw

)
tan φb

}
f

(i.e., point A in Fig. 11.19).
In this case, the failure envelope for the unsaturated soil is
viewed as an upward translation of the failure envelope for
a saturated soil.

The Bishop et al. (1960) equation with the χ parameter
suggests that the same failure envelope applies for saturated
and unsaturated conditions. Matric suction is assumed to
produce an increase in the net normal stress. The increase
in net normal stress is a fraction of the matric suction at
failure [i.e., χ

(
ua − uw

)
f

]. The shear strength at point A

using the φb method is equivalent to the shear strength at
point A′ when using the χ parameter method.

Figure 11.19 Comparison between φb and χ methods of desig-
nating shear strength.

One χ value is theoretically obtained for a particular soil
when the failure envelope is planar. A planar failure enve-
lope uses one value of φ′ and one value of φb. If the failure
envelope is nonlinear with respect to φb, there will be two
or more values for χ . A χ value equal to 1.0 corresponds
to the condition where φb = φ′. A χ value less than 1.0
corresponds to the condition when φb < φ′. There will be
various χ values corresponding to different matric suction
values for envelopes which are curved with respect to matric
suction.

Attempts have been made to correlate the χ parameter
with the degree of saturation of the soil (Bishop et al., 1960).
Curvature in the shear strength envelope results in nonlin-
earity of the χ parameter. The φb and χ relationship applies
to initially “identical” soils. These may be soils compacted
at the same water content to the same dry density. The use
of σ − ua and ua − uw as independent stress state variables
provides greater flexibility in terms of characterizing non-
linear shear strength behavior corresponding to a variety of
stress paths.

11.3 MEASUREMENT OF SHEAR STRENGTH

The shear strength of unsaturated soils has been studied
in the laboratory using both triaxial and direct shear test-
ing equipment. It is necessary to make modifications to
conventional shear strength testing equipment in order to
independently control pressures in the air and water phases.
Modifications to shear strength testing apparatuses to accom-
modate unsaturated soils were commenced in the 1950s.
Following is a brief summary of some of the test results
obtained.

11.3.1 Background of Shear Strength Measurements

A series of direct shear tests on unsaturated fine sands and
coarse silts were conducted by Donald (1956). The tests
were performed on a modified direct shear box as shown
in Fig. 11.20a. The pore-air and pore-water pressures were
controlled during shear. The top of the direct shear box
was open to the atmosphere, thereby controlling the pore-
air pressure ua (i.e., zero gauge pressure). The pore-water
pressure uw was controlled at a negative value by apply-
ing a constant negative water head below the lower porous
stone. The specimen was in contact with water below the
base of the shear box through use of a colloidon mem-
brane. The water in the base of the shear box was then
connected to a constant-head-overflow tube to produce the
desired negative water pressure (Fig. 11.20b). The negative
pore-water pressures applied to the soils were generally less
than 50 kPa.

The soil specimens of uniform initial density were con-
solidated under a total stress of approximately 48 kPa. The
desired negative pore-water pressure was applied for sev-
eral hours while the specimens came to equilibrium. The
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System for applying a constant negative pore-water pressure

Constant head overflow tube

To

Vacuum

Sintered bronze

Plastic tube

Colloidon membranes

Figure 11.20 Modified direct shear equipment for testing soils
under low-matric-suction conditions: (a) modified direct shear box
with colloidon membrane; (b) system for applying constant nega-
tive pore-water pressure (after Donald, 1956).

specimens were then sheared at a rate of 0.071 mm/s. The
results from four types of sand are presented in Fig. 11.21.
The shear strength at zero matric suction is the strength due
to the applied total stress. The shear strength increases to a
peak value as matric suction is increased. Following the peak
value for shear strength there was a decrease to a fairly con-
stant shear strength value. The shear strength of the sands
appears to increase at the same rate as for an increase in
total stress as long as the specimens remain saturated. The
increase in strength decreases once the sands start to desat-
urate. The strength of the sand is decreased once matric
suction increases beyond some limiting value.

The water content versus matric suction desorption curves
(i.e., SWCCs) were also measured for each of the sand mate-
rials. A comparison of the SWCCs and the shear strength
envelopes showed that there was a correlation between the
air-entry value for each soil and the point at which the shear
strength envelope became nonlinear. The residual conditions
on the SWCC were also shown to correspond quite closely
with the point where the shear strength became essentially hor-
izontal after passing the peak strength. These relatively simple
direct shear strength tests provided considerable insight into
the behavior of unsaturated soils.

An extensive research program on unsaturated soils was
conducted at Imperial College, London, in the 1950s and
early 1960s. Bishop et al. (1960) proposed testing techniques
and presented the results of five types of shear strength tests
on unsaturated soils classified as (1) consolidated drained,

(2) consolidated undrained, (3) constant water content,
(4) undrained, and (5) unconfined compression tests.

The tests were performed using a modified triaxial cell.
The pore-air and pore-water pressures were either measured
or controlled during the strength tests. Bishop (1961b) pro-
vided details on how the pore pressures could be controlled
and measured using a modified triaxial apparatus. Tests con-
firmed that pore-water pressures could be measured directly
through a saturated porous ceramic disk sealed onto the
base pedestal below a soil specimen. Pore-water pressure
measurements were made by balancing the pressure in the
measuring system through use of a null-type, no-flow indi-
cator. This direct measurement, however, was limited to a
negative gauge pressure above 90 kPa. Bishop and Eldin
(1950) successfully measured pore-water pressures down to
negative 90 kPa in a saturated soil specimen while perform-
ing a consolidated undrained test with a carefully deaired
measuring system. It was suggested that the axis transla-
tion technique was required when the pore-water pressures
became lower than 1 atm negative.

The axis translation technique translates highly negative
pore-water pressure to a pressure that can be measured with-
out cavitation occurring in the water of the measuring sys-
tem. A ceramic disk with an air-entry value greater than the
matric suction being measured was required in order to pre-
vent the passage of pore-air into the measuring system. A
single layer of coarse glass fiber cloth with a low attraction
for water was placed on top of the soil specimen for pore-air
pressure measurement or control.

Constant-water-content (or CW) triaxial tests were per-
formed on compacted shale and compacted boulder clay by
Bishop et al. (1960). The shale had a clay fraction of 22%
and was compacted at a water content of 18.6%. A series of
triaxial tests on the saturation specimens of the compacted
shale gave an angle of internal friction φ′ of 24.8◦ and an
effective cohesion c′ of 15.8 kPa. The boulder clay had a
clay fraction of 18% and was compacted at a water content
of 11.6%. The saturated boulder clay showed an effective
angle of internal friction φ′ of 27.3◦ and an effective cohe-
sion c′ of 7.6 kPa. The tests on the compacted boulder clay
were performed at a strain rate of 3.5 × 10–5%/ s, and 15
% strain was considered to represent failure. The laboratory
results were presented in terms of stress points designated
as

{(
σ1 + σ3

)
/2 − uw

}
f

and
{(

σ1 + σ3

)
/2 − ua

}
f

at fail-
ure (where σ 1 is the major principal stress and σ 3 is the
minor principal stress). Figure 11.22 shows a typical plot of
constant-water-content test results on compacted shale. The
condition when the

{(
σ1 − σ3

)
/
(
σ3 − uw

)}
f

ratio reached a
maximum value was considered to be the failure condition.

Pore-air diffusion through the rubber membrane around
the triaxial specimen was prevented by surrounding the
membrane on the specimen with mercury rather than
water. Triaxial test results of a consolidated drained test on
unsaturated loose silt were used to verify the significance
and application of σ − ua and ua − uw as stress variables.
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Figure 11.21 Result of direct shear tests on sands under low applied matric suctions (after
Donald, 1956).

Figure 11.22 Results of constant-water-content triaxial tests on shale (clay fraction 22%) com-
pacted at water content of 18.6% (after Bishop et al., 1960).
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Laboratory testing techniques and details pertaining to vari-
ous types of triaxial tests were explained and summarized by
Bishop and Henkel (1962).

The acceptability of the axis translation technique when
testing unsaturated soils was verified by Bishop and Blight
(1963). Compression tests were conducted on a compacted
Selset clay and Talybont clay. The experiments confirmed
the applicability of the axis translation technique for lab-
oratory tests on unsaturated soils. The ability of the pore-
water to withstand absolute tensions greater than 1 atm (i.e.,
101.3 kPa) was also confirmed.

The development of pore-air and pore-water pressures
during undrained tests was also studied by Bishop and Blight
(1963). Typical results of constant-water-content tests were
presented and discussed. Donald (1963) presented further
results of undrained tests on compacted Talybont clays with
pore-air and pore-water pressure measurements.

Blight (1967) reported the results of several consolidated
drained tests performed on unsaturated silt specimens. All
specimens were compacted and brought to equilibrium at
three matric suction values in a triaxial cell. In addition to
measuring the shear strength of the soil, the overall vol-
ume change and water volume change were independently
monitored. The results showed an increase in shear strength
with increasing matric suction and also with increasing net
confining pressure.

The shear strength of two unsaturated, compacted soils
from India, namely, Delhi silt and Dhanauri clay, were tested
by Satija and Gulhati (1979). Consolidated drained tests
were performed with the pore pressures being maintained
in a modified triaxial cell. Constant-water-content tests with
pore-air pressure control and pore-water pressure measure-
ment were also performed.

Fredlund et al., (1978) proposed the use of σ − ua and
ua − uw as independent stress state variables for the descrip-
tion of the shear strength of unsaturated soils. The shear
strength of an unsaturated soil was considered to consist
of an effective cohesion intercept c′ and independent con-
tributions from the net normal stress σ − ua and matric
suction ua − uw. The effective angle of internal friction, φ′,
was associated with the shear strength contribution from the
net normal stress state variable. Another angle, namely φb,
was introduced to describe the increase in shear strength
as matric suction was increased. The failure envelope was
then viewed as a three-dimensional surface with σ − ua and
ua − uw as variables on the abscissas. The failure surface
was visualized as an extension of the conventional Mohr-
Coulomb failure envelope (Fredlund, 1979). Data from the
research literature were used to examine the fit of the theory
to laboratory test results.

Satija (1978) conducted an experimental study on the
shear strength behavior of unsaturated Dhanauri clay.
Constant-water-content and consolidated drained tests were
conducted on compacted specimens for various values
of σ − uaand ua − uwstresses. The triaxial test apparatus

was similar to that used in the Imperial College research
program. Pore pressures were either controlled or measured
throughout the shear test. The appropriate strain rate was
found to decrease with decreasing degrees of saturation
(Satija and Gulhati, 1979). The results were presented as a
three-dimensional surface where half of the deviator stress
at failure,

{(
σ1 − σ3

)
/2

}
f

, was plotted versus the net
minor principal stress at failure,

(
σ3 − ua

)
f

, and the matric
suction at failure,

(
ua − uw

)
f

(Gulhati and Satija, 1981).
A series of consolidated drained direct shear tests on

unsaturated Madrid grey clay were reported by Escario in
1980. The tests were performed under controlled matric
suction conditions using the axis translation technique. A
modified shear box device enclosed in a pressure chamber
was used to apply a controlled air pressure to the soil spec-
imen. The specimen was placed on a high-air-entry disk in
contact with water at atmospheric pressure. The soil speci-
mens were statically compacted and brought to the desired
matric suction under an applied vertical normal stress. Typ-
ical results obtained from direct shear tests are presented
in Fig. 11.23. The failure envelopes exhibit almost a par-
allel upward translation, indicating a continuous increase
in shear strength as soil matric suction was increased. The
results of triaxial tests by Escario (1980) on Madrid clay are
shown in Fig. 11.24. The triaxial cell was modified to allow
the use of the axis translation technique. The results show
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Figure 11.23 Direct shear tests showing increase in shear
strength for Madrid clay as result of increasing matric suction (after
Escario, 1980).
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Figure 11.24 Triaxial tests showing increase in shear strength
due to increase in matric suction for Madrid clay (modified from
Escario, 1980).

an increase in shear strength resulting from the increase in
matric suction.

A series of multistage triaxial tests was performed by
Ho and Fredlund (1982b) on unsaturated soils. Undisturbed
specimens of two residual soils from Hong Kong were used
in the testing program. The soils were decomposed rhyolite
and decomposed granite. The program consisted of consol-
idated drained tests with the pore-air pressure controlled
from the top of the specimen through a coarse porous disk.
The pore-water pressure was controlled from the bottom of
the specimen using a high-air-entry disk sealed around the
perimeter onto the base pedestal. The desired matric suction
in the specimen was obtained by controlling the pore-air and
pore-water pressures using the axis translation technique.

The triaxial test results showed that a single soil speci-
men could be used to provide an indication of the increase in
strength as a result of increasing matric suction. The assump-
tion was made that the effective angle of internal friction φ′
remained a constant value. Typical two-dimensional projec-
tions of the failure envelope onto the shear stress τ versus
σ − ua plane are presented in Fig. 11.25a. The intersections
between the failure envelope and the ordinate are plotted
in Fig. 11.25b. The shear strength at failure increased for a
constant net confining pressure, as shown by the φb angle
in Fig. 11.25b.

Gan (1986) conducted a multistage direct shear testing
program on an unsaturated glacial till. A modified direct
shear box allowed the control of the pore-air and pore-water
pressures during the test. The shear box was enclosed in an
air pressure chamber in order to control the pore-air pressure.
The pore-water pressure was controlled through the base
of the specimen using a high-air-entry disk. Consolidated
drained direct shear tests were performed with matric suction
being controlled during shear (i.e., axis translation tech-
nique). Applied matric suctions ranged from 0 to 500 kPa
while the net normal stress was maintained at approximately
72 kPa. Typical test results are presented in Fig. 11.18. The
shear stress was plotted with respect to matric suction (i.e.,
τ versus ua − uw plane) for constant net normal stress at
failure,

(
σf − ua

)
f

. The results showed that there was non-
linearity in the failure envelope on the shear stress versus

(a)

(b)

Figure 11.25 Two-dimensional presentation of the failure enve-
lope for decomposed granite specimen No. 22: (a) failure envelope
projected onto τ versus σ - ua plane; (b) Intersection line between
failure envelope and τ versus ua − uw plane (from Ho and Fred-
lund, 1982b).

matric suction plane. The φb angle commences at a value
equal to φ′ (i.e., 25.5◦ when measured under saturated con-
ditions) at low matric suctions. The φb angle decreased to a
final value of 7◦ at high matric suctions.

There have been many more recent studies on a wide
range of soil types. In general, the results corroborate the
test results from earlier studies. At the same time the shear
strength studies have led to a more indepth understanding
of shear strength behavior of unsaturated soils. In particular,
a number of studies have focused on the critical state shear
strength behavior of unsaturated soils.

11.3.2 Incomplete Stress Variable Measurements

Numerous shear strength tests on unsaturated soils have been
conducted without the measurement of pore-air and pore-
water pressures at failure. Unfortunately, these results are
of limited value in terms of obtaining a better understanding
of the shear strength of an unsaturated soil. The extended
Mohr-Coulomb shear strength envelope for unsaturated soils
requires that three shear strength parameters be defined,
namely, c′, φ′, and a linear or nonlinear angle with respect
to matric suction, φb. These parameters can be measured



11.4 special equipment design considerations 541

in the laboratory using triaxial and direct shear apparatuses
that have been modified for testing unsaturated soils.

The c′ and φ′ parameters can be measured using satu-
rated soil specimens. The equipment and techniques used
for testing saturated soils are well documented by Bishop
and Henkel (1962) and Head (1986). The tests on unsatu-
rated soil specimens are primarily performed to obtain the φb

soil parameter. General procedures for testing unsaturated
soils using a modified triaxial and direct shear apparatus
are described in this book. Computations and data reduction
associated with analyzing the test results are similar to those
required for saturated soils.

11.4 SPECIAL EQUIPMENT DESIGN
CONSIDERATIONS

Conventional triaxial and direct shear equipment requires
that a number of modifications be made to the equipment
prior to attempting to test unsaturated soils. Several factors
related to the nature of an unsaturated soil must be consid-
ered when modifying the equipment. The presence of air and
water in the pores of the soil causes the testing procedures
and techniques to be considerably more complex than when
testing saturated soils. The primary modifications are associ-
ated with the independent measurement and/or control of the
pore-air and pore-water pressures. The pore-water pressure
is usually negative (gauge) and can result in cavitation of
the water in the measuring system when the water pressures
are too low.

Triaxial testing methods are defined on the basis of the
drainage conditions imposed following the application of the
confining pressure σ3 and the drainage conditions imposed
during the application of the deviator stress, σ1 − σ3. For
undrained testing conditions, the pore fluid (i.e., pore-air
or pore-water) is not allowed to drain. Excess pore-air and
pore-water pressures developed during undrained loading
conditions must be independently measured.

For drained testing conditions, the pore-air and pore-water
pressures are allowed to drain to prescribed pressures
imposed on the top or bottom of the soil specimen. Volume
changes associated with the pore fluid flow during a drained
test should be measured.

11.4.1 Axis Translation Technique

The axis translation technique is commonly used when test-
ing unsaturated soils in the laboratory. The axis translation
technique has proven to be particularly useful for controlling
matric suction values in excess of 100 kPa. The pore-water
pressure uw in an unsaturated soil can be measured or con-
trolled through use of a ceramic disk with fine pores (i.e.,
high-air-entry disks). The functionality of the ceramic disk
can be observed while applying various differential air and
water pressures across the disk.

The ceramic disk is hydrophilic and as such has a high
affinity for water. Water can move into and through the

ceramic disk. However, free air cannot flow through the disk
unless a limiting air-entry value is exceeded. The limiting
value of air pressure that can be applied to the ceramic disk
is called the “air-entry value.” Even prior to exceeding the
air-entry value of the disk, it is possible for air to dissolve in
the water in the ceramic disk and then slowly diffuse through
the water in the disk. The ceramic disk serves as a separator
between the air and water phases, but unfortunately it is not
a “perfect” separator.

Figure 11.26 illustrates the direct measurement of pore-
water pressure relative to atmospheric air pressure condi-
tions (i.e., ua = 0). The soil specimen is placed on top of a
saturated porous disk and a U-tube is connected to the water
compartment below the disk. The U-tube can be moved up

(a)

(b)

Figure 11.26 Direct measurement of pore-water pressure in an
unsaturated soil specimen (not to scale): (a) air movement through
the porous disk when its air-entry value is exceeded; (b) air dif-
fusion through the high-air-entry disk and water cavitation in the
measurement of matric suction.
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and down until there is no tendency for flow in or out of
the specimen. The negative pressure head at equilibrium will
indicate the matric suction in the soil specimen (Fig. 11.26a).
However, this direct measurement of suction has limitations.

The porous disk in contact with the soil must have an
air-entry value greater than the matric suction in the soil.
The air-entry value of a porous disk is the matric suction
at which air commences passing through the largest voids
in the saturated porous disk. Air enters the water compart-
ment once the pressure differential between the air and water
phases exceeds the air-entry value of the ceramic disk. Con-
sequently, the water in the measuring system can no longer
indicate the pore-water pressure in the soil. The measuring
system then becomes filled with air.

Another limitation associated with attempting to directly
measure the pore-water pressure arises from the fact that
water cavitates as a gauge pressure of –1 atm is approached
(i.e., –101 kPa gauge). As an example, consider an unsatu-
rated soil specimen with a matric suction of 101 kPa. The
pore-water pressure in the specimen is being measured rel-
ative to atmospheric air pressure (i.e., ua = 0), as shown in
Fig. 11.26b. The lowest gauge pore-water pressure that can
be measured should be about –101 kPa. A saturated ceramic
disk with an air-entry value of 202 kPa would meet the
requirement for not allowing air flow through the ceramic
disk. Nevertheless, the water in the compartment below the
ceramic disk would start to cavitate as the gauge water pres-
sure approaches –101 kPa. Occluded air bubbles would then
start to accumulate below the disk in the water compartment.
The air bubbles would cause an error in the measurement of
pore-water pressure. The direct measurement of pore-water
pressure is limited to a value of –101 kPa. The limiting
value for the direct measurement of pore-water pressure is
true regardless of the air-entry value of the ceramic disk.

The limitations of direct control or measurement of pore-
water pressure in an unsaturated soil can be overcome by
translating the reference axis for the measurement of air
pressure. The procedure is referred to as the axis transla-
tion technique. The axis translation technique is particularly
useful for testing unsaturated soils at high matric suctions.
Basically, both the pore-air and pore-water pressures are
translated into the positive-pressure range when applying
the axis translation technique.

The translation of pore-air pressure can be considered
as an artificial increase in the atmospheric pressure under
which the test is performed (Bishop et al., 1960). Conse-
quently, the negative-gauge pore-water pressure is raised by
an equal amount to a positive-gauge pressure. The matric
suction of the soil specimen remains constant regardless of
the magnitude of the pore-air pressure. A fine, porous disk
with an air-entry value greater than the matric suction of
the soil must be used to prevent air from entering the water
compartment.

The application of an axis translation of 202 kPa to an
unsaturated soil specimen is illustrated in Fig. 11.27. Let

(a)

(b)

Figure 11.27 Measurement of pore-water pressure in an unsatu-
rated soil specimen using axis translation technique (not to scale):
(a) axis translation of 101 kPa; (b) air diffusion through high-air-
entry disk.

us assume that the matric suction in the soil specimen is
known to be 101 kPa. The pore-water pressure is measured
below a saturated porous disk which has an air-entry value of
202 kPa. An air pressure of 202 kPa is applied directly to the
specimen in order to translate the pore-air (and pore-water)
pressures. In this example, the pore-air pressure ua is raised
to 202 kPa, which in turn increases the pore-water pressure
by an equal amount. As a result, the pore-water pressure
uw is now at a positive value of 101 kPa, and there is no
longer a problem associated with cavitation of the water in
the measuring system. The pore-water pressure can now be
measured since continuity is maintained between the pore-
water in the soil and the water in the measuring system. The
matric suction of the soil (Fig. 11.27a) remains constant at
101 kPa during the axis translation procedure. However, the
pore-air pressure which is used as a reference pressure has
been translated from 0 to 202 kPa.
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The use of the axis translation technique over a long
period of testing does not guarantee that the water pressure
measuring system (i.e., compartment) will remain free of
air bubbles. Unsaturated soil testing often requires extended
periods of time due to low coefficients of permeability of
the soil and the ceramic disk. Air may diffuse through the
water in the high-air-entry disk and appear as air bubbles
beneath the disk as the test progresses.

If the measuring system is being used in a closed-system
mode, there will be serious problems with measuring the
correct pore-water pressure due to diffused air. If the mea-
suring system is operated in an open-system mode, a dif-
fused air volume indicator, DAVI, can be used to period-
ically flush and measure the volume of diffused air. The
diffused air volume can be used to correct the water volume
change measurements under drained testing conditions. It is
not possible to correct for pressure changes resulting from
air diffusion under undrained testing conditions.

The use of the axis translation technique in the shear
strength measurement of unsaturated soils was advocated
by Bishop and Blight (1963). The results of an “unconfined
triaxial” test on compacted Selset clay using the axis trans-
lation technique are presented in Fig. 11.28. The unconfined
triaxial test was a special case of a constant-water-content

(a)

(b)

Figure 11.28 Unconfined triaxial test on compacted Selset clay
specimen subjected to varying pore-air pressures: (a) pore pressures
versus axial strain curve; (b) curves of deviator stress and matric
suction versus strain (after Bishop and Blight, 1963).

test where the net confining pressure σ3 − ua was main-
tained at zero pressure. The test was performed by applying
an all-around air pressure σ3 equal to the pore-air pressure
ua . However, the all-around air pressure was varied using
a series of steps, as shown in Fig. 11.28a. The air pressure
increase in each step was applied gradually in order for the
pore-air pressure to equalize throughout the soil specimen.
The pore-water pressure was measured throughout the test
and the measurements indicate that the pore-water pressure
also increased in a stepwise manner. The results indicate
monotonic curves of deviator stress and matric suction ver-
sus axial strain regardless of the stepwise axis translation
during the test (Fig. 11.28b). The shearing of the unsatu-
rated soil specimen did not appear to be affected by the
translation of the reference pressure.

The acceptability of using the axis translation technique to
measure properties of an unsaturated soil was also demon-
strated through two unconfined triaxial tests conducted on
compacted Talybont clay (Bishop and Blight, 1963). The test
results are shown in Fig 11.29. The first test was performed
using an axis translation technique such that the gauge
pore-air pressure was elevated to 483 kPa and the pore-
water pressure was measured. The measured pore-water
pressure was approximately 69 kPa, which indicated a

(a)

(b)

Figure 11.29 Unconfined triaxial tests on compacted Talybont
clay with and without using axis translation technique: (a) deviator
stress versus axial strain curve; (b) matric suction versus axial
strain during test with axis translation (after Bishop and Blight,
1963).
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matric suction of approximately 414 kPa during the test
(Fig. 11.29b). The second test was performed under
atmospheric air pressure conditions (i.e., ua = 0). The
stress versus strain curves from both compressions tests
showed essentially the same results up to the maximum
deviator stress and only differed slightly subsequent to the
peak strengths. In other words, the measured shear strength
remained essentially unaffected by the axis translation pro-
cedure. The results also illustrate that the pore-water in the
soil was able to withstand high tensions without rupturing.
Since the soil matric suction in both tests was about 414
kPa, the pore-water pressure in the second test specimen
would be –414 kPa gauge pressure or –313 kPa in terms
of absolute pressure.

11.4.2 Pore-Water Pressure Control and/or
Measurement

Pore-water pressures in an unsaturated soil specimen can
be controlled at a prescribed value when the water phase is
maintained under drained conditions during a shear strength
test (e.g., consolidated drained test). Pore-water pressures
can be measured when the water phase is maintained in
an undrained mode throughout the test (e.g., constant water
content or in a consolidated undrained test). The key element
that provides the separation between the pore-air and pore-
water pressures is the high-air-entry ceramic disk.

The high-air-entry disk acts as a semipermeable mem-
brane that separates the air and water phases. The sepa-
ration of the air and water phases can be achieved only
when the air-entry value of the disk is greater than the
matric suction of the soil. The air-entry value of the disk
depends on the maximum size of pores in the ceramic disk.
Figure 11.30 illustrates how air commences to flow through
the ceramic disks once a limiting air-water differential pres-
sure is applied across a ceramic disk. The theoretical maxi-
mum pore size for any air-water pressure differential can be
estimated using the capillary model.

(
ua − uw

)
d

= 2Ts

Rs

(11.31)

where:

(
ua − uw

)
d

= air-entry value of the high-air-entry disk,
Ts = surface tension of the contractile skin or

the air-water interface (e.g., Ts = 72.75
mN/m at 20◦C), and

Rs = radius of curvature of the contractile skin
or the pore radius.

The air-entry value in Eq. 11.31 refers to the maximum
matric suction to which the high-air-entry disk can be sub-
jected before free air passes through the disk. The maximum
matric suction that can be sustained is associated with the
radius of the largest pore in the ceramic disk. The pore sizes
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Figure 11.30 Air passage characteristics of three high-air-entry
disks (after Bishop and Henkel, 1962).

in the ceramic are controlled by the preparation and sintering
process used to manufacture the ceramic disk. The smaller
the pore sizes in a disk, the larger will be the air-entry value.

The properties of high-air-entry disks manufactured by
Soilmoisture Equipment Corporation in Santa Barbara, Cal-
ifornia, are tabulated in Table 11.2. The disks are commonly
identified by the air-entry value of the ceramic disk and
are usually expressed in the unit of bars (i.e., 1 bar =
100 kPa). The water coefficient of permeability of a disk can
be measured by mounting the disk in a triaxial apparatus and
placing water above the disk. The disk must be sealed on
the sides (i.e., around the perimeter) in order to prevent the
passage of water around its circumference. An applied air
pressure then produces a pressure gradient across the high-
air-entry disk. The volume of water flowing through the disk
can be measured using a water volume change indicator.

Table 11.2 High-Air-Entry Disks Manufactured by
Soilmoisture Equipment Corporation

Range of
Air-Entry

Approximate Coefficient of Values,
Pore Diameter Permeability,

(
ua − uw

)
d

Type (×10−3 mm) kd (m/s) (kPa)

1/2 bar (high

flow)

6.0 3.11 × 10−7 48–62

1 bar 2.1 3.46 × 10−9 138–207
1 bar (high

flow)
2.5 8.6 × 10−8 131–193

2 bars 1.2 1.73 × 10−9 241–310
3 bars 0.8 1.73 × 10−9 317–483
5 bars 0.5 1.21 × 10−9 >550
15 bars 0.16 2.59 × 10−11 >1520
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The selection of a high-air-entry disk for testing an unsat-
urated soil should be primarily based upon the maximum
possible matric suction that can occur during the labora-
tory test. The initial matric suction in an unsaturated soil
specimen should be taken into consideration when select-
ing a ceramic disk for constant-water-content or undrained
tests. It must also be understood that the matric suction may
increase as the specimen is loaded to failure conditions.

The water coefficient of permeability and the thickness of
a high-air-entry disk are factors that affect the time required
for the pore-water pressure to equalize across the ceramic
disk. This information is of importance when assessing the
time required for consolidation prior to shearing the speci-
men as well as assessing the time required for shearing the
specimen. It is desirable to have the highest possible coef-
ficient of permeability (i.e., the largest possible pore size)
for the high-air-entry disk. This will ensure the most rapid
equilibration of the pore-water pressure in an undrained test.
It will also minimize impeded drainage of the pore-water in
a drained test.

The use of a thin air-entry disk reduces the time required
for pore-water pressure equalization throughout the soil
specimen. However, a thin ceramic disk means there is a
shorter pathway for air to diffuse and reach the underlying
water compartment. Air bubbles collect below the high-air-
entry disk as diffused air enters the water compartment. The
use of a thin ceramic disk results in a greater accumulation
of diffused air in the water compartment.

A thin ceramic disk also has a tendency to more easily
crack. Care must be taken to ensure that the total stress and
the pore-air pressure are applied to the soil specimen before
pressurizing the water compartment beneath the ceramic
disk. The removal of all pressures from the top of the disk
while a water pressure is applied to the bottom side of the

disk produces an upward bending moment that can readily
crack the ceramic disk. Experience has shown that an excess
uplift pressure greater than about 70 kPa on a 3.2-mm-thick
ceramic disk (63.5 mm in diameter) can produce cracks in
the ceramic disk (Fredlund, 1973a). The cracks may not be
visible to the naked eye but are evident when checking the
air-entry value of the disk or testing for the permeability of
the disk. A 6.4-mm-thick disk can withstand higher uplift
pressures, but all ceramic disks should be checked for cracks
whenever subjected to an excess pressure greater than about
70 kPa.

11.4.2.1 Installation of High-Air-Entry Disk in Triaxial
Cell

Figure 11.31 shows the primary modifications that must be
made to a conventional triaxial cell when testing unsaturated
soil. The primary modification involves sealing a high-air-
entry disk onto the base pedestal of the triaxial cell. There
are several ways in which the high-air-entry ceramic disk
can be mounted, but in each case it is paramount that air not
be allowed to bypass the ceramic disk and find its way into
the water measuring system (i.e., the water compartment).

The installation of a high-air-entry disk onto the base
pedestal of a triaxial cell is illustrated in Fig. 11.32. The
most important feature of this modification is related to the
epoxy seal that is placed between the high-air-entry disk and
the base pedestal (see Fig. 11.32b). A tight seal between
the ceramic disk and the base pedestal ensures that air will
not leak into the water compartment. A series of grooves,
generally in a spiral pattern, should be machined onto the
pedestal. The grooves form a part of the water compartment
and serve as water channels for flushing air bubbles that may
become trapped below the ceramic disk or that may have
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Figure 11.31 Modifications to convert conventional triaxial cell for testing unsaturated soils.
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(a)

(b)

Figure 11.32 Triaxial base plate for unsaturated soil testing: (a) plan view of base plate with
its outlet ports; (b) cross section of base plate with high-air-entry disk.

accumulated as a result of air diffusion through the ceramic
disk. A conventional triaxial base plate may also require
a modification in order to accommodate the application of
air pressure to the top of the soil specimen. Figure 11.32a
shows valve C being used for this purpose.

Valve A in the base plate (Fig. 11.32) can be used to
control the pore-water pressure and to measure the water
volume change during a drained shear test. Valve A can
be connected to a water volume change indicator to mea-
sure water flow in or out of the soil specimen (Bishop
and Donald, 1961; Bishop and Henkel, 1962; Head, 1986).
Valve B on the base plate can be used to measure the
pore-water pressures during an undrained shear test. It can
also be used to measure the applied pore-water pressure
during a drained test. The pore-water pressure can be mea-
sured using either a null-type indicator (Bishop and Henkel,
1962) or a pressure transducer. Pressure transducers are now
most commonly used for measuring pore-water pressure
(Head, 1986).

A diffused air volume indicator can be connected to valve
B . It is used to measure the volume of diffused air accumu-
lating below the high-air-entry disk. Valve C is connected
to the pore-air pressure control or measuring system. The
cell pressure is controlled through valve D .

11.4.3 Saturation Procedure for High-Air-Entry Disks

It is preferable to not boil the ceramic disk and the base plate
in an attempt to produce complete saturation of the high-
air-entry disk. Boiling may produce fine cracks between
the epoxy and the high-air-entry disk as a result of dif-
ferential thermal properties of the materials involved. The
high-air-entry disk can best be saturated by first passing
water through the disk and then using pressurization to force
air into solution. Once the disk has been saturated, it appears
to remain saturated as long as it is kept in contact with water.

Ceramic disks are relatively easy to saturate because of
their hydrophilic nature. The following procedure is sug-
gested to ensure saturation of a high-air-entry disk mounted
in the triaxial or direct shear apparatus (Fredlund, 1973a).
The ceramic disk should first be properly mounted onto the
testing apparatus. Distilled, deaired water should be added to
the chamber to a height of about 25 mm above the ceramic
disk. The triaxial cell or the direct shear box chamber should
then be assembled. The water in the cell can be subjected to
an air pressure of approximately 600 kPa. Water is allowed
to flow through the porous disk for approximately 1 h.

Air bubbles that collect below the ceramic disk can be
periodically flushed. The valves connecting the water com-
partment to the measuring system should then be closed.
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The water above and below the ceramic disk equalizes to the
pressure applied in the cell. It is suggested that the air pres-
sure be applied for approximately 1 h, during which time
the air in the porous disk dissolves in water. The valves
connected to the water compartment can then be opened
for approximately 10 min to allow the water in the disk to
flow into the compartment. The air bubbles are then flushed
from below the high-air-entry disk. The above procedure
can be repeated several times after which the high-air-entry
disk should be saturated. The disk should remain covered
with water until a soil specimen is ready to be mounted
onto the disk. The suggested procedure for saturating the
ceramic disk is similar to that described by Bishop and
Henkel (1962).

The coefficient of permeability of the ceramic disk can
be measured during the saturation process by recording the
quantity of water passing through the high-air-entry disk.
The coefficient of permeability is of interest in evaluating
the compliance of the pore pressure measuring system and
ensuring that the ceramic disk has no cracks. The measured
coefficient of permeability should dramatically increase once
the ceramic disk has even a small crack.

11.4.4 Pore-Air Pressure Control or Measurement

Pore-air pressure is controlled at a specified value when
performing a drained shear test (e.g., consolidated drained
or constant-water-content test). Pore-air pressure is mea-
sured when performing an undrained shear test (e.g., con-
solidated undrained test where the air and water phases are
not allowed to drain).

Pore-air pressure can be controlled or measured through
use of a porous element which provides continuity between
the air voids in the soil and the air pressure system. The
porous element must have a low attraction for water or an
extremely low air-entry value in order to prevent water from
entering the pore-air pressure system. The porous element
can be a fiberglass cloth disk (Bishop, 1961b) or a coarse
porous disk (Ho and Fredlund, 1982a).

The arrangement for applying a controlled air pressure
to the soil specimen in a triaxial apparatus is shown in
Fig. 11.33. A 3.2-mm-thick coarse corundum disk is placed
between the soil specimen and the loading cap. The disk
is connected to the pore-air pressure control through a hole
drilled in the loading cap. A small-bore polythene tube then
connects the loading cap to the base plate of the triaxial
cell. Pore-air pressure can be controlled at a desired pres-
sure using a pressure regulator from an air supply. In the
case of a modified direct shear apparatus, the air pressure
line is connected to the top of the chamber enclosing the
shear box.

The measurement of pore-air pressures can be achieved
using a small pressure transducer mounted on the loading
cap. The volume of the measuring system should be
kept to a minimum when measuring pore-air pressures in
an undrained mode. Pore-air pressure is also difficult to

Figure 11.33 System for controlling pore-air pressure.

measure in a closed system because of the ability of air
to diffuse through rubber membranes, water, polythene
tubing, and other materials. This is particularly true when
considering the long test periods required when testing
unsaturated soils.

11.4.5 Water Volume Change Measurement

The past few decades have witnessed a number of new appa-
ratuses for the measurement of the volume of water flowing
in or out of soil specimens. The volume of water flowing in
or out of unsaturated soils can be quite small. It is important
that the volume of water movement in or out of the soil spec-
imen be accurately measured. The quantity of water flowing
in or out of the soil specimen can be quite small while
at the same time possible leakages and air diffusion can
produce significant errors. Consequently, measuring water
volume changes has proven to be a challenge when testing
unsaturated soils.

Conventional twin-burette volume change indicators
should be slightly modified prior to usage for testing
unsaturated soil specimens (Fig. 11.34). A small-bore
burette (e.g., 10 mL volume) should be used as the central
tube in order to achieve a volume measurement accuracy
of 0.01 mL. Leakage needs to be essentially eliminated for
tests that take long periods of time. There is a preferred
procedure for making water volume change measurements
when using twin burettes (Fredlund, 1973a). The burette
opposite to the direction that the values point gives the
most reliable volume change reading. The other burette also
measures volume changes associated with water leakage
and air diffusion.

The diffusion of pore-air through membranes around the
soil specimen can be greatly reduced by using a composite
membrane consisting of one or two sheets of slotted alu-
minum foil (Dunn, 1965). Silicone grease can be placed
between the two aluminum sheets. Rubber membranes can
be placed next to the soil specimen and on the outside of
the aluminum sheets. Further details on the control of water
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Figure 11.34 Direction of water movement for flow out from
specimen with three-way valves opened to left.

and diffused air leakage in the triaxial test are given by
Poulos (1964). Figure 11.35 shows the overall layout of the
apparatus components associated with water volume change
and the measurement of diffused air. Water volume changes
must be corrected for the volume of air that diffuses through

Figure 11.36 Pressure-volume controller manufactured by GDS
Instruments. (Courtesy of GDS Instruments, London.)

the high-air-entry disk and appear as water volume change
on the water volume change indicator.

Several soil-testing equipment manufacturers have devel-
oped controlled-pressure piston- and cylinder-type appara-
tuses for measuring the flow of water in or out of soil
specimens. The separation between air and water is still
maintained through a high-air-entry disk at the base of the
soil specimen. Figure 11.36 shows one such device (i.e.,
pressure/volume controller) manufactured by GDS Instru-
ments, London. The controller can be used either in a pres-
sure control mode or a volume change mode. Measurements
of water volume change can be made when the controller is
operated in a pressure control mode. Details of operation of
the controller are illustrated in Fig. 11.37.

Air can also diffuse through high-air-entry disks, and it is
necessary to have a device that can measure diffused air. Air
diffusion should be taken into consideration whenever the

Figure 11.35 Schematic of control board and plumbing layout for modified triaxial apparatus.
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Figure 11.37 Details of operation of pressure-volume controllers. (Courtesy of GDS Instru-
ments, London.)

duration of the laboratory test exceeds 1 or 2 days. Several
other manufacturers also produce pressure-volume control
devices similar to those manufactured by GDS Instruments.

11.4.6 Air Volume Change Measurement

The overall volume change of an unsaturated soil specimen
is equal to the sum of the water and air volume changes. The
soil particles and water can be assumed to be incompress-
ible. The measurements of any two of the above-mentioned
volume changes (i.e., overall volume change of the spec-
imen, water volume change, or air volume changes) are
necessary for describing the volume change behavior of
an unsaturated soil. The overall volume change and water
volume changes are generally measured while the air volume
change is computed as the difference between the measured
volume changes. Air volume change is somewhat difficult
to measure due to its high compressibility and sensitivity to
temperature change. Adams et al. (1996) showed, however,
that it was possible to use a GDS apparatus to also measure
air volume changes.

Figure 11.38 illustrates the use of two burettes to measure
air volume change under atmospheric air pressure conditions
(Bishop and Henkel, 1962; Matyas, 1967). Air moves out
of a soil specimen through a coarse porous disk and is col-
lected in a graduated burette. The burettes can be adjusted
to maintain the air-water interface at the midheight of the
specimen. The pore-air pressure is therefore maintained at
atmospheric pressure conditions. The changing elevation of
the air-water interface in the graduated burette indicates the
air volume change in the soil specimen. Water is prevented
from entering the burette because the gauge pore-water pres-
sure is negative. In addition, the coarse porous disk has a
low air-entry value. Water losses due to evaporation from
the open burette can be prevented by covering the water
surface with a layer of light oil (Head, 1986) or replacing
the water entirely with a light oil (Matyas, 1967).

The above method for measuring air volume change is
somewhat cumbersome. The apparatus shown is limited to
making measurements under atmospheric conditions. How-
ever, the apparatus can be modified such that it will operate

Specimen
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Air
Closed burette

Coarse
porous

disk

Soil

Water

Open buretteHigh-air-
entry
disk

Atmospheric 
pressure

Figure 11.38 Air volume change measurements from triaxial cell
under atmospheric pressure conditions.

under an applied backpressure. The apparatus has been pri-
marily used to measure air coefficients of permeability.

11.4.7 Overall Volume Change Measurement

Overall volume change of a saturated soil specimen is equal to
the measured water volume change. For an unsaturated soil,
the water volume change constitutes only a part of the overall
volume change of a soil specimen. Overall volume change in
an unsaturated soil could be due to a change in the amount
of either air or water in the soil specimen. Consequently, it
is necessary to make a second volume change measurement
independent of the water volume change measurement.

It is generally preferable to measure the overall volume
change and also be able to separate horizontal strain com-
ponents from the vertical strain component. The air phase
is highly compressible, making its volume change some-
what difficult to measure. It would appear to be possible
to measure total volume change by measuring the flow of
water in or out from the triaxial cell fluid. The triaxial
cell fluid can be connected to a volume change indicator
that measures overall volume change of the soil specimen.
Most such attempts to measure overall volume change by
measuring fluid flow from the cell have met with limited
success. These measurements are susceptible to tempera-
ture change and errors introduced by leakage and diffusion.
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Figure 11.39 Double-walled triaxial cell to increase accuracy in
measuring total volume change of soil specimen.

Successful cell fluid measurements have been made using
mercury as the cell fluid (Bishop et al., 1960). These mea-
surements were also made using a double-walled triaxial
cell in a temperature-controlled room. However, mercury is
hazardous to health and its use should be avoided. Fluids
other than mercury have also been used in conjunction with
double-walled triaxial cells, as shown in Fig. 11.39 (Wheeler
and Sivakumar, 1992).

There have been ongoing attempts to further improve mea-
surements of total volume change of unsaturated soil speci-
mens. One such system was developed at Hong Kong Uni-
versity of Science and Technology and later manufactured
by GDS Instruments (GDS Instruments, 2011). Figure 11.40
shows how a double-walled cell can be used in conjunction
with an accurate differential pressure transducer to mea-
sure soil specimen volume changes. The differential pressure
transducer measures changes in water level between a ref-
erence water level and fluctuations in a reduced-diameter
cylinder surrounding the vertical piston. The system shown
in Fig. 11.40 is presently marketed by GDS Instruments,
London.

The overall volume change of a triaxial soil specimen has
also been attempted by independently measuring the vertical
deflection and radial deformation of the specimen during
the test. The vertical deflection of the soil specimen can
be measured using a conventional dial gauge or an LVDT
(i.e., linear variable differential transformer). LVDTs have
accuracy comparable to that of dial gauges. Some LVDTs

Load cell

Outer cell

Inner cell

Inner cell
water level

Reference
water level

Figure 11.40 Double-walled triaxial cell that uses differential
pressure measurements to determine total volume change of soil
specimen. (Courtesy of GDS Instruments, London.)

can be submerged in oil or water. Various applications of
LVDTs in triaxial testing are described by Head (1986).

Noncontacting transducers have been used during triax-
ial testing programs (Cole, 1978; Khan and Hoag, 1979;
Drumright, 1987). The device consists of a sensor and an
aluminum target (Fig. 11.41). The sensor is a displacement
transducer clamped to a post and connected to the electronic
measuring system through a port in the base plate. The alu-
minum target can be attached to the rubber membrane (e.g.,
using silicon grease), near the midheight of the specimen.
Three sensors and targets can be placed around the circum-
ference of the specimen at 120◦ intervals (Fig. 11.41).

The noncontacting transducers operate on an eddy current
loss principle. An eddy current is induced in the aluminum
target by a coil in the sensor. The magnitude of the induced
eddy current is a function of the distance between the sen-
sor and the aluminum target. The distance changes between
the aluminum target and the sensor as the specimen deforms
laterally. The distance change causes a change in the mag-
nitude of the generated eddy current. Impedance in the coil
changes, resulting in a change in the DC voltage output.

Another system that has proven to work well involves the
use of a combined radial and axial set of LVDTs, as shown
in Fig. 11.42. The measuring system is clamped onto the
soil specimen near midheight. The average axial strain is



11.5 triaxial test procedures for unsaturated soils 551

Specimen
midheight

Figure 11.41 Installation of noncontacting radial deformation
transducer (after Drumright, 1987).

Figure 11.42 Local axial and radial measurement of strain.
(Courtesy of GDS Instruments, London.)

measured along with the local axial strain near the middle
of the specimen.

11.5 TRIAXIAL TEST PROCEDURES
FOR UNSATURATED SOILS

The testing of unsaturated soils requires great care on the
part of the technician in order to obtain reliable results.
There are a number of technician-related factors that influ-
ence the outcome of the test. The duration of unsaturated
soil triaxial tests is generally considerably longer than the
duration of comparable saturated soil tests. The difference
in duration is mainly related to the reduced coefficient of
permeability of unsaturated soils.

There is a comparable unsaturated soil triaxial test for
each type of commonly performed saturated soil triaxial test.
However, the test procedures for unsaturated soils are gen-
erally more demanding. Since there are two fluid phases
involved (i.e., water and air), it is possible for one fluid
phase to be tested in a drained mode while the other fluid
phase is tested in an undrained mode. This is the situation
when performing a constant-water-content test.

The following sections give consideration to each of the
types of triaxial tests that can be performed on an unsatu-
rated soil. In each case, the computation of the stress states
associated with each test procedure is illustrated.

11.5.1 Specimen Preparation

Unsaturated soil specimens obtained from either undisturbed
or compacted samples can be used for shear strength testing.
The unsaturated soil may initially have high matric suction,
but the test might be performed at lower matric suction. For
example, a multistage test on an unsaturated soil often has
the matric suction reduced for the first stage while subse-
quent stages are conducted at higher applied matric suctions
(Ho and Fredlund, 1982b; Gan et al., 1988).

It is often necessary to relax the high initial matric suc-
tion in the specimen prior to performing the test. One way
to reduce the initial matric suction is to impose an applied
air and water pressure such that the corresponding matric
suction approaches zero. The water from the compartment
below the high-air-entry disk must flow upward into the
specimen toward a new equilibrium condition. The equili-
bration process, however, may require a long time due to the
low permeability of the high-air-entry disk. The relaxation
of the initial matric suction can be expedited by wetting the
specimen from the sides and top of the soil specimen. The
relaxation of the initial matric suction is not required for
some modes of testing such as undrained and unconfined
compression.

11.5.1.1 Matric Suction Relaxation for Triaxial Test

A procedure used to relax the initial matric suction
for multistage triaxial testing was described by Ho and
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Fredlund (1982b). The specimen was first trimmed to the
desired diameter and height and then mounted on the
presaturated high-air-entry disk. Appropriate measurements
of the volume-mass properties of the specimen were taken
during the setup of the specimen. A coarse porous disk
and loading cap were placed on top of the specimen. The
specimen was then enclosed in two rubber membranes. The
specimen had a composite membrane consisting of two
slotted aluminum foil sheets between rubber membranes.
The purpose of the aluminum foil is to greatly minimize
air diffusion from the specimen. O-rings were placed over
the membranes on the bottom pedestal.

Spacers (i.e., consisting of pieces of 3.2-mm plastic tub-
ing) were inserted between the membranes and the loading
cap to allow air within the specimen to escape while water
was added to the sides of the specimen. The cylinder of the
triaxial cell was installed and the cell was partially filled with
water (i.e., about one-half way up the specimen). Water was
allowed access to the soil specimen either by being added
manually or by being applied through the air pressure line
connected to the loading cap.

The specimen was left for several hours to allow the dis-
tribution of water throughout the specimen. The relaxation
process was continued until air could no longer be seen
escaping from around the top of the specimen. The matric
suction in the soil was assumed to be essentially zero at the
end of the wetting process. The desired matric suction value
was then applied to the specimen. Time was allowed for
equalization to the new applied stress conditions.

11.5.1.2 Matric Suction Relaxation for Direct Shear
Test

A similar relaxation procedure has been used to prepare
soil specimens for direct shear testing (Gan, 1986; Escario
and Sáez, 1986). The two halves of the direct shear box
are lightly sealed together using vacuum grease. The vac-
uum grease ensures that water applied to the top of the
soil specimen will flow toward the high-air-entry disk. It is
important to not smear vacuum grease onto the surface of
the high-air-entry disk.

The soil specimen is mounted into the shear box. Then
the coarse porous stone and loading cap are installed. The
initial matric suction in the soil specimen can be relaxed by
adding water to the top of the soil specimen.

11.5.2 Triaxial Test Procedures

Triaxial testing equipment allows flexibility in that a variety
of test procedures can be used. The triaxial cell must be
modified in accordance with using the special design con-
siderations previously explained. Several procedural checks
should be conducted prior to performing each test. The high-
air-entry disk should be saturated. Attempts should be made
to thoroughly flush water through the compartment below
the high-air-entry disk and all the connecting lines to ensure

the expulsion of air bubbles. The volume change measuring
devices, including the diffused air volume indicator, should
be initialized (Fredlund, 1973a).

The soil specimen should then be prepared for testing.
The initial confining air and water pressures to be applied to
the soil specimen can be set on the pressure regulators. The
confining pressure along with the air and water pressures can
be applied to the soil specimen. An initial water pressure of
30 kPa or greater is desirable in order to provide sufficient
differential pressure for flushing air from the base plate. The
diffused air volume that accumulates while performing the
test can be measured on the diffused air volume indicator.

11.5.3 Consolidated Drained Test

The initial stress state for the soil specimen is established by
applying a prescribed confining pressure σ3, pore-air pres-
sure ua , and pore-water pressure uw. The confining, pore-air,
and pore-water pressures are applied by opening the appro-
priate valves on the triaxial control panel in the mentioned
respective order. Other valves on the base pedestal remain
closed during the test except during the flushing of diffused
air from below the high-air-entry disk.

The vertical deflection and the radial deformation are peri-
odically monitored to measure the overall volume change of
the specimen. The volume of water flowing in or out of the
specimen is recorded on the water volume change indica-
tor. The water volume change indicator valves remain open
during a consolidated drained test, except when flushing dif-
fused air from the base plate. Air volume change is generally
not measured. Consolidation is assumed to have reached an
equilibrium condition when there is no longer a tendency
for the overall volume to change or the flow of water from
the specimen.

Upon attaining an equilibrium condition under the applied
pressures (i.e., σ3, ua , and uw), the specimen is sheared by
compression at an appropriate strain rate. The magnitude
of the axial load applied to the specimen can be recorded
using a load cell. The axial load measurements are con-
verted to a deviator stress σ1 − σ3. The shearing process
is conducted under drained (or open-valve) conditions for
the applied pore-air and pore-water pressures. The overall
and water volume changes are monitored throughout the
shear process. The shearing process is terminated when the
selected failure criterion (e.g., maximum deviator stress) has
been achieved.

Diffused air is generally flushed from the base plate once
a day during both consolidation and shearing. The frequency
of the diffused air measurement depends on the applied air
pressure and the air-entry value of the ceramic disk. The
diffused air volume can be measured less frequently when
the applied air pressure is low. The water volume change
correction associated with diffused air becomes necessary
whenever tests extend over a period of several days.

The diffused air in the base plate can be flushed into the
DAVI by applying a pressure differential of 7 kPa or higher
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between the base plate and the diffused air volume indicator.
Each apparatus needs to be tested to assess the differential
pressure at which diffused air can readily be removed from
the base compartment. If the applied differential pressure is
too high, the water from below the compartment may tend
to cavitate and form small air bubbles. It is also desirable to
not significantly alter the water pressure in the base plate.
It may be necessary to elevate the air backpressure in the
diffused air volume indicator during the flushing process.

The valves on the water volume change indicator are
closed during the flushing process so that the water volume
change indicator is bypassed. Diffused air can be flushed
from the base plate using a series of water surges through
the compartment below the high-air-entry disk. Diffused
air moves into the diffused air volume indicator and dis-
places the water in the burette. A few seconds may be
required between each surge. The water pressure in the base
plate only deviates momentarily from its set value when
using this procedure. The valves to the water volume change
indicator are opened while the valves associated with the
flushing process are closed after the diffused air volume has
been measured.

The procedure involving consolidation and shearing is
repeated during each stage of a multistage test. The consol-
idation for each stage should preferably be performed with
the deviator stress reduced to zero. The deviator stress can
be brought to zero by release of the axial load. The shearing
process for each stage of a multistage test should be stopped
when the maximum deviator stress is imminent, except for
the last stage, where the specimen can be sheared to a larger
strain.

11.5.4 Constant-Water-Content Test

The initial consolidation process is carried out in the same
manner for the constant-water-content test as for the con-
solidated drain test. When equilibrium conditions have been
achieved under the applied pressures (i.e., σ3, ua , and uw),
the soil specimen is sheared under drained conditions for
the pore-air phase and undrained conditions for the pore-
water phase. The pore-air pressure is maintained at the value
applied during consolidation. The pore-air pressure valve
remains open during consolidation and shear. On the other
hand, the pore-water pressure valve remains closed during
shear in order to produce undrained pore-water conditions.
The pore-water pressure is measured using a pressure trans-
ducer mounted near the base plate of the triaxial cell.

Diffused air volume should also be measured during shear
under undrained water phase conditions. The water pressure
in the base plate should be recorded prior to the flushing pro-
cess and reset to the same value after flushing. The water in
the pore-water pressure control line should first be subjected
to the same pressure as recorded in the base plate. The air
backpressure in the diffused air volume indicator should be
adjusted to a pressure slightly lower than the water pressure
recorded in the base plate. When the valve on the water

line to the base plate is opened, there will be a quick equal-
ization of the water pressure in the compartment below the
high-air-entry disk.

Diffused air is removed from the base plate by momen-
tarily opening the water pressure valve, which produces a
pressure difference across the base plate. The valves to the
diffused air volume indicator are closed at the end of the
diffused air volume measurement. The undrained pore-water
pressure is then returned to the value existing prior to the
flushing process. Disturbance to the undrained condition of
the soil specimen should be minimal if the flushing time
is short.

11.5.5 Consolidated Undrained Test with Pore
Pressure Measurements

The soil specimen is consolidated using the procedure
described for the consolidated drained test. After equilib-
rium conditions have been established under the applied
pressures (i.e., σ3, ua , and uw), the soil specimen is sheared
under undrained conditions with respect to the air and water
phases. Undrained conditions during shear are achieved by
closing valves on the pore-air line and the pore-water line.

The pore-water pressure developed during shear can be
measured on the pressure transducer mounted on the base
plate. A pore-air pressure transducer should be mounted
on the loading cap, if possible, when measuring pore-air
pressure changes. It may be somewhat difficult to maintain
undrained air conditions due to air diffusion.

The diffused air volume can be measured during the
constant-water-content test; however, there is no way of cor-
recting the measured pore-water pressures for air diffusion.
Difficulties associated with air diffusion may be the main
reason why few consolidated undrained tests with pore-air
and pore-water pressure measurements have been per-
formed. Thicker high-air-entry disks help to reduce the effect
of air diffusion.

11.5.6 Undrained Test

The procedure for performing an undrained test on an unsat-
urated soil specimen is similar to the procedure used when
performing an undrained test on a saturated soil specimen.
The unsaturated soil specimen is tested at its initial water
content or matric suction. In other words, the initial matric
suction in the specimen is not relaxed or changed prior to
performing the shear strength test.

There is no consolidation process allowed since the con-
fining pressure σ3 is applied under undrained conditions for
both the pore-air and pore-water phases. The specimen is
axially compressed under undrained conditions with respect
to both the air and water phases. The undrained test is
usually run at a strain rate between 0.017 and 0.03% per
second, and no attempt is made to measure the pore-air and
pore-water pressures. Conventional triaxial equipment can
be used to perform the undrained test on unsaturated soils.
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The porous disks are usually replaced by metal or plastic
disks on the top and bottom of the soil specimen. The spec-
imen is enclosed in a rubber membrane during the test. The
undrained test results on unsaturated soils can be interpreted
within the context of unsaturated soil shear strength theory.

11.5.7 Unconfined Compression Test

The unconfined compression test procedure is similar to the
undrained test procedure with the exception that no confin-
ing pressure is applied to the soil specimen (i.e., σ3 = 0).
The test is commonly performed in a simple loading frame
by applying an axial load to the soil specimen.

11.6 INTERPRETATION OF TRIAXIAL TEST
RESULTS

Various test procedures can be used for triaxial shear
strength testing of unsaturated soils. It is important to
interpret the meaning of the test results within the context
of unsaturated soil shear strength theory. There are basic
principles of interpretation that can be used for each of
the triaxial test procedures. The triaxial test is usually
performed on a cylindrical soil specimen that is enclosed
in a rubber membrane and placed in a triaxial cell. The
cell is filled with water and pressurized in order to apply
a constant all-around pressure or confining pressure. The
soil specimen can be subjected to an axial stress through a
loading ram in contact with the top of the soil specimen.

The application of the confining pressure is the first
stage of a triaxial test. Either the soil specimen can be
allowed to drain (i.e., consolidate) during the application of
the confining pressure or drainage can be prevented. The

term consolidation is used to describe the process whereby
excess pore pressures due to the applied stress are allowed
to dissipate, resulting in volume change. The pore fluids are
allowed to drain following the application of the confining
pressure. On the other hand, the consolidation process will
not occur if the pore fluids are maintained in an undrained
mode. The terms “consolidated” and “unconsolidated” are
used as the first designation for categorizing triaxial tests.

The application of the axial stress is considered as the
second stage or the shearing stage in the triaxial test. Shear
stresses are generally applied to the soil specimen through
the application of a vertical compressive load. The total con-
fining pressure generally remains constant during shear. The
axial stress is continuously increased until a failure condi-
tion is reached or a limiting strain condition is achieved.
The axial stress generally becomes the total major principal
stress σ1 in the axial direction while the isotropic confining
pressure becomes the total minor principal stress σ3 in the
lateral direction. The total intermediate principal stress σ2 is
equal to the total minor principal stress σ3 (i.e., σ2 = σ3).

Figure 11.43 illustrates the stress conditions associated
with a consolidated drained triaxial test. The pore fluid
drainage conditions during the shearing process are used as
the second designation in categorizing triaxial tests. The test
is referred to as a drained test when the pore fluid is allowed
to flow in or out of the soil specimen during shear. On the
other hand, a test is called an undrained test if the flow of
pore fluid is prevented. The pore-air and pore-water phases
can also have differing drainage conditions during shear.

Triaxial test procedures for unsaturated soils are de-
signated based upon the drainage conditions adhered to
during the first and second stages of the triaxial test. The

Figure 11.43 Stress conditions at various stages of consolidated drained triaxial compression
test.
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triaxial test methods are usually given a two-word designa-
tion or abbreviated to a two-letter symbol. The designations
are (1) consolidated drained (CD) test, (2) constant-water-
content or (CW) test, (3) consolidated undrained (CU) test
with pore pressure measurements, (4) undrained (UU) test,
and (5) unconfined compression (UC) test.

In the case of CD and CU tests, the first letter refers to
the drainage condition prior to shear while the second let-
ter refers to drainage condition during shear. The constant-
water-content test is a special case where only the pore-air
is maintained in a drained mode while the pore-water phase
is kept in an undrained mode during shear (i.e., constant
water content). The pore-air and pore-water are not allowed
to drain throughout the test for the undrained triaxial test.
The unconfined compression test is a special loading condi-
tion for an undrained triaxial test. These five testing proce-
dures are explained in the following sections. A summary
of triaxial testing conditions along with the measurements
performed is given in Table 11.3. The air, water, or total
volume changes may or may not be measured during the
triaxial tests.

The shear strength data obtained from triaxial tests can
be analyzed using the stress states at failure or the total
stresses at failure when the pore pressures are not known.
This concept is similar to the effective stress approach and
the total stress approach used in saturated soil mechanics.
The pore pressures are controlled at a desired value during
shear in a drained test. Any excess pore pressures caused by
the applied loads are dissipated by allowing the pore fluids
to flow in or out of the soil specimen. The pore pressures at
failure are known values. The stress state variables at failure
can be used to analyze the shear strength data.

The excess pore pressures generated in an undrained test
can build up because pore fluid flow is prevented during
shear. The pore pressures at failure are known if the chang-
ing pore pressures during shear are measured. In this case,
the stress state variables can be computed. However, the
stress state variables are unknown if pore pressure measure-
ments are not made during undrained shear. In this case,
the shear strength can only be interpreted in terms of total
stresses at failure.

The total stress approach should be applied in the field
only in situations where it is reasonable to assume that the
strength measured in the laboratory has relevance to the
drainage conditions being simulated in the field. In other
words, the applied total stresses that cause failure in the
soil specimen are assumed to be the same as the applied
total stresses that will cause failure in the field. The above
simulation assumes that the stress state variables control the
shear strength of the soil. It is difficult, however, to closely
simulate field loading conditions with an undrained test in
the laboratory.

11.6.1 Consolidated Drained Test

The CD test refers to a test condition where the soil spec-
imen is first consolidated and then sheared under drained
conditions for both the pore-air and pore-water phases, as
illustrated in Fig. 11.43. The soil specimen is consolidated
to a stress state corresponding to the range of total stresses
likely to be encountered in the field or in design. The soil is
generally consolidated under an isotropic confining pressure
of σ3, while the pore-air, ua , and pore-water, uw, pressures
are controlled at selected values. The pore-air and pore-water
pressures can be controlled at positive values to overcome
the possibility of cavitation in the pore-water pressure mea-
suring system (i.e., the axis translation technique). The soil
specimen has a net confining pressure of σ3 − ua and a matric
suction of ua − uw at the end of the consolidation process.

The soil specimen is compressed in the axial direction by
applying a deviator stress (i.e., σ1 − σ3) during the shearing
process. The drainage valves for both pore-air and pore-
water remain open (i.e., under drained conditions). The pore-
air and pore-water pressures are controlled at constant val-
ues (i.e., equal to the pressures at the end of consolidation).
The deviator stress is applied slowly in order to prevent
the generation of excess pore-air or pore-water pressure in
the soil. The net confining pressure σ3 − ua , and the matric
suction, ua − uw, remain constant throughout the test until
failure conditions are reached, as indicated in Fig. 11.43 [i.e.,(
σ3 − ua

)
f

= σ3 − ua and
(
ua − uw

)
f

= ua − uw]. Only the
deviator stress σ1 − σ3, keeps increasing during shear until

Table 11.3 Various Triaxial Tests for Unsaturated Soils

Consolidation Shearing Process

Prior to Shearing Pore-Air Pore-Water Soil VolumeDrainage

Process Pore-Air Pore-WaterTest Methods Pressure, ua Pressure, uw Change, 
V

Consolidated drained Yes Yes Yes C C M
Constant water content Yes Yes No C M M
Consolidated undrained Yes No No M M
Undrained No No No
Unconfined compression No No No

aNote: M = measurement, C = controlled.
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the net major principal stress reaches a value of
(
σ1 − ua

)
f

at failure.
Blight (1967) reported the results of several consolidated

drained tests performed on unsaturated silt specimens. All
specimens were compacted at a water content of 16.5%
using the standard AASHTO compaction effort. The speci-
mens were then brought to equilibrium at three matric suc-
tion values in a triaxial cell. Two specimens with constant
matric suction values were tested at two different net confin-
ing pressures σ3 − ua (i.e., 13.8 and 27.6 kPa). The deviator
stress versus strain curves are shown in Fig. 11.44a. The
results indicate an increase in shear strength with increas-
ing matric suction and increasing net confining pressure.

(b)

(a)

(c)

Figure 11.44 Consolidated drained tests on unsaturated silt:
(a) typical deviator stress versus strain curves; (b) water vol-
ume change versus strain relations; (c) specimen volume change
versus strain relations (after Blight, 1967).

The water volume change (i.e., 
Vw/V0) and overall spec-
imen volume change (i.e., 
V/V0) during compression are
presented in Figs. 11.44b and 11.44c, respectively, for the
specimens sheared under two different net normal stresses.

Typical stress paths followed during consolidated drained
tests subjected to constant matric suction are illustrated in
Fig. 11.45. The tests are performed on several specimens at
various net confining pressures. For example, stress point A
represents the stress state at the end of consolidation when
the soil specimen had a net confining pressure σ3 − ua , and
a matric suction ua − uw. As the soil is compressed dur-
ing shear, the stress point moves from point A to point
B along the stress path AB. Stress point B represents the
stress state at the condition of failure. When moving from
stress point A to stress point B , the Mohr circle diameter
or the deviator stress increases until the failure condition
is reached at stress point B . However, the net confining
pressure and the matric suction remain constant throughout
the stress path AB. A line drawn tangent to the Mohr cir-
cles at failure (i.e., through stress points C , C1, and C2)
represents the failure envelope corresponding to the matric
suction used for the tests. The failure envelope has a slope
angle of φ′ with respect to the σ − ua axis. The friction
angle appears to be essentially equal to the effective angle
of internal friction obtained from shear strength tests on sat-
urated soil specimens. The friction angle φ′ for compacted
soils commonly lies in the range of 25◦–35◦, as shown in
Table 11.1. The effect of compactive effort on the saturated
shear strength parameters φ′ and c′ for a clayey sand is illus-
trated in Fig. 11.46. The results indicate that densification
of a soil using different compaction efforts results in a soil
with differing saturated shear strength parameters; that is,
the soils should be considered as different soils.

Figure 11.47 presents the stress paths followed during
consolidated drained tests under a constant net confining
pressure and various matric suctions. The Mohr circle at
failure increases in diameter as the matric suction increases
at failure. The Mohr circle at failure is tangent to the failure
envelope corresponding to the matric suction used in the test
(e.g., at stress points C1, C2, and C3). However, stress points
C1, C2, and C3 do not occur at the same net normal stress.
Therefore, a line joining the stress points C1, C2, and C3 will
not give the angle φb. Rather, it is suggested that the failure
envelope be extended to intersect the shear strength versus
ua − uw plane to give cohesion intercepts. A line joining
the cohesion intercepts at various matric suctions gives the
angle φb.

11.6.2 Constant-Water-Content Test

The specimen is first consolidated and then sheared for CW
triaxial tests. The pore-air phase is allowed to drain while the
pore-water phase is maintained in an undrained mode. The
consolidation procedure is similar to that of the consolidated
drained test. The axis translation technique can be used to
impose matric suctions greater than 1 atm. The soil specimen
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Figure 11.45 Stress paths followed during consolidated drained test at various net confining
pressures under same applied matric suction.

Figure 11.46 Effect of compactive effort on effective shear
strength parameters φ′ and c′ for clayey sand (after Moretto et al.,
1963).

has a net confining pressure of σ3 − ua and a matric suction of
ua − uw when equilibrium is reached at the end of consolida-
tion. The specimen is sheared by increasing the deviator stress
σ1 − σ3, until failure is reached. During shear, the drainage
valve for the pore-air remains open (i.e., under drained con-
ditions), while the drainage valve for the pore-water is closed
(i.e., under undrained conditions). The pore-air pressure ua is
maintained at the pressure applied during consolidation. The
pore-water pressure uw changes during shear under undrained
loading conditions. The excess pore pressure is related to
deviator stress using the D pore pressure parameter. The net
confining pressure σ3 − ua remains constant throughout the

test while the matric suction ua − uw changes, as illustrated
in Fig. 11.48 [i.e.,

(
σ3 − ua

)
f

= σ3 − ua and
(
ua − uw

)
f

=
ua − uw − 
uwf]. The net major principal stress reaches a
value of

(
σ1 − ua

)
f

at failure.
Typical stress versus strain curves for constant-water-

content tests are shown in Fig. 11.49a. The stress versus
strain curves obtained from the constant-water-content tests
are similar in shape to those obtained from the consolidated
drained triaxial test. The maximum deviator stress increases
with an increase in the net confining pressure σ3 − ua for
soil specimens prepared at the same initial matric suction.
The matric suction and the soil volume changes during
shear are shown in Figs. 11.49b and 11.49c, respectively.
Matric suction decreases during shear since the pore-air
pressure is maintained at a constant value while the
pore-water pressure increases. The degree of saturation of
the soil specimen increased as the pore voids compressed
in response to pore-air being squeezed out of the soil. The
water content remained constant. Figure 11.49c indicates
that the soil specimens undergo compression until the
maximum deviator stress is reached. The soil specimen
with the lower net confining pressure dilates after reaching
the maximum deviator stress. Dilation is accompanied by a
slight increase in matric suction.

A hypothetical stress path that may be followed by a soil
specimen during a constant-water-content test is shown in
Fig. 11.50. Stress point A represents the stress state at the
end of consolidation where the soil specimen has a net con-
fining pressure σ3 − ua and a matric suction ua − uw. The
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Figure 11.47 Stress paths followed during consolidated drained tests at varying applied matric
suctions with constant net confining pressure.

Figure 11.48 Stress conditions at various stages of constant-water-content triaxial compression
test.
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(a)

(b)

(c)

Figure 11.49 Constant-water-content triaxial tests on Dhanauri
clay: (a) stress versus strain curve; (b) matric suction change versus
strain; (c) soil specimen volume change versus strain (after Satija,
1978).

stress point is assumed to move from point A to point B
along stress path AB as the soil is compressed during shear.
Stress point B represents the stress state at failure.

The net confining pressure remains constant at σ3 − ua

along stress path AB since the pore-air pressure is
maintained at the pressure used during consolidation. The
pore-water pressure is assumed to increase continuously
during shear. The result is a reduction in matric suction
[i.e.,

(
ua − uw

)
f
< ua − uw]. The failure envelope with an

angle φ′ can be drawn tangent to the Mohr circle at failure
(e.g., at stress point C ). The failure envelope intersects the
shear strength versus matric suction plane at a cohesion
intercept c. The cohesion intercepts obtained at various
matric suctions can be joined to give the φb angle.

11.6.3 Consolidated Undrained Test with Pore
Pressure Measurements

CU tests are performed with the soil specimen first consol-
idated and then sheared under undrained conditions. The
pore-air and pore-water phases are undrained during the
shearing process, as shown in Fig. 11.51. The consolida-
tion process brings the soil specimen to the desired initial
stress state (i.e., σ3 − ua and ua − uw). The axis translation
technique is used to establish matric suctions greater than
1 atm. Once equilibrium conditions are achieved, the soil
specimen is sheared by increasing the axial load σ1 − σ3
until failure is reached.

The drainage valves for the pore-air phase and the pore-
water phase are closed (i.e., undrained conditions) during
shear. Excess pore-air and pore-water pressures are devel-
oped during undrained loading. The excess pore pressures
are related to the deviator stress through use of the D pore
pressure parameter (see Chapter 15). The pore-air and pore-
water pressures should be measured during the shear pro-
cess. The net confining pressure σ3 − ua and matric suction
ua − uw, are altered throughout the test due to changing
pore-air and pore-water pressures. The magnitudes of the
net major and minor principal stresses as well as the matric
suction are a function of the pore pressures at failure.

A typical stress path for a consolidated undrained test
is illustrated in Fig. 11.52. The stress state at the end of
consolidation is represented by stress point A where the
net confining pressure is σ3 − ua and the matric suction is
ua − uw. Shear causes the stress state to move from point A
to point B along stress path AB. The stress state at failure is
represented by stress point B , corresponding to a different
net confining pressure and matric suction from those
associated with stress point A. In the example shown, the
pore-air pressure is assumed to increase continuously during
shear. This causes the net confining pressure to decrease
[i.e.,

(
σ3 − ua

)
f
< σ3 − ua]. Matric suction is also assumed

to decrease continuously [i.e.,
(
ua − uw

)
f
< ua − uw]. The

failure envelope is tangent to the Mohr circle at failure (e.g.,
at stress point C ) and inclined at an angle φ′ with respect
to the σ − ua axis. The failure envelope intersects the
shear strength versus ua − uw plane at a cohesion intercept
c. The intersection line joining the cohesion intercepts
produced by tests at different matric suctions gives
the angle φb.

It should be noted that it may be difficult to maintain a
fully undrained condition for the pore-air phase since air can
diffuse through the pore-water, the rubber membrane, and
other parts of the triaxial apparatus.
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Figure 11.50 Stress path followed during constant-water-content triaxial test.

Figure 11.51 Stress conditions at various stages of consolidated undrained triaxial compression
test with pore pressure measurements.

11.6.4 Undrained Test

The pore-air and pore-water phases are not allowed to drain
in the undrained test. The lack of drainage applies when the
confining pressure is applied and when the deviator stress is
applied to the soil specimen (Fig. 11.53). The excess pore-air
and pore-water pressures developed during the application of

the confining pressure can be related to the isotropic confin-
ing pressure through use of the B pore pressure parameters
provided the pore pressures are measured. The soil specimen
may change volume due to compression of pore-air during
the application of confining pressure. The soil has a net con-
fining pressure σ3 − ua and a matric suction ua − uw after
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Figure 11.52 Typical stress path followed during consolidated undrained test.

Figure 11.53 Stress conditions at various stages of undrained triaxial compression test.

the application of the confining pressure; however, the stress
state will not be known unless the pore fluid pressures are
measured.

The soil specimen is sheared by applying an axial stress
σ1 − σ3 until failure is reached. Undrained loading during
shear causes a further change in the excess pore-air and

pore-water pressures. The excess pore pressures can be
related to the deviator stress by the D pore pressure
parameters for triaxial loading conditions provided the pore
fluid pressures are measured. Generally, the pore pressures
are not measured during an undrained test. Undrained test
results are commonly used in conjunction with a total stress
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representation of a problem. The shear strength is therefore
related to total stresses without an understanding of the
pore pressures at failure.

The net confining pressure σ3 − ua and matric suction
ua − uw vary throughout the shear process. However, the
stress state variables during shear and at failure are unknown
when the pore fluid pressures are not measured. Figure 11.53
illustrates how the stress state variables might change dur-
ing an undrained triaxial test (i.e., assuming the pore fluid
pressure had been measured). Only the total confining pres-
sure σ3 and the deviator stress σ1 − σ3 are values gener-
ally measured during an undrained test. Typical stress-strain
curves for the undrained test are shown in Fig. 11.6a. These
are the results of a special test in the sense that the pore-
air and pore-water pressures were measured during shear
(Fig. 11.6b). The pore-water pressure measurements were
limited to –101.3 kPa (Bishop et al., 1960). The plot of
overall volume change in Fig. 11.6c indicates that the soil
specimen compressed during shear.

Hypothetical stress paths that could represent changes
during the undrained test are illustrated in Fig. 11.54. Con-
sider four identical specimens that are initially confined at
four different confining pressures. The hypothetical results
are represented by stress points A, A1, A2, and A3, where
σ3 at A < σ3 at A1 < σ3 at A2 < σ3 at A3. The application
of the total confining pressure under undrained conditions
results in the compression of the pore fluids and the
development of excess pore-air and pore-water pressures.
The pore pressure increases in an unsaturated soil are less
than the total stress increment applied. This is in keeping

with a B pore pressure parameter which must be less
than 1.0. Higher confining pressures result in higher net
confining pressures (i.e., σ3 − ua at A < σ3 − ua at A1 <

σ3 − ua at A2 < σ3 − ua at A3) and lower matric suctions
(i.e., ua − uw at A > ua − uw at A1 > ua − uw at A2 >

ua − uw at A3). In other words, the four identical soil
specimens are brought to four different initial stress states
which are represented by stress points A,A1, A2, and A3
(Fig. 11.54). As the soil is sheared under undrained
conditions, the pore fluids are further compressed and the
pore pressures may further increase. The stress point moves
from point A to point B along the stress path AB. The net
confining pressure and matric suction of the soil specimen
decrease when going from stress point A to stress point
B . Stress point B represents the stress state of the soil at
failure. Similar stress paths are followed by the soil speci-
mens at stress points A1, A2, and A3 (i.e., A1B1, A2B2,
and A3B3).

Figure 11.54 shows an increase in the diameter of the
Mohr circle at failure as the initial total confining pressure
increases [i.e.,

(
σ1 − σ3

)
f

at B <
(
σ1 − σ3

)
f

at B1 <(
σ1 − σ3

)
f

at B2 <
(
σ1 − σ3

)
f

at B3]. In other words,
the shear strength of the soil increases with increasing
initial total confining pressure even though the initial
matric suction decreases. This occurs because the rate of
shear strength increase caused by an increase in confining
pressure is greater than the reduction in shear strength
caused by a decrease in matric suction. This phenomenon
can also be visualized as occurring because the φb angle is
lower than the effective angle of internal friction, φ′.

Figure 11.54 Stress paths followed during undrained triaxial test.



11.6 interpretation of triaxial test results 563

The increase in shear strength due to the increase in the
initial total confining pressure can also be demonstrated
using a shear stress versus total normal stress plot (i.e., τ

versus σ plot), as shown in Fig. 11.55. The Mohr circles at
failure are drawn using the total confining pressure at failure
(i.e., σ3f = σ3) and the total major principal stress at failure,
σ1f . The diameter of the Mohr circle,

(
σ1 − σ3

)
f

, remains
the same when the circle is plotted with respect to either
the net normal stress σ − ua or the total normal stress σ .
However, the position of the Mohr circles on the horizontal
axis differs by a magnitude equal to the pore-air pressure
at failure, uaf. This behavior can be seen by comparing the
Mohr circle associated with stress point B2 in Figs. 11.54
and 11.55.

A typical curved envelope can be drawn tangent to
the Mohr circles for unsaturated soil specimens at failure
(Fig. 11.55). The envelope defines a curved relationship
between shear strength and total normal stress for unsat-
urated soils tested under undrained conditions. The curve
indicates an increase in shear strength as the applied total
stress increases. Care should be taken when interpreting
the meaning of the curvature of the total shear strength
envelope. Matric suction decreases and the degree of
saturation increases as the confining pressure increases.
Eventually, a point is reached where the soil approaches
saturation. In the saturated condition, an increase in the
confining pressure will be equally balanced by a pore-water
pressure increase since the Bw pore pressure parameter will
equal 1.0. In other words, the effective confining stress
σ3 − uw remains constant regardless of the total confining
pressure σ3.

The shear strength of the saturated soil should remain
constant for different total confining pressures. The

undrained tests on saturated soil specimens at various con-
fining pressures result in a series of Mohr circles at failure
with equal diameters. The failure envelope is horizontal
and has a slope of zero (i.e., φu = 0; see Fig. 11.55).
The ordinate intercept of the horizontal envelope on the
shear strength axis is half the deviator stress at failure
and is referred to as the undrained shear strength cu. The
application of the undrained shear strength to the analysis
of saturated soil is referred to as the φu = 0 concept.

The shear strength versus total normal stress relationship
for an unsaturated soil does not produce a horizontal line.
Rather, the undrained shear strength is a function of the
applied total normal stress, as shown in Fig. 11.55.

11.6.5 Unconfined Compression Test

The UC test is a special case of the undrained test. No
confining pressure is applied to the soil specimen throughout
the test (Fig. 11.56). The test can be performed by applying a
deviator stress to a soil specimen in a simple loading frame.
The unsaturated soil specimen has a negative pore-water
pressure at the start of the test and the pore-air pressure
can be assumed to be atmospheric. The soil matric suction
ua − uw is therefore numerically equal to the pore-water
pressure.

The soil specimen is sheared by applying an axial load
until failure is reached. The deviator stress σ1 − σ3 is equal
to the major principal stress σ1 since the confining pres-
sure σ3 is equal to zero. The compressive load is applied
quickly in order to maintain undrained conditions for the
pore-air and pore-water phases. The pore-air and pore-water
pressures are not measured during compression. The excess
pore pressures developed during an unconfined compression

Figure 11.55 Shear stress versus total normal stress at failure for undrained triaxial tests.
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Figure 11.56 Stress conditions at various stages of unconfined compression test.

test can be theoretically related to the major principal stress
through use of the D pore pressure parameter. Figure 11.56
illustrates typical changes in the stress state variables that
would occur during unconfined compression if the pore pres-
sures were measured.

Figure 11.57 illustrates two possible stress paths that could
be followed by an unsaturated soil specimen during the
unconfined compression. The initial stress state is repre-
sented by stress point A where the soil has a zero net confin-
ing pressure (i.e., σ3 − ua = 0) and a matric suction ua −
uw. The matric suction can increase, decrease, or remain
constant during undrained compression depending on the A
parameter of the soil. Matric suction will most commonly
decrease during undrained compression and the stress state
in the soil will move forward from point A to point B along
the stress path AB (Fig. 11.57). The stress state of the soil
at failure is represented by point B . The pore-air pressure
is assumed to increase slightly during compression. This
causes the net confining pressure to decrease along stress
path AB to a negative value [i.e.,

(
σ3 − ua

)
f

= −
uaf]. The
matric suction at failure will be less than the initial matric
suction [i.e.,

(
ua − uw

)
f

at B <
(
ua − uw

)
at A].

In the case of constant matric suction being maintained
during compression, the stress state of the soil could move
from point A to point B1 along the stress path AB1. The
stress path therefore lies in a plane of constant matric suc-
tion. Stress point B1 represents the stress state of the soil at
failure. The pore-air and pore-water pressures are assumed to
remain constant during compression in order for the matric
suction to be constant. As a result, the net confining pres-
sure remains equal to zero until failure is reached [i.e.,
σ3 − ua = (

σ3 − ua

)
f

= 0].

For the case of increasing matric suction during compres-
sion (e.g., the soil dilates), the stress state in the soil will
move backward from point A to a point (or plane) some-
where behind point A. This stress path is not shown in
Fig. 11.57.

The stress paths illustrated in Fig. 11.57 are associated
with unsaturated soil specimens. The soil may be unsatu-
rated in the field or become unsaturated during sampling
due to the release of the overburden pressure. Unconfined
compression test results on the unsaturated soil apply to
the condition where the total confining pressure σ3 is zero
(Fig. 11.58a). The deviator stress at failure,

(
σ1 − σ3

)
f

,
is referred to as the unconfined compressive strength qu.
The unconfined compressive strength is commonly taken as
being equal to twice the undrained shear strength cu. How-
ever, the undrained shear strength for the unsaturated soil
increases as the confining pressure increases. As a result, the
compressive strength of the unsaturated soil may not satis-
factorily approximate the undrained shear strength cu at a
confining pressure greater than zero.

Soil samples may remain saturated in the field in some
cases even though the pore-water pressure is negative. The
pore-water pressure may be negative because the soil is
from some distance above the groundwater table, or it may
be negative due to the release of overburden pressure, or
both. The shear strength equation for saturated soils can
be used even though the pore-water pressures are negative.
The undrained shear strength cu for the soil remains con-
stant even when a variety of confining pressures are applied
(Fig. 11.58b). For a saturated soil, the unconfined compres-
sive strength qu is twice the undrained shear strength cu

regardless of the magnitude of the confining pressure.
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Figure 11.57 Possible stress paths followed during unconfined compression test.

(a)

(b)

Figure 11.58 Use of unconfined compressive strength qu to
approximate undrained shear strength cu for unsaturated soil and
saturated soil: (a) relationship between qu and cu for unsaturated
soil; (b) relationship between qu and cu for saturated soil.

It is quite likely that unconfined compression tests on
unsaturated soils may greatly underestimate the available
shear strength in the field. Unconfined compression tests
are routinely performed for bearing capacity, slope stability,
and other engineering studies. The engineer must understand
that an approximate simulation of the field confining pres-
sure is strongly recommended when performing undrained
laboratory strength tests. The undrained tests should not be
performed as a confined compression test when the soils are
unsaturated.

11.7 DIRECT SHEAR TESTS

Direct shear tests have one distinct advantage over the tri-
axial test, in that the length of the drainage path associated
with pore-water pressure equalization is considerably shorter
in the direct shear test than in the triaxial test. Consequently,
direct shear strength testing of an unsaturated soil can con-
siderably expedite shear strength testing. The basics of the
test procedure and the interpretation of the test results are
explained in the following sections.

11.7.1 Direct Shear Test Procedure

The consolidated drained direct shear test on an unsatu-
rated soil specimen can be conducted using the modified
direct shear apparatus shown in the cross-sectional view
in Fig. 11.59. The direct shear test apparatus consists of
a split box with a top and bottom portion. The soil speci-
men is sheared by moving the lower portion of the shear box
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Figure 11.59 Modified direct shear apparatus for testing unsaturated soils (from Gan and Fred-
lund, 1988).

relative to the upper portion of the box. The test procedure is
similar to that used for a conventional direct shear apparatus.
A motor that provides a constant horizontal shear displace-
ment rate is connected to the shear box base. The shear box
is seated on a pair of rollers that can move along grooved
tracks on the chamber base. The top box is connected to a
load cell which measures the shear load resistance. Vacuum
grease is placed between the two halves of the shear box
prior to mounting the soil specimen in the shear box.

The plumbing layout for the control board of the modified
direct shear apparatus is similar to that used for a triaxial
test; however, it is difficult to measure water volume changes
because of the small water volumes involved. The satura-
tion of the high-air-entry disk and the flushing of entrapped
air from the base plate and its connecting lines should be
performed prior to commencing the test. The initial air and
water pressures to be applied to the soil specimen can be set
on the pressure regulators while the soil specimen is being
assembled.

The tests are generally performed as consolidated drained
direct shear tests. The soil specimen is usually given access
to water after being placed into the direct shear box. The
chamber cap is applied following saturation of the soil. The
predetermined vertical normal load, air pressure, and water
pressure are then applied to the specimen in this sequence.
The vertical normal load is applied through the loading ram
at the same time as the air and water pressures are applied.
It is important to ensure there are no leaks in the system. For
example, the leakage of air from the chamber surrounding
the soil specimen will cause a continuous water vapor loss

from the specimen. The water pressure applied at the base
plate is measured using a pressure transducer. Measurements
of vertical deflection and water movement from the speci-
men can be taken at various time increments. Consolidation
takes place under the applied vertical normal stress, the air
pressure, and the water pressure. Equilibrium is assumed to
be complete when there is no further tendency for overall
volume change and water volume change.

The soil specimen is sheared at an appropriate horizontal
shear displacement rate after equilibration has been reached.
The horizontal shear load resistance is measured using a load
cell. Readings are also taken of vertical deflection, horizontal
shear displacement, and water volume change during shear.
Shearing can be terminated either when the horizontal shear
stress resistance has reached its peak value or when the hor-
izontal shear displacement has reached a designated limiting
value. In the case of a multistage test, the shearing process
for each stage should be stopped when the peak horizontal
shear stress appears to be imminent.

11.7.2 Interpretation of Direct Shear Test Results

A soil specimen is placed in the direct shear box and con-
solidated under a vertical normal stress σ. The pore-air and
pore-water pressures must be controlled at selected pres-
sures during consolidation. The axis translation technique
can be used to impose matric suctions greater than 1 atm.
The direct shear test can be conducted in an air-pressurized
chamber in order to elevate the pore-air pressure to a mag-
nitude above atmospheric pressure. The pore-water pres-
sure can be controlled below the soil specimen using a
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high-air-entry disk. The soil specimen has a net vertical nor-
mal stress of σn − ua and a matric suction of ua − uw at the
end of the consolidation process (Fig. 11.60).

Shearing of the soil specimen is achieved by horizontally
displacing the top half of the direct shear box relative to the
bottom half. The soil specimen is sheared along a horizon-
tal plane between the top and bottom halves of the direct
shear box. The horizontal load required to shear the spec-
imen divided by the nominal area of the specimen gives
the shear stress on the shear plane. The pore-air and pore-
water pressures are controlled at constant values during the
shear process. The shear stress is increased until the soil
specimen has failed. The failure plane has a shear stress
designated as τff, corresponding to a net vertical normal
stress of

(
σf − ua

)
f

(i.e., equal to σ − ua) and a matric

suction of
(
ua − uw

)
f

(i.e., equal to ua − uw) (Fig. 11.60).
Figure 11.61 shows a typical plot of shear stress versus
horizontal displacement for a direct shear test.

The failure envelope can be obtained from the results of
direct shear test results without constructing Mohr circles.
The shear stress at failure, τff, is plotted as the ordinate,
and

(
σf − ua

)
f

and
(
ua − uw

)
f

are plotted as the abscis-
sas to give a point on the failure envelope (Fig. 11.62). A
line joining points of equal magnitude of

(
σf − ua

)
f

deter-

mines the φbangle (e.g., a line joining points A, B , and C
in Fig. 11.62). Similarly, a line can be drawn through the
points of equal

(
ua − uw

)
f

to give the angle of internal fric-
tion φ′ (e.g., a line drawn through points A1, A2, and A in
Fig. 11.62).

The direct shear test is particularly useful for testing unsat-
urated soils because of the reduced length of the drainage

Figure 11.61 Typical shear stress versus shear displacement plot
from direct shear test (from Gan, 1986).

path. The low coefficient of permeability for unsaturated
soils results in “times to failure” that are reduced by direct
shear testing. Other problems associated with testing unsat-
urated soils in a direct shear apparatus are similar to those
common to testing saturated soils (e.g., stress concentra-
tions, definition of the failure plane, and rotation of principal
stresses).

11.8 TYPICAL LABORATORY TEST RESULTS

The presentation of shear strength results on unsaturated
soils focuses mainly on the shear stress versus matric suc-
tion relationship (i.e., τ versus ua − uw plane). The failure
envelope on the shear strength versus matric suction plane is
used to obtain the φb shear strength parameter or the nonlin-
ear relationship between shear strength and matric suction

Figure 11.60 Stress conditions at various stages of consolidated drained direct shear test.
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Figure 11.62 Extended Mohr-Coulomb failure envelope based on direct shear test results.

(i.e., unsaturated soil shear strength function). The nature
of the shear strength versus net normal stress failure enve-
lope for saturated soils is explained in many soil mechanics
books and is not given further consideration here.

Typical laboratory test results obtained from undisturbed
and compacted, unsaturated soil specimens are presented in
this section. Only results from initially similar undisturbed
or compacted soil specimens having the same dry density
and water content can be analyzed to obtain the φb shear
strength parameter or function.

Triaxial test data are presented in the following sections
followed by direct shear test data. The triaxial test data
are categorized as (1) consolidated drained test results and
(2) constant-water-content test results. Both cases are used
to illustrate unsaturated soil behavior. Data are presented to
illustrate the linear and nonlinear relationship between shear
strength and matric suction. Limited data on undrained and
unconfined compression tests are also presented.

11.8.1 Consolidated Drained Triaxial Tests

A series of multistage consolidated drained triaxial tests on
undisturbed specimens were performed by Ho and Fredlund
(1982b). The specimens were from two residual soil
deposits in Hong Kong, namely, decomposed granite and
decomposed rhyolite. The decomposed granite specimens
are mainly silty sand with an average specific gravity Gs

of 2.65. The decomposed rhyolite specimens are sandy
silt with an average specific gravity of 2.66. The mineral
compositions of these two soils are similar. Both soils are
brittle and highly variable. Undisturbed specimens were
sampled tube samples from boreholes and block samples
from open cuts.

Seventeen undisturbed specimens 63.5 mm in diameter
and approximately 140 mm in height were tested. The tests
were performed using the consolidated drained triaxial test-
ing procedure. The deviator stress was removed from the
soil specimen once a maximum value for deviator stress
was obtained for a particular stage (i.e., multistage testing
procedure). Then a new stress state was applied for the next
stage of testing. The strain rate used in the testing program
ranged from 1.7 × 10–5 to 6.7 × 10–5 %/ s. A 5-bar high-air-
entry disk (i.e., 505 kPa) was used for all tests. The effective
angles of internal friction, φ′, were 33.4◦ and 35.3◦ for the
decomposed granite and rhyolite, respectively.

Figure 11.63 presents typical test results from a decom-
posed granite specimen using a cyclic multistage testing
procedure. The test was performed by maintaining a con-
stant net confining pressure σ3 − ua and varying the matric
suction ua − uw from one stage to the next. The test results
were interpreted based on the assumption that the effective
angle of internal friction remained as a constant value. Sim-
ilar multistage test results from two rhyolite specimens are
shown in Fig. 11.64.

The average φb angles from all of the test results were
found to be 15.3◦ for the decomposed granite and 13.8◦

for the rhyolite. It was observed that the soil structure in
the soil specimens appeared to become disturbed to some
degree during the second and third stages of testing. As a
result, the measured peak deviator stress for the last stage
(i.e., stage No. 3) may actually be smaller than that which
would be obtained from a test on a single specimen under
the same stress conditions. Part of the reduction in strength
may also be due to nonlinearity in the shear strength versus
matric suction relationship.
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(a)

(b)

(c)

Figure 11.63 Stress versus strain curves and presentations of fail-
ure envelope for decomposed granite specimen No. 10: (a) deviator
stress versus strain curve; (b) failure envelope projected onto τ

versus σ - ua plane; (c) line defining slope of shear strength with
respect to matric suction φb (from Ho and Fredlund, 1982a).

Two multistage triaxial tests on compacted specimens
were reported by Krahn et al., (1989). The soil was
sampled from a railway embankment at Notch Hill, British
Columbia, and consisted of 10% clay, 85% silt, and 5%
fine sand. The optimum water content was 21.5%, and
the maximum dry density was 1590 kg/m3 when the soil
was compacted in accordance with the standard AASHTO
procedure. Specimens with a diameter of 38 mm and a
height of 75 mm were trimmed for triaxial testing from the
compacted soil. Consolidated undrained triaxial tests were
performed on four compacted saturated specimens with
pore-water pressure measurements. The test results on the

(a)

(b)

(c)

Figure 11.64 Stress versus strain curves and presentations of fail-
ure envelope for decomposed rhyolite specimen No. 11C: (a) devi-
ator stress versus strain curve; (b) failure envelope projected onto
τ versus σ - ua plane; (c) line defining slope of shear strength with
respect to matric suction (from Ho and Fredlund, 1982a).

saturated specimens showed an angle of internal friction φ′
of 35◦ and an effective cohesion c′ equal to 0.0.

The multistage triaxial tests on the unsaturated compacted
specimens were conducted using the consolidated drained
test procedure. The tests were conducted with a constant net
confining pressure while varying the applied matric suction
(Fig. 11.65). The test results showed the φb angle to be
16◦ when a constant effective angle of internal friction was
assumed during the interpretation of the data.

11.8.2 Constant-Water-Content Triaxial Tests

Constant-water-content triaxial tests were performed on a
compacted shale and a compacted boulder clay by Bishop
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(a)

(b)

(c)

Figure 11.65 Stress versus strain curves and presentations of
failure envelope for Tappen-Notch Hill Silt specimen No. E-3:
(a) deviator stress versus strain curve; (b) failure envelope pro-
jected onto τ versus σ - ua plane; (c) line defining slope of shear
strength with respect to matric suction (from Krahn et al., 1989).

Figure 11.66 Intersection line between failure envelope and the
τ versus ua − uw plane for compacted shale (data from Bishop
et al., 1960).

et al. (1960). The shale had a clay fraction of 22% and
was compacted at a water content of 18.6%. A series of
triaxial tests on saturation specimens of compacted shale
gave an effective angle of internal friction φ′ of 24.8◦ and
an effective cohesion c′ of 15.8 kPa. The laboratory results
were reanalyzed by Fredlund et al. (1978), and the results
are presented in Fig. 11.66. The φb angle was 18.5◦ for the
compacted shale when assuming a constant effective angle
of internal friction during the interpretation of the data.

The boulder clay had a clay fraction of 18% and was
compacted at a water content of 11.6%. The saturated boul-
der clay showed an effective angle of internal friction φ′
of 27.3◦ and an effective cohesion c′ of 7.6 kPa. The tests
on the compacted boulder clay were performed at a strain
rate of 3.5 × 10–5 %/ s, and 15% strain was considered
to represent failure conditions. The laboratory results were
reanalyzed by Fredlund et al. (1978) and the results are pre-
sented in Figs. 11.67. The average φb angle was 22.0◦ for
the boulder clay when assuming a constant effective angle
of internal friction during the interpretation of the data.

Figure 11.67 Intersection line between failure envelope and τ versus ua − uw plane for com-
pacted boulder clay (data from Bishop et al., 1960).
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11.8.3 Nonlinear Shear Strength versus Matric
Suction

The nonlinearity of the shear strength versus matric suc-
tion relationship became increasingly apparent as unsatu-
rated soils were tested over a wider suction range (Fredlund
et al., 1987). The reanalyses of the triaxial test results on the
compacted Dhanauri clay using a planar and a curved failure
envelope were compared. The CD and CW triaxial tests on
Dhanauri clay compacted at two densities were presented
by Gulhati and Satija (1981). The Dhanauri clay consisted
of 5% sand, 70% silt, and 25% clay. The liquid limit of the
soil was 48.5% and the plastic limit was 25%. The saturated
effective shear strength parameters (i.e., c′ and φ′) for spec-
imens compacted at two different densities were measured
using consolidated undrained triaxial tests (Table 11.4). The
consolidated drained and constant-water-content tests on the
unsaturated compacted specimens were performed at strain
rates of 1.3 × 10−4 and 6.7 × 10−4%/s, respectively.

The test results on the unsaturated soil specimens were
reanalyzed by Ho and Fredlund (1982a) using the assump-
tion of a planar failure envelope and the results are summa-
rized in Table 11.4. It appears that the linear interpretation
of the failure envelope results in different c′ and φb param-
eters for the same soil tested using different test procedures
(i.e., CD and CW tests). In other words, the results give the
impression that different test procedures may yield different
shear strength parameters. It appears that the assumption of
a planar failure envelope when analyzing the data suggests
there may be nonuniqueness in the shear strength parame-
ters. In addition, the c′ values obtained from the analysis of
the unsaturated soil tests do not agree with values obtained
from triaxial tests on saturated soil specimens (Table 11.4).

The reanalysis of the shear strength data on Dhanauri clay
showed that the failure envelope with respect to the matric

suction was nonlinear (Fredlund et al., 1987). Figures 11.68
and 11.69 present the results for compacted Dhanauri clay
at low and high densities, respectively. The results are
plotted on the shear strength versus matric suction plane
corresponding to zero net normal stress at failure [i.e.,(
σf − ua

)
f

= 0]. The shear strength parameters c′ and φ′

obtained from the consolidated undrained tests on the satu-
rated specimens (see Table 11.4) were used in the analysis.
The curved failure envelopes have a cohesion intercept of
c′ and a slope angle φb equal to φ′ starting at zero matric
suction. The φb angle begins to decrease significantly at
matric suction values greater than 50 kPa for the low-density
specimens. The decrease in φb begins at matric suction
values of 75–100 kPa for the high-density specimens. The
φb angle reaches a relatively constant value of 11◦ when
the matric suction exceeds 150 kPa for the low-density
specimens. The φb angles for the high-density specimens
appear to reach a relatively constant value of 9◦ when
the matric suction exceeds 300 kPa.

There is good agreement between the failure envelopes
for the consolidated drained and constant-water-content
test results when assuming a curved failure envelope with
respect to matric suction. In other words, the assumption of
a curved failure envelope leads to the conclusion that there
is a unique failure envelope when the soil is tested using
different stress paths. The uniqueness of the curved failure
envelope is demonstrated at both densities. It is also appar-
ent that specimens prepared at different densities should be
considered as different soils.

Thu et al., (2006) studied the characteristics of the
shear strength, volume change and pore-water pressure of
compacted silt (i.e., coarse kaolin) during shearing under
constant-water-content conditions. A series of CW triaxial
tests were carried out on statically compacted silt specimens.

Table 11.4 Triaxial Tests on Compacted Dhanauri Clay

CU Tests on Analysis of Test Results on
Saturated Specimens Unsaturated Specimens (Ho and Fredlund, 1982a)

Initial Volume-
c′ (kPa) φ′ (Deg) Type of Test c′ (kPa) φb (Deg)Mass Properties

Low density CD 20.3 12.6
ρd = 1478 kg/m3 7.8 29.0
w = 22.2 % CW 11.3 16.5

CD 37.3 16.2
High density
ρd = 1580 kg/m3 7.8 28.5
w = 22.2 % CW 15.5 22.6

Note: ρd = dry density, w = water content, CU = consolidated undrained, CD = consolidated drained, CW = constant
water content.
Source: Data from Satija (1978).
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Figure 11.68 Nonlinearity in matric suction failure envelope for Dhanauri clay compacted to
low density (data from Satija (1978).

Figure 11.69 Nonlinearity in matric suction failure envelope for Dhanauri clay compacted to
high density (data from Satija (1978).

The properties of the coarse kaolin are presented in
Table 11.5. A modified triaxial apparatus similar to the
modified triaxial apparatus described by Fredlund and
Rahardjo (1993a) was used for performing the CW tests.
The specimens were statically compacted in 10 layers
10 mm thick. Identical specimens were obtained by com-
pacting kaolin at a maximum dry density of 1.35 Mg/m3 and
an optimum water content of 22%. The height and diameter
of the specimens were 100 and 50 mm, respectively. Three
mini–suction probes (Meilani et al., 2002) were installed
along the length of the triaxial specimen. Details of the
mini–suction probes developed at Nanyang Technological
University, Singapore, were presented in Chapter 4.

The soil specimens were initially saturated in order to
obtain consistent initial water content conditions. Each soil
specimen required about 4 days for the saturation process.
Each specimen required another 3–5 days for matric suc-
tion equalization to a new set of stress conditions. The
specimens were sheared by applying an axial load at a con-
stant strain rate once equilibrium conditions were achieved
under the applied net confining stress σ3 − ua and matric
suction.

Specimens were tested in the modified triaxial apparatus
under net confining stresses of 25, 50, 100, 150, 200, 250,
300, and 350 kPa with different initial matric suctions (i.e.,
matric suctions of 0, 100, 150, 200, and 300 kPa). A two-
number naming convention was used to designate each CW
triaxial test. The first number was the net confining pressure
in kilopascals while the second number was the initial matric
suction in kilopascals.

Table 11.5 Index Properties of Compacted Coarse
Kaolin Specimens

Soil Properties Value

Specific gravity, Gs 2.65
Liquid limit, LL (%) 51.0
Plastic limit, PL (%) 35.6
Plastic index, PI (%) 15.4
Silt (%) 85
Clay (%) 15
Unified Soil Classification

System (USCS)
MH (silt of high plasticity)

Maximum dry unit weight,
ρd,max (Mg/m3 )

1.35

Optimum water content,
wopt (%)

22.0

Saturated coefficient of
permeability for water
phase, ks (m/s)

6.4 × 10−8

Typical CW test results under different net confining
stresses but the same matric suction values of 100 and
200 kPa are shown in Figs. 11.70 and 11.71, respectively.
The experimental results show that at high initial matric
suctions the soil behaves in a manner typical of a
highly overconsolidated soil. The soil specimens exhibit
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Figure 11.70 Results of constant-water-content triaxial tests under different net confining
stresses but with the same initial matric suction of 100 kPa: (a) deviator stress versus strain;
(b) volume change versus strain; (c) change in pore-water pressure versus strain.
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Figure 11.71 Results of constant-water-content triaxial tests under different net confining
stresses but with the same initial matric suction of 200 kPa: (a) deviator stress versus strain;
(b) volume change versus strain; (c) change in pore-water pressure versus strain.
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considerable dilation and postpeak strain softening. The vol-
umetric strain remained essentially constant when the devi-
ator stress was constant.

Figure 11.72 shows the projection of shear stresses at fail-
ure, τf , onto the τ versus ua − uw plane for the CW tests.
The effective angle of internal friction, φ′, of the compacted
kaolin was found to be 32◦. The φb angle was found to be
the same as the effective angle of internal friction, φ′ (i.e.,
32◦), at low matric suction values. The φb angle decreased
to as low as 12◦ at high matric suctions. The matric suction
at the inflection point of the relationship between φb and
matric suction increased with an increase in the net confin-
ing stress, as shown in Fig. 11.73. In other words, the net
confining stress had an effect on the nonlinearity of the φb

angle for the CW tests on compacted kaolin specimens. The
shear strength versus matric suction relationship started to

deviate from the effective angle of internal friction (i.e., 32◦)
as the air-entry value of the soil was exceeded (Fig. 11.72).

11.8.4 Undrained and Unconfined Compression Tests

Six series of undrained and unconfined compression tests
(i.e., UC) on unsaturated compacted specimens were per-
formed by Chantawarangul (1983). The soil was clayey sand
consisting of 52% sand, 18% silt, and 30% clay. The soil had
a liquid limit of 30%, a plastic limit of 19%, and a shrink-
age limit of 16%. The soil was compacted using a miniature
Harvard apparatus to give high- and low-density specimens
at various water contents. The water contents were generally
on the dry side of optimum. The high- and low-density spec-
imens correspond to dry density values of approximately
1800 and 1700 kg/m3, respectively.
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Figure 11.72 Intersection line between failure envelope and the τf versus matric suction plane.

0 100 200 300
0

10

20

30

40

σ3 - ua  = 300 kPa

b  
(d

eg
re

e)

σ3 - ua  = 250 kPa

σ3 - ua  = 200 kPaσ3 - ua  = 50 kPa

σ3 - ua  = 100 kPa

σ3 - ua  = 150 kPa

Matric suction (ua - uw), kPa

Figure 11.73 Nonlinearity in relationship between φb and matric suction for constant-water-
content triaxial tests.



576 11 shear strength of unsaturated soils

(a)

(b)

y

d

d

w

f

f

Figure 11.74 Undrained triaxial and unconfined compression
tests on clayey sand compacted to high density: (a) deviator stress
versus strain for various confining pressures; (b) total stress point
envelope (after Chantawarangul, 1983).

The specimens were sheared under undrained conditions
at a constant strain rate of 0.0017%/ s. Test results are
presented in Figs. 11.74 and 11.75 for the high- and low-
density specimens, respectively. The results show a curved
total stress point envelope which becomes a horizontal
envelope at high confining pressures. The total stress point
envelopes for specimens at various water contents are
plotted in Fig. 11.76a for the high-density specimens and in
Fig. 11.76b for the low-density specimens. The envelopes
also show a decrease in shear strength as the water content
of the specimens increased.

11.8.5 Direct Shear Test Results

Multistage direct shear tests have been performed on sat-
urated and unsaturated specimens of compacted glacial till
by Gan et al., (1988). The glacial till was sampled from
the Indian Head area of Saskatchewan, and material passing
the No. 10 sieve was used to form specimens for test-
ing. The soil consisted of 28% sand, 42% silt, and 30%
clay. The liquid and plastic limits of the soil are 35.5 and
16.8%, respectively. The soil specimens were prepared by
compaction in accordance with the AASHTO standard. The
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Figure 11.75 Undrained triaxial and unconfined compression
tests on clayey sand compacted to low density: (a) deviator stress
versus strain for various confining pressures; (b) total stress point
envelope (after Chantawarangul, 1983).

maximum dry density and the optimum water content are
1815 kg/m3 and 16%, respectively.

The shear strength parameters c′ and φ′ were obtained
from several single-stage and multistage direct shear tests on
compacted specimens that were saturated. The Indian Head
glacial till was found to have an effective cohesion inter-
cept of 10 kPa and an effective angle of internal friction of
25.5◦. Multistage direct shear test results on saturated speci-
mens showed that a total shear displacement of 1.2 mm was
sufficient to mobilize the peak shear strength (Gan, 1986).
The specimens were 50 × 50 mm and a total displacement
of 1.2 mm was selected as the failure displacement for the
multistage direct shear tests.

Five multistage consolidated drained direct shear tests
were performed on five compacted specimens. The initial
volume-mass properties of the five specimens are tabulated
in Table 11.6. The tests were performed using the axis trans-
lation technique on a modified direct shear apparatus (Gan
and Fredlund, 1988). A displacement rate of 1.7 × 10–4

mm/s was selected. Each specimen had six or seven stages
of shearing. The tests were performed by maintaining a
constant net normal stress σn − ua of 72 kPa while varying
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Figure 11.76 Total stress point envelopes obtained from undrained triaxial and unconfined
compression tests on clayey sand: (a) total stress point envelopes for high-density specimens;
(b) total stress point envelopes for low-density specimens (after Chantawarangul, 1983).

Table 11.6 Volume-Mass Properties for Five Speciemens Tested Using Multistage Direct Shear Tests (from Gan
et al., 1987)

Specimen No. GT-16-N1 GT-16-N2 GT-16-N3 GT-16-N4 GT-16-N5

Intitial Properties:
Void ratio, e0 0.77 0.53 0.69 0.51 0.54
Degree of saturation, S0 (%) 42 59 48 65 61
Water content, w0 (%) 11.8 11.5 12.3 12.2 12.1

the matric suction ua − uw between stages. The matric suc-
tion ranged from 0 to 500 kPa. Failure envelopes of shear
strength versus matric suction were plotted based on near-
failure conditions at the end of each stage of testing. The
results showed that the shear strength versus matric suction
was nonlinear when the soil was tested over a wide matric
suction range.

Matric suction equalization was generally attained in about
1 day for these particular tests. Typical results from the mul-
tistage direct shear tests on unsaturated specimens are illus-
trated in Figs. 11.77 and 11.78 for two test specimens. The

vertical deflection versus horizontal displacement curves gen-
erally showed that the soil dilated during shear, except during
the initial stages at low matric suctions. The curves showed
an increase in the specimen height with increasing horizontal
displacement as matric suction increased.

A plot of shear stress versus matric suction for sample GT-
16-N5 is shown in Fig. 11.79. The plotted shear strength
values correspond to a shear displacement of 1.2 mm. The
line joining the data points forms the shear stress versus
matric suction failure envelope. The envelope corresponds to
an average net normal stress of 72 kPa at failure (Fig. 11.79a).
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Figure 11.77 Multistage direct shear test results on compacted glacial till specimen No. GT16-
N4; shear stress versus horizontal displacement (from Gan et al., 1988).
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Figure 11.78 Multistage direct shear test results on compacted glacial till specimen No.GT-16-
N5; shear stress versus horizontal displacement (from Gan et al., 1988).

The test results on the Indian Head glacial till exhibit signifi-
cant nonlinearity in the failure envelope with respect to matric
suction. The slope of the shear strength envelope (i.e., non-
linear φb) is plotted in Fig. 11.79b for various matric suction
values.

Figure 11.80 presents a summary of the results obtained
from five unsaturated specimens tested using the multistage
direct shear test procedure. The results fall within a narrow
band that forms a curved failure envelope. The φb angle
starts at a slope equal to φ′ (i.e., 25.5◦) at matric suctions
close to zero and decreases significantly at matric suctions
in the range of 50–100 kPa. The φb angles reach a fairly
constant value ranging from 5◦ to 10◦ when the matric suc-
tion exceeds 250 kPa. The scatter in the failure envelopes
appears to be primarily due to slight variations in the initial
void ratios of the soil specimens.

Nonlinearity of the failure envelope was also observed by
Escario and Sáez (1986) on direct shear tests performed on
several compacted soils. The properties, initial conditions,

consolidation times, and displacement rates associated with
two of the soils tested are tabulated in Table 11.7. The tests
were performed using a modified direct shear apparatus. The
consolidated drained testing procedure was used along with
the axis translation technique.

Figures 11.81 and 11.82 present the results on compacted
red clay of Guadalix de la Sierra and Madrid clayey sand
specimens, respectively. The test results exhibited nonlin-
earity in the failure envelope with respect to matric suction.
The failure envelopes with respect to the net normal stress
appear to be essentially linear.

11.9 SELECTION OF STRAIN RATE

The strength testing of unsaturated soils is commonly per-
formed at a constant rate of strain. An appropriate strain
rate should be selected prior to commencing the test. The
selected strain rate must ensure the equalization of induced
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(a)

(b)

Figure 11.79 Failure envelope obtained from direct shear tests
on glacial till specimen No. GT-16-N5: (a) failure envelope on τ

versus ua − uw plane; (b) slope of failure envelope (i.e., φb) for
various levels of applied suction (from Gan and Fredlund, 1988).

pore pressures throughout the specimen during undrained
shear. The selected strain rate during drained shear must
ensure dissipation of induced pore pressures. The estima-
tion of the strain rate for testing soils can be made partly on
the basis of experimental evidence and partly on the basis
of pore pressure dissipation theory.

11.9.1 Background on Strain Rates for Triaxial
Testing

Prior to the 1960s, unsaturated soils were tested in shear
using similar procedures and equipment to those used for
saturated soils. Coarse ceramic disks were placed next to
the soil specimens and the strain rates were relatively high.
In the early 1960s, the test procedures and equipment used
for testing unsaturated soils were modified. A high-air-entry
ceramic disk was placed at the bottom of the soil speci-
men in order to measure or control the pore-water pressure
independently from the pore-air pressure. Several empirical
procedures were proposed for estimating the strain rate for
testing unsaturated soils (Bishop et al., 1960; Lumb, 1966;
Ruddock, 1966).

Laboratory testing equipment was also modified to accom-
modate the independent control of the pore-air and pore-
water pressures in unsaturated soils. The pore-air pressure
was controlled or measured through the use of a coarse
ceramic disk generally placed on the top of the soil spec-
imen. The control or measurement of the pore-water pres-
sure was made possible through the use of a high-air-entry
ceramic disk. The disk was sealed onto the base pedestal.
The modified laboratory testing apparatuses allowed the use
of the axis translation technique (Hilf, 1956). The axis trans-
lation technique continues to be used for the shear strength
testing of unsaturated soils.

Shear strength tests on unsaturated soils have generally
been performed at relatively slow rates in order to ensure
equalization or dissipation of induced pore pressures. Trial-
and-error procedures have been used by several researchers
to assess the appropriate strain rate. Donald (1961)
recommended that the effect of strain rate on the maximum
deviator stress be used as a criterion in assessing an

Figure 11.80 Failure envelopes on τ versus ua − uw plane obtained from several direct shear
tests on compacted glacial till specimens (from Gan et al., 1988).
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Table 11.7 Direct Shear Tests on Unsaturated
Compacted Soils.....................................

Red Clay of
Guadalix de Madrid

Properties la Sierra Clayey Sand

Liquid limit 33 32
Plasticity index 13.6 15
Sieve analysis: % passing

10 — 100
16 100 94
40 97 48
200 86.5 17

AASHTO standard
compaction
ρd maximum (kg/m3) 1800 1910
w optimum (%) 17 11.5

Initial conditions
ρd0 (kg/m3) 1800 1910
w0 (%) 13.6 9.2(
ua − uw

)
0 (kPa) 2.8 0.7

Consolidation time under
applied total stress and
matric suction (days)

4 4

Displacement rate, dh (mm/s) 2.8 × 10−5 2.8 × 10−5

Time to failure, tf (days) 2–3 1–2

Source: From Escario and Sáez (1986).

appropriate strain rate. Gibson and Henkel (1954) and
Bishop and Henkel (1962) presented test data showing the
variation in strength (i.e., the deviator stress at failure) with
strain rate. The shear strength tended to a constant value
below a particular strain rate, indicating a suitable strain
rate for failing the soil specimen. No measurements were
made to ensure that this strain rate limit was slow enough
for complete pore pressure equalization or dissipation.

Satija and Gulhati (1979) concluded from measured test
results that deviator stress is not highly sensitive to the effect
of varying strain rates (Figs. 11.83a and 11.84a). It was
suggested that changes in matric suction be used for CW
tests (Fig. 11.83b), and changes in water content be used
for CD tests (Fig. 11.84b), as a reasonable indicator of an
appropriate strain rate. Tests were performed on specimens
of compacted Dhanauri clay using strain rates varying from
5.3 × 10−5 to 3.3 × 10−3 (%/ s). It was concluded that a
strain rate of 6.7 × 10−4 (%/ s) was adequate for CW tests
on Dhanauri clay. The strain rate for CD tests was chosen
to be one-fifth of the strain rate for CW tests (i.e., 1.3 ×
10−4%/s).

The effect of strain rate on the equalization of pore-water
pressures for undrained tests was studied by Bishop et al.

Figure 11.81 Direct shear tests on compacted red clay of
Guadalix de la Sierra: (a) horizontal projection of failure envelope
onto τ versus σ − ua plane; (b) horizontal projection of failure
envelope onto τ versus ua − uw plane (after Escario and Saez,
1986).

(1960). Two compacted clay shale specimens 101.6 mm in
diameter and 203.2 mm in height were tested at two differ-
ent strain rates (i.e., 6.9 × 10−4 and 4.6 × 10−5 %/s). The
pore-water pressure was measured at the base of the speci-
men and at the midheight of the specimen. The results are
presented in Figs. 11.85 and 11.86 for strain rates of 6.9 ×
10−4 and 4.6 × 10−5 %/s respectively. The higher strain rate
resulted in significantly different pore-water pressures across
the specimen (Fig. 11.85b). The base measurement of pore-
water pressure was higher than the midheight measurement.
As a result, the principal stress ratios computed from the
two pore-water pressure measurements were also different
(Fig. 11.85a). This difference affects the assessment of the
shear strength properties. Closer agreement between the pore-
water measurements at the base and at the midheight point
was obtained when using a slower strain rate (Fig. 11.86b).
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Figure 11.82 Direct shear tests on compacted Madrid clayey
sand: (a) horizontal projection of failure envelope onto shear
strength versus σ − ua plane; (b) horizontal projection of failure
envelope onto shear strength versus ua − uw plane (after Escario
and Saez, 1986).

11.9.2 Strain Rates for Triaxial Tests

Strain rate can be defined as the rate at which a soil specimen
is axially compressed:

ε̇ = εf

tf
(11.32)

where:

ε̇ = strain rate for shearing a specimen in the triaxial
test,

εf = strain of the soil specimen at failure, and
tf = time required to fail the soil specimen, or “time to

failure.”

The strain at failure, εf , depends on the soil type and the
stress history of the soil. Table 11.8 presents typical val-
ues of strain at failure, εf , obtained from numerous triaxial
testing programs on unsaturated soils. The information in
Table 11.8 can be used as a guide when determing a suitable
strain rate ε̇ for shear strength testing.
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Figure 11.83 Effect of strain rate for constant-water-content
tests on Dhanauri clay: (a) effect of strain rate on deviator stress;
(b) effect of strain rate on matric suction change (after Satija, 1978).
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(a)

(b)

Figure 11.84 Effect of strain rate on consolidated drained tests on
Dhanauri clay: (a) effect of strain rate on deviator stress; (b) effect
of strain rate on water content change (after Satija, 1978).

Gibson and Henkel (1954) used the theory of consolida-
tion to formulate a theoretical method for approximating the
time required to fail a specimen under drained conditions.
The theory is applicable for both triaxial and direct shear
tests. The strain rate used in the triaxial testing of saturated
soils has commonly been estimated using the Gibson and
Henkel (1954) procedure (Bishop and Henkel, 1962). For
unsaturated soils, it is necessary to consider the possibility
of impeded flow through the high-air-entry disk at the base
of the specimen as well as the physical properties of the soil
(Ho and Fredlund, 1982c). The high-air-entry disk has a low
coefficient of permeability kd . The disk not only prevents the
passage of air but also impedes the flow of water in and out
of the specimen during shear. Another factor affecting the
time to failure tf is the low coefficient of permeability of
the unsaturated soil.

Analytical considerations of the impeded flow problem
for an unsaturated soil specimen can be solved in a manner
similar to the problem of impeded flow caused by plugged
porous stones placed next to saturated soil specimens

(a)

(b)

(c)

Figure 11.85 Undrained triaxial test on compacted clay shale
specimen tested at strain rate of 6.9 × 10−4%/s: (a) shear stress
versus strain curve; (b) pore-water pressure versus strain at two
points of measurement; (c) total volume change versus strain (after
Bishop et al., 1960).

(Bishop and Gibson, 1963). The solution gives the time
required to fail the specimen when using a drained test. A
somewhat smaller value for time to failure tf should be
used for an undrained test. The high-air-entry disk may
control pore pressure equalization in the soil. It is suggested
that the time-to-failure value computed for a drained test
should be considered as a conservative estimate for the
time to failure for an undrained test.

The ability of an unsaturated soil specimen and the
measuring system to dissipate the excess pore pressures
developed during drained shear is the main consideration in
computing the time to failure. The excess pore pressure
dissipation is essentially a one-dimensional consolidation
process. Generally, the coefficient of permeability with
respect to the air phase, ka , is much larger than the
coefficient of permeability with respect to the water phase,



11.9 selection of strain rate 583

(a)

(b)

(c)

Figure 11.86 Undrained test on compacted clay shale specimen
tested at strain rate of 4.6 × 10−5%/s: (a) shear stress versus strain
curve; (b) pore-water pressure versus strain at two points of mea-
surement; (c) total volume change versus strain (after Bishop et al.,
1960).

kw. When the air phase is occluded, the air coefficient of
permeability reduces to the diffusivity of air through water.
It is assumed that the dissipation of the excess pore-water
pressure requires more time than the dissipation of the
excess pore-air pressure. The time required to fail an
unsaturated soil specimen can be computed by considering
the dissipation of excess pore-water pressure.

The solution to the problem of excess pore-water pressure
dissipation with impeded flow is mathematically equivalent
to the heat conduction of a slab initially at a uniform
temperature being cooled at its surface in accordance with
Newton’s law (Carslaw and Jaeger, 1959). The solution can
be written as a Fourier series (Gray, 1945). Figure 11.87
shows the dimensions and property variables of an un-
saturated soil specimen and high-air-entry disk required
in the solution to the impeded dissipation of excess
pore-water pressures. The high-air-entry disk is assumed to

Figure 11.87 Properties and variables required to model pore
pressure equalization for unsaturated soil specimen placed on high-
air-entry disk.

be incompressible, and its properties appear in the form of
an impedance factor λ:

λ = kdd

kwLd

(11.33)

where:

λ = impedance factor,
kd = water coefficient of permeability of the high-air-entry

disk,
kw = coefficient of permeability of the unsaturated soil

with respect to the water phase,
d = length of drainage path in the soil, and

Ld = thickness of the high-air-entry disk.

Let us consider the case of single drainage where pore-
water drains only to the bottom (or top) of the soil specimen.
The length of the drainage path, d , is equal to the height
of the soil specimen, 2L (i.e., d = 2L; see Fig. 11.87). If
the pore-water is allowed to drain from the top and bottom
of the specimen (i.e., double drainage), the length of the
drainage path becomes half of the specimen height (i.e.,
d = L). Water is usually permitted to drain through the high-
air-entry disk at the bottom of the specimen when testing
unsaturated soils.

Equation 11.33 is plotted in Fig. 11.88 in terms of dimen-
sionless ratios kw/kd and Ld / d for single drainage dissi-
pation (i.e., d = 2L). The dimensionless form allows the
assessment of the impedance factor λ for a wide range of
soils and high-air-entry disks. The impedance factor λ can
be obtained directly from Fig. 11.88 when the properties of
the specimen and the high-air-entry disk are known. The
coefficient of permeability with respect to the water phase,
kw, may vary depending upon the matric suction of the
specimen. The coefficient of permeability of the soil can
be expressed as a function of matric suction, kw

(
ua − uw

)
.

It would appear that the rate of strain should be decreased
as matric suction is increased.
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Table 11.8 Strain Rate and Strain at Failure for Triaxial on Unsaturated Soils

Approximate
Strain Rate, Strain at Failure,

Soil Type Triaxial Test ε̇ (% /s) εf (%) References

Boulder clay; w = 11.6%
and % clay = 18%

CW 3.5 × 10−5 15 Bishop et al. (1960)

Braehead Silt CW 4.7 × 10−5 11 Bishop and Donald (1961)
CD 8.3 × 10−6 12

Talybont boulder clay; w =
9.75% and % clay = 6%

Undrained with
pore pressure
measurements

4.7 × 10−7 σ 3 = 83 kPa : 8.5
σ 3 = 207 kPa : 11

Donald (1963)

Dhanauri clay; w = 22.2% CW 6.7 × 10−4 20 Satija and Gulhati (1979)
and % clay = 25 % CD 1.3 × 10−4 20

Undisturbed decomposed CD 1.7 × 10−5 Stage I: 3–5 Ho and Fredlund (1982a)
granite and rhyolite Multistage 6.7 × 10−5 Stage II: 1–3

Stage III: 1–3
Clayer sand; w = 14–17%

and % clay = 30%
Undrained and

unconfined
1.7 × 10−3 15–20 Chantawarangul (1983)

The time required to fail the soil specimen, tf , can be
expressed in terms of a desired degree of dissipation of
excess pore-water pressure (Bishop and Gibson, 1963):

tf = L2

ηcv
w

(
1 − Ūf

) (11.34)

where:

L = half of the actual length of the soil specimen, which
is the same for single or double drainage,

η = 0.75 / (1 + 3 /λ) for single drainage,
η = 3/(1 + 3 /λ) for double drainage,

cw
v = kw/

(
ρwgmw

2

)
, the average coefficient of consolida-

tion with respect to the water phase,
ρw = density of water,
g = gravitational acceleration,

mw
2 = slope of the plot of water volume change,

(
Vw/V

)
versus suction, and

Ūf = average degree of dissipation of the excess pore-
water pressure at failure.

The effect of impeded flow on the time to failure tf is
taken into account through the impedance factor λ in the
η parameter in Eq. 11.34. The properties of an unsaturated
soil specimen are taken into account through the L and cw

v
terms. Approximate properties for the unsaturated soil (i.e.,
kw and mw

2 ) can be used to estimate the average coefficient of
consolidation cw

v . Any desired value for the average degree
of dissipation Ūf can be used, but a value of 95% is rec-
ommended (Gibson and Henkel, 1954; Bishop and Henkel,
1962). An average degree of dissipation of 95% means that
95% of the excess pore-water pressure developed during
shear will be dissipated at the time of failure.

Figure 11.88 Impedance factors λ for various ratios kw/kd and
Ld/d for single drainage.

The time to failure tf (i.e., Eq. 11.34) can be plotted with
respect to the impedance factor λ for various values of the
coefficient of consolidation cw

v , as shown in Fig. 11.89. For
single drainage testing the length of the drainage path is
equal to the height of the soil specimen (i.e., 140 mm). The
graph indicates that more time is required to reach failure
as the coefficient of consolidation decreases (i.e., a decrease
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Figure 11.89 Time to failure tf for drained triaxial test specimen
140 mm in height.

in the impedance factor λ). The increase in time to failure
due to a decrease in the coefficient of consolidation cw

v is
uniform at various λ values. However, the increase in time
to failure due to a decrease in the impedance factor becomes
more significant for impedance factors less than 10. When
the impedance factor is greater than 10, the time to failure is
almost constant for a particular coefficient of consolidation.

An impedance factor of 10 corresponds to a specific
permeability ratio kw/kd (Fig. 11.88). As an example, an
impedance factor of 10 corresponds to a kw/kd ratio of 0.7
when the Ld / d ratio is 0.16. Impedance values less than
10 correspond to kw/kd ratios greater than 0.7 (Fig. 11.88).
A comparison between Figs. 11.89 and 11.90 indicates that
the time to failure tf is significantly affected by impeded
flow when the impedance factor is less than 10. In other
words, the impeded flow problem exists even when the
high-air-entry disk has a coefficient of permeability equal
to the coefficient of permeability of the soil specimen. In
many cases, the coefficient of permeability of the disk is
lower than that of the soil. On the other hand, the effect of
impeded flow on the time to failure tf remains essentially
unchanged when the impedance factor is greater than
10. This means that little improvement can be made in
shortening the time to failure tf when the impedance factor
has reached a value greater than 10.

It is evident from the above discussion that impeded flow
due to the presence of the high-air-entry disk is often the
governing factor influencing the time to failure. One way
to reduce the time to failure is by using a thin high-air-
entry disk. High-air-entry disks generally range in thickness
from 3.2 to 9.5 mm. For a specific kw/kd ratio and a spe-
cific specimen height, a decrease in the thickness of the

Figure 11.90 Time to failure tf for drained direct shear tests with
specimen height of 12.7 mm.

high-air-entry disk causes an increase in the impedance fac-
tor (Fig. 11.88). An increase in the impedance factor reduces
the time to failure t f (Fig. 11.89). However, thicker disks
are superior due to their ability to reduce the diffusion rate
of air through the ceramic disk.

The strain rate ε̇f for triaxial testing of unsaturated soils
can be computed in accordance with Eq. 11.34. The com-
puted strain rate is only an estimate because of the assump-
tions involved in the theory and the difficulties in accurately
assessing relevant soil properties. Nevertheless, the theory
does provide a somewhat rational approach to obtaining the
strain rate for unsaturated soil testing. Typical strain rates
that have been used for triaxial tests for unsaturated soil
testing are tabulated in Table 11.7. The strain rate for test-
ing should be relatively slow, even when the soil appears to
be quite pervious, since the strain rate is largely controlled
by the high-air-entry disk. Equation 11.34 can also be used
to obtain a conservative estimate of strain rate for undrained
shear strength testing.

It appears that water can more readily flow out from a
soil specimen through the high-air-entry disk than into the
specimen through the high-air-entry disk. If a soil tends to
dilate during shear, it may be difficult to ensure the upward
flow of water through the low-permeability disk into the
soil specimen. This problem can be somewhat alleviated by
using the axis translation technique and periodically flushing
diffused air from below the high-air-entry disk.

11.9.3 Displacement Rate for Direct Shear Tests

The rate of horizontal shear displacement in a direct shear
test is analogous to the strain rate in a triaxial test. The hori-
zontal shear displacement rate can be defined as the relative
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rate at which the top and bottom halves of the direct shear
box are displaced:

ḋh = dh

tf
(11.35)

where:

ḋ = horizontal shear displacement rate for a direct shear
test, and

dh = horizontal displacement of the soil specimen at
failure.

The horizontal displacement at failure, dh, depends on
the soil type and the soil stress history. An estimate of the
horizontal displacement at failure is required in order to
compute the horizontal shear displacement rate ḋh.

The theoretical estimation for the time to failure tf used in
triaxial testing (i.e., Eq. 11.34) is also applicable to drained
direct shear tests (Eq. 11.35). The excess pore pressures devel-
oped during a drained direct shear test are also dissipated one
dimensionally in the vertical direction. Pore-water is com-
monly drained out of the bottom of the specimen through
the high-air-entry disk. The impedance factor for direct shear
tests can be computed using Eq. 11.33 (Fig. 11.88). The time
to failure tf for direct shear tests can be computed using
Eq. 11.34 (Fig. 11.90). Figure 11.90 is a plot of the time
to failure for various impedance factors and coefficients of
consolidation. The plot is generated for a specimen height
of 12.7 mm.

The horizontal shear displacement rate ḋh can be com-
puted from Eq. 11.35 using estimated values of dh and tf .
Typical horizontal shear displacement rates that have been
used in direct shear testing on unsaturated soils are listed in
Table 11.9.

A comparison of Figs. 11.89 and 11.90 reveals that the time
required to fail the soil specimen is substantially reduced by
using a thinner soil specimen. This can be observed from
Eq. 11.34 where the time to failure is a function of the square

of half the specimen height h . The direct shear test has the
advantage that a thin soil specimen can significantly reduce
testing times for shear strength.

11.9.4 Multistage Testing

Multistage testing can be performed using triaxial or direct
shear equipment. Benefit is derived from being able to alter
the stress path during the testing of a single soil specimen.
Multistage testing is used to maximize the amount of shear
strength information that can be obtained from one speci-
men. It also assists in eliminating the effect of soil variability
on the test results. Multistage triaxial testing of saturated
soils usually consists of using several effective confining
pressures σ3 − uw when testing one soil specimen. A Mohr-
Coulomb failure envelope can be drawn tangent to Mohr
circles corresponding to failure at the various effective con-
fining pressures.

Multistage triaxial testing has been used in conjunction
with a consolidated drained type of test on unsaturated soils.
Multistage triaxial testing is also applicable when using
the constant-water-content or consolidated undrained test

Figure 11.91 Idealized stress-strain curve for multistage triaxial
testing.

Table 11.9 Horizontal Displacement Rate and Horizontal Displacements at Failure for Several Direct Shear Tests on
Unsaturated Soils

Direct Displacement Rate, Displacement at
Shear Test ḋh(mm/s) Failure, dh(mm)a References

Madrid grey clay CD 1.4 × 10−4 3.5–5 Escario (1980)
Madrid grey clay CD 2.8 × 10−5 6.0–7.2 Escario and Sáez (1986)
Red clay of Guadalix de

la Sierra
CD 2.8 × 10−5 4.8–7.2 Escario and Sáez (1986)

Madrid clayey sand CD 2.8 × 10−5 2.4–4.8 Escario and Sáez (1986)
Glacial till CD (multistage) 1.7 × 10−4 1.2 Gan (1986)

aSquare specimen of 50 × 50 mm.
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procedure. For multistage consolidated drained triaxial tests,
the net confining pressure σ3 − ua is usually maintained con-
stant while the matric suction ua − uw is varied from one
stage to the next. Figure 11.91 illustrates a multistage triaxial
test with three stages. Each stage corresponds to a different
matric suction value. A multistage consolidated drained tri-
axial test can also be performed by maintaining the matric
suction constant and varying the net confining pressure.

Each stage of the multistage test should be terminated when
failure is imminent. Near-failure conditions can generally
be determined by observing a plot of deviator stress versus
strain. The soil specimen should not be subjected to excessive

deformation, particularly during the early stages of loading.
Difficulties related to excessive deformation in multistage
triaxial testing have been reported by several researchers
(Kenney and Watson, 1961; Wong, 1978; Ho and Fredlund,
1982b). When the specimen undergoes excessive deforma-
tion during the early stage of loading, the specimen will
tend to undergo soil structure breakdown, and the strength
may be reduced for subsequent stages of testing. The shear
strength measured at successive stages may tend toward a
reduced ultimate strength value. Excessive strain accumula-
tion can be a problem in multistage testing, particularly in
cases where the soil structure is sensitive to disturbance.



CHAPTER 12

Shear Strength Applications in Plastic and Limit Equilibrium

12.1 INTRODUCTION

The analysis of lateral earth pressure problems (i.e., active
and passive earth pressures), bearing capacity problems (i.e.,
plasticity theory), and slope stability problems (i.e., limit
equilibrium analyses) all require the shear strength prop-
erties of the soil (i.e., failure criterion). The equations of
static equilibrium must also be satisfied when solving the
above-mentioned geotechnical engineering problems.

The shear strength envelope becomes nonlinear when soils
are unsaturated and soil suction varies over a wide range.
The nonlinearity of the shear strength envelope is related
to the changes in degree of saturation of the soil as soil
suction changes. The previous chapter provided informa-
tion on the measurement of unsaturated soil shear strength
parameters. There are numerous situations, however, where
it is sufficient and satisfactory to estimate the unsaturated
shear strength parameters. This is particularly true at the
preliminary design stage of a project. Numerous empirical
equations have been proposed for the estimation of the shear
strength of unsaturated soils. In most cases the estimated
shear strength equations are based on the saturated shear
strength parameters and the SWCC of the soil.

The first portion of this chapter is devoted to the “estima-
tion” of the shear strength envelope for an unsaturated soil.
The estimation procedures are of significant importance to
geotechnical engineering practice. Mention is also made of
another set of shear strength equations that fall under the
category of fitting equations. In this case, it is assumed that
shear strength data with respect to soil suction is available
and one of the proposed fitting equations is then best fit
through the data points. Figure 12.1 illustrates the difference
between estimation procedures and fitting techniques.

12.2 ESTIMATION OF SHEAR STRENGTH
FUNCTIONS FOR UNSATURATED SOILS

Unsaturated soil properties take the form of nonlinear math-
ematical functions with respect to soil suction. This is true
for the shear strength properties of unsaturated soils as well

as virtually every physical property of unsaturated soils. It is
costly and time consuming to measure the unsaturated soil
property functions in the laboratory because of the number
of data points that are required. There has consequently been
an emphasis on the estimation of unsaturated shear strength
functions.

Many engineering projects may not be able to justify the
measurement of the unsaturated shear strength relationship
for an unsaturated soil. However, an estimation of the unsat-
urated soil shear strength envelope may provide the engineer
with a significantly improved ability to analyze practical
problems where a portion (or all) of the soil profile involves
unsaturated soils. The contribution of soil suction to shear
strength generally results in a significant increase in bearing
capacity and an increase in the factor of safety of slopes. At
the same time, the active earth pressure for an unsaturated
soil is decreased by soil suction while the passive pressure
in increased as soil suction is increased.

Most estimation shear strength equations proposed for an
unsaturated soil have been related to the SWCC or the clas-
sification properties of the soil. Consideration has mainly
been given to the use of shear strength estimation proce-
dures that use two independent stress state variables and the
SWCC. Empirical estimation equations associated with crit-
ical state constitutive models are not discussed in this book.
Much of the published shear strength data are associated
with the peak shear strength of the soil.

The method of preparation of soil specimens should be
noted along with shear strength laboratory results. It is
important to know the preparation procedures for soil speci-
mens tested in the laboratory. Soil specimens can be prepared
as (i) slurry soil specimens consolidated to specified applied
pressures and then desaturated by increased soil suction,
(ii) compacted specimens prepared by premixing at a spec-
ified water content and density and subsequently varying the
soil suction that is applied, and (iii) undisturbed samples
from the field that are then conditioned with various applied
soil suctions.

A number of general observations can be made based on
various shear strength studies that have been undertaken
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Figure 12.1 Fitting experimental shear strength data and estimat-
ing a soil suction shear strength function: (a) fitting and (b) esti-
mation procedures to obtain shear strength function.

(Escario and Saez, 1986; Fredlund and Rahardjo, 1993a;
Vanapalli et al., 1996; Cunningham et al., 2003):

1. Higher matric suctions result in higher shear strengths
under the same confining pressures.

2. Higher confining pressures result in higher shear
strengths under the same matric suction.

3. The relationship between shear strength and soil suction
is nonlinear when the applied soil suctions are increased
beyond the air-entry value of the soil. The shear strength
increases most rapidly in the low-matric-suction range

and then gradually flattens (or even decreases) at high
suctions (i.e., suctions approaching residual conditions).

The shear strength of an unsaturated soil has been shown
to bear a relationship to changes in the degree of saturation
(or water content) of a soil. Therefore, it is not surprising
that proposed shear strength functions for an unsaturated
soil have been related to the SWCC. The shear strength
function for an unsaturated soil appears to adhere to the fol-
lowing limiting conditions. The shear strength of an unsat-
urated soil increases in response to the effective angle of
internal friction, φ′, for matric suctions up to the air-entry
value of the soil. Once the air-entry value is exceeded, the
increase in shear strength responds to soil suction at a con-
tinuously decreasing rate throughout the transition region.
There appears to be no significant increase (or decrease) in
shear strength for most soils once residual suction conditions
are exceeded.

12.2.1 Observed Relationship between SWCC
and Shear Strength

Donald (1956) performed a series of direct shear tests on
various gradations of Frankston sand. This is probably the
earliest set of shear strength tests performed where the
associated SWCC desorption curves were also measured.
Figure 12.2b shows the change in strength that occurred for
the Frankston sand soils when soil suction was increased
past the air-entry value through the transition zone and
beyond residual suction conditions. Each shear strength plot
shows that the shear strength rises quickly as the negative
pore-water pressure is increased. However, in each case
there is a point at which shear strength levels off and even
decreases as matric suction is further increased.

Changes in the shear strength with matric suction bear
a relationship to the corresponding SWCCs for each of the
sand soils. Figure 12.2a shows the SWCCs corresponding to
the Frankston sand specimens. In each case, there appears to
be a relationship between the changes on the shear strength
envelope and key points on the SWCC, namely, the air-entry
value and residual suction conditions.

The first deviation from the effective angle of internal
friction, φ′, occurs just prior to the air-entry value. There
is a leveling off of the shear strength envelope just after
residual suction conditions are exceeded. The peak values
of shear strength and the decrease in shear strength occur
in the transition zone of the SWCC. The test results on
the sand specimens show a relationship between the SWCC
and shear strength. These are some of the earliest results that
form the basis for the development of estimation procedures
for the unsaturated shear strength envelope. The saturated
shear strength parameters and the SWCC provide the basic
information required for formulating a shear strength func-
tion. Consequently, there is continuity between the shear
strength equations for saturated and unsaturated soils.

Numerous shear strength testing programs have been per-
formed over the years, and each time, when shear strength
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Figure 12.2 Result of series of direct shear tests on sands sub-
jected to range of matric suction (Donald, 1956, with modifications
by Vanapalli, 2009).

was measured over a wide range of soil suction values, it has
been clear that there was a relationship between the SWCC
and the shape of the unsaturated shear strength envelope.
Figure 12.3 shows the results of a series of direct shear tests
performed on glacial till. The SWCC shows that the air-
entry value of the soil is approximately equal to 60 kPa.
The shear strength envelopes show that the air-entry value
is near the point where shear strength starts to deviate from
the effective angle of internal friction, φ′. It is difficult to
observe a distinct break in the SWCC that represents the start
of residual conditions; however, residual suction appears to
be beyond 10,000 kPa for the glacial till soil. Residual suc-
tion is well beyond the range of the shear strength tests. The
shear strength measurements extended to a matric suction of
500 kPa and the envelope continued to increase at a reduced
rate as soil suction increased.

The above-mentioned results along with other laboratory
test results have shown that there is a clear relationship
between the unsaturated shear strength of a soil and the
corresponding SWCC. Figure 12.4 summarizes the general
anticipated shear strength responses that might be anticipated

from a variety of soils. The shear strength of all soil types
appears to respond as a saturated soil as long as the matric
suction is less than the air-entry value of the soil. There is
curvature in the shear strength envelope once the air-entry
value is exceeded. The shear strength envelope for most
soils with silt- and clay-size particles bends toward an
almost horizontal line near residual suction conditions. In
other words, the shear strength envelope shows an increase
in strength up to the residual suction for the soil. Sandy
soils generally show a leveling off in strength even prior to
residual suction being reached and tend to fall off in strength
at higher soil suctions.

12.2.1.1 Shear Strength beyond Residual Suction

The early shear strength tests by Donald (1956) showed that
it was possible for the shear strength of sand to decrease
once residual suction conditions were exceeded. It is also
known that clay soils generally continue to increase in
strength as soil suction is increased beyond residual suction
conditions. Some estimation models use the entire SWCC
when estimating the unsaturated shear strength function.
Other estimation models normalize water content between
saturated conditions and residual water content conditions.
There is little information to confirm the accuracy of any
of the estimation models in the high-soil-suction range.

Nishimura and Fredlund (2002) performed unconfined
compression tests on two soils that were conditioned to total
suction values well beyond the respective residual suctions.
The two soils were a nonplastic silt soil and kaolin. The
statically compacted soil specimens were 100 mm in height
with a diameter of 50 mm. The specimens were placed
into a chamber that controlled the temperature and relative
humidity and allowed equilibration under the applied total
suction environment. Total suctions were controlled using
saturated salt solutions.

Some of the soil specimens were prepared dry of resid-
ual total suction and then wetted to equilibrium at various
relative humidity values (i.e., 80, 70, 60, 50 and 40). Other
soil specimens were prepared wet of residual total suctions
and allowed to dry to the equilibrium state. The specimens
remained in the relative humidity environment for about 1
month. Unconfined compression tests were then conducted
at an axial strain rate of 0.5 mm/min.

The SWCCs for each of the soils were measured using
a pressure plate apparatus, salt solution desiccators, and a
relative humidity chamber. The SWCCs for the silt soil and
kaolin are shown in Fig. 12.5. The air-entry value and the
residual conditions were selected from the SWCC. The esti-
mated air-entry value for the silt soil and kaolin were 10
and 100 kPa, respectively. The residual state for the silt soil
occurred at a water content of 2.5% and the residual suction
was 2000 kPa. The residual suction for the kaolin appears
to be around 5000 kPa and the corresponding water content
was around 18%.
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Figure 12.3 Curvature to shear strength envelope with respect to matric suction: (a) SWCC for
compacted glacial till (after Vanapalli et al., 1996a); (b) multistage direct shear strength tests on
compacted glacial till (from Gan et al., 1988).

Figures 12.6 and 12.7 show the relationship between
unconfined compression strength and total suction for the
silt soil and kaolin soil, respectively. There was a slight
increase in the shear strength at soil suctions beyond residual
conditions for both the silt and kaolin. The friction angle,
φb

(drying), beyond residual conditions for the silt soil and
kaolin were 0.02◦ and 0.3◦, respectively. In other words, the
failure envelope with respect to soil suction is essentially
horizontal in the total suction range beyond residual suction.

When soil suctions were decreased from 124,000 to
94,000 kPa (i.e., a wetting process), there was a reduction in
shear strength for both the silt soil and kaolin. A decrease in
shear strength was measured with decreasing soil suction,
and the failure envelope during wetting is shown in Figs. 12.6
and 12.7. The friction angle, φb

(wetting), with respect to the
wetting portion were 0.01◦ and 0.05◦ for the silt soil and
kaolin, respectively. Once again, the failure envelope angles
were essentially 0◦ in the region beyond residual suction.
There were slight differences in strength measured for the
drying and wetting portions of the shear strength envelope;
however, in both cases the overall angles of shearing
resistance were close to 0◦.

Further shear strength test data from the suction range
beyond residual suction would be useful; however, it is
usually the changes in shear strength in the suction range
below residual suction that are of greatest interest in engi-
neering practice. In general, it would appear to be reasonable
to assume that the φbangle is 0◦ beyond residual suction
conditions. The primary exception would be sand soils where
the φb angle might decrease with increasing suction (i.e.,
become a negative value).

12.2.2 Categorization of Shear Strength Equations
for Unsaturated Soils

Numerous equations have been proposed for describing the
shear strength of unsaturated soils. Figure 12.8 subdivides
shear strength equations for unsaturated soils into those that
can be used to “best fit” a data set and those that can be
used to estimate the unsaturated soil shear strength function
based on the SWCC for a soil as well as other soil properties.
The theory and measurement of unsaturated shear strength
properties were presented in Chapter 11. This chapter pri-
marily focuses on the estimation of the shear strength of an
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unsaturated soil and then on the application of shear strength
to practical engineering problems.

Shear strength equations have also been suggested for des-
cribing critical state shear strength with respect to soil suction.
The critical shear strength equations are not presented herein.

The SWCC plays an important role in the estimation of the
unsaturated shear strength of a soil. The air-entry value of
the soil, ψaev, and the residual suction, ψr , are pivotal points
that can be identified on the SWCC. These pivotal points sub-
sequently influence the form of the proposed shear strength
equations. Some estimation shear strength equations cease
to apply at residual suction conditions while other equations
apply for the entire soil suction range (Fig. 12.8). Most shear
strength equations fall into either the best-fit category or the
estimation category. The D.G. Fredlund et al., (1996) equation
was originally a best-fit equation where the κ parameter was
determined through use of a regression analysis. Later, Gar-
ven and Vanapalli (2006) correlated the κ parameter to the
plasticity of the soil with the result that the shear strength
equation now qualifies as an estimation equation.

12.2.3 Some Fitting Equations for Shear Strength
versus Soil Suction

A brief summary is first given of some best-fit shear strength
equations before a more detailed presentation is provided on
equations that have been proposed for the estimation of the
unsaturated soil shear strength. The Lee et al., (2005) best-
fit unsaturated soil shear strength equation is discussed at
the end of this section.

12.2.3.1 Fredlund et al., (1978) Linear Shear Strength
Equation

Fredlund et al., (1978) proposed a shear strength equation
for unsaturated soils based on two independent stress state
variables. The friction angle associated with net normal
stress, φ′, was assumed to be independent of soil suction
and the friction angle, φb, was also assumed to be indepen-
dent of net normal stress. The shear strength equation was
linear in form and was the basis for subsequent nonlinear
equations that were to follow. The linear form of the
shear strength equation proposed by Fredlund et al. (1978)
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Figure 12.5 SWCCs for (a) silt soil and (b) kaolin (after
Nishimura and Fredlund, 2002).

took the form of an extension of the Mohr-Coulomb failure
criterion:

τ = c′ + (σ − ua) tan φ′ + (ua − uw) tan φb (12.1)

where:

c′ = effective cohesion intercept,
ua = pore-air pressure,
uw = pore-water pressure,

ua − uw = matric suction, also shown as ψ for soil
suction,

σ − ua = net normal stress on the failure plane,
φ′ = effective angle of internal friction for the sat-

urated soil,
φb = contribution to the shear strength due to soil

suction (i.e., matric suction or total suction).

Equation 12.1 shows that there are independent contribu-
tions to shear strength from soil suction and net normal stress.
Early data sets indicated that the φb angle might be relatively
constant over a limited range of matric suctions that might be
encountered in situ. Later data sets revealed that there was sig-
nificant nonlinearity in the φbangle when larger soil suction
ranges were taken into consideration. This gave rise to nonlin-
ear equations for the unsaturated soil shear strength criterion.

12.2.3.2 D.G. Fredlund et al. (1996) Nonlinear Shear
Strength Equation

The D.G. Fredlund et al., (1996) equation incorporated the
SWCC written in terms of dimensionless water content �d

into the unsaturated soil shear strength equation. The SWCC
was raised to a power κ which was used as a fitting param-
eter. The resulting shear strength equation was nonlinear in
form due to the nonlinearity of the SWCC:

τ = c′ + (σ − ua) tan φ′ + (ua − uw)[�κ
d ] tan φ′ (12.2)

where:

�d = dimensionless water content defined as θ/θs , where
θ is any volumetric water content and θs is the
saturated volumetric water content, and

κ = fitting parameter for the SWCC.
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Figure 12.6 Relationship between compressive strength and total suction for silt soil (Nishimura
and Fredlund, 2002).
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Figure 12.7 Relationship between compressive strength and total suction for kaolin (after
Nishimura and Fredlund, 2002).

In 2006 Garven and Vanapalli published a correlation
between the κ parameter and the plasticity index Ip of a
soil. As a result, the D.G. Fredlund et al., (1996) equation
could then be used as an estimation equation for the shear
strength of an unsaturated soil.

12.2.4 Proposed Estimation Equations
for Unsaturated Soil Shear Strength

There are numerous shear strength equations that have
been proposed for the estimation of shear strength for an
unsaturated soil. Most of the equations are empirical and
phenomenological in nature. The equations are based on the
assumption that the shear strength of an unsaturated soil
can be viewed as an extension of saturated shear strength
properties such as c′and φ′. The shear strength parameters
c′ and φ′of a soil are considered to be fundamental soil
properties but are also dependent upon initial conditions such
as dry density, water content, and soil structure (Fredlund,
1989a).

Figure12.8shows twocategoriesofestimationequations for
unsaturated soil shear strength. Some equations either directly
or indirectly make use of the properties of the SWCC and
others utilize additional information such as soil classification
informationor the shear strengthat residual suctionconditions.
It is clear that the air-entry value of the soil and the residual
suction (or the shear strength at residual suction) form anchor
points for the estimation of unsaturated soil shear strength.

There are also some shear strength estimation equations
that are continuous from zero suction to a high-suction value
whereas in other cases there is one equation from zero suction
to the air-entry value and another equation from the air-entry
value to a high-suction value. Most shear strength equations
are limited to maximum soil suctions less than residual suction.

12.2.4.1 Vanapalli et al. (1996b) Estimation Shear
Strength Equation

Vanapalli et al., (1996b) suggested a shear strength equation
that involved a normalization of the SWCC between saturated

conditions and residual volumetric water content conditions.
The proposed relationship took the following form:

τ = c′ + (σ − ua) tan φ′ + (ua − uw)

[(
θ − θr

θs − θr

)]
tan φ′

(12.3)
where:

θr = volumetric water content at residual suction and
(θ − θr)

(θs − θr)
= normalized water content �n (i.e., between satu-

rated volumetric water content and residual vol-
umetric water content).

The normalized water content �n serves as a reduction
term for the soil suction term. The tan φb term from the
linear Fredlund et al., (1978) equation can be written in a
nonlinear form using normalized water content �n:

tan φb =
(

θ − θr

θs − θr

)
tan φ′ = �n tan φ′ (12.4)

The shear strength associated with soil suction, τs , can be
written as

τs = (ua − uw)

(
θ − θr

θs − θr

)
tan φ′ (12.5)

12.2.4.2 D.G. Fredlund et al. (1996) Estimation Shear
Strength Equation

Unsaturated soil shear strength equations are related to the
shape of the SWCC. The nonlinearity of the SWCC results
in a nonlinear shear strength relationship (D.G. Fredlund et
al., 1996). The volumetric water content of the soil was writ-
ten in a dimensionless form by dividing by the volumetric
water content at saturation (i.e., �d = θ/θs). The definition
of unsaturated soil shear strength extends beyond residual
suction conditions. The unsaturated soil shear strength prop-
erty takes the form of a nonlinear function:

tan φb =
(

θ

θs

)κ

tan φ′ = �κ
d tan φ′ = (S)κ tan φ′ (12.6)
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Figure 12.8 Categorization of shear strength equations for unsaturated soils.

The shear strength associated with soil suction, τs , can be
written as

τs = (ua − uw)

(
θ

θs

)κ

tan φ′ (12.7)

Garven and Vanapalli (2006) provided an empirical rela-
tionship between the fitting parameter κ and the plasticity
index of the soil, PI. The proposed empirical equation link-
ing the κ factor to the plasticity index has been revised a
couple times but Figure 12.9 shows the latest experimental
results and the form for the κ factor equation.

κ = −0.0016(PI)2 + 0.0975(PI) + 1 (12.8)

Equation 12.8 was originally developed through compar-
isons of measured and predicted values of shear strength for
determining the fitting parameter κ This process has been
continued as further experimental shear strength data have
become available.

12.2.4.3 Oberg and Sallfors (1997) Estimation Shear
Strength Equation

Oberg and Sallfors (1997) proposed an unsaturated soil shear
strength equation that used the instantaneous degree of sat-
uration S of the soil to describe shear strength. The con-
tribution of soil suction to shear strength was assumed to
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be equal to (S tan φ′) and the shear strength equation was
written as

τ = c′ + (σ − ua) tan φ′ + (ua − uw)[S] tan φ′ (12.9)

12.2.4.4 Khalili and Khabbaz (1998) Estimation Shear
Strength Equation

Khalili and Khabbaz (1998) assumed that the soil behaved
as a saturated soil as long as the matric suction was less
than the air-entry value of the soil:

τ = c′ + (σ − ua) tan φ′ + (ua − uw) tan φ′ (12.10)

Once the air-entry value was exceeded, the suction com-
ponent of shear strength was reduced by multiplying soil
suction by the variable λ′, and the shear strength equation
was written as

τ = c′ + (σ − ua) tan φ′ + (ua − uw)[λ′] tan φ′ (12.11)

The parameter λ′ was defined as

λ′ =
[

ua − uw

(ua − uw)b

]−0.55

(12.12)

Figure 12.10 shows a plot of λ′ versus soil suction for
two air-entry values. The λ′ value is 1.0 for shear strengths
up to the air-entry value and then decreases without any
influence from residual suction. The rate of decrease of λ′
is simply influenced by the air-entry value of the soil. It is
assumed that soil suction always provides a positive increase
in strength up to 106 kPa. In each case, the λ′ parameter
decreases in response to an exponent power of –0.55 for all
soil types.

12.2.4.5 Bao et al. (1998) Estimation Shear Strength
Equation

Bao et al., (1998) assumed that the soil behaved as a sat-
urated soil as long as the matric suction was less than the
air-entry value of the soil:

τ = c′ + (σ − ua) tan φ′ + (ua − uw) tan φ′ (12.13)

Once the air-entry value was exceeded, the suction com-
ponent of shear strength was reduced by multiplying soil
suction by the variable ζ , as shown in the equation

τ = c′ + (σ − ua) tan φ′ + (ua − uw)[ζ ] tan φ′ (12.14)

The parameter ζ was defined as

ζ = log(ua − uw)r − log(ua − uw)

log(ua − uw)r − log(ua − uw)b
(12.15)

Figure 12.11 shows a plot of ζ versus soil suction for two
air-entry values. The ζ value is 1.0 at any air-entry value and
decreases to a value of zero at residual suction conditions.
In other words, the influence of soil suction on the shear
strength of an unsaturated soil was normalized between the
air-entry value and residual suction. It was assumed that the
shear strength of the soil remained constant beyond residual
suction. This behavior is quite consistent with shear strength
behavior observed for fine-grained soils.

12.2.4.6 Goh et al. (2010) Estimation Shear Strength
Equation

Goh et al. (2010) proposed an equation to estimate the shear
strength under drying and wetting conditions. The Goh et al.
(2010) equation is a modification of the D.G. Fredlund et al.
(1996) equation and the Lee et al. (2005) equation. Volu-
metric water content was written in a dimensionless form
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Figure 12.10 The λ′ parameter associated with Khalili and Khabbaz (1998) estimation equation
corresponding to air-entry values of 10 and 100 kPa.
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Figure 12.11 The ζ parameter associated with Bao et al. (1998) estimation equation corre-
sponding to air-entry values of 10 and 100 kPa and residual suction values of 100 and 1000 kPa,
respectively.

by dividing by the saturated volumetric water content (i.e.,
�d = θ/θs). The SWCC was used to control the secant slope
between soil suction and unsaturated shear strength. The
assumption was made that the φb angle is equal to the effec-
tive angle of internal friction for matric suctions lower than
the air-entry value of the soil. Matric suction values below
the air-entry value contribute to the effective stresses of a
saturated soil.

The empirical equation proposed by Goh et al. (2010)
was developed based on three data sets where shear
strengths corresponding to the drying curve (i.e., drying
shear strength) were measured and three data sets where
shear strengths corresponding to the drying and wetting
were measured along with the SWCCs. The data sets used
by Goh et al. (2010) are shown in Table 12.1.

Table 12.1 Summary of Published Soil Data Sets Used
in Development of Goh et al. (2010) Equation

USCS
Authors Materials Classification

Escario and Juca
(1989)

Madrid clay sand CL

Han (1996) Bukit Timah granitic
residual soil

CL

Lee et al. (2005) Korea weathered
granitic residual soil

SM

Miao et al.
(2002)

Nanyang expansive
soil

CH

Rahardjo et al.
(2004)

Jurong sedimentary
formation residual
soil

CL

Thu et al. (2006) Compacted kaolin MH

The fitting parameter κ used in the Fredlund et al. (1996)
shear strength equation was designated as a constant value.
Values for the κ parameter were obtained by Garven and
Vanapalli (2006) through use of a curve-fitting correlation
with the plasticity index of the soil. Later, Goh et al. (2010)
suggested that the fitting parameter κ used in the Fredlund
et al. (1996) equation [and the Lee et al. (2005) equation],
varied nonlinearly with matric suction. This conclusion was
arrived at after performing back-calculations on a series of
published shear strength and SWCC data. Shear strength
data were separated into two categories: namely, soils tested
after drying towards an equilibrium state and soils tested
after wetting towards an equilibrium state. The observed κ

values for several soils dried to an equilibrium state are
shown in shown in Fig. 12.12. The new fitting parameter
was designated as κ ′ and had a value of zero when matric
suction was equal to or lower than the air-entry value of
the soil. The κ ′ value was found to increase in accordance
with the logarithm difference between a designated matric
suction value and the air-entry value.

A parametric study was undertaken by Goh et al. (2010) to
incorporate the κ ′ parameter into the proposed shear strength
equation. Some parameters were used together with the log-
arithm term to represent the κ ′ parameter. The parameters
cover a relatively wide range of soil properties as well as
a wide range of soil suction values. The regression anal-
ysis showed that two parameters: namely, y and b were
needed to determine the parameters for estimating the shear
strength of an unsaturated soil. The y and b variables were
found to be related to other soil properties through use of
a correlation with experimental data. The estimation of the
unsaturated soil shear strength was divided into two parts:
namely, one equation was applied up to the air-entry value of
the soil [i.e., (ua − uw)b], and another equation was applied
for suctions beyond the air-entry value. The equations are
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Figure 12.12 Trend of the back-calculated κ with respect to matric suction for various soils.
(after Goh, 2012).

written as follows

τ = c′ + (σ − ua) tan φ′ + (ua − uw) tan φb (12.16)
where:

φb = φ′ when (ua − uw) < (ua − uw)b.

The following shear strength equation is used once the
air-entry value of the soil is exceeded

τ = c′ + [
(σ − ua)(ua − uw)

]
tan φ′

+ [
(ua − uw) − (ua − uw)b

]
b�κ ′

n tan φ′ (12.17)

when (ua − uw) ≥ (ua − uw)b
The κ ′ parameter is zero for suction values lower than

the air-entry value and increases nonlinearly as soil suction
increases in accordance with the following equation.

κ ′ = [
log(ua − uw) − log(ua − uw)b

]y
(12.18)

where:

y and b = controlling parameters.

It should be noted that the κ ′ parameter used by Goh et al.
(2010) and the κ parameter used by Fredlund et al. (1996)
are defined differently. The κ ′ parameter in the Fredlund
et al. (1996) equation is a best-fit variable obtained from
the drying shear strength experimental data along with the
drying SWCC results. The κ ′ parameter used by Goh et al.
(2010) is used together with the variable b for estimating
the drying and wetting shear strengths along with drying and
wetting SWCCs.

The subscripts d and w were used to designate whether
the controlling parameters were related to the drying and
wetting SWCC, respectively (i.e., yd, bd , and yw, bw). The
regression analysis showed that the parameter yd (i.e., yd

is on the drying curve) was related to plasticity index Ip

of the soil, following a natural logarithm (ln) scale. The
parameter bd (i.e., b for the drying curve) was related to
Ip and the fitting parameter nd [i.e., n fitting for the drying
curve of the Fredlund and Xing (1994) SWCC equation].
The yd parameter is graphically shown in Fig. 12.13 and
can be written as follows:

yd = 0.502 ln(P I + 2.7) − 0.387 (12.19)

The bd parameter is graphically shown in Fig. 12.14 and
can be written as follows:

bd = −0.245{ln[nd(PI + 4.4)]}2

+ 2.114{ln[nd(PI + 4.4)]} − 3.522 (12.20)

The shear strength equation corresponding to the wetting
SWCC was also predicted using the yw and bw (i.e.,both yw
and bw are on the wetting curve). The wetting curve parame-
ters were found to be related to the parameters for the drying
SWCC (i.e., yd and bd ) as well as the soil properties. The
parameters yw and bw were found to adhere to the following
relationships:

yw = 3.55yd − 3.00 (12.21)

bw = 0.542bd

(
nd

nw

)
+ 0.389 (12.22)
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Figure 12.13 Relationship between yd and PI of soils (after Goh et al., 2010).
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Figure 12.14 Relationship between bd and PI and nd of soils (after Goh et al., 2010).

The relationships between the shear strength parameters
for a soil that has come to equilibrium along the wetting
SWCC (i.e., yw and bw) and a soil that has come to equilib-
rium along the drying SWCC (i.e., yd and bd ) are shown in
Figs. 12.15 and 12.16, respectively.

12.2.4.7 Rassam and Cook (2002) Estimation Shear
Strength Equation

Rassam and Cook (2002) proposed an unsaturated soil shear
strength equation with four terms. The first three terms
assume that the soil with negative pore-water pressures
behaves essentially as a saturated soil and the fourth term
applies a correction factor to account for the fact that

increases in soil suction are not as effective in increasing
shear strength as is net normal stress. The proposed shear
strength equation is written as follows:

τ = c′ + (σ − ua) tan φ′ + ψ tan φ′ − φ(ψ − ψaev)
β

(12.23)
The correction factor portion of the equation incorpo-

rates two new variables, φ′ and β, defined by the following
equations:

φ = ψr tan φ′ − τSr

(ψr − ψaev)
β

(12.24)

β = tan φ′(ψr − ψaev)

ψr tan φ′ − τSr

(12.25)
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Figure 12.15 Linear relationship between yw and yd (after Goh, 2012).
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Figure 12.16 Relationship between bw and bd (after Goh, 2012).

where:

τSr = matric suction contribution to shear strength at
residual suction,

ψr = residual soil suction, and
ψaev = suction at the air-entry value of the soil.

The φ and β terms are part of the correction factor that
reduces the shear strength as a result of desaturation of the
soil. A new term, τSr, is introduced into the shear strength
equation. The τSr term refers to the contribution of matric
suction to the shear strength at residual suction conditions,
ψr . Figure 12.17 shows the meaning of the τSr term for the

case where the residual suction is 200 kPa. In this case the
shear strength at residual suction is 96 kPa.

12.2.4.8 Vilar (2006) Estimation Shear Strength
Equation

Vilar (2006) proposed the use of a hyperbolic equation to
describe the shear strength versus soil suction relationship
for an unsaturated soil. Details of the Vilar (2006) model
are presented as a fitting model, but it is possible that with
further verification studies the model might be used for the
estimation of unsaturated shear strength.

The proposed model is based on the general shape of the
SWCC. It was assumed that the soil behaved as a saturated
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Figure 12.17 The τSr term in Rassam and Cook (2002) shear strength equation: (a) SWCC
defining air-entry value and residual suction; (b) shear strength versus soil suction showing shear
strength at residual suction.

soil from the point of zero suction up to the air-entry value
(Fig. 12.18). The total cohesion of the soil (i.e., effective
cohesion plus cohesion due to soil suction) was written as
a hyperbolic function of soil suction:

c = c′ + ua − uw

a + b(ua − uw)
(12.26)

where:

a , b = fitting parameters.

The slope of the shear strength envelope was assumed to
become equal to the tangent of the effective angle of internal
friction, φ′, as matric suction approaches zero:

dc

d(ua − uw)|ψ→0
= 1

a
= tan φ′ (12.27)

It was assumed that there was no significant change in the
shear strength of the soil once the soil reaches suction values

equal to or greater than the residual suction (Fig. 12.18).
In other words, the shear strength remains constant at an
ultimate value:

limψ→∞ c = cultimate = c′ + 1

b
(12.28)

Consequently, b becomes equal to 1/(cultimate − c′). It
was also suggested that a soil sample be allowed to come
to equilibrium in air and then the undrained strength of
the soil be measured and used to represent the cultimate
value. It was suggested that the laboratory temperature and
relative humidity would be suitable for conditioning a soil
sample to a high total suction. Another procedure involved
conditioning a soil sample under a known total suction
near 1500 kPa. In this way, an improved value for the
b soil parameter could be computed using the following
equation:

b = 1

cmeasured − c′ − a

ψmeasured
(12.29)
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Figure 12.18 Assumed relationship between SWCC and shear strength envelope for unsaturated
soil: (a) SWCC and key features; (b) hyperbolic function and assumed conditions to derive a
and b (after Vilar, 2006).

where:

cmeasured = shear strength at the measured high soil suc-
tion and

ψmeasured = high measured suction representing equilib-
rium conditions.

It should be noted that no soil parameters from the SWCC
are directly used in the development of the Vilar (2006)
model. However, the general character of the SWCC was
used as justification for the form of the unsaturated soil
shear strength equation.

One shear strength test on a soil specimen that is at or
above the residual suction state is all that is required to use
the Vilar (2006) model as long as the saturated effective
shear strength parameters are known. Figure 12.18 illus-
trates the definition of the cult term that is used in estimating
the unsaturated soil shear strength envelope. Comparisons
between the Vilar (2006) model estimations and laboratory
test results have been shown to be reasonable (Fig. 12.19).

12.2.4.9 Lee et al. (2005) Unsaturated Soil Shear
Strength Equation

Lee et al., (2005) suggested using one linear shear strength
equation for soil suctions up to the air-entry value. The shear
strength equation prior to the air-entry value has the shear
strength parameters of a saturated soil. Another nonlinear

equation was proposed for the soil suctions from the air-
entry value up to the high-soil-suction range. The Lee et al.
(2005) equation uses the SWCC and two fitting parameters,
namely, κ ′′ and λ′′ to provide a best fit for shear strength
beyond the air-entry value of the soil:

τ = c′ + [(σ − ua) + (ua − uw)b] tan φ′

+ [(ua − uw) − (ua − uw)b]�κ ′′
d [1 + λ′′(σ − ua)] tan φ′

(12.30)
where:

κ ′′ and λ′′ = fitting parameters,
(ua − uw)b = air-entry value of the soil, and

�d = dimensionless volumetric water content.

12.2.5 Comparison of Estimated and Measured
Unsaturated Soil Shear Strengths

Each of the proposed equations for estimating unsaturated
soil shear strength has been verified using a limited number
of data sets. It is always desirable to verify any proposed
shear strength equations with many sets of laboratory results
tested over a wide range of soil suctions. Independent labo-
ratory data sets are presently somewhat limited. Therefore,
it is difficult to undertake detailed verification studies on
all equations that have been proposed for the estimation of
unsaturated shear strength.

Table 12.2 summarizes equations that utilize the SWCC
for the estimation of the shear strength relationship.
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Figure 12.19 Comparison of experimental data with Vilar (2006)
estimation of shear strength envelopes: (a) shear strength data from
Satija (1978) and Gan et al. (1988); (b) shear strength data from
Vanapalli (1994).

Comparisons are made between predicted shear strengths
and measured shear strengths when using some of the
proposed estimation equations. The soil data sets used for
comparative purposes are independent of the data used in
the development of the empirical shear strength equations.

Table 12.2 Estimation Equation Results Compared
with Measured Test Results

Equation Suction Soil Parameters

Oberg and Sallfors (1997) S tan φ′

D.G. Fredlund et al. (1996)

(
θ

θs

)κ

tan φ′

Vanapalli et al. (1996b)

(
θ − θr

θs − θr

)
tan φ′

Comparisons can be made between measured shear
strength data and the estimation of unsaturated soil shear
strengths (Sheng et al., 2009). The estimation equations
used in the comparison are those proposed by (i) Oberg
and Sallfors (1997), (ii) D.G. Fredlund et al., (1996),
(iii) Vanapalli et al., (1996b), and (iv) Goh et al., (2010).
Comparisons between four shear strength data sets are
presented: (i) reconsituted silty clay (Cunningham, et al.,
2003), (ii) compacted kaolin assuming no volume change
(Thu et al., 2007a), (iii) compacted kaolin measuring
volume change (Thu et al., 2007a), and (iv) Madrid grey
clay (Escario and Juca, 1989).

12.2.5.1 Data on Reconstituted Silty Clay
(Cunningham et al., 2003)

Cunningham et al., (2003) presented triaxial compression
tests performed using various confining pressures on the
reconstituted silty clay comprised of a mixture of 20% pure
Speswhite kaolin, 10% London clay, and 70% silica silt. The
slurry soil was isotropically preconsolidated to 130 kPa. The
SWCC in terms of degree of saturation versus soil suction
is presented in Fig. 12.20. The air-entry value of the soil
determined using an empirical construction procedure was
approximately 450 kPa. However, the degree of saturation
starts to reduce at about 250 kPa. The af fitting parameter
is 800 kPa, and it designates the inflection point associ-
ated with fitting the Fredlund and Xing (1994) equation.
Figures 12.21 and 12.22 show the SWCC for the reconsti-
tuted silty clay plotted in terms of gravimetric water content
and volumetric water content, respectively.

The original shear strength data published by Cunningham
et al. (2003) for the reconstituted silty clay were presented
in terms of the maximum deviator stress applied to the soil.
Figure 12.23 shows the shear strength data presented in
terms of the apparent cohesion intercept versus the applied
matric suction for net confining pressures ranging from 50
to 400 kPa. The matric suction versus shear strength is quite
nonlinear, tending to level off before residual suction condi-
tions are reached. The data can be compared with the shear
strengths estimated when using various proposed estimation
equations.

The soil parameters from the SWCC required for each
of the estimation procedures are tabulated in Table 12.3. It
is noted that while all procedures rely upon the SWCC, the
estimation equations depend upon different variables associ-
ated with the SWCC. The parameters for the saturated soil
are φ′ = 32◦, c′ = 0 kPa, as given in Cunningham et al.
(2003).

The results from triaxial compression tests on the recon-
stituted silty clay tested with a net confining pressure of
100 kPa are used for comparison with the estimated shear
strength results. Figure 12.24 shows the estimations of shear
strength from the procedures listed in Table 12.3 along with
the shear strengths measured when the confining pressure
was 100 kPa. The measured shear strength increases with
matric suction in a nonlinear manner as anticipated.
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Figure 12.20 SWCC of reconstituted silty clay in terms of degree of saturation versus soil
suction (data from Cunningham et al., 2003).

1 10 100 1000 10,000 100,000 106

Matric suction (ua - uw), kPa

0

5

10

15

20

25

G
ra

vi
m

et
ric

 w
at

er
 c

on
te

nt
 (

w
),

 %

       Cunningham et al. (2003) data
       Fredlund and Xing (1994)

Figure 12.21 SWCC of reconstituted silty clay in terms of gravimetric water content versus
soil suction (data from Cunningham et al., 2003).
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Figure 12.22 SWCC of reconstituted silty clay in terms of volumetric water content versus soil
suction (data from Cunningham et al., 2003).
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Figure 12.23 Measured shear strength data in terms of apparent cohesion intercept versus soil
suction for various net confining pressures (after Cunningham et al., 2003). (Open diamonds have
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Figure 12.24 Comparison of estimations of shear strength from various proposed equations and
measured data for reconstituted silty clay for net confining pressure of 100 kPa.

Table 12.3 Estimation Soil Parameters
for Reconstituted Silty Clay

Equations Soil Parameters

Oberg and Sallfors
(1997)

SWCC, S

D.G. Fredlund et al.
(1996)

κ = 1.16, θs = 0.6032, SWCC

Vanapalli et al. (1996b) θs = 0.6032, θr = 0.055, SWCC

Goh et al. (2010) nd = 1.44, ψaev = 250 kPa, PI,
SWCC

The estimated shear strengths are quite consistent with
the measurements in Cunningham et al., (2003), where it
was observed that desaturation commences at a suction of

about 250 kPa and becomes more significant at a suction of
400 kPa. The air-entry value and the saturation suction are
assumed to be independent of the confining pressure.

The predictions of shear strength for the unsaturated silty
clay tend to separate and spread out over quite a wide
range once the inflection point on the SWCC is reached
(see Fig. 12.24). Oberg and Sallfors (1997) and Goh et al.,
(2010) gave the highest strength estimations. Vanapalli et al.,
(1996b) gave the lowest shear strength estimations. The
D.G. Fredlund et al., (1996) estimation of shear strength
was near the middle of the results. Other test results obtained
when using higher net confining pressures were quite con-
sistent with the estimation of unsaturated soil shear strength.

12.2.5.2 Data on Compacted Kaolin Assuming No
Volume Change (Thu et al., 2007a)

Thu et al. (2007a) measured the shear strength of compacted
kaolin under different soil suctions using a modified triaxial
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Figure 12.25 SWCC data for compacted kaolin in terms of degree of saturation versus soil
suction (after Thu et al., 2007a).
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Figure 12.26 SWCC for compacted kaolin in terms of volumetric water content versus soil
suction (after Thu et al., 2007a).

apparatus. The soil was a mixture of kaolin clay (15%)
and silt (85%) compacted to the maximum dry density
of 1350 kg/m3 at an optimum water content of 22%. All
specimens were statically compacted in 10 layers of equal
thickness of 10 mm. The SWCC of the soil was obtained by
desaturating the soil under zero net vertical pressure. The
degree of saturation versus soil suction SWCC is shown
in Fig. 12.25 along with the best-fit SWCC parameters
for the Fredlund and Xing (1994) equation. The plot of
volumetric water content versus soil suction is shown
in Fig. 12.26.

The shear strength parameters for the saturated compacted
kaolin were φ′ = 31.1◦ and c′ = 0 kPa. Soil parameters
from the SWCC that are required for the estimation of shear
strength with respect to soil suction are listed in Table 12.4.

The measured shear strength data along with estimations
of the shear strength envelope for the compacted kaolin are

Table 12.4 Parameters for Shear Strength Equations
for Compacted Kaolin Clay

Equations Soil Parameters

Oberg and Sallfors (1997) SWCC, S
Fredlund et al. (1996) κ = 0.531, θs = 0.51, SWCC
Vanapalli et al. (1996b) θs = 0.51, θr = 0.140, SWCC
Goh et al. (2010) nd = 2.908, ψaev = 47 kPa,

PI, SWCC

shown in Fig. 12.27. The measured shear strength increases
with matric suction in a nonlinear manner. The equations by
Goh et al., (2010) and Fredlund et al., (1996) provide estima-
tions that are quite close to the measured shear strengths. The
estimation procedures based on the SWCC appear to reflect
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Figure 12.27 Comparison of estimations of shear strength from various proposed equations and
measured data for compacted kaolin (after Thu et al., 2007a).

0.01 0.1 1 10 100 1000 10,000

Matric suction (ua - uw), kPa

0

10

20

30

40

50

60

V
ol

um
et

ric
 w

at
er

 c
on

te
nt

 (
θ)

, %

       Thu et al. (2007a) data
       Fredlund and Xing (1994) with Cr = 1

Figure 12.28 SWCC for compacted kaolin clay in terms of volumetric water content versus
soil suction when net confining pressure is 10 kPa (after Thu et al., 2007a).

quite well the flattening of the strength envelope at higher
suctions.

12.2.5.3 Data on Compacted Kaolin When Measuring
Volume Change (Thu et al., 2007a)

Thu et al. (2007a) provided another set of shear strength results
on compacted kaolin using a modified triaxial apparatus. The
soil properties were the same as the above-mentioned values.
The SWCC of the soil was obtained by desaturating the soil
under a net confining pressure of 10 kPa. The volumetric water
content versus soil suction SWCC is shown in Fig. 12.28.

The shear strength parameters for the saturated compacted
kaolin were φ′ = 31.1◦ and c′ = 0 kPa. Soil parameters from
the SWCC required for the estimation of shear strength with
respect to soil suction are listed in Table 12.5.

The measured shear strength data on the compacted kaolin
along with estimations of the shear strength envelope are
shown in Fig. 12.29. The measured shear strength increases

Table 12.5 Soil Parameters for Shear Strength
Equations for Compacted Kaolin Clay

Equations Soil Parameters

Oberg and Sallfors (1997) SWCC, S
Fredlund et al. (1996) κ = 0.446, θs = 0.50, SWCC
Vanapalli et al. (1996b) θs = 0.50, θr = 0.120, SWCC
Goh et al. (2010) nd = 3.271, ψaev = 50 kPa,

PI, SWCC

with soil suction in a nonlinear manner. The equations by
Goh et al., (2010) and D.G. Fredlund et al., (1996) provide
relatively close estimations of the measured shear strengths.
The estimation procedures based on the SWCC appear to
reflect quite well the flattening of the strength envelope at
high suctions.
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Figure 12.29 Comparison of estimations of shear strength from various proposed equations and
measured data for compacted kaolin with volume change measurements (after Thu et al., 2007a).

12.2.5.4 Data on Madrid Grey Clay
(Escario and Juca, 1989)

Escario and Juca (1989) used a modified direct shear box
to measure the shear strength of three types of clay over
an extended suction range up to 15,000 kPa. All specimens
were statically compacted at the same water content and den-
sity conditions. The specimens were then allowed to come
to equilibrium under predetermined total normal stresses as
well as applied air and water pressures. The specimens were
then sheared to failure under constant suction in the mod-
ified direct shear apparatus. One set of data is shown that
compares the measured results with the estimation proce-
dures for Madrid grey clay when the net normal stress was
300 kPa. The SWCC of the Madrid grey clay was obtained
from drying tests and is shown in Fig. 12.30 along with the
best-fit Fredlund and Xing (1994) parameters. Figure 12.31

shows a plot of the volumetric water content versus soil
suction for Madrid grey clay.

The shear strength parameters for saturated Madrid grey
clay are as follows: φ′ = 25.3◦, c′ = 30 kPa (Escario and
Juca, 1989). The additional parameters used for comparing
various strength equations are listed in the Table 12.6.

The predictions of shear strength under net normal stresses
of 300 kPa are shown in Fig. 12.32. The measured shear
strength appears to reach a peak around suction values of
10,000 kPa and then decreases slightly. The D. G. Fredlund
et al. (1996) provides a reasonably close estimation of the
unsaturated soil shear strength. The prediction using the Vana-
palli et al., (1996) equation proves to be quite sensitive to
the estimation of residual suction. The results in Fig. 12.32
correspond to an estimated residual suction of 30,000 kPa.

There are other experimental data on unsaturated soil
shear strengths in the literature; however, the results
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Figure 12.30 SWCC for Madrid grey clay in terms of degree of saturation versus soil suction
(after Escario and Juca, 1989).
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Figure 12.31 SWCC for Madrid grey clay in terms of volumetric water content versus soil
suction (after Escario and Juca, 1989).

Table 12.6 Soil Parameters for Estimating the Shear
Strength Equations for Madrid Grey Clay

Equations Additional Parameters

Oberg and Sallfors (1997) SWCC, S
D.G. Fredlund et al.

(1996)
κ = 2.69, θs = 0.507, SWCC

Vanapalli et al. (1996b) θs = 0.507,θr = 0.108, SWCC
Goh et al. (2010) nd = 0.55, ψaev = 110 kPa,

PI, SWCC

presented illustrate the level of confidence that can be
anticipated when using estimation procedures for the shear
strength of unsaturated soils. It appears that the proposed
estimation equations will serve as an adequate tool for
assessing the unsaturated soil shear strength in engineering

practice. However, it should also be remembered that
laboratory equipment is available for the measurement of
unsaturated soil shear strength properties. The geotechnical
engineer should insist on performing laboratory shear
strength tests in cases where the expenditure is warranted.

In summary, the shear strength equation by Oberg and
Sallfors (1997) appears to capture the general pattern of
shear strength variation with suction but may over estimate
the shear strength of unsaturated soils. The equations by Goh
et al. (2010) and D.G. Fredlund et al. (1996) appear to give
reasonable estimations of shear strength, particularly in the
intermediate- to high-suction range. These equations appear
to estimate the peak shear strength in a reasonable man-
ner for the intermediate soil suction range. The predictions
of shear strength when using the Vanapalli et al. (1996b)
equation are somewhat sensitive to the selection of residual
suction. It can be difficult to accurately determine residual
suction on the logarithmic scale of soil suction.

0 50 100 150 200 250 300

Matric suction (ua - uw), kPa

0

20

40

60

80

100

120

C
oh

es
io

n 
in

te
rc

ep
t (

c)
, k

P
a

Oberg and Sallfors (1997)

Goh et al. (2010)

D. G. Fredlund et al. (1996)

Vanapalli et al. (1996b)

Figure 12.32 Comparison of estimations of shear strength from various proposed equations and
direct shear strength measurements on Madrid grey clay (after Escario and Juca, 1989).
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12.2.6 Procedures for Calculation of Unsaturated Soil
Shear Strength Functions

The computations associated with the estimation of the shear
strength for an unsaturated soil are not complex. The proce-
dures described for the estimation of unsaturated soil shear
strength involve the substitution of parameters from the
SWCC into the shear strength equation.

The following steps are suggested for the estimation of the
unsaturated soil shear strength envelope. The saturated soil
shear strength parameters must be known (i.e., c′ and φ′):

1. Information must be available on the SWCC. This
information might be in the form of experimental data
or best-fit parameters for an equation such as the Fred-
lund and Xing (1994) equation that can best fit the
experimental data.

2. Select a series of matric suctions (e.g., 12 values) that
reflect the range over which the unsaturated soil shear
strength envelope is to be defined.

3. When using the D.G. Fredlund et al., (1996) shear
strength estimation equation, it is necessary to select
a κ value that is dependent upon the plasticity of the
soil under consideration. When using the Vanapalli et
al., (1996b) equation, it is necessary to determine the
residual suction of the soil and then calculate the nor-
malized water content versus soil suction. There are
correlations with controlling parameters related to the
SWCC that must be selected when using the Goh et al.,
(2010) shear strength equation.

4. Substitute the selected matric suction values into the
respective estimation shear strength equations and cal-
culate a series of unsaturated soil shear strengths.

The calculated shear strength values can be used in com-
puter codes in one of several ways. For example, the unsat-
urated shear strength envelope could be defined using the
same equations as were used for the calculation of shear

strength (i.e., D.G. Fredlund et al., 1996; Vanapalli et al.,
1996b; Oberg and Sallfors, 1997; Goh et al., 2010) or the
shear strength information could be input as a table of val-
ues. In the latter case, an interpolation technique would need
to be used to get the desired shear strength. Some computer
codes can accept unsaturated soil shear strength equations.

12.2.7 Linearization of Unsaturated Soil Shear
Strength

There are situations where it may be sufficient to describe
the shear strength of an unsaturated soil in terms of a con-
stant φb value. The nonlinear shear strength envelope would
be approximated as linear segments along the shear strength
envelope. Following is an example to illustrate the estima-
tion of the unsaturated shear strength envelope for an unsat-
urated soil. In this case the SWCCs were generated from
grain-size distribution curves and are shown in Fig. 12.33.

The dry density of the soil samples was estimated to be
1550 kg/m3. These dry densities correspond to an initial
void ratio of 0.774 or an initial saturated porosity of 43.6%.
The specific gravity of the soil, Gs , was assumed to be 2.75.
Each SWCC starts with a suction approaching zero and ends
with a suction of 106 kPa. The air-entry value for the soils
appears to be around 20 kPa.

The D.G. Fredlund et al., (1996) procedure is used to
calculate the unsaturated soil shear strength envelope. The
effective cohesion for the soils used in this study was esti-
mated to be 5.0 kPa. The effective angle of internal friction
was assumed to be 27◦. The plasticity index was 22 and
this value corresponds to a κ factor of 2.4, according to the
correlation by Garven and Vanapalli (2006b).

Figures 12.34 and 12.35 show the computed unsaturated
soil shear strength envelopes for two soils. The shear strength
envelopes are clearly nonlinear in shape. It is now possible
to select a slope on the shear strength envelope that best rep-
resents the suction range of interest in the field. A line can
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Figure 12.33 SWCCs estimated from grain-size distribution curves.
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Figure 12.34 Shear strength estimation based on saturated shear
strength parameters and estimated SWCC for sample no. SA1.
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Figure 12.35 Shear strength estimation based on saturated shear
strength parameters and SWCC for sample no. SA2.

be drawn tangent to the shear strength envelope represent-
ing average in situ suction conditions. Typical straight lines
shown on each shear stength envelope correspond to φb val-
ues of 10.7◦ and 12.5◦. It should be noted that the use of these
φb values in an analysis is somewhat conservative since a
portion of the shear strength is being neglected.

12.2.8 Application of Shear Strength of Unsaturated
Soils in Engineering Practice

Measuring the shear strength parameters in the laboratory
is time consuming and costly. As a result, there may not
be many engineering projects where the client is prepared
to pay for the costs associated with measuring the unsatu-
rated shear strength properties. On the other hand, research
studies to date have shown that any one of several proposed
estimation procedures may provide reasonable estimations
of the unsaturated soil shear strength properties.

Many engineering analyses involve soils from above and
below the groundwater table. Consequently, a part of the soil
will be unsaturated with negative pore-water pressures while
another part of the soil profile may be below the water table.
The geotechnical engineer may choose to ignore the benefits
associated with the negative pore-water pressures above the
water table in some cases. However, it has become increas-
ingly apparent that it is possible to improve on most analyses
by taking negative pore-water pressures into consideration
in the analysis.

Soil mechanics problems associated with plastic and limit
equilibrium analyses can be studied while making a variety
of assumptions relative to the handling of the unsaturated
soil portion of the profile. Common plastic and limit equi-
librium analyses are related to (i) bearing capacity, (ii) lateral
earth pressures, and (iii) slope stability. The analyses of
these problems are discussed later in this chapter. It is pos-
sible to ignore the benefits related to the unsaturated soil
portion; however, there is generally value in asking the ques-
tion, “How does the inclusion of unsaturated soil properties
and negative pore-water pressures influence the analysis?”
If the engineer desires to study the “trigger” mechanism
for potential slope stability failures, it becomes imperative
to ascertain potential changes in matric suction in the slope.
The computed changes in matric suction become input infor-
mation to a simulated slope stability analysis.

A range of assumptions can be made when analyzing the
unsaturated soil portion of problems involving the assess-
ment of shear strength. For example, it might be possible to
conduct a bearing capacity analysis assuming that all matric
suctions go to zero. This analysis could be followed by sub-
sequent analyses where the estimated unsaturated soil prop-
erties are input along with more realistic assumptions related
to long-term pore-water pressures. If this design protocol is
followed, the geotechnical engineer becomes aware of the
significant effect that modest matric suctions have on the com-
puted results. It is common to experience a twofold or more
increase in bearing capacity when even modest matric suction
is present. A realization of the significant influence of matric
suction can also lead to the consideration of design details
that tend to retain soil suction with time.

Lateral earth pressures associated with the “active” mode
can be greatly reduced with modest matric suctions in the
soil. On the contrary, the “passive” earth pressure resistance
can be greatly increased with matric suction. A more com-
plex mode involves the analysis of soil-structure interaction
that arises as a soil dries and wets due to moisture move-
ment. The changes in earth pressures on a wall are directly
influenced by changes in matric suction over time.

The stability of slopes involving unsaturated soils is prob-
ably the engineering application area that is of greatest rel-
evance in geotechnical engineering practice. If the water
table is quite deep, the entire potential slip surface may pass
through unsaturated soil. However, it is rainfall infiltration
that is most likely to produce a catastrophic landslide with
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dire consequences. Even when the water table is quite high
in the slope, it is possible to study the effect that changes
in negative and positive pore-water pressures will have on
the computed factor of safety. It is useful from an engi-
neering perspective to have a quantitative assessment of the
influence that the unsaturated soil portion has on computed
factors of safety.

The unsaturated soil shear strength properties of a soil can
readily be estimated. It is important to quantify the effect
of matric suction (and changes in matric suction) on the
analysis of the problem at hand. The influence of matric
suction at shallow depths is often much more significant than
anticipated. The engineer should carefully consider whether
there are decisions that can be made to better ensure the
maintenance of negative pore-water pressures over the life
of the structure.

12.3 APPLICATION TO PRACTICAL SHEAR
STRENGTH PROBLEMS IN GEOTECHNICAL
ENGINEERING

Deformation or ground movement problems encountered in
soil mechanics can be divided into one of two categories
dependent upon the stress level involved. When deviator
stress levels are relatively low, the problems are considered
to be in the elastic range and problems can generally be ana-
lyzed using theories of elasticity. When the deviator stress
levels are relatively high, the problems are considered to
be in the plastic range and problems are analyzed using the
theories of plasticity or limit equilibrium. The elastoplastic
categories can be visualized on an idealized representation
of a stress-strain curve (Fig. 12.36).

There is a class of problems in geotechnical engineering
where the analysis is based on the assumption that the soil
behaves in a perfectly plastic manner. When the state of plas-
tic equilibrium is limited to a specific, thin zone, the problems
are referred to as limit equilibrium analyses. The thin plas-
tic zone is called a slip surface zone or a slip plane. The
assumptions of plasticity and elasticity are a simplification of

Figure 12.36 Idealized elastic-plastic behavior giving rise to two
categories of deformation analysis.

actual soil behavior that form a useful categorization of the
types of analyses that can be performed in soil mechanics.
Theories of elasticity and plasticity provide categories with
theoretical limits within which the behavior of a soil mass can
be studied.

There are three main types of soil mechanics analyses where
plastic equilibrium forms the basis of analysis: (1) lateral earth
pressure analyses, (2) bearing capacity analyses, and (3) slope
stability analyses. Plastic equilibrium satisfies equations of
equilibrium and a condition of failure (i.e., the failure cri-
terion). Typical soil mechanics analyses are derived in this
chapter based on plastic equilibrium. In each case, the soil
is assumed to have negative pore-water pressures (or matric
suctions).

Plasticity analyses can be subdivided into situations where
the pore-water pressure effects are simulated in some manner
during the testing of the soil (i.e., total stress approach)
and situations where pore pressure designations become
a part of the analysis (i.e., stress state variable approach).
Most of the consideration in this chapter is given to the
latter situation where actual or predicted pore pressures are
designated.

12.3.1 Prediction of Earth Pressures

Some of the earliest work in soil mechanics dealt with earth
pressures on retaining walls. However, there is little informa-
tion on the earth pressures exerted on engineering structures
backfilled and founded upon unsaturated soils. Engineers are
well aware of pressures that can be exerted by expansive soils,
but little attention has been given to developing a general earth
pressure theory for these soils. It is not adequate to request
that cohesive backfill not be used behind earth-retaining struc-
tures. Experience indicates that problems associated with the
performance of earth structures can often involve compacted,
clayey soils. Ireland (1964) stated that 68% of unsatisfactory
retaining wall performance involved cases where clay was
used as a backfill or where the retaining wall was founded
on clay.

Some of the problems encountered with earth-retaining
structures result from the tendency of clayey expansive soils to
undergo substantial changes in volume as a result of changing
environmental conditions. There are situations where unsat-
urated soils are used as backfill or where structural members
are cast in place against the soil. It is apparent that only limited
consideration has been given to the behavior of the retaining
structure under these circumstances.

A limited but theoretical analysis of earth pressures is pre-
sented for soils with negative pore-water pressures. The active
and passive earth pressures in a soil mass are discussed along
with several example problems that illustrate the concepts
involved. The meaning of the at-rest earth pressure condition
was discussed in Chapter 3 in the section on the stress state in
an earth mass. The at-rest pressure state is more appropriately
related to elastic stress theories (i.e., with zero lateral strain).
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Horizontal movement

a

Figure 12.37 Stresses on an element in soil mass behind friction-
less wall.

12.3.2 Extended Rankine Theory of Earth Pressures

The active and passive earth pressures for an unsaturated soil
can be determined by assuming that the soil is in a state of
plastic equilibrium. Let us first review the stresses in a soil
mass when the surfaces of failure are planar. The major and
minor principal planes at all points are assumed to have similar
directions. The solution is known as the Rankine earth pres-
sure theory. It is necessary to extend the conventional earth
pressure concepts when dealing with unsaturated soils. For
this reason, the earth pressure theories presented herein are
referred to as the extended Rankine theory of earth pressures.

Figure 12.37 shows a vertical, frictionless plane passed
through a soil mass of infinite depth. An element of unsat-
urated soil at any depth is subjected to a vertical stress σv and
a horizontal stress σh. These planes are assumed to be prin-
cipal planes and the vertical and horizontal stresses are the
principal stresses. The ground surface is horizontal and the
vertical stress is written in terms of the density of the soil.

The state of stress for an element of unsaturated soil can
be shown on an extended Mohr diagram. The equation cor-
responding to the limiting or failure condition (i.e., shear
strength equation) can be written as follows assuming a lin-
ear shear strength equation:

τ = c′ + (σn − ua) tan φ′ + (ua − uw) tan φb (12.31)

The above linear shear strength equation can also be writ-
ten in a form similar to that used for saturated soils:

τ = c + (σn − ua) tan φ′ (12.32)

Consequently, the shear strength equation for an unsatu-
rated soil can be viewed as a two-parameter shear strength
equation. The total cohesion c has two components and can
be written as

c = c′ + (ua − uw) tan φb (12.33)

Equation 12.32 for the shear strength of an unsaturated
soil has the advantage that derivations relevant to saturated
soils can readily be modified to accommodate situations
where the soil is unsaturated. It is simply necessary to real-
ize that the cohesion of a soil has two components (i.e.,
effective cohesion and cohesion due to matric suction).

The initial, total vertical stress in a soil mass is equal to
the overburden pressure, ρgy. The total horizontal pressure
is equal to the coefficient of earth pressure at rest multiplied
by the overburden pressure. The assumption is made that the
soil has an initial matric suction equal to (ua − uw)0. The
pore-water pressure in the soil is influenced by environmen-
tal conditions but is assumed to remain constant during the
analysis. Changes in total stress are assumed to not influence
pore pressures.

12.3.3 Active Earth Pressure

Let us suppose that the wall a-a in Fig. 12.37 is allowed
to move away from the soil mass. The horizontal stress is
reduced until a limiting value corresponding to the plastic
equilibrium state is attained. Failure is induced by reducing
the horizontal stress. The horizontal stress is the minor prin-
cipal stress while the vertical stress is the major principal
stress. The horizontal stress at any point corresponding to
the active state can be computed from the vertical stress and
the failure criterion for the soil.

Figure 12.38 illustrates how the active and passive pressures
in a soil change as the matric suction changes. The active
pressure is shown to decrease as matric suction increases. In
other words, as the pore-water pressure in the soil becomes
more negative, the soil becomes stronger. Consequently, less
force would be carried by the retaining wall.

Let us consider a vertical plane with the soil having con-
stant matric suction as shown in Fig. 12.37. An element
from a depth y has an overburden stress σv. The element
of soil is shown in Fig. 12.39 along with the definition of
pertinent variables. If the wall moves away from the soil,
the active earth pressure is developed. The active pressure is
designated as σh − ua . The horizontal pressure can be writ-
ten in terms of the vertical pressure σv − ua by considering
the geometrics of the Mohr circle:

sin φ′ = [(σv − ua) − (σh − ua)]/2

[(σh − ua) + (σv − ua)] + c cot φ′ (12.34)

where:

c = total cohesion [i.e., c = c′ + (ua − uw) tan φb].

Rearranging the above equation and solving for the net
horizontal stress σh − ua gives

σh − ua = (σv − ua)
1 − sin φ′

1 + sin φ′ − 2c
cos φ′

1 + sin φ′ . (12.35)
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Figure 12.38 Active and passive earth pressure states for soil with matric suction.

Figure 12.39 Mohr circle construction for active earth pressure case.

The following trigonometric relation can be used to sim-
plify Eq. 12.35:

cos φ′

1 + sin φ′ =
√

1 − sin φ′

1 + sin φ′ (12.36)

Equation 12.36 can now be written as:

σh − ua = (σv − ua)
1 − sin φ′

1 + sin φ′ − 2c

√
1 − sin φ′

1 + sin φ′ . (12.37)

The trigonometric function appearing in Eq. 12.37 can
be written in terms of the angle of the slip planes from a
vertical plane:

1 − sin φ′

1 + sin φ′ = tan2
[

45 − φ′

2

]
(12.38)

Terzaghi and Peck (1967) used the variable Nφ to desig-
nate the above trigonometric relation:

1

Nφ

= tan2
[

45 − φ′

2

]
(12.39)

The active pressure σh − ua for an element of soil at any
depth can be written as

σh − ua = (σv − ua)
1

Nφ

− 2c
1√
Nφ

(12.40)

The above equation can also be rewritten by taking into
account the individual components of cohesion:

σh − ua = (σv − ua)
1

Nφ

− 2c′ 1√
Nφ

− 2(ua − uw) tan φb 1√
Nφ

(12.41)
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12.3.4 Coefficient of Active Earth Pressure

Let us define the coefficient of active earth pressure as
the ratio of the net horizontal pressure to the net vertical
pressure:

Ka = σh − ua

σv − ua

(12.42)

Normalizing the net horizontal stress by the vertical stress
allows the coefficient of active earth pressure to be written
as follows:

Ka = 1

Nφ

− 2c′

σv − ua

1√
Nφ

− 2
ua − uw

σv − ua

tan φb 1√
Nφ

(12.43)

12.3.5 Active Earth Pressure Distribution (Constant
Suction with Depth)

The horizontal pressure corresponding to the active state
can be computed for various depths and plotted as shown in
Fig. 12.40a. Conjugate planes are formed in the soil mass at
angles of 45 + φ′/2 to the horizontal, as shown in Fig. 12.40b
for the active case. The earth pressures for the saturated soil
are designated using effective cohesion c′ and effective angle
of internal friction φ′. Let us suppose that matric suctions
were a constant value with depth. Then the total cohesion is
also a constant with respect to depth, and the active pressure
distribution is translated to the left, parallel to the saturated
soil case. Figure 12.41 shows the breakdown of the active
pressure into its three stress distribution components.

12.3.6 Tension Zone Depth

The tension zone depth y against the wall can be com-
puted by setting the total horizontal pressure to zero and

assuming an atmospheric air pressure (i.e., ua = 0) in Eq.
12.40 or 12.41:

yt = 2c′

ρg

√
Nφ + 2

(ua − uw) tan φb

ρg

√
Nφ (12.44)

The tension zone depth yt is equal to the depth of the vertical
cracking, yc, when the tensile strength of the soil is assumed to
be negligible. The tension zone depth increases as the matric
suction of the soil increases. This depth corresponds to the
zone which would pull away from the wall as the wall moved
horizontally away from the soil. Figure 12.42 illustrates how
matric suction causes a soil to pull away from the wall.

12.3.7 Active Earth Pressure Distribution (Linear
Decrease in Suction to Water Table)

Let us assume that the matric suction in the soil decreases
linearly with depth to a value of zero at the water table
(Fig. 12.43). The negative pore-water pressure at ground sur-
face for hydrostatic conditions can be written as a function
of the distance from the groundwater table:

(ua − uw)h = ρwgD (12.45)

where:

(ua − uw)h = matric suction at ground surface and
D = depth from ground surface to the water

table.

A simple relationship can be used to define the variation in
matric suction with depth for this profile. For depth y ≤ D,
the matric suction can be written as

(ua − uw)y = (ua − uw)h

(
1 − y

D

)
(12.46)

Figure 12.40 Rankine active earth pressure distribution for saturated soil and soil with constant
matric suction with depth: (a) active pressure distribution corresponding to active pressure case;
(b) conjugate planes corresponding to active pressure case.
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Figure 12.41 Components of active earth pressure distribution when matric suction is constant
with depth.

Figure 12.42 Matric suction causes soil to pull away from retain-
ing wall.

The active pressure pa at any depth above the water
table is

pa = (σv −ua)
1

Nφ

− 2c′√
Nφ

− 2(ua −uw)h tan φb√
Nφ

(
1 − y

D

)
(12.47)

The active pressure distribution diagram along with the
plot of each of the components is shown in Fig. 12.44.

The tension zone depth yt can be computed by setting the
total horizontal stress to zero and assuming an atmospheric
air pressure (i.e., ua = 0) in Eq. 12.41:

yt = 2c′√Nφ + 2(ua − uw)h tan φb
√

Nφ

2
√

Nφ

ρg

+ 2
√

Nφ

D
(ua − uw)h tan φb (12.48)

where yt < D.

Figure 12.43 Designation of equilibrium matric suction profile.

12.3.8 Active Earth Pressure Distribution
with Tension Cracks

The soil behind a retaining wall often has tension cracks. It
should be noted that the depth of tension cracks in the soil
must be considered as being analytically independent from
the tension zone depth against the retaining wall. The depth
of cracking is given the variable yc, and the soil above this
depth can be considered as a surcharge load applied to the
underlying soil (Fig. 12.45). Equation 12.46 applies to the
case under consideration as long as the water table is below
the bottom of the tension cracks.

The surcharge load qs must be applied below a depth yc

and is equal to the overburden pressure (i.e., qs = ρgyc). An
appropriate total density ρ must be used for the upper soil
with the tension cracks. The active pressure above the water
table can be derived in a manner similar to the previous
cases. The active pressure at any depth can be written as

pa = σv − ua

Nφ

− 2c′√
Nφ

− 2
(ua − uw)h tan φb√

Nφ

[
1 − y

D − yc

]
+ qs

Nφ

(12.49)
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Figure 12.44 Components of active earth pressure distribution when matric suction decrease
linearly with depth.

Figure 12.45 Variables that must be designated when soil behind retaining wall has tension
cracks.

Equation 12.49 is an extension of Eq. 12.47, and shows the
role of a surcharge load in affecting the active earth pressure.
The components which make up the active earth pressure
diagram for all depths are shown in Fig. 12.46. Other types
of surcharge load can be applied in a similar manner.

The tension zone depth yt can be computed as the depth
where the horizontal stress is zero:

yt = 2c′√Nφ + 2(ua − uw)h tan φb
√

Nφ − qs

ρg + 2[
√

Nφ/(D − yc)](ua − uw)h tan φb
(12.50)

The above equation applies as long as the tension zone depth
yt is less than the distance, D − yc. Other assumptions can be
made regarding the distribution of the pore-water pressures
with respect to depth. The same analytical procedure can be
used to compute the active earth pressure state at any depth.

12.3.9 Passive Earth Pressure

If the wall in Fig. 12.37 is moved toward the soil (i.e., the
soil is compressed), the horizontal pressure is increased to be

greater than the vertical pressure. The total horizontal stress
is the major principal stress when failure occurs in the soil
mass. The total vertical stress is the minor principal stress.
The horizontal stress corresponding to the passive state can
be computed from the vertical stress and the failure criterion
for the soil. Figure 12.38 illustrates the passive pressure in
a soil mass as a function of matric suction. The passive
pressure is shown to increase as matric suction increases.

Let us consider a vertical plane corresponding to a specific
matric suction plane, as shown in Fig. 12.38. An element
from a depth y has an overburden pressure σv. An element
of soil is shown in Fig. 12.47, along with the definition
of pertinent variables. The passive pressure can be defined
as σh − ua for the case where the wall moves into the soil
mass. The horizontal pressure can be derived in terms of the
vertical pressure σv − ua in a manner similar to that used
for the active pressure derivation:

sin φ′ = [(σh − ua) − (σv − ua)]/2

[(σh − ua) + (σv − ua)]/2
+ c cot φ′ (12.51)
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Figure 12.46 Components of active earth pressure distribution when soil has tension cracks
and matric suction decreases linearly with depth.

Figure 12.47 Mohr circle construction for passive earth pressure case.

where:

c = total cohesion [i.e., c = c′ + (ua − uw) tan φb].

Rearranging Eq. 12.51, the horizontal stress can be writ-
ten as

σh − ua = (σv − ua)
1 + sin φ′

1 − sin φ′ − 2c
cos φ′

1 − sin φ′ (12.52)

Similar trigonometric functions to those used in the active
pressure analysis can be used to rewrite Eq. 12.52:

σh − ua = (σv − ua)Nφ + 2c′
√

Nφ

+ 2(ua − uw) tan φb
√

Nφ (12.53)

where

Nφ = 1 − sin φ′/1 + sin φ′ or Nφ = tan2(45 + φ′/2).

12.3.10 Coefficient of Passive Earth Pressure

The coefficient of passive earth pressure can be written as
the ratio of the net horizontal pressure to the net vertical
pressure. Dividing Eq. 12.53 by the net vertical pressure
gives the passive earth pressure coefficient:

Kp = Nφ + 2c′√Nφ

σv − ua

+ 2(ua − uw) tan φb
√

Nφ

σv − ua

(12.54)

Equations 12.43 and 12.54 show that both active and
passive earth pressure coefficients vary with overburden
pressure.
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12.3.11 Passive Earth Pressure Distribution (Constant
Suction with Depth)

The horizontal pressure corresponding to the passive state
can be computed for various depths and plotted as shown in
Fig. 12.48a. For the passive case, conjugate planes are formed
at 45 − φ′/2 to the horizontal, as shown in Fig. 12.48b. The
saturated soil case is designated using the effective cohesion
term c′. The passive pressure is translated to the right as the
suction is increased since the total cohesion is assumed to be
constant with depth. Figure 12.49 shows a breakdown of the
passive pressure distribution into its three pressure distribu-
tion components.

The entire soil mass is in a state of compression for pas-
sive pressure conditions. The total horizontal pressure at
ground surface is a function of total cohesion:

pp = 2c′
√

Nφ + 2(ua − uw) tan φb
√

Nφ (12.55)

12.3.12 Passive Earth Pressure Distribution (Linear
Decrease in Suction to Water Table)

It is possible to select various distributions for matric suction
with respect to depth. Let us assume that the matric suction
linearly decreases with depth to a value of zero at the water
table (Fig. 12.43). The matric suction at any depth can be

Figure 12.48 Rankine passive earth pressure distribution for saturated soil and soil with a
constant matric suction: (a) passive pressure distribution corresponding to passive pressure case;
(b) conjugate planes corresponding to passive pressure case.

Figure 12.49 Components of passive earth pressure distribution when matric suction is constant
with respect to depth.
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written as a linear equation (Eq. 12.49). For this matric suction
distribution, the passive pressure pp can be written as

pp = (σv − ua)Nφ + 2c′
√

Nφ

+ 2(ua − uw)h tan φb
(

1 − y

D

) √
Nφ (12.56)

The passive pressure distribution along with a plot of the
components is shown in Fig. 12.50. The existence of tension
cracks in the soil is not of relevance for the passive pres-
sure case. The assumption is made that the cracks would
close and the soil mass would become intact as the passive
pressure is applied.

12.3.13 Deformations Associated with Active
and Passive States

Studies by Terzaghi (1954) showed the relationship between
the movement of a wall and the earth pressure coefficients
for dense and loose sands (Fig. 12.51). Most unsaturated
soils behave similar to a dense soil in that relatively low
displacements are required to develop the active and passive
states. The results indicate that displacements as low as
0.001H (where H is the height of the wall) are required to
develop the active state in a dense soil. More displacement
is required to develop the passive state.

Lambe and Whitman (1968) presented triaxial test results
on a dense sand and summarized the percent strains required
for the active and passive states. It was concluded that
strains on the order of 0.5% can produce the active state.
Under compressive loading, strains of 0.5% develop about
one-half of the passive resistance. As much as 2% was
required to reach the full passive resistance for dense sand.
Figure 12.52 illustrates the difference between the active

Figure 12.51 Relationship between movement of wall and earth
pressures developed for varying soil densities (from Terzaghi,
1954).

and passive stress paths. The larger stress changes associ-
ated with the development of the passive state is one of the
reasons for a larger strain at failure.

Strains at failure in unsaturated soils might be quite dif-
ferent from those mentioned above because of unusual K0

Figure 12.50 Components of passive earth pressure distribution when matric suction decreases
linearly with respect to depth.
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Figure 12.52 Stress paths for Rankine active and passive earth pressure conditions.

conditions. Little research has been done on this subject for
unsaturated soils.

12.3.14 Total Lateral Earth Force

Retaining walls serve to retain the backfill placed behind the
wall (Fig. 12.53). The earth pressure tends toward the at-
rest pressure state if the wall is fixed. However, movement
of the wall away from the soil gives rise to the develop-
ment of the active earth force against the wall. Movement
of the wall into the soil results in the development of the pas-
sive earth force against the wall. If the wall is vertical and
smooth, the lateral force is equal to the sum of the active
(or passive) pressures at all depths. There may be an active
earth force developed against one side of the wall and a pas-
sive earth force developed against the other side, as shown
in Fig. 12.53.

Analyses such as those proposed by Coulomb can be used
when friction is considered between the soil and the wall. The

Figure 12.53 Approximations of earth pressures acting on a
retaining wall.

shape of the slip surface is changed and is dependent upon
the vertical movement of the wall as well as the horizontal
movement when friction is considered along the wall. Only
the case of an unsaturated soil placed against a smooth, verti-
cal wall is considered in this chapter. The analysis of frictional
walls in unsaturated soils is essentially the same as those for a
saturated soil. The difference in analyzing a wall adjacent to
saturated and unsaturated soils lies mainly in the fact that
cohesion has a component related to matric suction in an
unsaturated soil.

12.3.15 Active Earth Force

The active earth force PA against a smooth wall is equal to the
active earth pressure integrated from the bottom of the tension
zone depth yt to the bottom of the wall H . The integration
of the active pressure equation over the entire depth gives
the total active force. The upper portion of the net pressure
diagram is in a state of tension. It can be assumed that the soil
in this zone cannot adhere to the retaining wall. Figure 12.54
illustrates the components of the pressure diagram and the
limits of integration on the active pressure diagram:

PA =
∫ H

yt

pa dy (12.57)

The depth of the tension cracks, yt , must be less than H
in order for there to be a positive total force on the wall.
Let us consider the case where matric suction is a constant
value with respect to depth:

PA =
∫ H

yt

ρgydy

Nφ

−
∫ H

yt

2c′ dy√
Nφ

−
∫ H

yt

2(ua − uw) tan φb dy√
Nφ

(12.58)
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Figure 12.54 Components of active earth pressure showing limits of integration.

Integrating the above equation gives an equation which
takes on an extended form of the active force equation for
saturated soils:

PA = ρg

Nφ

(H 2 − y2
t )

2
− 2c′√

Nφ

(
H − yt

)

− 2(ua − uw) tan φb√
Nφ

(H − yt ) (12.59)

The active force decreases as matric suction increases.
It is possible to reach a condition where the active force
is zero. This situation is referred to as an unsupported
excavation.

Equation 12.59 assumes that the soil density is a con-
stant with respect to depth. Figure 12.55 illustrates a typical
active earth force against a retaining wall as a function
of the matric suction of the soil. Two heights of wall are
considered (i.e., 8 and 12 m). The density of the soil is
assumed to be 1800 kg/m3. The shear strength parameters
of the soil are an effective cohesion of 5 kPa, an effective

angle of internal friction of 22◦, and a φb angle of 14◦. As
the matric suction is increased from 0 to 100 kPa on the 8-
m-high wall, the total active pressure is reduced from 206
to 35 kN/m, respectively. In other words, matric suction in
the soil has a large influence on the active force against a
retaining wall.

The matric suction in a soil may not remain at a constant
value with time, and therefore, the active force against the
wall may vary. The highest force will occur when the matric
suction goes to zero. Even higher earth pressures are exerted
on the wall if water is allowed to collect in back of the wall.
The results illustrate the importance of maintaining matric
suction in the soil. At the same time, it is readily recognized
that it may be difficult to ensure the permanency of matric
suction in the soil.

Equations for the active earth force can also be written
for other situations. Let us consider the case where matric
suction decreases linearly with depth. The water table is
assumed to be 1 m below the base of the wall. The negative

Figure 12.55 Active earth force when matric suction is constant with respect to depth and other
variables are as designated.
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pore-water pressures are assumed to decrease in a hydro-
static manner:

PA = ρg(H 2 − y2
t )

2Nφ

− 2c′(H − yt )√
Nφ

−
{

2(ua − uw)h tan φb√
Nφ

}(
H − H 2

2D
− yt − y2

t

2D

)
(12.60)

Typical results using the above equation are shown in
Fig. 12.56. The soil properties and the heights of the wall are
the same as for the previous example. The results show that
when matric suction decreases linearly with depth (which
is often the case), the active earth force does not decrease
as rapidly with changing matric suction as when the suc-
tions are constant with depth. Equation 12.60 represents the
compressive components of the active force diagram.

A surcharge term must be included in Eq. 12.60 when the
soil has tension cracks to a depth yc. Figure 12.57 shows the
variation in the active earth force for the above example with
tension cracks 2 m deep. The results show that when other
variables remain constant, tension cracks increase the active
earth force. In all of the above cases, the active earth force
corresponding to zero matric suction refers to a saturated
soil with zero pore-water pressures.

The point of application of the resultant force can be
computed by considering the line of action of the force
associated with each component of the active earth pressure
diagram. The point of application becomes lower on the wall
as the matric suction of the soil increases. The active earth
force is zero when the tension zone depth is equal to the
height of the wall. That is, the soil should stand without any
support if the height of the vertical excavation is less than
the tension zone depth.

Figure 12.56 Active earth force when matric suction decreases linearly to a water table that is
1 m below base of wall.

Figure 12.57 Active earth force when soil has tension cracks and linear decrease in matric
suction to water table that is 1 m below base of wall.
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12.3.16 Passive Earth Force

The passive earth force Pp against a smooth wall is equal to
the passive pressure integrated over the depth under consid-
eration. Equation 12.53 can be integrated over its entire depth
when the matric suction is constant with respect to depth:

Pp = ρgNφH 2

2
+ 2c′

√
NφH + 2(ua − uw) tan φb

√
NφH

(12.61)
If the matric suction decreases linearly with respect to

depth in a hydrostatic manner, Eq. 12.61 can be integrated
with respect to depth to get the total passive force:

Pp = ρgNφH 2

2
+ 2c′

√
NφH

+ 2(ua − uw)h tan φb
√

Nφ

(
H − H 2

2D

)
(12.62)

Tension cracks are assumed to close for the passive earth
force case. Equations 12.61 and 12.62 can be solved using
typical soil properties to illustrate the effect of matric suction
on the passive earth force.

The soil properties and wall dimensions used to illustrate
the variation in active earth force with matric suction are
again used to compute the passive earth force. Figure 12.58
shows the passive earth force for the case of constant matric
suction with respect to depth. The passive earth force is
shown to increase significantly as the matric suction of
the soil increases. The point of application of the resultant
force can be computed using the line of action of the force
associated with each component of the passive earth pressure
diagram.

Figure 12.59 shows the passive earth force developed
against a smooth wall when the suction decreases linearly
with depth. The water table is 1 m below the bottom of the

Figure 12.58 Passive earth force when matric suction is constant with respect to depth and
other variables are as designated.

t

12-m-high wall

8-m-high wall

b

c

Figure 12.59 Passive earth force when matric suction decreases linearly to a water table that
is 1 m below base of wall.
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wall and the pore-water pressure distribution is assumed to
be hydrostatic. It can be seen that the passive earth force in
this case is less sensitive to suction changes than when the
suction is a constant value with respect to depth.

12.3.17 Effect of Changes in Suction on Active
and Passive Earth Pressure

Changes in the environment may result in water entering the
retaining wall backfill. The water results in a change in the
active or passive pressure. A decrease in matric suction results
in an increase in the pressure against the wall for the active
earth pressure case. The magnitude of the pressure developed
depends on whether the wall moves in response to the pres-
sure change. If the wall cannot move or does not move by
a sufficient amount, the pressure developed against the wall
can become even greater than the computed active pressure
corresponding to the saturated soil case.

Let us consider compacted clay placed behind a retaining
wall as shown in Fig. 12.60. Changes in stresses at a specific

depth can be visualized using an extended Mohr-Coulomb
diagram (Fig. 12.61). Circle A shows the net vertical and net
horizontal pressures at a depth y for the active pressure state.
Matric suction decreases as the water content in the soil
increases. The horizontal pressure will follow a stress path
over to the stress circle A1 under unrestricted movement of
the wall. The magnitude of the pressure against the wall is
increased to the active pressure state for a saturated soil.

Let us suppose, on the other hand, that the retaining struc-
ture is fixed and the initial stress state is represented by the
at-rest condition shown by circle C . As the soil becomes
wet and the matric suction decreases, the horizontal pressure
change will follow the stress path to circle C1. The horizon-
tal pressure becomes greater than the vertical pressure at this
point.

Let us also consider the possibility where the initial at-rest
coefficient of earth pressure is 1.0. The stress changes in the
soil could now follow a path to circle D1 where the final

Figure 12.60 Use of clay as backfill material behind retaining wall.
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Figure 12.61 Lateral pressures on wall that is restricted to limited or no movement.
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horizontal pressure is even higher than that shown for the
previous case (i.e., C1).

The exact stress path followed by the soil during wet-
ting is dependent upon (1) the initial at-rest pressure state,
(2) the deformation moduli of the soil, and (3) the rigidity
of the retaining structure. In other words, the problem is one
involving soil-structure interaction. It would be necessary to
use a numerical technique such as the finite element method
to more closely model changes in stress state.

There are undoubtedly conditions in practice where back-
fill with a material that has high matric suction is placed
against a rigid wall or where a heavy structural member
is cast against clay with an at-rest coefficient greater than
1.0. The horizontal stresses can become as large as the pas-
sive resistance of the soil in these circumstances. Generally,
this situation would correspond to the passive resistance of
the saturated soil. When this happens, either the structural
member may fail or the soil may fail in shear. A structural
member placed against an expansive soil must be designed
to not move or resist the passive earth pressure.

12.3.18 Relationship between Swelling Pressures
and Earth Pressures

The question can be asked, “What is the relationship between
the above earth pressures and the swelling pressure of a soil?”
Suppose the swelling pressure of the soil was measured in
an oedometer using the “constant-volume” procedure. The
measured swelling pressure corresponds to conditions of no
volume change (i.e., vertically or horizontally). The swelling
pressure will be a function of the initial stress state and the
change in matric suction. However, it is difficult to relate
the swelling pressure to the active or passive earth pres-
sure states. The stress paths followed in the two situations
are different.

The vertical stress will be the overburden pressure in the
case of an earth-retaining structure. Its magnitude is constant
while both the vertical and horizontal movement is restricted
in the laboratory oedometer test (i.e., using the constant-
volume testing technique). To more closely simulate the in
situ retaining structure, it would be necessary to subject the

laboratory specimen to a vertical pressure corresponding to
a particular depth and immerse the specimen in water. It
would then be necessary to measure the lateral swelling
pressure of the soil in order to obtain an indication of the
horizontal pressure against a retaining structure. Clearly, it
is difficult to apply conventional swelling pressure measure-
ments to retaining wall design. Also, several oedometer tests
would need to be run to represent the respective depths.

The stress paths shown in Fig. 12.61 assist in understanding
why walls with cohesive backfills may undergo large move-
ments during the life of the structure. As the soil dries, a crack
may open between the soil and the wall. Dust and debris col-
lect in the opening, partially filling the crack. As the matric
suction decreases during wetter seasons, the soil swells and
pushes the wall until the resistance of the wall is in equilibrium
with the soil mass. This cycle may be repeated many times
over the years, gradually moving the wall.

12.4 BEARING CAPACITY

The bearing capacity of unsaturated soils, like other plastic-
ity problems, can be viewed as an extension of the approach
used in saturated soil mechanics. The unsaturated soil can
be visualized as having a cohesion consisting of two com-
ponents. One component is the effective cohesion, and the
other component is cohesion associated with matric suction.
With this concept in mind, the conventional bearing capacity
theory can be applied to unsaturated soils.

Prandtl (1921) analyzed the case of a strip footing with a
smooth base located at ground surface (Fig. 12.62). The load
Q was increased until the strip footing penetrated the soil.
The unit pressure qf at this point was called the ultimate
bearing capacity. The loading of the strip footing gives rise
to an active pressure zone immediately below the footing and
a passive zone where the soil pushes laterally and upward.
The intermediate portion of the slip surface is defined by a
logarithmic spiral. The soil is assumed to be weightless. The
rigorous and demanding nature of the solution to this idealized
problem has led to the consideration of other approximate
solutions.

Q

B

Figure 12.62 Idealized bearing capacity for failure geometry below footing using Prandtl log
spiral (from Prandtl, 1921).
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12.4.1 Terzaghi Bearing Capacity Theory

The Terzaghi bearing capacity formulation assumes that the
base of the footing is rough and the slip surface is bounded
by a straight line and a logarithmic spiral (Fig. 12.63a). The
load Q at failure is calculated by considering the forces on
the sliding mass of soil (Terzaghi, 1943).

The soil above the footing base was treated as a sur-
charge pressure for foundations embedded at some depth
(Fig. 12.63b). The bearing capacity equation consists of three
components: The first component, qγ , takes into account the
weight of the soil and the passive earth pressure block. This
portion of bearing capacity can be written as follows:

qγ = 1
2ρgBNγ (12.63)

where:

Nγ = proportionally bearing capacity factor.

The second component is related to the cohesion of the
soil:

qc = cNc (12.64)

where:

Nc = cohesion bearing capacity factor and
c = total cohesion of the soil.

The cohesion value used in the analysis is dependent on
how the shear strength of the soil is defined. The third
component takes into account the surcharge effect of the
soil above the base of the footing:

qq = ρgDf Nq (12.65)

where:

Nq = surcharge bearing capacity factor.

The ultimate bearing capacity of a soil can be expressed
as the sum of the above-mentioned components:

qf = 1
2ρgBNγ + cNc + ρgDf Nq (12.66)

where:

Nγ ,Nc,Nq = dimensionless coefficients related to angle
of internal friction.

The bearing capacity factors computed by Terzaghi (1943)
are shown in Fig. 12.64. The bearing capacity equation 12.66
was derived for strip footings but was further refined to
accommodate various shapes of the footing:

qf = λγ ρg
B

2
Nγ + λccNc + ρgDf Nq (12.67)

where:

λγ , λc = shape factors.

The shape factors for circular footings are λγ = 0.6 and
λc = 1.3 (Terzaghi, 1943). The shape factors for rectangu-
lar footings are λγ = 1 − 0.2(B/L) and λc = 1 + 0.2(B/L)

(Skempton, 1951), where B is the width of the footing and
L the length of the footing.

The ultimate bearing capacity can be reduced to an allow-
able bearing capacity through use of an appropriate factor
of safety. Shallow foundations are of significant interest in

Q

Figure 12.63 Boundaries of zone of plastic equilibrium after failure of soil beneath continuous
footing: (a) rough-based footing; (b) rough-based footing with surcharge (from Terzaghi, 1943).
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Figure 12.64 Relationship between angle of internal friction, φ, and Terzaghi’s bearing capacity
factors (from Terzaghi, 1943).

unsaturated soil mechanics. The above discussion illustrates
that the same plasticity theory applies for both saturated and
unsaturated soils. The most important information required
when using the bearing capacity theory for unsaturated soils
pertains to the selection of appropriate shear strength param-
eters and a reasonable design matric suction value.

12.4.2 Selection of Soil Parameters and Design Suction

The shear strength parameters used in engineering practice
for bearing capacity design for saturated soils have ranged
from effective shear strength parameters to the undrained
shear strength, cu. In other words, the design can be based
on either an effective stress analysis or a total stress analysis.
Likewise, it is possible to use either a stress state variable
approach or a total stress approach when dealing with unsat-
urated soils.

12.4.3 Stress State Variable Approach

The shear strength parameters for a soil with matric suction
are (1) effective angle of internal friction φ′, (2) effective
cohesion c′, and (3) angle of shear strength change with
respect to matric suction, φb. It is also possible to use
a nonlinear shear strength function with respect to matric
suction; however, a linear shear strength parameter will be
used to present the primary concepts of bearing capacity in

unsaturated soils. The linear shear strength parameters are
based on the assumption that the failure surface of the soil
is planar.

Two of the shear strength parameters can be combined
with the result that the shear strength equation has a form
similar to that used for saturated soils. The required shear
strength parameters for a conventional bearing capacity
design are the total cohesion c [i.e., c = c′ + (ua − uw) tan
φb] and the effective angle of internal friction φ′. It is
necessary to estimate the φb angle for the soil and have an
approximate design matric suction value. It is difficult to
assess an appropriate design value for matric suction. It is
reasonable to use a measured value of matric suction only
if there were some assurance that the matric suction in the
soil can be maintained. Generally, a factor of safety would
be applied to measured values of matric suction. Another
option is to consider the likely long-term hydrostatic
condition of the groundwater table (Fig. 12.65).

Footings are commonly placed well above the groundwater
table. It may be reasonable to assume that negative pore-water
pressures will be maintained immediately below a footing if
adequate surface and subsurface drainage is provided around
the structure. It must be realized that there may be fluctu-
ations in the groundwater table as a result of building the
structure. The groundwater table may also be lowered, but

Excessive
evaporation

Eqilibrium with
water table

Flooding of
dessicated soil

Ballast
Subballast

Subgrade

Pore-water pressure

Rail Rail Tie

Figure 12.65 Pore-water pressure profiles that might exist below a spread footing.
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more commonly, the water table will rise due to excessive
watering of the vegetation surrounding the building.

There are situations where the groundwater table is far
below the ground surface and the hydrostatic profile is not
reasonable to apply for design purposes. Measurements of in
situ suction below the footings of existing structures in the
vicinity may provide some indication for a reasonable design
matric suction value. Average matric suctions are generally
found to be a function of the microclimate in the vicinity
of the structure (Richards, 1967). The long-term suctions
immediately below shallow footings are often 100 kPa or
greater. These suctions can significantly contribute to the
shear strength of the soil. Decisions regarding the design
matric suction value depend on local experience and the
microclimate in the region.

Figure 12.66 illustrates the effect of various matric suction
values on bearing capacity. The following soil parameters
were selected for the analysis: (1) an effective angle of inter-
nal friction φ′ of 20◦, (2) an effective cohesion c′ of 5 kPa,
and (3) a friction angle with respect to matric suction, φb,
of 15◦. The density of the soil is 1830 kg/m3. The design is
for strip footings with widths of 0.5 and 1.0 m. The footings
are assumed to be placed at a depth of 0.5 m. The bearing
capacity factors from Fig. 12.64 are as follows: Nγ = 5.0,
Nc = 17.5, and Nq = 8.0.

The computations show that for a footing width of 0.5 m
and no matric suction in the soil, the bearing capacity is
182 kPa. About 48% of the bearing capacity arises from the
effective cohesion of the soil. When the matric suction is
increased to 100 kPa (i.e., total cohesion equal to 32 kPa),
the bearing capacity increases to 655 kPa. Now, 85% of the
bearing capacity is due to the total cohesion component. The
results show a similar trend for the wider footing.

The main observation is that the matric suction dramati-
cally increases the bearing capacity of the soil. It is useful
to construct a plot similar to that shown in Fig. 12.66 when
attempting to select a suitable allowable bearing capacity in
unsaturated soils.

12.4.4 Total Stress Approach

The total stress approach is similar to the procedure commonly
used in geotechnical engineering practice. The geotechnical
engineer may not normally view his or her design as one
involving the behavior of an unsaturated soil. Let us assume
that the site under consideration involves a clayey soil with
a groundwater table well below the proposed depth for the
footings. Typical engineering practice can be described as fol-
lows. A field investigation is conducted in which samples are
obtained at a variety of depths. The samples are brought to the
laboratory, extruded, and tested for unconfined compressive
strength. The data are interpreted and a design compressive
strength is selected.

The compressive strength is divided by 2 to give an
undrained shear strength for the soil of cu. The angle of
friction is taken as zero and the bearing capacity equation is
solved. It is easy for the engineer to lose sight of the fact that
the soil had matric suction (or negative pore-water pressure)
that was holding the specimen together. The shear strength
of the soil specimen tested in the laboratory was a function
of the negative pore-water pressure in the soil (i.e., matric
suction). There was also a change in pore-water pressure
resulting from unloading the soil during sampling. Changes
in pore-water pressure during sampling may be small relative
to the in situ negative pore-water pressure, but the suction
changes result in an increase in the strength of the soil.

The shear strength measured in the laboratory reflects the
matric suction in the soil. The extended Mohr-Coulomb
failure envelope can be used to visualize the relationship
between the unconfined compression test results and the shear
strength defined in terms of matric suction. Figure 12.67
illustrates a possible stress path followed during an uncon-
fined compression test (i.e., stress path AB), where the matric
suction is assumed to remain constant during the test. The
unconfined compression test results can be translated onto
the strength envelope to represent the stress state at failure.
The undrained shear strength cu can be mathematically
written in terms of the extended Mohr-Coulomb fail-
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Figure 12.66 Bearing capacity of strip footing for various values of matric suction.
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Figure 12.67 Typical stress path followed during unconfined compression test on unsaturated
soil with soil suction.

ure envelope:

cu ≈ c′ + (σf − ua)f tan φ′ + (ua − uw)f tan φb (12.68)

where:

cu = undrained shear strength.

The in situ matric suction can later increase or decrease in
response to changes in the climatic conditions such as evapo-
ration, precipitation, and lawn watering. The undrained shear
strength of the soil will also change and its change can be
expressed as follows:

�cu = �(ua − uw) tan φb (12.69)

where:

�cu = change in undrained shear strength due to
matric suction change and

�(ua − uw) = change in matric suction due to drying and
wetting.

The bearing capacity of clayey soil is often computed
using the undrained shear strength cu in accordance with
the total stress approach (i.e., the φ = 0 approach). Applying
the φ = 0 condition to Eq. 12.68 gives the ultimate bearing
capacity of the clay in terms of its undrained shear strength
(i.e., qf = cuNc).

Let us consider a clay with an initially measured undrained
shear strength of cu0 and an initial ultimate bearing capacity
of qf 0 (i.e., Nccu0). A change in matric suction in the field,
�(ua − uw) (i.e., an increase or decrease), will result in a
change in the undrained shear strength, �cu, as expressed

in Eq. 12.69. There will also be a change in the ultimate
bearing capacity, �qf (i.e., Nc �cu), and the final bearing
capacity can be written as the sum of the initial capacity and
the change in capacity (i.e., qf = qf 0 + �qf ).

Figure 12.68 illustrates the possible variation in the ulti-
mate bearing capacity of clay due to matric suction changes.
The clay had an initial measured undrained shear strength
cu0 of 50 kPa and a φb angle of 15◦. The initial computed
bearing capacity of the clay, qf 0, was 285 kPa for a strip
footing or 342 kPa for a square footing. An average change
in matric suction is assumed in order to compute the changes
in the ultimate bearing capacity of the clay. The φb angle
is assumed to remain constant. Figure 12.68 shows that an
increase in soil matric suction increases bearing capacity,
while a decrease in matric suction reduces bearing capacity.

The percent change in the ultimate bearing capacity can
be related to the change in matric suction as follows:

�qf

qf 0
= �(ua − uw)

cu0
tan φb (12.70)

where:

�qf /qf 0 = percent change in the ultimate bearing
capacity and

�(ua − uw)/cu0 = percent change in the matric suction
with respect to the initial undrained
shear strength.

Results of the above equation are plotted in Fig. 12.69
for various φb values. The relationship is applicable to all
shapes of footings since the analysis does not depend on
Nc. For a φb value of 15◦, the ultimate bearing capacity
will increase or decrease by 27% when the matric suction
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changes as much as the initial undrained shear strength [i.e.,
�(ua − uw) = 100% of cu0]. The percent change in the ulti-
mate bearing capacity will be higher for higher φb values.

12.4.5 Bearing Capacity of Layered Systems

The concepts of bearing capacity are also relevant for same
man-made earth structures. These applications involve the
design of highways, railways, and airport systems. High-
ways and airport runways commonly consist of an asphalt
layer, a base, and a subbase layer overlying the subgrade
soil. The railway system consists of the track structure (i.e.,
rails and ties) resting on ballast and subballast layers. In
both cases, it is the bearing capacity of the subgrade which
is of primary importance.

The environmental conditions change throughout the year
for the highway, railway, or airport, resulting in a change

in the matric suction in the subsoil. “Road bans” may be
placed on highways in the spring of the year because of
the low matric suction in the subgrade (i.e., the low bearing
capacity of the road).

Highway, railway, and airport designs have not commonly
been viewed as bearing capacity designs. There appears to
have been a lack of understanding of how to assess the shear
strength of a compacted subgrade soil with matric suction.
More recently there has been renewed interest in a bearing
capacity approach in transportation applications.

The wheel loads applied to a highway surface are trans-
mitted through the base and subbase onto the underlying
subgrade. The theory of elasticity can be used to compute the
stresses transmitted to the top of the subgrade. The subgrade
may undergo a bearing capacity failure if the transmitted
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stresses are high. Broms (1965) suggested the use of a mod-
ified bearing capacity approach for the design of highway
structures.

Train loads are transmitted through the rail-tie system and
the ballast to the subgrade. The rail-tie system is a com-
plex loading system. The stresses applied to the subgrade are
of primary interest. Hanna and Meyerhof (1980) analyzed a
layered system similar to a railway structure and suggested
simplifications that could be applied to a conventional bearing
capacity analysis in order to accommodate the rail system.

The shear strength of the subgrade of a highway, rail-
way, or airport structure can be expressed in terms of the
proposed equation for the shear strength of an unsaturated
soil. An important aspect when describing unsaturated soil
shear strength is the assessment of the design matric suction.
For design purposes, it is necessary to have an indication of
how low the matric suction may go during any year. Even
matric suction values below 100 kPa can produce a substan-
tial increase in the bearing capacity of a soil. Studies by van
der Raadt (1988), Sattler et al., (1989), and Majerison et al.,
(2001) have provided a better understanding of seasonal vari-
ations in matric suction in highway and railway subgrades.

12.5 SLOPE STABILITY

Slope stability analyses have become a common analyti-
cal tool for assessing the factor of safety of natural and
man-made slopes. Any one of several methods can be used
to analyze the stability of a slope. There are a series of
two-dimensional methods of slices that are commonly used
in engineering practice. These methods are based upon the
principles of statics (i.e., static equilibriums of forces and/or
moments) without giving consideration to the amount of
movement in the soil mass.

Several basic assumptions and principles are used in for-
mulating the limit equilibrium methods of analysis. These
methods of analysis can readily be extended to embrace
the behavior of unsaturated soil. There are also more recent
methods of analysis that involve the calculation of the stress
state throughout the overall soil mass through the process of
“switching on” the gravity forces. The calculation of gravity
forces methods are discussed following the presentation of
the method of slices for unsaturated soils.

Effective shear strength parameters (i.e., c′ and φ′) are
generally used when performing slope stability analyses on
saturated soils. The shear strength contribution from the neg-
ative pore-water pressures above the groundwater table are
often ignored by setting negative pore-water pressures to
zero. It may be a reasonable assumption to ignore negative
pore-water pressures for situations where the major portion
of the slip surface is below the groundwater table. However,
for situations where the groundwater table is deep or where
the concern is over the possibility of a shallow failure sur-
face, negative pore-water pressures should not be ignored.

A clearer understanding of the role of negative pore-water
pressures (or matric suctions) in increasing the shear strength
of the soil has been forthcoming in recent years. Reasonable
assumptions can be made with regard to plausible distribu-
tions of negative pore-water pressures that might exist over
a time period, and each situation can be analyzed as part of a
parametric slope stability study. It is quite appropriate to per-
form slope stability analyses that include the shear strength
contribution from the negative pore-water pressures. Com-
parisons can be made of the calculated factors of safety
corresponding to situations where negative pore-water pres-
sures are included and ignored. Slope stability analyses that
include negative pore-water pressures can be formulated as
an extension of conventional limit equilibrium analyses.

Several aspects of a slope stability study remain the same
for soils with positive pore-water pressures (e.g., saturated
soils) and soils with negative pore-water pressures (e.g.,
unsaturated soils). For example, the nature of the site inves-
tigation, the identification of the soil strata, and the measure-
ment of the total unit weight remain the same for saturated
and unsaturated soils. On the other hand, extensions to con-
ventional testing procedures are required for the characteri-
zation of the shear strength properties of the soil. Estimation
procedures can be used to approximate the shear strength
envelope for unsaturated soils. The analytical tools used to
incorporate negative pore-water pressures and calculate the
factor of safety need to be extended to embrace unsaturated
soil behavior.

12.5.1 Free-Body Diagram for Slope Stability Analysis

The computation of the factor of safety of a slope must
start with specifying geometric details related to the free-
body diagram. The need for a free-body diagram should go
without saying; however, the free-body diagram is the place
where a slope stability analysis encounters its first difficulty.
The boundaries of the sliding mass are not known at the start
of the method-of-slices analysis. The shape and location of
the most critical slip surface are unknowns.

The ground surface and the stratigraphic divisions
between soil layers may be known for the two-dimensional
cross section under consideration. However, the shape and
location of the most critical slip surface that can be passed
through the soil mass are not known, and as a result the
limits of the free-body diagram are not known.

An assumption must be made regarding the shape of the
slip surface. The slip surface may be planar, circular, or com-
posite in shape. The selection of the shape of the potential
slip surface is mainly dependent on whether the slope con-
sisted of a purely frictional or cohesive material. The effect
of geological considerations also leads to consideration
of slip surfaces that were noncircular in shape (i.e.,
composite).

The second feature of the free-body diagram that needs
to be determined is the location of the critical slip surface.
Early slope stability studies sought to find the critical slip
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Figure 12.70 Typical steep natural slope with deep groundwater table.

surface through use of a trial-and-error search technique.
A large number of potential slip surfaces were analyzed
through the soil mass, and the slip surface which yielded
the minimum computed factor of safety was selected as the
critical slip surface. There were a variety of methods of
slices that made use of a similar procedure to calculate the
minimum factor of safety of a slope.

The analytical formulations proved to be indeterminate
and as a result there were numerous methods of slices pro-
posed over time. The formulation showed that there were
more unknowns than there were equations to solve the prob-
lem. Consequently, a variety of assumptions were made to
render the slope stability analysis determinate. The name of
researcher(s) who made each of the assumptions was usually
attached to the method for calculating the factor of safety.
The summation of forces in orthogonal directions, as well as
the moment equilibrium, were given consideration in each
analysis; however, it is possible to consider all the methods
of slices within a general limit equilibrium framework (Fred-
lund and Krahn, 1977). The primary difference between the
various methods of slices proposed can be traced to differ-
ences in the manner in which the normal force at the base
of a slice was calculated. There was also a difference in the
manner in which overall static equilibrium was satisfied.

Computational advancements have led to the realization
that other approaches can also be used to perform a slope
stability analysis. For example, it was realized that it was

possible to use numerical modeling and the “switch-on” of
gravity forces to determine the state of stress in a soil mass.
It was also possible to utilize optimization techniques devel-
oped in other areas of engineering for the determination of
the minimum factor of safety of a slope. It also became pos-
sible for the shape of the slip surface and the critical location
of the slip surface to become part of the overall solution for
the minimum factor of safety.

The optimization procedure that has been most commonly
used to locate the critical slip surface is referred to as the
“dynamic programming” technique. There are distinct advan-
tages associated with the use of optimization techniques for
the calculation of the factor of safety of a slope; however,
engineers have gained extensive experience in the method-of-
slices procedures. It is important that studies be undertaken to
verify the similarities and differences that may exist between
the two approaches to the analysis of a slope.

Figure 12.71 subdivides methods of slope stability analysis
into two broad categories: methods of slices and optimiza-
tion methods. Methods of slices have been extensively used
in engineering practice, but the optimization technique lends
itself well to computational procedures. At the core of the
optimization technique is the solution of two or more partial
differential equations for the computation of the stress states
in a soil mass.

The trend in solving all saturated-unsaturated soil prob-
lems is toward the solution of one or more partial differential
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Figure 12.71 Categorization of slope stability methods based on methodology for calculating
normal stress at various points along slip surface.

equations through numerical modeling. It is anticipated that
with time optimization techniques will increase in popularity
for the computation of the factor of safety of a slope. Pore-
water pressures are also commonly assessed using numerical
modeling and the results can readily be combined with the
slope stability analysis.

12.5.2 Determination of Normal Stress on Slip Surface
for Methods of Slices

There are a number of differences between each of the meth-
ods of slope stability analysis; however, probably of most
significant difference is the manner in which the normal
force is computed at the base of a slice. The various meth-
ods of slices give rise to differences in the calculated normal
force at the base of a slice because of the assumptions that
are made with regard to interslice forces. Each method of
slices considers vertical force equilibrium on a slice and the
primary variable influencing the calculation of the normal
force is gravity force (i.e., unit weight of the soil), immedi-
ately above the base of the slip surface.

The optimization technique switches on the gravity force
over the entire soil mass and uses a typical stress-strain con-
stitutive model for the computation of the stress state at all
points in the soil mass. This process can be performed one
time and the analysis for the factor of safety becomes deter-
minate from the standpoint of calculating the normal force at
the base of a slice.

The commonly used methods of slices can be extended to
embrace the analysis involving unsaturated soils. Optimiza-
tion techniques can also be extended to consider unsaturated
soils. The use of the optimization procedure is explained
after the methods-of-slices procedure.

12.5.3 General Procedure for Methods of Slices

A study of the stability of a slope with negative pore-water
pressures involves the following steps: (1) a survey of the
elevation of the ground surface on a selected section perpen-
dicular to the slope, (2) advancement of several boreholes to
identify the stratigraphy and obtain undisturbed soil samples,
(3) laboratory testing of undisturbed soil specimens to obtain
suitable shear strength parameters for each stratigraphic unit
(i.e., c′, φ′, and φb), and (4) measurement or estimation of
negative pore-water pressures above the groundwater table.
These steps provide the input data for performing a stability
analysis. However, the location and shape of the most critical
slip surface is unknown (Fig. 12.70). A particular combina-
tion of actuating and resisting forces along a slip surface of
unknown shape and location will produce the lowest factor of
safety for the slope. The location of the slip surface is known
in the case of a slope that has already failed.

The methods of slices are presented within the context
of the general limit equilibrium (GLE) method which con-
siders force and moment equilibrium. The GLE equations
can then be specialized to each of the common methods of
slices. Common to all the methods of slices is an assumption
regarding the shape of the slip surface.

12.5.4 Trial-and-Error Search for Critical Slip
Surface When Using Methods of Slices

The shape of the unknown slip surface is generally assumed.
The location of the critical slip surface is determined using a
trial-and-error procedure. Let us first assume that the shape of
the slip surface is circular. A grid of centers can be selected and
the radius is varied at each center of rotation. The end result
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provides coverage of all possible circular geometries. When
the slip surface takes on a composite shape (i.e., part circular
and part linear), it is still possible to use a grid of centers and
varying radii to search for the critical slip surface (Fredlund,
1981a). In addition, a general shape can also be assumed using
a series of straight lines to define the slip surface.

Various automatic search routines have been programmed
to reduce the number of computations. Some routines start
with an assumed center and seek to find the critical center
by moving in a zigzag manner (Wright, 1974). Others use
an initially coarse grid of centers which rapidly converge to
a critical center (Fredlund, 1981a).

There is probably no analysis conducted by geotechni-
cal engineers which has received more attention than the
limit equilibrium methods of slices for the computation of
the factor of safety (Fredlund, 1980a). The limit equilib-
rium method of slices has proved to be a useful and reliable
tool for assessing the stability of a slope. Its “track record”
is impressive for cases where the shear strength proper-
ties of the soil and the pore-water pressure conditions have
been adequately assessed (Sevaldson, 1956; Kjaernsli and
Simons, 1962; Skempton and Hutchinson, 1969; Chowd-
hury, 1980). The limit equilibrium methods of slices require
a limited amount of computer input but can quickly perform
extensive trial-and-error searches for the critical slip surface.

12.5.5 General Limit Equilibrium Method

The GLE method provides a general theory wherein other
methods can be viewed as special cases. These elements
of statics along with the failure criterion are insufficient to
make the slope stability problem determinate (Morgenstern
and Price, 1965; Spencer, 1967). Either additional elements
of physics or an assumption regarding the direction or mag-
nitude of some of the forces is required to render the prob-
lem determinate. The GLE method utilizes an assumption
regarding the direction of the interslice forces. This approach

has been widely adopted in limit equilibrium methods (Fred-
lund and Krahn, 1977). The various limit equilibrium slope
stability methods that assume a direction for the interslice
forces have been shown to be special cases of the GLE
method (Fredlund et al., 1981).

Calculations for the stability of a slope are performed by
dividing the soil mass above the assumed slip surface into
vertical slices. The forces acting on a slice within the sliding
soil mass are shown in Fig. 12.72 for a composite slip sur-
face. The forces are designated for a unit width (i.e., direction
perpendicular to movement) of the slope. The variables are
defined as follows:

W = total weight of the slice of width b and height h ,
N = total normal force on the base of the slice,
Sm = shear force mobilized on the base of each slice,
E = horizontal interslice normal forces (the L and R sub-

scripts designate the left and right sides of the slice,
respectively),

X = vertical interslice shear forces (the L and R subscripts
designate the left and right sides of the slice, respec-
tively),

R = radius for a circular slip surface or the moment arm
associated with the mobilized shear force Sm for any
shape of slip surface,

f = perpendicular offset of the normal force from the cen-
ter of rotation or from the center of moments,

x = horizontal distance from the centerline of each slice
to the center of rotation or to the center of moments,

h = vertical distance from the center of the base of each
slice to the uppermost line in the geometry (i.e., gen-
erally ground surface),

a = perpendicular distance from the resultant external
water force to the center of rotation or the center of
moments (the L and R subscripts designate the left
and right sides of the slope, respectively),

Figure 12.72 Forces acting on one slice of a sliding mass with a composite slip surface.
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A = resultant external water forces (the L and R subscripts
designate the left and right sides of the slope, respec-
tively),

α = angle between the tangent to the center of the base of
each slice and the horizontal, (when the angle slopes in
the same direction as the overall slope of the geometry,
α is positive, and vice versa), and

β = sloping distance across the base of a slice.

The example shown in Fig. 12.72 is typical of a steep
slope with a deep groundwater table. The crest of the slope
is highly desiccated and the tension cracks are assumed to
be filled with water. The tension crack zone is assumed
to have no shear strength and the presence of water in this
zone produces an external water force AL. The assumed slip
surface in the tension crack zone is a vertical line. The depth
of the tension crack is generally estimated (Spencer, 1968,
1973). The weight of the soil in the tension crack zone acts
as a surcharge on the crest of the slope. The external water
force AL is computed as the hydrostatic force on a vertical
plane. An external water force can also be present at the toe
of the slope as a result of partial submergence. This water
force is designated as AR .

12.5.6 Shear Force Mobilized Equation

The mobilized shear force at the base of a slice can be written
using the shear strength equation for an unsaturated soil:

Sm = β

Fs

{
c′ + (σn − ua) tan φ′ + (ua − uw) tan φb

}
(12.71)

where:

σn = total stress normal to the base of a slice, and
Fs = factor of safety, defined as the factor by which the

shear strength parameters must be reduced in order to
bring the soil mass into a state of limiting equilibrium
along the assumed slip surface.

The factors of safety for the cohesive parameter (i.e., c′)
and the frictional parameters (i.e., tan φ′ and tan φb) are
assumed to be equal for all soils involved and for all slices.
The components of the mobilized shear force at the base of
a slice are illustrated in Fig. 12.73. The contributions from
the total stress and the negative pore-water pressures are
separated by using the friction angles, φ′ and φb.

It is possible to consider the matric suction term as part
of the cohesion of the soil since matric suction can then be
visualized as increasing the cohesion of the soil. As a result,
the conventional factor-of-safety equations take on a form
similar to that of a saturated soil. The mobilized shear force
at the base of a slice, Sm, will then have the following form:

Sm = β

Fs

{
c + (σn − ua) tan φ′} (12.72)

(a)

(b)

Figure 12.73 (a) Acting total and pore-water stresses and
(b) shearing resistance at the base of a slice.

where:

c = total cohesion of the soil, which has two components
[i.e., c′ + (ua − uw) tan φb].

Combining the cohesion components has the advantage
that the shear strength equation retains the conventional form
used for saturated soils. Consequently, it is possible to use a
computer program written for analyzing saturated soils when
considering the analysis of an unsaturated soil slope. The soil
in the negative pore-water pressure region must be subdivided
into several discrete layers with each layer having a constant
cohesion value. The pore-air and pore-water pressures must
be set to zero in this case. This approach has the disadvantage
that cohesion is not considered as a continuous function and
total cohesion must be manually computed for each layer.

The slope stability derivations directly calculate the shear
strength contribution from negative pore-water pressures.
The mobilized shear force defined using Eq. 12.71 is used
throughout the derivation. The effect of partial submergence
at the toe of the slope, the effect of seismic loading, and
external line loads are not shown in the derivations.

12.5.7 Normal Force Equation

The normal force at the base of a slice, N , is derived by
summing forces in the vertical direction:

W − (XR − XL) − Sm sin α − N cos α = 0 (12.73)
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Substituting Eq. 12.71 into Eq. 12.73 and replacing the
σnβ term with N gives

W − (XR − XL) −
{

c′β
Fs

+ N tan φ′β
Fs

− ua tan φ′β
Fs

+ (ua − uw) tan φbβ

Fs

}
sin α − N cos α = 0 (12.74)

Rearranging Eq. 12.74 gives rise to the normal force
equation:

N =

W − (XR − XL) − c′β sin α

Fs

+ ua

β sin α

Fs

(tan φ′

− tan φb) + uw
β sin α

Fs

tan φb

mα

(12.75)
where

mα = cos α + Fs/ sin α tan φ′ (12.76)

The factor of safety Fs in Eq. 12.75 is equal to the moment
equilibrium factor of safety Fm when solving for moment
equilibrium and is equal to the force equilibrium factor of
safety Ff when solving for force equilibrium. In most cases,
the pore-air pressure ua is atmospheric, and as a result,
Eq. 12.75 reduces to the form

N =
W − (XR − XL) − c′β sin α

Fs

+ uw
β sin α

Fs

tan φb

mα

(12.77)
If the base of the slice is located in saturated soil (i.e.,

soil with positive pore-water pressures), the tan φb term in
Eq. 12.77 becomes equal to tan φ′. The normal force equation
then reverts to the conventional normal force equation used
in saturated slope stability analysis. The angle φb can be used
whenever the pore-water pressure is negative and the angle
φ′ can be used whenever the pore-water pressure is positive.
The φb angle can also be considered to be equal to φ′ at low-
matric-suction values up to the air-entry value of the soil while
a lower φb angle is used at high matric suctions (Fredlund
et al., 1987).

The vertical interslice shear forces XL and XR in the nor-
mal force equation can be computed using an interslice force
function.

12.5.8 Factor of Safety with Respect to Moment
Equilibrium

Two independent factor-of-safety equations can be derived:
one with respect to moment equilibrium and the other with
respect to horizontal force equilibrium. Moment equilibrium
can be satisfied with respect to an arbitrary point above the
central portion of the slip surface. The center of rotation is
an obvious center for moment equilibrium for a circular slip

surface. The center of moments would appear to be imma-
terial when both force and moment equilibrium is satisfied
(e.g., in the GLE method). The computed factor of safety can
vary with the point selected for the summation of moments
when only moment equilibrium is satisfied.

Let us consider moment equilibrium for a composite slip
surface (Fig. 12.72) with respect to the center of moments:

ALaL +
∑

Wx −
∑

Nf −
∑

SmR = 0 (12.78)

Substituting Eq. 12.71 for Sm into Eq. 12.78 and replacing
the (σnβ) term with N yields

ALaL +
∑

Wx −
∑

Nf = 1

Fm

∑ {
c′βR + [N tan φ′

−ua tan φ′β + (ua − uw) tan φbβ]R
}

(12.79)

where:

Fm = factor of safety with respect to moment equilib-
rium.

Rearranging Eq. 12.79 yields

Fm =

∑ {
c′βR +

[
N − uwβ

tan φb

tan φ′

−uaβ

(
1 − tan φb

tan φ′

)]
R tan φ′

}
ALaL +

∑
Wx −

∑
Nf

(12.80)

In the case where the pore-air pressure is atmospheric (i.e.,
ua = 0), Eq. 12.80 has the form

Fm =
∑[

c′βR +
(

N − uwβ
tan φb

tan φ′

)
R tan φ′

]
ALaL + ∑

Wx − ∑
Nf

(12.81)

The φb value can be set equal to the φ′ value when the
pore-water pressure is positive. Equation 12.81 can also be
simplified for a circular slip surface as follows:

Fm =
∑

[c′β + (N − uwβ − uaβ) tan φ′]R
ALaL + ∑

Wx
(12.82)

The radius R is constant for all slices, and the normal force
N acts through the center of rotation (i.e., f = 0) when a
circular slip surface is considered.

12.5.9 Factor of Safety with Respect to Force
Equilibrium

The factor of safety with respect to force equilibrium is
derived from the summation of forces in the horizontal direc-
tion for all slices:

−AL +
∑

Sm cos α −
∑

N sin α = 0 (12.83)
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The horizontal interslice normal forces EL and ER can-
cel when summed over the entire sliding mass. Substituting
Eq. 12.71 for the mobilized shear force Sm into Eq. 12.83
and replacing the σnβ term with N gives

1

Ff

∑
[c′β cos α + (N tan φ′ − ua tan φ′β

+ (ua − uw) tan φbβ)] = AL +
∑

N sin α (12.84)

where:

Ff = factor of safety with respect to force equilibrium.

Rearranging Eq. 12.84 yields

Ff =

∑{
c′β cos α +

[
N − uwβ

tan φb

tan φ′

−uaβ

(
1 − tan φb

tan φ′

)]
tan φ′ cos α

}
AL +

∑
N sin α

(12.85)

In the case where the pore-air pressure is atmospheric (i.e.,
ua = 0), Eq. 12.85 reverts to the following form:

Ff =

∑ [
c′β cos α +

(
N − uwβ

tan φb

tan φ′

)
tan φ′ cos α

]
AL +

∑
N sin α

(12.86)
The φb value is equal to the φ′ value when the pore-

water pressure is positive. Equation 12.86 is the same for
both circular and composite slip surfaces.

12.5.10 Interslice Force Function

The interslice normal forces EL and ER are computed from
the summation of horizontal forces on each slice:

ER − EL = N cos α tan α − Sm cos α (12.87)

Substituting Eq. 12.73 for the N cos α term in Eq. 12.87
gives the following equation:

ER − EL = [W − (XR − XL) − Sm sin α] tan α − Sm cos α

(12.88)
Rearranging Eq. 12.88 gives

ER = EL + [W − (XR − XL)] tan α − Sm

cos α
(12.89)

The interslice normal forces are calculated by integrating
across the slope. The left interslice normal force on the first
slice is equal to any external water force which may exist,
AL, or it is set to zero when there is no water present in the
tension crack zone.

The assumption is made that the interslice shear force X
can be related to the interslice normal force E by a mathe-
matical function (Morgenstern and Price, 1965):

X = λf (x)E (12.90)

where:

f (x) = a functional relationship which describes the
manner in which the magnitude of X/E varies
across the slip surface and

λ = a scaling constant which represents the percent-
age of the function f (x) used for solving the
factor-of-safety equations.

There are a number of reasonable mathematical functions
that can be assumed to describe the direction of the interslice
forces. However, an unrealistic assumption of the inter-
slice force function can result in convergence difficulties
when solving nonlinear factor-of-safety equations (Ching
and Fredlund, 1983). Morgenstern and Price (1967) sug-
gested that the interslice force function should be related
to the shear and normal stresses on vertical slices through
the soil mass. Maksimovic (1979) used the finite element
method and a nonlinear characterization of the soil to com-
pute stresses in a soil mass. These stresses were then used
in the limit equilibrium slope stability analysis.

A generalized interslice force function f (x) was pro-
posed by Fan et al. (1986). The function was based on
two-dimensional finite element analyses of a linear elastic
continuum. The normal stresses in the x -direction and the
shear stresses in the y-direction were integrated along vertical
planes within a sliding mass in order to obtain normal and
shear forces, respectively. The ratio of the shear force to
the normal force along each vertical section provided the
direction of the resultant interslice forces. Figure 12.74
illustrates a typical interslice force function for one slip
surface through a relatively steep slope.

The analysis of many slopes showed that the interslice
force function could be approximated by an extended form
of an error function equation. Inflection points were close
to the crest and toe of the slope. The slope of the resultant
interslice forces was steepest at the midpoint and tended
toward zero at some distances behind the crest and beyond
the toe of the slope. The mathematical form for the empirical
interslice force function can be written as follows:

f (x) = e−(Cnωn)/2 (12.91)

where:

e = base of the natural logarithm, 2.71828,
C = variable to define the inflection points of the func-

tion,
n = variable to specify the flatness or sharpness of cur-

vature of the function, and
ω = dimensionless x -position relative to the midpoint of

the slope.
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Figure 12.74 (a) Interslice force function for (b) a deep-seated
slip surface computed by switching on gravity forces.

Figure 12.75 illustrates the definition of the dimension-
less distance ω. Elastic, finite element functions have been
computed for slip surfaces which are circular. However, the
shape of the function is quite similar for composite slip sur-
faces. The magnitude of the C parameter varies with the
slope angle, as does the n variable (Fig. 12.76).

12.5.11 Solving Factor-of-Safety Equations

The factor-of-safety equations with respect to moment and
force equilibriums are nonlinear. The factors of safety Fm

C

n

(a)

(b)

Figure 12.76 Values of C and n coefficients for interslice force
function: (a) C versus slope angle; (b) n versus tangent of slope
angle.

or Ff appear on both sides of the equations, with the factor
of safety being included through the normal force equation
(i.e., Eq. 12.77). The nonlinear factor-of-safety equations
can be solved using an iterative technique. The factors of
safety with respect to moment and force equilibriums can be
calculated when the normal force N on each slice is known.
The computation of the normal force requires a magnitude
for the interslice shear forces XL and XR and an estimate
of the factor of safety Fs .

Figure 12.75 Definition of dimensionless distance ω for interslice force function.
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For the first iteration, the factor of safety Fs in the normal
force equation can be set to 1.0 or estimated from the ordi-
nary method (Fredlund, 1987). The interslice shear forces
can be set to 0.0 for the first iteration when computing the
normal force. The computed normal force is then used to
calculate the factors of safety with respect to moment and
force equilibriums (i.e., Fm and Ff ).

The next step is to compute the interslice normal forces
EL and ER in accordance with Eq. 12.89. There are two sets
of interslice force calculations: one associated with moment
equilibrium and the other associated with force equilibrium.
The interslice shear forces in Eq. 12.75 can be set to zero for
the first iteration. The computed interslice normal forces EL

and ER can then be used in the calculation of the interslice
shear forces XL and XR for each slice according to Eq.
12.91. The selected interslice force function along with a
specified λ value is used during the iterative procedure until
convergence is achieved.

The computed moment equilibrium factor of safety Fm

and the corresponding interslice forces are used to recalcu-
late new values for the normal force N and the moment of
equilibrium factor of safety Fm. The updated values for the
normal force N and the moment equilibrium factor of safety
Fm are then used to revise the interslice normal forces and
interslice shear forces (i.e., EL, ER , XL, and XR) associated
with moment equilibrium. The computed force equilibrium
factor of safety Ff and the corresponding interslice forces
from the first iteration are used to revise the magnitudes of
the variables N, Ff , EL, ER , XL, and XR associated with
force equilibrium.

Calculations are stopped when the difference in the factor
of safety between two successive iterations is less than the
desired tolerance. When the solution has converged, moment
and force equilibrium factors of safety corresponding to
the selected interslice force function f (x) and the selected
λ value are obtained. The analysis can proceed using the
same interslice force function f (x) but varying the λ value.
Several factor of safety values Fm and Ff associated with
different λ values can be obtained and plotted as shown
in Fig. 12.77. The moment equilibrium factor of safety Fm

does not vary significantly with respect to the λ values for
circular slip surfaces. The force equilibrium factor of safety
Ff varies with λ values for a circular slip surface. Curves
joining the Fm and Ff data intersect at a point where total
equilibrium (i.e., moment and force equilibrium) is satisfied.

12.5.12 Input of Pore-Water and Pore-Air Pressures

Several procedures have been used to designate the pore-
water pressures when performing a slope stability analysis
where saturated soils are involved. Some of the suggested
procedures are not appropriate when using unsaturated soils
with negative pore-water pressures. For example, the pore
pressure coefficients ru become a negative value that tends
to negative infinity as the ground surface is approached.

Figure 12.77 Variation of moment and force equilibrium factors
of safety with respect to λ.

It is most practical and appropriate to perform an inde-
pendent analysis for the assessment of the pore-water and
pore-air pressures. The computed pore pressures can then be
imported into the slope stability analysis as a grid of desig-
nated values, as shown in Fig. 12.78. Pore-water pressures
can be either positive or negative and an interpolation tech-
nique can be used to obtain the pore-water pressure at any
designated point (e.g., the base of a slice).

Piezometric lines can also be used to designate the pore-
water pressures in a slope (Fig. 12.79). However, care must
be exercised when using a piezometric line to designate neg-
ative pore-water pressures. The vertical distance from the
piezometric line down to a point below the line is equal
to the positive pore-water pressure head (i.e., uw = hwρwg).
On the other hand, the vertical distance from the piezomet-
ric line up to a point above the line can be considered as the
negative pore-water pressure head [i.e., uw(−) = hwρwg].
The use of a piezometric line can lead to pore-water pres-
sures which are in considerable error when slopes are steep
and the gradient along the water table is high.

12.5.13 Relationship between GLE and Other
Methods of Slices

The GLE method of slices can be specialized to corre-
spond to various limit equilibrium methods. The various
methods of slices can be categorized in terms of the condi-
tions of static equilibrium satisfied and the assumption used
with respect to the interslice forces. Table 12.7 summarizes
the conditions of static equilibrium satisfied by the various
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Figure 12.79 Use of piezometric line to designate pore-water pressures.

Table 12.7 Elements of Static Equilibrium Satisfied by Various Limit Equilibrium Methods

Force Equilibrium

Method First Directiona (e.g., Vertical) Second Directiona (e.g., Horizontal) Moment Equilibrium

Ordinary or Fellenius Yes No Yes
Bishop’s simplified Yes No Yes
Janbu’s simplified Yes Yes No
Janbu’s generalized Yes Yes b —
Spencer Yes Yes Yes
Morgenstern-Price Yes Yes Yes
Corps of Engineers Yes Yes No
Lowe-Karafiath Yes Yes No

aAny of two orthogonal directions can be selected for the summation of forces.
bMoment equilibrium is used to calculate interslice shear forces.

methods of slices. The statics used in each of the methods of
slices for computing the factor of safety are summarized in
Table 12.8. The ordinary and Bishop’s simplified methods
use moment equilibrium, while Janbu’s simplified, Janbu’s
generalized, the Lowe and Kariafiath, and the Corps of Engi-
neers methods use force equilibrium in computing the factor
of safety. The Spencer and Morgenstern-Price methods sat-
isfy both moment and force equilibrium when computing
the factor of safety. The Spencer and Morgenstern-Price
methods are similar in principle to the GLE method which
satisfies force and moment equilibrium when calculating the
factor of safety. The interslice force assumptions used in
simulating the various methods are given in Table 12.8.

12.6 OPTIMIZATION PROCEDURES TO SOLVE
FOR FACTOR OF SAFETY

The assumptions related to the interslice force function in
limit equilibrium methods are not required when a finite
element stress-strain analysis is used to obtain the normal
and shear stresses acting at the base of slices (Fredlund
and Scoular, 1999). A stress analysis provides normal and
shear stresses through the use of the finite element numerical
method where gravity forces are switched on. The equation
for calculating the factor of safety becomes linear. Assump-
tions regarding the shape of the critical slip surface are
not necessary when an appropriate optimization technique
is introduced into the analysis.
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Table 12.8 Comparison of Commonly Used Methods of Slices

Factors of Safety

Method Moment Equilibrium Force Equilibrium Interslice Force Assumption

Ordinary x X = 0, E = 0
Bishop’s Simplified x X = 0, E ≥ 0
Janbu’s Simplified x X = 0, E ≥ 0
Janbu’s Generalized x XR = ER tan αt − (ER − EL)tR/ba

Spencer x x X/E = tan θb

Morgenstern-Price x x X/E = λf (x)

Lowe-Karafiath x X/E =Average slope of ground and slip surface
Corps of Engineers x X/E =Average ground surface slope

aαt = angle between the line of thrust across a slice and the horizontal.
tR = vertical distance from the base of the slice to the line of thrust on the right side of the slice.

b θ = angle of the resultant interslice force from the horizontal.

There have been a number of optimization techniques that
result in a variety of approaches for the determination of the
shape and the location of the critical slip surface (Celestino
and Duncan, 1981; Nguyen, 1985; Chen and Shao, 1988;
Greco, 1988). Each approach has its own advantages and
shortcomings.

The “dynamic programming” method combines a finite
element stress analysis with an optimization technique to
provide a slope stability solution. Dynamic programming
overcomes some of the difficulties associated with limit
equilibrium methods of slices. The dynamic programming
approach requires the designation of stress-strain soil prop-
erties such as Poisson’s ratio μ and modulus of elasticity E
for the soil mass.

The dynamic programming method for a slope stability
analysis is more complex than the method of slices, but the
method lends itself well to computer simulation. In 1980,
Baker introduced an optimization procedure that utilized the
algorithm of the dynamic programming method to determine
the critical slip surface. The factor of safety was calculated
using the Spencer (1967) method of slices. Yamagami and
Ueta (1988) enhanced Baker’s (1980) approach by combin-
ing the dynamic programming method with a finite element
stress analysis for the calculation of the factor of safety. The
critical slip surface was assumed to be a chain of linear seg-
ments connecting two state points located in two successive
stages (Fig. 12.80). The resisting and the actuating forces
used to calculate an auxiliary function were determined from
stresses interpolated from Gaussian points within the domain
of the problem. Zou et al., (1995) proposed an improved
dynamic programming technique that used essentially the
same method as introduced by Yamagami and Ueta (1988).

The analytical procedure involves the use of a partial
differential solver to compute the stress states throughout

a soil continuum. The shape and location of the critical
slip surface corresponding to a minimum factor of safety is
determined through use of the dynamic programming opti-
mization technique. A number of example problems were
studied by Pham and Fredlund (2003b), and the results were
compared to conventional method-of-slices solutions.

12.6.1 Background to Optimization Theory
for Slope Stability

Bellman (1957) introduced a mathematical method called
the dynamic programming method. One of the objectives
of the dynamic programming method was to maximize or
minimize a function. The dynamic programming method has
been widely used in various fields other than geotechnical
engineering. Baker (1980) applied the optimization tech-
nique to slope stability analysis. The definition for the factor
of safety when using optimization methods can be written
as follows.

For an arbitrary slip surface AB , as shown in Fig. 12.80,
the equation for the factor of safety Fs can be written as

Fs =
∫ B

A
τf dL∫ B

A
τ dL

(12.92)

where:

τ = mobilized shear stress along the slip surface,
τf = shear strength of the soil, and
dL = an increment of length along the slip surface.

The critical slip surface is approximated by an assem-
blage of linear segments. Each linear segment connects two
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State point

i1
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B

Figure 12.80 Slip surface AB selected through use of an optimization technique such as dynamic
programming.

state points located in two successive stages. The stage-state
system forms a grid consisting of rectangular elements called
the search grid. The rectangular elements formed by the
search grid are called grid elements. The overall factor of
safety for the slip surface AB is defined as follows for the
discretized soil mass:

Fs =

n∑
i=1

τfi
�Li

n∑
i=1

τi�Li

(12.93)

where:

n = number of discrete segments,
τi = mobilized shear stress,

τfi
= shear strength, and

�Li = length of ith segment.

12.6.1.1 Theory of Dynamic Programming Method

A minimization technique is necessary to obtain the fac-
tor of safety Fs (Eq. 12.93). Baker (1980) showed that the
minimum of Fs in Eq. 12.93 can be found by using an auxil-
iary function G . The auxiliary function is also known as the
return function and can be defined as follows (Fig. 12.81):

G =
n∑

i=1

(Ri − FsSi) (12.94)

where:

Si = actuating forces acting on the ith segment of the
slip surface,

Ri = resisting forces acting on the ith segment of the slip
surface, and

n = total number of discrete segments comprising the
slip surface.

The minimum value of the auxiliary function, Gmin, is
defined as

Gmin = min
n∑

i=1

(Ri − FsSi) (12.95)

The shear strength for a saturated-unsaturated soil can be
calculated and applied along the ith segment (Fredlund and
Rahardjo, 1993a):

τfi
= c′ + (σn − ua) tan φ′ + (ua − uw) tan φb (12.96)

where:

c′, φ′, φb = shear strength parameters of a saturated-
unsaturated soil,

σn − ua = net normal stress acting on the ith segment,
and

ua − uw = matric suction.

The normal and shear stresses acting on the ith segment
can be computed from a stress analysis as follows:

σn = σx sin2 θ + σy cos2 θ − τxy sin 2θ (12.97)

τn = τxy(sin2 θ − cos2 θ) − σy − σx

2
sin 2θ (12.98)

where:

σn = normal stresses acting on the ith segment,
τn = shear stresses acting on the ith segment,
θ = inclined angle of the ith segment with the

horizontal direction, and
σx, σy, τxy = normal and shear stresses acting in the x -

and y-coordinate directions.
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The total stresses within the soil mass can be determined
from a finite element stress analysis using any particular
soil behavioral model. It can be assumed that stresses
are constant within a small grid element if the density of
the search grid is sufficiently fine. The constant stresses
are signified by stresses at the center points of the grid
element. The resisting and actuating forces acting on the
ith segment of a slip surface can be calculated as follows
(Fig. 12.81):

Ri =
ne∑

ij=1

Rij =
ne∑

ij=1

τfij
lij

=
ne∑

ij=1

[c′
ij + (σ ij

n − ua) tan φ′
ij + (ua − uw) tan φb

ij ]lij

(12.99)

Si =
ne∑

ij=1

Sij =
ne∑

ij=1

τij lij (12.100)

where:

ij = a grid element traveled by the ith segment,
τfij

, τij = shear strength and shear stress acting at the
center point of ij , respectively,

c′
ij , φ

′
ij , φ

b
ij = strength parameters of the saturated-

unsaturated soil within ij ,
ne = number of ij , and
lij = length of the ith segment limited by the

boundary of ij .

An optimal function Hi(j) obtained at state point {j }
located in stage [i ] is introduced. The optimal function Hi(j)

is defined as the minimum of the return function G calcu-
lated from a state point for the initial stage to state point {j }
located in stage [i ]. According to the principle of optimality

(Bellman, 1957), the optimal function Hi+1(k) obtained at
state point {k} located in stage [i + 1] is defined as

Hi+1(k) = Hi(j) + Gi(j, k) (12.101)

where:

Gi(j, k) = return function calculated from state point {j }
of stage [i ] to state point {k} of stage [i + 1].

At the initial stage, the value of the optimal function H1(j)

is equal to zero:

H1(j) = 0 j = 1, . . . , NP1 (12.102)

where:

NP1 = number of state points in the initial stage.

At the final stage (i.e., i = n + 1), the optimal function
Hn+1(k) must be equal to the minimum value of the return
function Gm, that is;

Hn+1(j) = Gm = min
n∑

i=1

(Ri − FsSi) j = 1, . . . , NPn+1

(12.103)
where:

NPn+1 = number of state points located in the final stage.

The optimal point in the final stage is defined as the state
point at which the calculated optimal function is a minimum.
From the optimal state point {k} found in the final stage, the
optimal state point {j } located in the previous stage is also
determined. The optimal path defined by connecting optimal

θ θ θ
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Sij

Ri

k k k

j j j
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Rij

τij

τij

τij

τfij 

τij

τfij

τfij

τfij

σij

σij

σij

σij

stage i stage i + 1 stage i stage i + 1 stage i stage i + 1

stage i stage i + 1 stage i stage i + 1 stage i stage i + 1

(ij)

(ij)

(ij)

(ij)

ΔLi

Sij

Rij

Iij

Iij

Iij

Iij

Iij

Iij

Iij

Iij

Rij

SijRij

Figure 12.81 Actuating and resisting forces acting on i th segment between segments.
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state points located in every stage is eventually found by
tracing back from the final stage to the initial stage. This
optimal path defines the critical slip surface.

The value of the overall factor of safety Fs in Eq. 12.94 has
not been defined in advance, and therefore an initial value must
be assumed. The trial value of Fs is updated using the value
of Fs evaluated after each trial of the search. The optimization
process will stop when a predefined convergence is reached.

12.6.1.2 Finite Element Analysis for Stress State

A general partial differential equation solver can be used to
solve the partial differential equations for the stress states
throughout the soil mass. (The computed strain values are
of no interest to this analysis.) For a two-dimensional, plane
strain analysis (i.e., εz = 0), a soil element subjected to its
body forces has partial differential equations representing
the stress balance in the x - and y-directions:

∂σx

∂x
+ ∂τyx

∂y
+ Fx = 0 (12.104)

∂τxy

∂x
+ ∂σy

∂y
+ Fy = 0 (12.105)

where:

σx, σy = normal stress in the Cartesian x - and
y-coordinate directions,

τyx, τxy = shear stress in x-y planes, and
Fx, Fy = body forces in the x - and y-coordinate direc-

tions.

Partial differential equations 12.104 and 12.105 can be
solved in conjunction with appropriate specified boundary
conditions. The stresses are computed and stored at the
Gaussian points over the domain of the problem. The stresses
can then be interpolated from the Gaussian nodes to any
location on the arbitrary grid that is superimposed for the
slope stability analysis. The stresses at the center point of each
grid element are determined using the interpolation shape
functions. The stress interpolation process is undertaken prior
to the performance of the dynamic programming search.

12.6.1.3 Dynamic Programming Solution Procedure

The analytical scheme of the dynamic programming method
for performing a slope stability analysis is illustrated in
Fig. 12.82 (Pham and Fredlund 2003). A search boundary
is defined such that it extends outside the geometry of the
problem at the top and bottom of the slope. There needs to
be one point near midheight where the search boundary dips
below the soil surface of the geometry. This point will force
all possible slip surfaces to lie within the soil mass. The
stresses at each grid intersection point are computed from
the nodal stresses.

The initial factor of safety is assumed to be 1.0 and a
search is launched through state points located in the initial

stage. Trial segments of the slip surface are formed by
connecting all state points of the initial stage to all state
points located in the second stage. Values of the optimal
function are obtained at all state points of the second stage
using Eqs. 12.101 and 12.102 and the assumed factor of
safety Fs . The number of optimal functions to be calculated
at one state point of the second stage is equal to the number
of state points located in the initial stage.

The minimum value of the optimal function is determined
at each state point in the second stage. The correspond-
ing state point in the previous stage (i.e., the initial stage
for the first segment) is identified. The process proceeds to
the next stage with the same routine until the final stage is
reached.

A comparison is made of the values of the optimal func-
tions obtained at all state points of the final stage and the
determination of the state point at which the correspond-
ing value of the optimal function was a minimum. The
determined state point will be the first optimal point of the
optimal path. There is then a trace back to the previous stage
to find the corresponding state point with the first optimal
point. This corresponding state point will be the second opti-
mal point of the optimal path. The trace back to the initial
stage is continued to determine the entire optimal path. The
actual factor of safety corresponds to the optimal path previ-
ously obtained. A new value for the factor of safety is then
calculated.

The process is repeated until the difference between the
assumed and the actual factor of safety is within the selected
convergence criterion δ. The critical slip surface is defined
using the entry and exit points which correspond to the opti-
mal path.

12.6.1.4 Advantages of Using Dynamic Programming
Procedure

The dynamic programming method combined with a finite
element stress analysis forms a valuable means of calculat-
ing the factor of safety of a slope. The dynamic program-
ming procedure provides a solution with increased flexibility
over limit equilibrium methods of slices (Pham and Fred-
lund, 2003).

The critical slip surface can be irregular in shape and can
be determined as part of the slope stability solution when
using the dynamic programming method. The shape of the
failure surface must be assumed by the modeler when using
methods of slices. No assumption is required regarding the
shape or the location of the critical slip surface when using
the dynamic programming procedure.

More complex stress-strain models for the soil can be
used in the assessment of the stress state in the soil mass.
The effect of weather-related environmental conditions such
as infiltration (and associated matric suction decreases) can
readily be taken into account when using the dynamic pro-
gramming procedure (Gitirana et al., 2006).
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Figure 12.82 Scheme for use of dynamic programming method in slope stability analysis.

12.6.1.5 Restrictions on Shape of Critical Slip Surface

The shape of the critical slip surface must be kinematically
admissible. Baker (1980) assumed that the critical slip sur-
face must be concave. Baker (1980) proposed that the first
derivative calculated from the crest to the toe of the slope
must be greater than or at least equal to zero. Zou et al.,
(1995) stated that a check must be made to assure that
the critical slip surface is kinematically admissible. Kine-
matical restrictions play an important role in applying the
dynamic programming method in slope stability analysis.
Using appropriate kinematical restrictions prevents the shape
of the critical slip surface from being unreasonable.

Failure takes place when the resisting force and the actu-
ating force along the slip surface are in contrary directions.
The resisting force must act in the direction opposite to
the mass movement. The actuating force must also be in
the same direction as mass movement (Fig. 12.83). If the
actuating force calculated is in a contrary direction to the
anticipated direction of mass movement, then it is suggested

that the entire trial segment in which the actuating force
is being calculated should be eliminated from the search.
Applying this condition to the optimization procedure
eliminates all trial segments that constitute kinky shaped
slip surfaces.

12.6.2 Example Solutions Using Dynamic
Programming

The results from a number of example problems are pre-
sented. The results are compared to factors of safety obtained
using other methods of slope stability analysis.

12.6.2.1 Simple Homogeneous Slope

The stability of a simple homogeneous slope at 2:1 is exam-
ined. The soil stress states and pore-water pressures are
computed using a partial differential solver with a linear
elastic constitutive model. The slope has a groundwater table
that passes 4 m below the crest of the slope and proceeds to
the toe of the slope, as shown in Fig. 12.84.
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Figure 12.83 Kinematical restrictions applied to shape of critical slip surface.
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The dynamic programming results are presented for the
case of two Poisson’s ratio values: 0.33 and 0.48. The cal-
culated factors of safety are compared to results from the
method of slices and the enhanced method (Fredlund and
Scoular, 1999; Fredlund et al., 1999). The enhanced method
of slope stability analysis uses the stress states calculated
from a linear elastic analysis along with assumed slip sur-
face shapes. In other words, the enhanced method is similar
to the method of slices, but the normal force at the base of
a slice is determined from a stress analysis.

The unit weight of the soil was 18 kN/m3. A φb value of
5◦ was selected for all analyses. The location of the critical
slip surface is shown for each analysis. The computed fac-
tors of safety are quite similar for the dynamic programming
solution and the method-of-slices results. The shape of the
dynamic programming critical slip surface deviates slightly
from a circular shape for a homogeneous soil slope.

Figure 12.85 compares the factors of safety computed
using the dynamic programming method and the method
of slices for a range of soil parameters. Poisson’s ratio was
0.33. Janbu’s stability number was used as the basis for
comparison. In general, the dynamic programming method
appears to give slightly lower computed factors of safety.
When Poisson’s ratio was increased to 0.48, the dynamic
programming factors of safety became slightly larger than
when Poisson’s ratio was 0.33 (Fig. 12.86). The computed
factors of safety obtained from the dynamic programming

analyses appear to be similar to the results obtained from
the methods of slices for a homogeneous soil slope.

12.6.2.2 Nonhomogeneous Slope

The results of an analysis of a nonhomogeneous slope with
a weak soil layer (i.e., three- soil-layer system) are presented
in Fig. 12.87. The stress states were calculated using a linear
elastic model. The soil properties used for each soil layer
are shown on Fig. 12.87. Also shown is the location of the
critical slip surface determined from each of the analyses.
The computed factors of safety were slightly lower when
using the dynamic programming procedure. The shape and
location of the critical slip surfaces differed considerably
when a weak soil was incorporated into the non homoge-
neous soil cross section. The weak layer was used to force
the shape of the critical slip surface into a composite mode.

The factor of safety computed using the dynamic program-
ming method was about 14% lower than that obtained from
the Morgenstern-Price (1965) method. The critical slip sur-
face has a pronounced nonlinear shape enclosing the soil
mass. This example problem illustrates the advantage of
using the dynamic programming search technique to locate
the critical slip surface.

12.6.2.3 Transient Infiltration Analysis

Gitirana and Fredlund (2003) illustrated the use of the
dynamic programming method to simulate the infiltration
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Figure 12.87 Nonhomogeneous slope with internal weak layer of soil.

of water into a sloping ground surface. As moisture moves
into the slope there is also a tendency for the moisture
to move down the slope toward the toe of the slope. The
infiltration of water into the slope tends to control the shape
and location of the critical slip surface.

The infiltration of rainwater on a sloping surface is depen-
dent upon the water storage capacity and the hydraulic con-
ductivity of the soil. The evolution of the shape and position
of the critical slip surface with respect to time lend them-
selves to the dynamic programming method of analysis.
There are no restrictions placed on the shape and location
of the critical slip surface. Figure 12.88 shows the shape
and location of the critical slip surface with time after the
commencement of rainfall. The initial factor of safety of the
slope was 1.83 and after 4 days the factor of safety was
reduced to 1.12. The boundary condition at the ground sur-
face was given a pore-water pressure value of 0 kPa. In other
words, it was assumed that there was sufficient rainfall over
the entire 4 days to reduce the pore-water pressure at the
ground surface to zero.

The ability to undertake parametric-type analyses provides
the geotechnical engineer with a useful tool in the study of
potential hazards. Comparative studies between the dynamic
programming method and methods of slices show that the
computed results are similar when the shape of the critical
slip surface is known. However, there are situations where
the actual shape of the critical slip surface is not known, such
as in the case of rainfall infiltration at ground surface. The

dynamic programming solution appears to show a critical
slip surface that goes slightly deeper (e.g., below the toe of
the slope). Critical slip surfaces located using limit equilib-
rium methods of slices appear to exit higher on the slope
(Pham and Fredlund, 2003). The stresses computed from a
finite element analysis appear to better reflect stress states
below the ground surface geometry.

All limit equilibrium methods of slices tend toward an
upper bound type of solution because the shape of the slip
surface is controlled by the analyst (Fredlund, 1984). Conse-
quently, it is anticipated that the computed factors of safety
would tend toward being slightly higher than the correct
solution. Various limit equilibrium methods of analysis can
yield slightly different factors of safety as a consequence of
the assumption invoked to render the analysis determinate,
but all results will tend toward an upper bound solution from
a plasticity standpoint.

The shape of the slip surface is not dictated by the ana-
lyst in the dynamic programming method. Consequently, the
solution should tend toward a more correct solution, and it
is expected that the computed factors of safety should be
slightly lower. This behavior was observed in the compara-
tive study undertaken when Poisson’s ratio was 0.33. While
the factors of safety computed from the dynamic program-
ming technique are generally lower than (or equal to) those
computed by limit equilibrium analyses, the difference is
relatively small for the simple slope examples. The small
difference is encouraging because the increased flexibility
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of the dynamic programming technique opens the way for
analyzing more complex slope stability problems.

The computed factors of safety increase and are similar to
(or even greater than) the factors of safety computed from
the Morgenstern-Price (1965) method when a Poisson’s ratio
of 0.48 was used in the stress analysis.

The dynamic programming method is able to locate a slip
surface shape that is slightly more efficient (in terms of min-
imizing the factor of safety function) than a circular shape,
even for a homogeneous soil slope.

The difference in results between the dynamic program-
ming procedure and limit equilibrium methods of slices is
relatively small for simple slopes. The dynamic program-
ming technique has increased analytical flexibility.

12.7 APPLICATION OF SLOPE STABILITY
ANALYSES

There are several ways that the shear strength of an unsat-
urated soil can be taken into account in a slope stability
analysis. The most logical way to accommodate unsaturated
soil shear strength is to modify computer codes such that
whenever the pore-water pressures are negative, the linear
or nonlinear unsaturated shear strength equation is used in
calculating the shear strength.

It is possible to also perform a slope stability taking the
shear strength of unsaturated soils into account even when
the computer code is not modified to accommodate unsat-
urated soil behavior. For example, it is possible to simply
subdivide the soil stratigraphy above the water table into
layers. The total cohesion in each layer can be computed to
reflect the sum of effective cohesion plus the cohesion due
to matric suction. This procedure is referred to as the “total
cohesion” method (Ching et al., 1984).

The second procedure involves rederiving the factor-of-
safety equations in order to accommodate both positive and

negative pore-water pressures (Fredlund, 1987a, 1989b;
Rahardjo and Fredlund, 1991). Nonlinear shear strength–
matric suction relationships can also be incorporated in the
slope stability analysis (Rahardjo et al., 1992).

The soil cohesion c is considered to increase as the matric
suction of the soil increases in the total cohesion method.
The cohesion due to matric suction is obtained by multi-
plying the average matric suction for a soil layer by tan φb

[i.e., (ua − uw) tan φb]. The increase in the factor of safety
due to negative pore-water pressures (or matric suction) is
illustrated in Fig. 12.89. The shear strength contribution from
matric suction is incorporated into the designation of the cohe-
sion of the soil [i.e., c = c′ + (ua − uw) tan φb]. The factor of
safety of a slope can decrease significantly when the cohe-
sion due to matric suction is decreased during a prolonged
wet period.

12.7.1 Examples Using Total Cohesion Method

The following two example problems illustrate the applica-
tion of the total cohesion method in analyzing slopes with neg-
ative pore-water pressures. The example problems involve
studies of steep slopes in Hong Kong. The soil stratigraphy
was determined from numerous borings. The shear strength
parameters (i.e., c′, φ′, and φb) were obtained by testing undis-
turbed soil samples in the laboratory. Negative pore-water
pressures were measured in situ using tensiometers. Slope sta-
bility analyses were performed to assess the effect of matric
suction changes on the factor of safety. Parametric slope sta-
bility analyses were also conducted using various percentages
of the hydrostatic negative pore-water pressures.

12.7.1.1 Example 1 (Slope behind Hospital and
Residential Buildings)

The site plan for example 1 is shown in Fig. 12.90. The site
consists of a row of residential buildings with a steep cut
slope at the back. The slope has an average inclination angle
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of 60◦ to the horizontal and a maximum height of 35 m. The
slope has been protected from infiltration of surface water
by a layer of soil cement and lime plaster which is locally
referred to as “chunam” plaster. Small but dangerous failures
have occurred periodically at the crest of the cut slope. This
condition prompted a detailed investigation.

A cross section of the cut slope (i.e., A-A), as illustrated in
Fig. 12.91, was analyzed. The stratigraphy consists primarily
of weathered granite. A 4–5-m layer of granitic colluvium
was underlain by a 10-m layer of completely to highly

Figure 12.91 Cross section used for stability analysis in
example 1.

Figure 12.90 Site plan for slope stability example 1.
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Table 12.9 Strength Properties for Soils of Example 1

Unit Weight
Soil Type (kN/m3) c′ (kPa) φ′ (deg)

Colluvium 19.6 10.0 35.0
Completely weathered

granite
19.6 15.1 35.2

Completely to highly
weathered granite

19.6 23.5 41.5

weathered granite. The bedrock was situated 20–30 m below
ground surface. The water table was located well into the
bedrock. Potential failures through the steep slope would
likely be associated with relatively shallow slip surfaces.

Triaxial tests on undisturbed core samples were conducted
and the results are presented in Table 12.9. The average
measured φb angle for the soil was 15◦ (Ho and Fredlund,
1982a).

In situ measurements of matric suction were conducted
from the face of the slope using tensiometers. Two typical
matric suction profiles measured near section A-A are shown
in Fig. 12.92. The suction profiles showed considerable vari-
ation indicative of changing microclimatic conditions near
the proximity of the slope face. No matric suction measure-
ments were made near the upper part of the slope.

Slope stability analyses were performed on cross section
A-A shown in Fig. 12.93. The Bishop simplified method of
slices was used for all analyses. The analyses used circular
slip surfaces passing through the toe of the slope.

Figure 12.92 In situ measurements of matric suction near section
A-A for example 1 (from Sweeney, 1982).

The effect of matric suction was ignored (i.e., c = c′) for
the first analysis. The lowest factor of safety for the section
A-A cross sections was 0.864, indicating unstable slope con-
ditions. However, the slope appeared to be stable. It was
assumed that the shear strength contribution due to matric
suction was playing a significant role in the overall stability
of the slope.

Matric suction was taken into account for subsequent anal-
yses with cohesion increased in accordance with the maric
suction. Each cross section was divided into substrata that
were parallel to the water table. Each substratum was 5 m
thick and was assumed to have an independent total cohesion
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Figure 12.93 Calculated factors of safety considering various matric suction conditions for
section A – A in example 1.
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c. The equivalent increase in cohesion for each substratum
was computed from the matric suction profile and a φb angle
of 15◦ [i.e., (ua − uw) tan φb].

A parametric study was also undertaken using various
percentages of the hydrostatic negative pore-water pressure.
The matric suction used in each analysis was limited to 1 atm
or a computed cohesion increase of 27 kPa. The results
of a slope stability study on cross section A-A are shown
Fig. 12.93. A factor of safety of 1.0 corresponds to a matric
suction profile of approximately 10–20% of hydrostatic con-
ditions. A significant increase in the factor of safety (i.e.,
approximately 25%) is obtained when the matric suction
profile is increased up to 40%. The smaller increase in the
factor of safety beyond the 40% profile is related to the limit
of 101.3 kPa placed on the potential matric suction value.
The critical slip surface tends to penetrate deeper into the
slope as the cohesion of the soil increases. The increase in
cohesion is due to the increase in matric suction.

Slope stability analyses were also performed on example
problem 1 using the measured matric suctions shown in
Fig. 12.92. The equivalent increase in cohesion for each sub-
stratum was computed from the matric suction profiles with
a maximum measured value of 85 kPa. The calculated fac-
tors of safety were 1.07 and 0.98 based on the matric suction
profiles measured on November 29, 1980, and October 27,
1981, respectively.

12.7.1.2 Example 2 (Steep Slope behind Residential
Buildings)

A high, steep cut slope existed behind a residential build-
ing in Hong Kong. The site plan for example 2 is shown in

Figure 12.95 Cross section A–A for example 2.

Fig. 12.94. A steep and high cut slope exists behind a residen-
tial building. A proposed high-rise residential building above
the slope prompted a detailed investigation for the stability of
the slope under the new conditions. The cut slope under con-
sideration is below a major access road and the cross section
of concern, A-A, is shown in Fig. 12.95. The slope is inclined
at 60◦ to the horizontal and has an average height of 30 m.
The stratigraphy consists entirely of weathered rhyolite. The
water table lies well below the ground surface.

The shear strength parameters of the soil comprising exam-
ple 2 were measured in the laboratory on undisturbed samples.
The properties of the soils are summarized in Table 12.10.
In situ matric suction measurements were obtained using

Figure 12.94 Site plan for slope stability example 2.
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Table 12.10 Strength Properties for Soils of Example 2

Unit Weight c′ φ′ φb

Soil Type (kN/m3) (kPa) (deg) (deg)

Completely weathered
rhyolite

18.4 10.1 42.6 12.0

Completely to highly
weathered rhyolite

21.4 12.0 43.9 12.0

Figure 12.96 In situ measurements of matric suction throughout
1980 for example 2 (from Sweeney, 1982).

tensiometers installed vertically along an exploratory caisson
shaft near the cut slope. The matric suction profiles measured
through the rainy season of 1980 are plotted in Fig. 12.96.
The profiles of matric suction remained essentially constant
with some variations near the surface due to infiltration as
well as fluctuations of the groundwater table.

Slope stability analyses were performed on section A-A
(Fig. 12.95) using circular slip surfaces passing through the
toe of the slope. The analytical procedure was the same as
that followed in example 1. The critical factor of safety
for the cut slope, when not taking matric suction into
consideration (i.e., c = c′), was approximately 1.05. The
relatively low factor of safety indicated a potential unstable
condition, although no signs of distress were observed.

The next analysis was performed by taking matric suc-
tion into consideration [i.e., c = c′ + (ua − uw) tan φb]. The
matric suction profile of September 2, 1980, was used in the
analysis. In this case, the cross section was divided into sub-
strata drawn parallel to the water table in order to account
for the varying matric suctions with depths. The critical fac-
tor of safety corresponding to the measured matric suction
profile was 1.25. In other words, matric suctions appear to
have increased the factor of safety by 20%.

12.7.2 Extended Shear Strength Method

The application of the slope stability formulation using the
“extended shear strength” equation for unsaturated soil is
illustrated in the following example (Ng, 1988). A cross
section for a typical steep slope in Hong Kong was selected
for analysis. The role of the negative pore-water pressures
is shown by computing the factor of safety of the slope for
a variety of pore-water pressure conditions. The slope was
first subjected to a flux at ground surface in order to simu-
late a severe rainfall condition. As a result, the pore-water
pressure increases (i.e., matric suction decreases). The factor
of safety of the slope is shown to decrease with decreasing
matric suctions. The influence of various φb values on the
computed factors of safety is illustrated.

A transient water flow analysis was used to calculate neg-
ative pore-water pressure changes resulting from a heavy
rainfall. The pore-air pressures were assumed to remain
atmospheric (i.e., ua = 0) for both the seepage and slope
stability analyses.

12.7.2.1 General Layout of Problem and Soil Properties

The example slope has an inclination angle of approximately
60◦ to the horizontal. Its height is about 38 m. The cross
section of the slope along with its stratigraphy is shown
in Fig. 12.97. The slope mainly consists of decomposed
granitic residual soil. The upper 5 m is a layer of collu-
vium overlaying a layer of completely decomposed granite.
Below is a layer of completely to highly decomposed gran-
ite. A thick layer of highly decomposed granite lies at the
bottom of these strata. The face of the slope is covered
by a thin layer of low-permeability, cement-lime stabilized,
decomposed granite plaster called chunam.

Several soil properties related to permeability and shear
strength are required for the analyses. The saturated coeffi-
cients of permeability are presented in Table 12.11.

Unsaturated coefficient of permeability functions were
calculated using the saturated coefficients of permeability
along with the SWCCs of the soil (Green and Corey,
1971a). The SWCCs for the colluvium and the completely
decomposed granite are shown in Fig. 12.98. Data from the
SWCCs along with the saturated coefficients of permeability
were used to establish the relationship between the unsat-
urated coefficients of permeability kw and matric suction
(Lam and Fredlund, 1984). The computed values were then
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Figure 12.97 Cross section of typical steep slope in residual soils in Hong Kong.

Table 12.11 Summary of Saturated Coefficients
of Permeability for Soils in Example 2

Selected Permeability,
Soil Type ks (m/s)

Colluvium 3 × 10−5

Completely decomposed
granite

7 × 10−6

Completely to highly
decomposed granite

6 × 10−6

Highly decomposed granite 5 × 10−6

fitted to the unsaturated permeability function proposed by
Gardner (1958a):

kw = ks

1 + a[(ua − uw)/(ρwg)]n
(12.106)

The a and n values in Eq. 12.106 were found to be approx-
imately 0.1 and 3.0 for the colluvium and decomposed gran-
ite, respectively (Ng, 1988). The unsaturated permeability
functions were drawn as shown in Fig. 12.99 based on the
measured saturated coefficients of permeability.

The coefficient of water volume change, mw
2 , for the

colluvium and the decomposed granite was computed to
be approximately 3 × 10−3 kPa−1. The shear strength
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Figure 12.98 SWCCs for completely decomposed granite and colluviums.
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Figure 12.99 Permeability functions for decomposed granite and colluvium using the Fredlund
et al. (1994) estimation procedure.

Table 12.12 Summary of Shear Strength Parameters
and Total Unit Weights for Soils in Example 2

Effective
Angle of Total Unit
Internal Weight,

Cohesion, Friction, γ

Soil Type c′ (kPa) φ′ (deg) (kN/m3)

Colluvium 10 35 19.6
Completely

decomposed granite
10 38 19.6

Completely to highly
decomposed granite

29 33 19.6

Highly decomposed
granite

24 41.5 19.6

parameters and the unit weights for the soils involved are
summarized in Table 12.12. The φb angle for each material
was assumed to be a percentage of the effective angle of
internal friction, φ′. The percentage of the φb angle varied
during the parametric slope stability study (i.e., φb is 0, 25,
50, 75, and 100% of φ′).

12.7.2.2 Initial Conditions for Seepage Analysis

Steady-state and transient seepage finite element analyses
were conducted on the discretized geometry as shown in
Fig. 12.100. Initial conditions were assigned at the boundaries

Figure 12.100 Finite element mesh of the steep cut slope and the
initial boundary conditions.

of the slope. A zero flux condition was imposed along the
bottom boundary, BC. The left- and right-hand boundaries
(i.e., AB and DC , respectively) had a constant head boundary
below the water table and a zero flux boundary above the water
table. The constant head boundary below the water table was
equal to the initial elevation of the water table.
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The surface boundary AFED was specified as a flux
boundary. The applied flux was equal to the average annual
rainfall in Hong Kong, which is about 2080 mm/year, or
6.6 × 10−8 m/s (Anderson, 1983). However, only 10%
intake of the applied flux was allowed to enter on the steep
cut boundary, FED , which is protected by chunam. It was
assumed that water would run off the surface of the slope
when the applied flux was in excess of the amount of water
that could be taken in by the soil. It was anticipated that a
seepage face could develop with time near the base of the
slope along the boundary, EF.

The pore-water pressure contours and the water table
under steady-state flux conditions are shown in Fig. 12.101.
The pore-water pressure profiles along the cross section
X -X are illustrated in Fig. 12.102. The matric suction
deviates from hydrostatic conditions as a result of the
applied water flux at ground surface. The recharge condition
is maintained even in the dry season, as indicated from
field studies (Leach and Herbert, 1982; Sweeney, 1982).

The computed pore-water pressure under steady-state flux
conditions (Figs. 12.101 and 12.102) can be used to analyze
the stability of the slope. The Bishop simplified method was
used for all analyses. The analyses were performed using cir-
cular slip surfaces. The results are presented in Fig. 12.107
for various φb/φ′ ratios. When the negative pore-water pres-
sures are ignored (i.e., φb/φ′ = 0), the factor of safety is

Figure 12.101 Initial groundwater conditions and pore-water
pressure contours.

Figure 12.102 Matric suction profile for section X -X under
steady-state moisture flux conditions.

equal to 0.9. The absence of signs of distress on the slope
would indicate that the actual factor of safety was greater
than 1.0. It is suggested that the negative pore-water pres-
sures are contributing to the shear strength of the soil. The
matric suction in the soil increases the factor of safety. The
factor of safety ranges from 1.0 to 1.4 as the φb/φ′ ratio
varies from 0.25 to 1.0, respectively.

12.7.3 Seepage and Slope Stability Results under
High-Intensity Rainfall Conditions

The following transient analyses were performed to illustrate
the effect of a high-intensity rainfall for a long duration on
the stability of the steep slope shown in Fig. 12.97. The
rainfall rate was selected to be 1.30 × 10−5 m/s for the
duration of 480 min. The pore-water pressure distributions
corresponding to the simulated steady-state flux conditions
were used as the initial conditions for the transient seepage
analyses during the high-intensity rainfall.

The subsequent pore-water pressure distributions at various
elapsed times after the commencement of the high-intensity
rainfall are shown in Figs. 12.103–12.105. The upper portion
of the slope becomes saturated starting at the ground surface,
AF , which is not protected by chunam (see Fig. 12.103). The
saturation front has penetrated to a depth of approximately
12 m and extends to the region below the protected surface,
FE , when the rainfall stops after 480 min (see Fig. 12.96).
The final steady-state conditions are achieved at 1080 min of



12.7 application of slope stability analyses 659

Figure 12.103 Position of groundwater table and pore-water
pressure contours at elapsed time of 120 min.

Figure 12.104 Position of groundwater table and pore-water
pressure contours at elapsed time of 480 min.

elapsed time. At this time, the saturation front has moved
deeper as the water is redistributed deeper within the slope.
As a result, the groundwater table corresponding to the final
steady-state condition (Fig. 12.105) is higher than its position
corresponding to the initial conditions (Fig. 12.101).

Figure 12.106 illustrates the pore-water pressure profiles
for section X -X at various elapsed times. The negative

Figure 12.105 Position of groundwater table and pore-water
pressure contours at elapsed time of 1080 min.

Figure 12.106 Matric suction profile for section X -X at various
elapsed times.

pore-water pressures at depth increase to zero (i.e., the
matric suction is dissipated) as the saturation front moves
downward. Under final steady-state conditions, the upper
10 m of the slope has gained back only a fraction of its
initial matric suction, while the lower part of the slope has
lost its initial matric suctions.



660 12 shear strength applications in plastic and limit equilibrium

Figure 12.107 Factors of safety for various ratios of φb/φ′ for
various seepage conditions.

The slope stability analyses can be performed for various
elapsed times using the corresponding pore-water pressure
distributions. The changing factors of safety during the rain-
fall period are plotted in Figs. 12.107 and 12.108 for various
ratios of φb/φ′. The factors of safety continue to decrease until
the rainfall stops after 480 min (Fig. 12.108). The decrease
in the factor of safety becomes more substantial as the φb/φ′

ratio increases. This can be attributed to the fact that the crit-
ical slip surface is shallow and the mobilized shear resistance

is significantly increased by the contributions from negative
pore-water pressures. The above scenario illustrates how a
catastrophic failure of a steep slope might occur due to a loss
of matric suction during and following a heavy, prolonged
rainfall.

The factor of safety on a fixed slip surface starts to increase
after 480 min (i.e., when the rainfall has stopped) and water
has moved deeper into the slope. The location of the critical
slip surface during and after the rainfall may be different. The
critical slip surface goes deeper as the wetting front moves
into the slope. The increase in the factor of safety appears to
occur at a slower rate after the rainfall than the decrease in the
factor of safety occurred during the rainfall period.

12.7.4 Consideration of Slip Surfaces
Near Ground Surface

Negative pore-water pressures above the water table are
often neglected when performing slope stability analyses.
There are reasons why engineers may not feel comfortable in
giving consideration to negative pore-water pressures when
performing slope stability analyses. The effect of matric suc-
tion may be omitted because (i) the theory of unsaturated
soil shear strength and water infiltration may not be well
understood, (ii) computer codes may not have implemented
the effect of unsaturated soil behavior, and (iii) there may
be a perception that negative pore-water pressures cannot be
relied upon in the long term. There are, however, a num-
ber of other related questions that the geotechnical engineer
should take into consideration when dealing with slopes that
have negative pore-water pressures.

It might be important to ask the following questions when
performing a slope stability analysis:

1. What quantitative effect will negative pore-water pres-
sures have on the slope stability study?

Figure 12.108 Factors of safety at various elapsed times since the beginning of rainfall.
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2. Does the location of the critical slip surface change
location when negative pore-water pressures are taken
into account?

3. What is the percent change in calculated factor of
safety with and without consideration of the pore-water
pressures above the groundwater table?

4. What effect does the geometry (i.e., the steepness of the
slope) have on whether negative pore-water pressures
are taken into consideration?

5. Under what conditions can negative pore-water pres-
sures be considered to be semipermanent?

6. Under what conditions should negative pore-water
pressures be considered to be transient?

7. Does the trigger for instability of the slope lie in the
loss of matric suction? If so, under what rainfall con-
ditions over what period of time might the slope fail?

The effects of negative pore-water pressures should be
given consideration whether or not matric suctions are relied
upon in the slope stability analysis.

Slope stability modellers are quite familiar with the situa-
tion where the method-of-slices analysis yields a critical slip
surface that just touches the ground surface. The modeler
must decide whether or not to reject this analysis because it
seems unreasonable. The primary reason why the extremely
shallow slip surface has been selected is because the neg-
ative pore-water pressures were ignored. The influence of
negative pore-water pressures on shallow slip surfaces is
illustrated in the following example problems.

12.7.4.1 Example 1 (Relatively Flat Slope with No
Suctions Considered)

Figure 12.109 shows a 20-m-high slope at an angle of 30◦.
The geometry consists of one soil type and has a water
table passing below the toe of the slope. The soil has a unit
weight of 18.5 kN/m3, an effective cohesion of 20 kPa, and
an effective angle of internal friction of 24◦. The slope is
first analyzed under the assumption that all negative pore-
water pressures are ignored (i.e., φb = 0.0). All slopes were
analyzed using the Bishop simplified method of slices.

The grid of slip surface centers analyzed is shown in
Fig. 12.109. Figure 12.110 shows the computed factors of
safety versus the radius from the center of rotation to the
slip surface. The results show the minimum factor of safety
to be about 1.28. The results show that while the shortest
radii show an increased factor of safety the increase is rel-
atively small. The critical slip surface falls well below the
ground surface and even goes below the groundwater table.

12.7.4.2 Example 2 (Relatively Flat Slope with Suctions
Considered)

The example problem described above (Fig. 12.109) was
reanalyzed with matric suction taken into consideration. The
φb angle was assumed to be 15◦. Figure 12.111 shows the
location of the critical slip surface. The computed critical
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Figure 12.109 Location of critical slip surface for relatively flat
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Figure 12.110 Factor of safety for all grid centers for relatively
flat slope when negative pore-water pressures are ignored.
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Figure 12.111 Location of critical slip surface for relatively
flat slope when negative pore-water pressures are taken into
consideration.

factor of safety increased to 1.32, an increase of only 2.9%.
The location of the critical slip surface is now 1.5 m lower
than in the example 1 analysis. In other words, negative
pore-water pressures tend to cause the critical slip surface
to move downward.
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Figure 12.112 Factors of safety versus radius for all grid centers
for a relatively flat slope when negative pore-water pressures are
taken into consideration.

Figure 12.112 shows a plot of the computed factors of
safety versus the radius of the slip surface. The character of
the results has changed dramatically from those shown for
the case when soil suction was ignored (Fig. 12.110). All
shallow slip surfaces show computed factors of safety going
beyond a magnitude of 4.0. Now there is no tendency for
a shallow slip surface to be computed as being the critical
slip surface.

A further analysis was performed with the φb value set to
25◦. The computed critical factor of safety increased to 1.35,
which was an increase of 5.3% over the case when matric
suctions were ignored. Quantifying the effect of negative
pore-water pressures is of value even in the case where a
relatively small portion of the slip surface lies above the
water table.

12.7.4.3 Example 3 (Steep-Slope Case)

The steep slope in example 3 has an angle of 50◦ to the
horizontal. Most of the slip surfaces pass above the water
table, which is on average 8 m below the surface of the slope.
The unit weight of the soil is 18 kN/m3, the effective cohe-
sions is 10 kPa and the effective angle of internal friction
is 34◦. The geometry along with the critical slip surface is
shown in Fig. 12.113. The calculated minimum factor of safety
was 0.901 when negative pore-water pressures were ignored.
Figure 12.114 shows the location of the critical slip surface
and the minimum factor of safety when the φb value is 15◦

and the negative pore-water pressures are taken into consid-
eration. The minimum factor is now 1.088, or an increase of
20.3%. The critical slip surface went considerably deeper into
the slope.

Increasing the φb angle to 25◦ increased the minimum fac-
tor of safety to 1.170 (i.e., an increase of 29.6% over the case
where the pore-water pressures were ignored). The influence
of matric suction is more pronounced on steep slopes than
on the flatter slope. There is merit in quantifying the effect
of negative pore-water pressures on the change in factor
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Figure 12.113 Location of critical slip surface on steep
slope when negative pore-water pressures are not taken into
consideration.
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Figure 12.114 Location of critical slip surface for steep slope
when negative pore-water pressures are taken into consideration.

of safety and the change in the location of the critical slip
surface even when negative pore-water pressures may not
be relied upon in the engineering design. It is quite possible
that the slope stability analysis may lead to consideration of
advantages that can be accrued from protection against the
infiltration of water into a slope.

12.8 HAZARD ASSESSMENT AND DECISION
ANALYSIS RELATED TO SLOPE INSTABILITY

Slope instability is a hazard that is commonly triggered
by adverse weather conditions at ground surface. The soils
near the ground surface are often unsaturated, and as a
result, these soils have considerable water storage and may
also have a reduced hydraulic conductivity. Figure 12.115
shows a typical embankment subjected to varying climatic
conditions along with the various components that must
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Figure 12.115 Interaction of climatic factors with stability of embankment.

be assessed in order to perform a transient simulation of
embankment performance. It is possible to bring information
on the weather and soil conditions together within a deci-
sion analysis framework in order to assess the likelihood or
probability of slope failure. The unsaturated soil properties
can be approximated through linkage to the SWCC.

Deterministic and probabilistic slope stability models can
be developed within a decision analysis framework. Weather
conditions interact with the near-ground-surface soils
through a series of physical processes that can be described
using partial differential equations such as those described
for saturated-unsaturated water flow. The unsaturated soil
properties take the form of mathematical functions that are
related to the SWCC.

A hazard assessment model called a “weather hazard
model” that uses a decision analysis framework was proposed

by Gitirana and Fredlund (2003b) for embankment analyses.
The dynamic programming optimization technique was used
for the determination of critical slope stability conditions.
The saturated-unsaturated soil system was represented by a
system of PDEs governing water flow and stress conditions.
Several saturated-unsaturated soil property functions were
required as input to the computer analysis. All unsaturated
soil properties were related to the appropriate SWCCs.

12.8.1 SWCC as Hazard Gauge

The stability of an embankment is strongly related to the
reduction in matric suction within the embankment. Soil
suction varies according to the amount of water stored within
the embankment. Changes in the amount of water within the
soil are related to the weather conditions and soil properties.
The relationship between the amount of water in the soil and
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Figure 12.116 Conceptualization of SWCC as hazard gauge.
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ard gauge.

the soil suction is given by the SWCC (Fig. 12.116). Typical
SWCCs can be defined by three primary soil parameters: air-
entry value ψaev, residual suction ψr , and residual degree of
saturation Sr (Gitirana and Fredlund, 2003b).

Figure 12.117 presents an analogue describing the funda-
mental concept behind the weather hazard model. According
to this analogue, the soil comprising an embankment can
be viewed as a “water tank.” The SWCC acts as a gauge
that indicates the water level within the water tank. The
embankment factor of safety Fs and the embankment haz-
ard level vary according to the water level. A low water
level corresponds to a lower level of hazard (i.e., higher Fs),
while higher water levels produce greater hazards (lower
Fs). The model for assessment of embankment hazards is
based indirectly on the water tank concept and the factor
of safety. However, a more approximate approach could be
used to indicate the water level within the water tank. Such
an approach would still capture the main factors controlling
the stability of an embankment or slope.

12.8.2 Frequency and Sensitivity Analysis

The assessment of weather-related geohazards is undertaken
in terms of the frequency distribution as a measure of
stability (i.e., the factor of safety). The choice of variables
that must be modeled as uncertainties (i.e., probabilistically)
is determined by performing a sensitivity analysis. The
decision analysis framework adopted in the weather hazard
model provides a systematic environment for frequency
and sensitivity analyses.

The frequency analysis corresponds to one step in the
decision analysis cycle. In order to perform frequency
analyses, the relationships, dependences (or correlations),
and frequency distributions of the involved parameters
must be established. These relationships can be illustrated
using an influence diagram for the weather hazard model
(Fig. 12.118). The variables presented inside round boxes
are the uncertain variables. The variables presented inside
square boxes are certain (or fixed) values. These values
are part of the deterministic equations and do not need to
be shown on the influence diagram. The arrows indicate
the relationships between variables. The factor-of-safety
box is the final outcome receiving arrows from outside.
Only some of the incoming variables need to be modeled
as uncertainties. These variables are determined from
sensitivity analyses performed on all the variables involved
with assessing stability. A discrete stochastic analysis can be
used to perform a frequency analysis.

The presence of several uncertain variables produces a com-
bination of different scenarios. The presentation of several
scenarios is called the decision tree. Figure 12.119 presents
the decision tree corresponding to the influence diagram of
Fig. 12.118. Three branches are used for each variable. The
notation used for the decision tree is the same as that used
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in decision programming language (e.g., Applied Decision
Analysis LLC, 1998). Analyses have indicated that precipi-
tation appears to be the single most sensitive variable related
to slope instability, and therefore the quantification of precip-
itation and net infiltration is of high priority.

The weather hazard model attempts to make use of
the principles and properties of unsaturated soils along
with developments in slope stability analyses and decision

theory. A discrete stochastic approach can be used along
with unsaturated soil properties that are related to the
SWCC. A series of partial differential equations governing
the thermo-hydro-mechanical behavior can be used with
appropriate soil-atmosphere boundary conditions to indicate
the likelihood of a slope failure. The primary input to the
slope stability analysis is the pore-water pressure conditions
which change depending upon imposed weather conditions.



CHAPTER 13

Stress-Deformation Analysis for Unsaturated Soils

13.1 INTRODUCTION

The constitutive relationships for volume change relate defor-
mation state variables to stress state variables. Constitutive
relationships extend beyond those required for overall volume
change because it is necessary to predict the relative quantity
(or volume) of each phase comprising the unsaturated soil
(i.e., solid phase, water phase, and air phase).

Several forms of the volume change constitutive equations
can be formulated (e.g., soil mechanics formulation, com-
pressibility formulation, and elasticity formulation). The pri-
mary emphasis is on the application of incremental elasticity;
however, some reference is made to elasto-plastic models.
The geotechnical engineer must understand how one set of
constitutive parameters relate to another set of parameters
defined when using another system. For example, soil param-
eters are sometimes measured in the laboratory and defined
in one system but will need to be converted to another system
of variables when solving practical engineering problems.

Experimental results used for the verification of the con-
stitutive equations are described. Soil properties used in the
volume change constitutive equations come under the gen-
eral term of “volumetric deformation coefficients.”

13.1.1 Background of Stress and Deformation Studies
for Unsaturated Soils

Biot (1941) presented a three-dimensional consolidation the-
ory based on the assumption that the soil was isotropic and
behaved in a linear elastic manner. The soil was assumed to be
unsaturated in that the pore-water contained occluded air bub-
bles. Two constitutive relationships were proposed in order to
completely describe the deformation state of the unsaturated
soil. One constitutive relationship was formulated for the soil
structure, and the other constitutive relationship was formu-
lated for the water phase. Two independent stress variables
were used in the formulations. In total, four volumetric defor-
mation coefficients were required to provide linkage between
the stress and deformation states.

Coleman (1962) assumed that the stress components for
an unsaturated soil could be used in an independent manner

for the formulation of constitutive relations. One set of
constitutive relationships was proposed for the soil structure
and another set of constitutive relations was proposed for
the water phase. Volumetric deformations of unsaturated
soil specimens were studied under triaxial test loading
conditions.

Matyas and Radhakrishna (1968) introduced the concept
of state parameters for an unsaturated soil. The state param-
eters consisted of several stress variables [i.e., σm = (σ1 +
2σ3)/3 − ua , σ1 − σ3, and ua − uw for triaxial compression]
along with the initial void ratio and degree of saturation
(i.e., e0 and S0). Tests were performed on essentially “iden-
tical” soil specimens compacted at the same water content
and dry density. The stress parameters reduced to σ3 − ua

and ua − uw for isotropic compression. The void ratio and
degree of saturation were used to represent the deformation
state of the unsaturated soil.

Three-dimensional state surfaces were formed with void
ratio and degree of saturation plotted versus the independent
state parameters σ − ua and ua − uw. The state surfaces are,
in essence, constitutive surfaces. Matyas and Radhakrishna
(1968) experimentally tested the uniqueness of the consti-
tutive surfaces while following a series of selected stress
paths. Isotropic and K0 compression tests were performed
on mixtures of 80% flint powder and 20% kaolin. The total,
pore-air, and pore-water pressures were controlled during
the tests. The constitutive surfaces of void ratio and degree
of saturation versus the σ − ua and ua − uw stress variables
were experimentally measured and used to test the surfaces
for uniqueness.

The void ratio results (Matyas and Radhakrishna, 1968)
produced a single warped surface with the soil structure
always decreasing in volume as the ua − uw stress was
decreased or as the σ − ua stress was increased (Fig. 13.1a).
The results showed that the soil had a metastable soil
structure which collapsed as a result of a gradual reduction
in matric suction

(
ua − uw

)
. A soil with a stable structure

would have swelled when the matric suction was decreased.
The results showed a unique constitutive surface for the
soil structure even though the soil structure experienced
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(a)

(b)

Figure 13.1 Void ratio and degree of saturation constitutive sur-
faces for a mixture of flint and kaolin under isotropic loading con-
ditions: (a) void ratio constitutive surface; (b) degree-of-saturation
constitutive surface (after Matyas and Radhakrishna, 1968).

collapse (Fig. 13.1a). It was noted that all deformation paths
resulted in an increasing degree of saturation. The void
ratio–stress state constitutive surface was not found to be
unique when other paths were followed which involved
wetting and drying. The restriction placed on the stress path
appears to be related to hysteresis associated with wetting
and drying. The stress paths followed introduced certain
nonunique characteristics in the soil structure constitutive
surface (Matyas and Radhakrishna, 1968).

The constitutive surface for the water phase, represented
by the degree of saturation, was found to be nonunique
(Fig. 13.1b). However, once again the soil underwent wet-
ting and drying as it moved toward saturation.

Matyas and Radhakrishna (1968) tested soil specimens con-
sisting of 80% flint powder and 20% kaolin under isotropic

and K0 loading with controlled total, pore-air, and pore-water
pressures. The isotropically loaded specimens were prepared
with an initial water content of 21.5%, an initial density of
1429 kg/m3, and an initial degree of saturation of 67.6%.
The tests were performed in a modified triaxial apparatus.
The constitutive surfaces were traced by following “constant-
suction” and “wetting” test paths. The constant-suction test
specimens were either saturated or desaturated and then com-
pressed at a constant matric suction. The saturation of the soil
specimens was conducted while holding the specimen at a
constant overall volume in order to minimize soil structure
disturbance. Some specimens were isotropically loaded while
others were subjected to K0 loading. The wetting tests were
conducted by decreasing matric suction while allowing the
specimens to imbibe water. Matric suction was decreased by
increasing the pore-water pressure.

The constitutive surfaces obtained from isotropic loading
are shown in Fig. 13.1. The constant-suction test results
showed a decrease in the soil structure compressibility at
higher matric suctions (Fig. 13.1a). Stated another way, the
soil structure became more rigid at high matric suctions.
The wetting test results indicated a collapse-type behavior
or a decrease in void ratio when matric suction decreased
(Fig. 13.1a). This behavior is characteristic of a soil with a
metastable soil structure. It was also found that the change
in void ratio between any two state points was indepen-
dent of the deformation-stress path followed (Matyas and
Radhakrishna, 1968). The soil structure constitutive surface
(Fig. 13.1a) shows uniqueness for monotonic deformation.
Monotonic deformation was obtained when following stress
paths that resulted in increasing degrees of saturation and
stress paths where the specimen was not allowed to swell.
The degree-of-saturation constitutive surface, however, did
not show complete uniqueness (Fig. 13.1b). The nonunique-
ness of the constitutive surface was attributed to incomplete
saturation during the wetting process.

The constitutive surfaces obtained from K0 loading are
presented in Fig. 13.2. The K0-loaded specimens were pre-
pared with an initial water content of 18.0%, an initial den-
sity of 1339 kg/m3, and an initial degree of saturation of
49.1%. All test paths appeared to form a single warped void
ratio surface (Fig. 13.2a). Collapsing soil behavior was once
again observed. The degree of saturation was found to be
more sensitive to stress state changes than was the void
ratio constitutive surface (Fig. 13.2b). The uniqueness of
both constitutive surfaces was again restricted to monotonic
deformation conditions (Matyas and Radhakrishna, 1968).

Barden et al., (1969a) studied the volume change charac-
teristics of unsaturated soils under K0 loading conditions.
The tests were performed on low- to high-plasticity illite
clay specimens (i.e., Westwater and Derwent clays). The
total, pore-air, and pore-water pressures were controlled
while investigating the effect of various stress paths during
K0 loading. In all cases, the net normal stress σ − ua

was increased subsequent to initial conditions. In most
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Figure 13.2 Void ratio and degree-of-saturation constitutive sur-
face for mixture of flint and kaolin under K0 loading: (a) void ratio
constitutive surface; (b) degree-of-saturation constitutive surface
(after Matyas and Radhakrishna, 1968).

cases, matric suction ua − uw was increased subsequent to
equilibrium under the initial stress state; however, in a few
cases, matric suction was decreased. The results showed
that the overall volume change of the specimen was stress
path dependent, being a function of whether the soil was
going toward saturation or away from saturation. Hysteresis
between the saturation and desaturation processes was
considered to be the major cause of stress path dependence.
It was concluded that the volume change behavior of an
unsaturated soil was best analyzed in terms of separate
components of stress, σ − ua and ua − uw.

Barden et al., (1969a) investigated the uniqueness of the
soil structure constitutive surface under K0 loading condi-
tions. Three illite clay soils of low to high plasticity were used
in the study. Eleven groups of soil specimens were prepared
using either dynamic or static compaction. The specimens
were tested in a consolidation cell modified for independent

Figure 13.3 Test paths followed during study of constitutive sur-
face uniqueness for unsaturated soil specimens (after Barden et al.,
1969a).

control of the total stress, pore-air, and pore-water pressures.
Constitutive surfaces were traced for different test paths com-
prised of various combinations of the stress state variables
σy − ua and ua − uw (Fig. 13.3). In all cases, the pore-air
pressure was held constant, while the total normal stress and
the pore-water pressure were varied.

A preliminary study using smaller stress increments than
those shown in Fig. 13.3 indicated that specimens with sim-
ilar initial water contents had similar volume changes inde-
pendent of the test paths. Soil specimens for the remainder
of the program were prepared in an “identical” manner.
Figure 13.4 presents the soil structure constitutive surface
for the illite clay plotted with respect to two independent
axes: σy − ua and ua − uw. The results were obtained by fol-
lowing several loading paths from initial to final conditions
(i.e., from point A to point H ; see Fig. 13.3). The constitutive
surface showed uniqueness or loading path independence
as long as deformations were monotonic (Barden et al.,
1969a). Hysteresis between saturation and desaturation pro-
cesses was considered to be the major cause of loading path
dependence. An increase in the matric suction was found
to increase the stiffness of a flocculent soil compacted dry
of optimum water content. However, an increase in matric
suction had less effect on the stiffness for a soil with a dis-
persed structure compacted wet of optimum water content.
The soil structure stiffness increased with an increase in net
normal stress regardless of the type of soil structure.

A second independent constitutive surface was shown for
the degree of saturation of the soil. Figure 13.5 shows the
degree-of-saturation constitutive surface for a group of soil
specimens. The surface was traced by following several
loading paths from point A to point H (Fig. 13.5). Unique-
ness was shown with respect to the degree of saturation
provided the water phase deformation was monotonic.

Several other researchers have suggested the use of net
normal stress and matric suction as stress variables for
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Figure 13.4 Testing soil structure constitutive surface of illite clay for uniqueness (after Barden
et al., 1969a).

Figure 13.5 Testing degree-of-saturation constitutive surface of illite clay for uniqueness (after
Barden et al., 1969a).

describing volume change behavior (Aitchison and
Woodburn, 1969; Brackley, 1971; Aitchison and Martin,
1973). The use of σ − ua and ua − uw as stress state
variables for an unsaturated soil was further advocated by
Fredlund and Morgenstern (1977). A stress analysis based
on multiphase continuum mechanics showed that any two

of three independent stress variables (i.e., σ − ua , ua − uw,
and σ − uw) could be used to describe the stress state.
Experiments to test uniqueness of constitutive surfaces
provided further evidence as to why σ − ua and ua − uw
have been successfully used to describe the volume change
characteristics of an unsaturated soil.
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In 1977, Fredlund and Morgenstern proposed semiempir-
ical constitutive relations for an unsaturated soil by using
any two of the three independent stress state variables. The
proposed equations were similar in form to those proposed
by Biot (1941) and Coleman (1962). The deformation state
variables used to describe volume changes needed to satisfy
continuity among the phases of an unsaturated soil (Fred-
lund, 1973a). The proposed stress and deformation state
variables were used to form constitutive relations for the
soil structure, air phase, and water phase. However, only two
of the three constitutive relations were required to describe
changes in the relative volume of each phase. The constitu-
tive relations for the soil structure (i.e., arrangement of soil
particles) and the water phase appeared to be most appro-
priate for use in a volume change analysis. Volume changes
associated with the soil structure and the water phase are
often written in terms of void ratio change and water con-
tent change in geotechnical engineering practice. Volume
changes associated with the air phase can be computed as
the difference between the overall volume change (i.e., soil
structure constitutive surface) and the water volume change.

The proposed constitutive relations can be graphically pre-
sented in the form of a deformation state variable versus two
independent stress state variables. The proposed constitutive
surfaces were experimentally tested for uniqueness near a
point by Fredlund and Morgenstern (1976). Four series of
experiments were performed involving undisturbed Regina
clay and compacted kaolin. The specimens were tested under
K0 and isotropic loading conditions using a modified oedome-
ter and a triaxial apparatus, respectively. The total, pore-air,
and pore-water pressures were independently controlled dur-
ing the tests. The results indicated uniqueness for the consti-
tutive relations as long as the volume change of each phase
was monotonic. Uniqueness of the constitutive surfaces under
larger stress increments was experimentally tested by Matyas
and Radhakrishna (1968) and Barden et al., (1969a).

A number of volume-mass constitutive models based on
the critical state concepts of elastoplasticity have been pro-
posed in the literature (Alonso et al., 1987, 1990; Wheeler
and Sivakumar, 1995; Delage and Graham, 1995; Chiu and
Ng, 2003; Tamagnini, 2004; Thu et al., 2007; Sheng et al.,
2008a). These models are considered to be outside the scope
of this book.

Pham and Fredlund (2011a) proposed a volume-mass con-
stitutive model for unsaturated soils (Pham, 2005, Fredlund
and Pham, 2006; Pham and Fredlund, 2011a). The soil speci-
mens started as a slurry material and considered the indepen-
dent behavior of the void ratio and water content constitutive
relations over a wide range of loading and unloading stress
paths. Hysteresis associated with loading and unloading as
well as drying and wetting was taken into consideration.
The model for hydraulic hysteresis was consistent with those
developed in soil physics. The hysteresis model was incor-
porated into a stress path–dependent constitutive model. The

concepts of the Pham and Fredlund (2011a) model are pre-
sented later in this chapter.

It is advantageous to commence a fundamental study of
the constitutive behavior of an unsaturated soil by starting
with a saturated soil. The saturated soil can then be sub-
jected to ever-increasing matric suction values to study the
change in overall volume as well as changes in the relative
volumes of air and water. It is important that a smooth tran-
sition exists between saturated and unsaturated soil states
as matric suction is increased and the soil desaturates. The
reverse is also true; namely, there should be a smooth tran-
sition as a soil moves toward the saturated state through a
decrease in matric suction. The Pham and Fredlund (2011a)
model is capable of (i) predicting water content change, (ii)
predicting void ratio change taking into account both elastic
and plastic strains, and (iii) taking into account hysteretic
behavior of the SWCC when following a wide range of
possible stress paths. Isotropic loading conditions were mod-
eled. A differentiation is made between elastic and plastic
strains; however, the model does not take into consideration
the independent influence of σ1, σ2, and σ3. In this sense,
the model is not a critical state or elastoplastic model.

13.2 CONCEPTS OF VOLUME CHANGE
AND DEFORMATION

Volume changes in an unsaturated soil can be expressed in
terms of deformations or relative movement of the phases
of the soil (i.e., relative volumes of the various phases). The
deformation state variables need to be consistent with multi-
phase continuum mechanics principles. A change in the rel-
ative position of points or particles in a body forms the basis
for establishing deformation state variables. These variables
should produce the displacements of the body under consid-
eration when integrated over the body. This concept applies
to a single or multiphase system and is independent of the
physical properties.

Two sets of deformation state variables are required to
adequately describe the volume changes associated with an
unsaturated soil. The deformation state variables associated
with the soil structure and the water phase are commonly
used in a volume change analysis (Biot, 1941; Coleman,
1962; Matyas and Radhakrishna, 1968). Void ratio changes
or porosity changes can also be used as deformation state
variables representing soil structure deformation. Changes
in the volume of water in the soil can be considered as the
deformation state variable for the water phase.

There are several ways to describe the relative move-
ment or deformation in a phase from the standpoint of con-
tinuum mechanics kinematics. Two of these descriptions
are mentioned for consideration relative to unsaturated soil
behavior. The position of each particle is described as a
function of its initial position and time for a referential
description. In other words, the original position and time
are the independent variables. A fixed element of mass is
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chosen for a referential element and its motion is traced. The
description is generally called the Lagrangian description
when the reference configuration is the initial configura-
tion. The time variable disappears when equilibrium condi-
tions are achieved. The referential description is commonly
used in problems involving the elasticity of solids where
the initial geometry, boundary, and loading conditions are
specified.

The position of each particle is described as a function
of its current position and time for a spatial description of
deformation. A fixed region in space is chosen instead of an
element of mass. The spatial description is generally used in
fluid mechanics and is referred to as the Eulerian description.
The time variable vanishes under steady-state flow condi-
tions. The Lagrangian and the Eulerian descriptions give
the same results for cases with infinitesimal deformation.

13.2.1 Continuity Requirements

A saturated soil is visualized as a fluid-solid multiphase. The
soil particles form a structure with voids filled with water.
The soil structure deforms and changes volume under an
applied stress gradient. The soil structure volume change
represents the overall volume change of the soil. Overall
volume change must be equal to the sum of changes in vol-
umes associated with the solid phase (i.e., soil particles) and
the fluid phase (i.e., water). The equality concept associated
with a multiphase system is referred to as the “continuity
requirement” (Fredlund, 1973a).

The continuity requirement is a volumetric restriction
that prevents “gaps” from forming between the phases of a
deformed multiphase system. The volumetric requirement
also ensures that conservation of mass is maintained. Volume
changes in a saturated soil are primarily the result of water
flowing in or out of the soil since the particles are essentially
incompressible. An unsaturated soil can be visualized as a
mixture with two phases that come to equilibrium under
applied stress gradients (i.e., soil particles and contractile
skin) and two phases that flow under applied stress gradients
(i.e., air and water). Consider an element of soil that
deforms under an applied stress gradient. The total volume
change of the soil element must be equal to the sum of the
volume changes associated with each phase. The continuity
requirement for the unsaturated soil can be stated as follows
for the case where the soil particles are assumed to be
incompressible:

�Vv

V0
= �Vw

V0
+ �Va

V0
+ �Vc

V0
(13.1)

where:

V0 = initial overall volume of an unsaturated soil element,
Vv = volume of soil voids,
Vw = volume of water,
Va = volume of air, and
Vc = volume of contractile skin.

The continuity requirement can be rewritten as follows for
the case where the contractile skin volume change is internal
to the element:

�Vv

V0
= �Vw

V0
+ �Va

V0
(13.2)

The above continuity requirement for an unsaturated soil
shows that the volume changes associated with any two of
the three volume variables must be measured while the third
volume change can be computed. In practice, the overall
and water volume changes are usually measured while the
air volume change is calculated. Suitable deformation state
variables can now be defined that are consistent with the
“continuity requirement.”

13.2.2 Overall Volume Change

The overall or total volume change of a soil refers to the vol-
ume change of the soil structure. Consider a two-dimensional
representation of a referential element of unsaturated soil as
shown in Fig. 13.6. The element is referenced to a fixed mass
of soil particles. The element has infinitesimal dimensions of
dx, dy , and dz in the x-, y-, and z-directions, respectively.
Only the x- and y-directions are shown in Fig. 13.6.

The soil element is assumed to undergo translations of u,
v, and w from their original x-, y-, and z-coordinate posi-
tions, respectively. The final position of the element becomes
x + u, y + v, and z + w. The element is assumed to deform
in response to an applied stress gradient. The deformation
consists of a change in length and a rotation of the element
sides, as illustrated in Fig. 13.6. The changes in length in
the x-, y-, and z-directions can be written as (∂u/∂x) dx,
(∂v/∂y) dy, and (∂w/∂z) dz. Defining normal strain ε as a
change in length per unit length, the normal strains of the soil
structure in the x-, y-, and z-directions can be expressed as

εx = ∂u

∂x
(13.3)

εy = ∂v

∂y
(13.4)

εz = ∂w

∂z
(13.5)

where:

εx = normal strain in the x-direction,
εy = normal strain in the y-direction, and
εz = normal strain in the z-direction.

The above normal strains are positive for an increase in
length and negative for a decrease in length. The distortion
of the element is expressed in terms of shear strains, which
correspond to two orthogonal directions. Shear strain γ is
defined as the change in the original right angle between two
axes (Chou and Pagano, 1967a). The angle is measured in
radians. A positive shear strain indicates that the right angle
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Figure 13.6 Translation and deformation of two-dimensional element of unsaturated soil.

between the positive directions of the two axes decreases.
The shear strain components of a three-dimensional element
are formulated as

γxy = ∂u

∂y
+ ∂v

∂x
(13.6)

γyz = ∂v

∂z
+ ∂w

∂y
(13.7)

γzx = ∂w

∂x
+ ∂u

∂z
(13.8)

where:

γxy = shear strain on the z-plane (i.e., γxy = γyx),
γyz = shear strain on the x-plane (i.e., γyz = γzy), and
γzx = shear strain on the y-plane (i.e., γzx = γxz).

The normal and shear strains of the soil structure can be
written as a deformation tensor:⎡

⎢⎣
εx

1
2γyx

1
2γzx

1
2γxy εy

1
2γzy

1
2γxz

1
2γyz εz

⎤
⎥⎦ (13.9)

The sum of the normal strain components along the trace
of the matrix is called volumetric strain:

εv = εx + εy + εz (13.10)

where:

εv = volumetric strain.

Volumetric strain is equal to the difference between the
volumes of the voids in the element before and after defor-
mation, �Vv, referenced to the initial volume of the ele-
ment, V0:

εv = �Vv

V0
(13.11)

The volumetric strain εv can be used as a deformation state
variable for the overall referential element or the soil struc-
ture. Soil structure volume change is the result of normal
components of deformation.

13.2.3 Water and Air Volume Changes

The unsaturated soil element shown in Fig. 13.6 can be used
to describe changes in the volume of the voids filled with air
and water. The element of unsaturated soil is considered as a
spatial element with respect to the water and air phases. The
change in the volume of each fluid in the voids is defined as
the difference between the fluid volumes in the voids prior
to a change in the stress state and the fluid volumes after
a change in the stress state (Fig. 13.6). The fluid change
(i.e., air or water) per unit initial volume of the soil element
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can be considered as the deformation state variables or a
change in fluid storage. The deformation variables can be
written as �Vw/V0 for the water phase and �Va/V0 for the
air phase.

13.3 VOLUME-MASS CONSTITUTIVE
RELATIONS

Constitutive relations for an unsaturated soil can be for-
mulated by combining selected deformation state variables
with appropriate stress state variables. Stress tensors com-
prised of stress state variables for an unsaturated soil were
presented in Chapter 3. Deformation tensors comprised of
deformation state variables must satisfy continuity require-
ments. Combining deformation state variables and stress
state variables in the form of empirical equations results in
the definition of volumetric deformation properties. Several
forms of constitutive relations are discussed in the follow-
ing sections. The constitutive relations can be used to predict
volume changes (i.e., overall volume change and phase vol-
ume changes) that occur as a result of changes in the stress
state variables.

13.3.1 Elasticity Form

There are two main approaches that can be used in estab-
lishing the stress-deformation relationships. These are the
“mathematical” approach and the “semiempirical” approach.
In the mathematical approach, each component of the defor-
mation state variable tensor is expressed as a linear combi-
nation of the stress state variables or vice versa. In other
words, the relationship between the stress and deformation
state variables is expressed by a series of linear equations.
The difficulty with this approach is the large number of soil
properties that must be determined.

The semiempirical approach involves several assumptions
which are based on experimental evidence from observing
the behavior of many materials (Chou and Pagano, 1967):
(1) normal stress does not produce shear strain, (2) shear stress
does not cause normal strain, and (3) a shear stress component
τ causes only one shear strain component, γ . In addition, the
principle of superposition is assumed to be applicable to cases
involving small deformations.

The semiempirical approach is generally adopted in soil
mechanics and is used herein to formulate the constitutive
relations for unsaturated soils. The constitutive equations
must be experimentally tested to ensure uniqueness. The
uniqueness theorem for an elastic solid with a positive
definite strain energy function states that there exists a
one-to-one correspondence between elastic deformations
and stresses (Fung, 1965).

The constitutive relations for the soil structure in sat-
urated soil mechanics can be formulated in the form of
a generalized Hooke’s law using effective stress variables
σ − uw. For an isotropic and linearly elastic soil structure,

the strain-stress constitutive relations in the x-, y-, and z-
directions can be written in the following form:

εx = σx − uw

E
− μ

E
(σy + σz − 2uw) (13.12)

εy = σy − uw

E
− μ

E
(σx + σz − 2uw) (13.13)

εz = σz − uw

E
− μ

E
(σx + σy − 2uw) (13.14)

where:

σx = total normal stress in the x-direction,
σy = total normal stress in the y-direction,
σz = total normal stress in the z-direction,
E = modulus of elasticity or Young’s modulus for the

soil structure, and
μ = Poisson’s ratio.

The sum of the normal strains εx , εy , and εz constitutes the
volumetric strain εv. For a saturated soil, the overall volume
change of the soil is equal to the water volume change since
soil particles are essentially incompressible.

The constitutive relations for an unsaturated soil can be
formulated as an extension of the equations used for a sat-
urated soil while using the appropriate stress state variables
(Fredlund and Morgenstern, 1976). Let us assume that the
soil behaves as an isotropic, linear elastic material. The fol-
lowing constitutive relations are expressed in terms of the
σ − ua and ua − uw stress state variables. The formulation
is similar in form to that proposed by Biot in 1941. The soil
structure constitutive relations associated with the normal
strains in the x-, y-, and z-directions are as follows:

εx = σx − ua

E
− μ

E
(σy + σz − 2ua) + ua − uw

H
(13.15)

εy = σy − ua

E
− μ

E
(σx + σz − 2ua) + ua − uw

H
(13.16)

εz = σz − ua

E
− μ

E
(σx + σy − 2ua) + ua − uw

H
(13.17)

where:

H = modulus of elasticity for the soil structure with
respect to a change in matric suction, ua − uw.

The constitutive equations associated with the shear defor-
mations are

γxy = τxy

G
(13.18)

γyz = τyz

G
(13.19)

γzx = τzx

G
(13.20)
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where:

τxy = shear stress on the x-plane in the y-direction (i.e.,
τxy = τyx),

τyz = shear stress on the y-plane in the z-direction (i.e.,
τyz = τzy),

τzx = shear stress on the z-plane in the x-direction (i.e.,
τzx = τxz), and

G = shear modulus.

The modulus of elasticity E in the above equations is de-
fined with respect to a change in the net normal stress

(
σ − ua

)
during uniaxial loading. The above constitutive equations
can be applied in an incremental manner when the stress-
strain curve is nonlinear. Figure 13.7 defines the sign
convention using a typical stress-strain curve. An incremental
procedure using small increments of stress and strain can be
used to apply the linear elastic formulation to a nonlinear
stress-strain curve. The nonlinear stress-strain curve is
assumed to be linear within each stress and strain increment.
The elastic moduli E and H have negative signs as indicated
in Fig. 13.7 and may vary in magnitude from one increment
to another. The soil structure constitutive relations associated
with the normal strains can be written in an incremental form:

dεx = d
(
σx − ua

)
E

− μ

E
d
(
σy + σz − 2ua

)+ d
(
ua − uw

)
H
(13.21)

dεy = d
(
σy − ua

)
E

− μ

E
d
(
σx + σz − 2ua

)+ d
(
ua − uw

)
H
(13.22)

dεz = d
(
σz − ua

)
E

− μ

E
d
(
σx + σy − 2ua

)+ d
(
ua − uw

)
H
(13.23)

The above equations represent the general elasticity con-
stitutive relations for the soil structure. The left-hand side
of the equations refers to a change in the deformation state
variable while the right-hand side contains changes in the
stress state variables. A change in the volumetric strain of
the soil for each increment, dεv, can be obtained by sum-
ming the incremental changes in normal strains in the x-, y-,
and z-directions:

dεv = dεx + dεy + dεz (13.24)

where:

dεv = volumetric strain change for each increment.

Substituting Eqs. 13.21, 13.22, and 13.23 into Eq. 13.24
gives

dεv = 3

(
1 − 2μ

E

)
d

(
σx + σy + σz

3
− ua

)

+ 3

H
d
(
ua − uw

)
(13.25)

Figure 13.7 Definition of variables for nonlinear stress-strain
curve for soil.

The above equation can be simplified as follows:

dεv = 3

(
1 − 2μ

E

)
d
(
σmean − ua

)+ 3

H
d
(
ua − uw

)
(13.26)

where:

σmean = mean total normal stress [i.e., (σx + σy + σz)/3].

The volumetric strain change dεv is equal to the volume
change of the soil element divided by the initial volume of
the element:

dεv = dVv

V0
(13.27)

The initial volume V0 refers to the volume of the soil
element at the start of the volume change process. There-
fore, V0 remains constant for all increments. The change in
volumetric strain, dεv, at the end of each increment can be
computed from Eq. 13.26, and the volume change of the soil
element, dVv, is obtained from Eq. 13.27. The summation
of the volumetric strain changes for each increment gives
the final volumetric strain of the soil:

εv =
∑

dεv (13.28)

13.3.2 Water Phase Constitutive Relationship

The soil structure constitutive relationship is not sufficient to
completely describe volume changes in an unsaturated soil.
Either an air or water phase constitutive relationship must
be formulated. It is suggested that the water phase may be
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the most suitable phase for formulating the second consti-
tutive relationship. The water phase constitutive relationship
describes the change in the volume of water present in the
referential soil structure element under various stress condi-
tions. Water is assumed to be incompressible and the equation
accounts for the net inflow or outflow of water from the
element. The water phase constitutive relationship can be for-
mulated in a semiempirical manner on the basis of a linear
combination of the stress state variables. The incremental
constitutive equation for the water phase can be written as

dVw

V0
= 3

Ew
d
(
σmean − ua

)+ d
(
ua − uw

)
Hw

(13.29)

where:

Ew = water volumetric modulus associated with a change
in σmean − ua and

Hw = water volumetric modulus associated with a change
in ua − uw.

The summation of water volume changes for each incre-
ment in stress state gives the final change in the volume of
water:

�Vw

V0
=
∑

dVw

V0
(13.30)

13.3.3 Change in Volume of Air

Changes in the volume of air in an element can be computed
as the difference between the soil structure and water volume
changes. The continuity requirement can also be written in
an incremental form using volumetric strain change dεv:

dεv = dVw

V0
+ dVa

V0
(13.31)

The constitutive relationships for an unsaturated soil can
be presented graphically in the form of constitutive surfaces
(Fig. 13.8). The deformation state is plotted with respect
to the σmean − ua and ua − uw stress state variables. The
coefficients used in the constitutive equations are the slopes
of the constitutive surface at a point. The slopes must be
defined with respect to both axes. For example, the slopes
of the soil structure constitutive surface at a point are equal
to 3 (1 − 2μ) /E and 3/H with respect to σmean − ua and
ua − uw, respectively (Eq. 13.26 and Fig. 13.8a). The coef-
ficients on the constitutive surface are referred to as “vol-
umetric deformation coefficients.” These coefficients vary
from one stress state to another for a curved or nonpla-
nar constitutive surface. Similarly, the slopes on the water
phase constitutive surface at a point are 3/Ew and 1/Hw
with respect to the stress variables σmean − ua and ua − uw,
respectively (Eq. 13.29 and Fig. 13.8b).

The above constitutive relations can be formulated for
a general, three-dimensional loading in the x-, y-, and

(a)

(b)

Figure 13.8 Three-dimensional constitutive surfaces for unsatu-
rated soil: (a) soil structure constitutive surface; (b) water phase
constitutive surface.

z-directions. The formulations can also be applied to special
loading conditions as depicted in Fig. 13.9. The constitutive
equations for various types of loading conditions can be
derived from general strain-stress formulations.

13.3.4 Isotropic Loading

The total stress increments are equal for isotropic loading
in three directions (i.e., dσx = dσy = dσz = dσ3). No shear
stresses are developed in the soil mass under isotropic load-
ing conditions. Substituting the conditions associated with
isotropic loading into Eq. 13.26 gives the soil structure con-
stitutive equation:

dεv = 3

(
1 − 2μ

E

)
d
(
σ3 − ua

)+ 3

H
d
(
ua − uw

)
(13.32)

where:

σ3 = total isotropic stress.
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Figure 13.9 Various forms of loading of soil and associated deformations.
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The inverse of the coefficients in the first term (i.e.,
E/ [3 (1 − 2μ)]) is commonly referred to as the “bulk
modulus” of the soil (Lambe and Whitman, 1979).

The constitutive equation for the water phase can be
derived from Eq. 13.29:

dVw

V0
= 3

Ew
d
(
σ3 − ua

)+ d
(
ua − uw

)
Hw

(13.33)

The soil will undergo equal deformation in all directions
(or isotropic compression) when subjected to an equal all-
around pressure provided the soil properties are also isotropic
(Fig. 13.9).

13.3.5 Uniaxial Loading

A total stress increment is applied to the soil in one direction
for uniaxial loading (e.g., the vertical direction), as illustrated
in Fig. 13.9. It is assumed that no shear stress is developed
on the x-, y-, and z -planes. The stress increase is applied
in the y-direction, dσy , while the total stress change in the
other two directions is zero (i.e., dσx = dσz = 0). The soil
compresses in the y-direction and expands in the x- and z-
directions. Applying these stress conditions to Eq. 13.26 gives
the soil structure constitutive equation for uniaxial loading:

dεv = 3

(
1 − 2μ

E

)
d

(
1

3
σy − ua

)
+ 3

H
d
(
ua − uw

)
(13.34)

The water phase constitutive equation for uniaxial loading
is obtained from Eq. 13.29:

dVw

V0
= 3

Ew
d

(
1

3
σy − ua

)
+ d

(
ua − uw

)
Hw

(13.35)

13.3.6 Triaxial Loading

The triaxial loading conditions shown in Fig. 13.9 can be con-
sidered as a superposition of isotropic and uniaxial loading.
Isotropic loading applies to an all-around pressure change
of dσ3, whereas the uniaxial pressure change applies to a
deviator stress d

(
σ1 − σ3

)
in the vertical or y-direction. The

x-, y-, and z-planes are assumed to be principal planes. The
above stress conditions [i.e., dσx = dσz = dσ3 and dσy =
dσ3 + d

(
σ1 − σ3

)
] can be substituted into Eq. 13.26 to give

the soil structure constitutive equation for triaxial loading:

dεv = 3

(
1 − 2μ

E

)
d

(
σ3 + (σ3 + σ1 − σ3

)+ σ3

3
− ua

)

+ 3

H
d
(
ua − uw

)
(13.36)

Rearranging the above equation gives

dεv = 3

(
1 − 2μ

E

)[
d
(
σ3 − ua

)+ d

(
1

3

(
σ1 − σ3

))]

+ 3

H
d
(
ua − uw

)
(13.37)

The water phase constitutive relation can be written by
substituting the triaxial stress conditions into Eq. 13.29:

dVw

V0
= 3

Ew

[
d
(
σ3 − ua

)+ d

(
1

3

(
σ1 − σ3

))]

+ d
(
ua − uw

)
Hw

(13.38)

The dua and d
(
ua − uw

)
terms in Eqs. 13.37 and 13.38

refer to the pore-air pressure and matric suction increments,
respectively, during triaxial loading. For triaxial testing in
the laboratory, isotropic loading is generally first applied fol-
lowed by uniaxial compression. Therefore, it may be useful
to separate the pore-air pressure and matric suction incre-
ments during the two loading conditions. This can be done
by superimposing Eq. 13.32 (i.e., isotropic loading) and
Eq. 13.34 (i.e., uniaxial loading) to form the soil structure
constitutive relationship for triaxial loading:

dεv = 3

(
1 − 2μ

E

) [
d
(
σ3 − uai

)

+ d

(
1

3

(
σ1 − σ3

)− uau

)]

+ 3

H

{
d
(
ua − uw

)
i
+ d

(
ua − uw

)
u

}
(13.39)

where:

duai = pore-air pressure increment during isotropic load-
ing,

duau = pore-air pressure increment during uniaxial
loading,

duwi = pore-water pressure increment during isotropic
loading, and

duwu = pore-water pressure increment during uniaxial
loading.

Equation 13.39 can be used to compute the volumetric strain
increment during triaxial loading. Only the first and third
terms are used since the other terms drop out during isotropic
compression. On the other hand, the second and fourth terms
are used to compute the volumetric strain increment during
uniaxial compression while the other terms become zero. In
the end, volumetric strain increments during isotropic and
uniaxial compression can be summed to give the total vol-
umetric strain associated with triaxial loading. It should be
noted that Eq. 13.39 reverts to Eq. 13.37 by substituting dua =
duai + duau and duw = duwi + duwu into Eq. 13.39.

Similarly, the water phase constitutive relation can be
obtained by superimposing Eq. 13.33 (i.e., isotropic loading)
and Eq. 13.35 (i.e., uniaxial loading):

dVw

V0
= 3

Ew

[
d(σ3 − uai) + d

(
1

3

(
σ1 − σ3

)

−uau

)]+ d
(
ua − uw

)
i

Hw
+ d

(
ua − uw

)
u

Hw
(13.40)
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The first and third terms in Eq. 13.40 are used for isotropic
loading whereas the second and fourth terms are used for
uniaxial compression. The sum of the water volume changes
during isotropic and uniaxial compression gives the total
change in volume of water during triaxial loading. Sub-
stituting dua = duai + duau and duw = duwi + duwu into
Eq. 13.40 gives Eq. 13.38.

13.3.7 K0 Loading

A total stress increment of dσy is applied in the vertical
direction for K0 loading, while the soil is not permitted
to deform laterally (i.e., dεx = dεz = 0). The K0 loading
condition occurs during one-dimensional compression where
deformation is only allowed in the vertical direction (i.e.,
dεy). The total stress increment dσy is applied in the vertical
direction. The strain conditions during the K0 loading can be
applied to Eqs. 13.21 and 13.22. Multiplying Eq. 13.23 by
Poisson’s ratio μ and adding the result to Eq. 13.21 gives

(
1 − μ2

E

)
d(σz − ua) = μ

E
(1 + μ) d(σy − ua)

−
(

1 + μ

H

)
d(ua − uw) (13.41)

The above equation can be arranged as follows:

d(σz − ua) =
(

μ

1 − μ

)
d(σy − ua)

− E

(1 − μ)H
d(ua − uw) (13.42)

Similarly, Eq. 13.23 can be multiplied by Poisson’s ratio
μ and added to Eq. 13.21 to give

d(σx − ua) =
(

μ

1 − μ

)
d(σy − ua)

− E

(1 − μ)H
d(ua − uw) (13.43)

Substituting Eqs. 13.42 and 13.43 into Eq. 13.22 gives

dεy = 1 − μ − 2μ2

E(1 − μ)
d(σy − ua)

+ 1 − μ + 2μ

H(1 − μ)
d(ua − uw) (13.44)

Volumetric strain dεv is equal to the strain in the vertical
direction, dεy , for K0 loading conditions. Equation 13.44
for the soil structure can then be rewritten as follows:

dεv = (1 + μ)(1 − 2μ)

E(1 − μ)
d(σy − ua)

+ 1 + μ

H(1 − μ)
d(ua − uw) (13.45)

The inverse of the coefficients in the first term (i.e.,
E (1 − μ) / [(1 + μ) (1 − 2μ)]) is referred to as the “cons-
trained modulus” (Lambe and Whitman, 1979).

The water phase constitutive relation is obtained in a sim-
ilar manner (i.e., substituting Eqs. 13.42 and 13.43 into
Eq. 13.29):

dVw

V0
= 1 + μ

Ew(1 − μ)
d(σy − ua)

+
(

1

Hw
− 2(E/H)

Ew(1 − μ)

)
d(ua − uw) (13.46)

13.3.8 Plane Strain Loading

Many geotechnical problems can be simplified into a two-
dimensional form using the concepts of plane strain and
plane stress loading. If an earth structure is significantly
long in one direction (e.g., the z-direction) in comparison to
the other two directions (e.g., the x- and y-directions) and the
loadings are applied only on the x- and y-planes, the struc-
ture can be modeled as a plane strain problem. The stability
of slopes, earth pressures on retaining wall, and the bear-
ing capacity of strip footing are examples of problems that
are commonly analyzed assuming plane strain loading con-
ditions. The soil deformation in the z-direction is assumed
to be negligible for plane strain conditions (i.e., dεz = 0).
Imposing a condition of zero strain in the z-direction in
Eq. 13.23 gives

d
(
σz − ua

) = μd
(
σx + σy − 2ua

)− (H/E) d
(
ua − uw

)
(13.47)

Volumetric strain during plane strain loading is obtained
by substituting Eq. 13.47 into Eq. 13.25:

dεv = 2 (1 + μ) (1 − 2μ)

E
d
(
σave − ua

)
+ 2

(
1 + μ

H

)
d
(
ua − uw

)
(13.48)

where:

σave = average total normal stress for two-dimensional
loading [i.e.,

(
σx + σy

)
/2].

The above equation can be used as the soil structure con-
stitutive relationship for plane strain loading.

The water phase constitutive equation is obtained from
Eq. 13.29 by replacing the d

(
σz − ua

)
term with Eq. 13.47:

dVw

V0
= 2

(
1 + μ

Ew

)
d(σave − ua)

+
(

1

Hw
− (E/H)

Ew

)
d(ua − uw) (13.49)
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13.3.9 Plane Stress Loading

The change in the total stress in the z-direction is assumed
to be negligible for plane stress conditions (i.e., dσz = 0).
It should be noted that plane stress loading conditions are
not common in soil mechanics applications. The soil struc-
ture constitutive relationship for the plane stress loading is
computed by setting dσz equal to zero in Eq. 13.26:

dεv = 2

(
1 − 2μ

E

)
d

(
σave − 3

2
ua

)
+ 3

H
d
(
ua − uw

)
(13.50)

The constitutive equation for the water phase under plane
stress loading is obtained from Eq. 13.29 by setting dσz

equal to zero:

dVw

V0
= 2

Ew
d

(
σave − 3

2
ua

)
+ d

(
ua − uw

)
Hw

(13.51)

13.4 COMPRESSIBILITY FORM FOR
UNSATURATED SOIL CONSTITUTIVE RELATIONS

The constitutive relations for an unsaturated soil presented in
the preceding sections were formulated using linear elasticity
form equations. These constitutive equations can be rewritten
in a compressibility form more common to soil mechanics.
The compressibility form of the constitutive equation for the
soil structure of a saturated soil is written as

dεv = mvd
(
σ − uw

)
(13.52)

where:

mv = coefficient of volume change.

The compressibility form for the soil structure constitu-
tive equation for an unsaturated soil under general, three-
dimensional loading is as follows:

dεv = ms
1 d
(
σmean − ua

)+ ms
2 d
(
ua − uw

)
(13.53)

where:

ms
1 = coefficient of volume change with respect to net

normal stress [i.e., 3 (1 − 2μ) /E] and
ms

2 = coefficient of volume change with respect to matric
suction (i.e., 3/H ).

The ms
1 and ms

2 coefficients of volume change in Eq. 13.53
are essentially a ratio between changes in volumetric strain
and stress state variables and can be called “compressibility
moduli.” The negative signs for the coefficients of volume
change, ms

1 and ms
2, are the result of the elasticity-type mod-

ulus, E and H , being negative for typical soils. The ms
1

and ms
2 coefficients vary in a nonlinear manner but can be

considered as constants for a small increment of stress or
strain.

The compressibility form of the water phase constitutive
equation for an unsaturated soil under three-dimensional
loading can be written as:

dVw

V0
= mw

1 d
(
σmean − ua

)+ mw
2 d
(
ua − uw

)
(13.54)

where:

mw
1 = coefficient of water volume change with respect to

net normal stress (i.e., 3/Ew) and
mw

2 = coefficient of water volume change with respect to
matric suction (i.e., 1/Hw).

Similar constitutive equations in a compressibility form
can be written for specific loading conditions. Table 13.1
presents the ms

1, ms
2, mw

1 , and mw
2 coefficients for the loading

conditions described in the previous section. These coeffi-
cients are regarded as another form of the soil volumetric
deformation coefficients.

13.4.1 Volume-Mass Form (Soil Mechanics
Terminology)

The volume-mass properties of a soil can also be used in
the formulation of constitutive equations for an unsaturated
soil. Common soil mechanics terminology makes use of void
ratio, gravimetric water content, and degree of saturation to
define volume-mass properties of unsaturated soils.

Changes in void ratio take on the form of a deformation
state variable for a saturated soil giving rise to the following
constitutive equation:

de = avd
(
σ − uw

)
(13.55)

where:

av = coefficient of compressibility.

Void ratio and gravimetric water content can be used as
the deformation state variables for the soil structure and
water phase, respectively, for an unsaturated soil. Using
soil mechanics terminology, the change in void ratio, de,
of an unsaturated soil under three-dimensional loading can
be written as

de = at d
(
σmean − ua

)+ am d
(
ua − uw

)
(13.56)

where:

at = coefficient of compressibility with respect to a
change in net normal stress, d

(
σmean − ua

)
, and

am = coefficient of compressibility with respect to a
change in matric suction, d

(
ua − uw

)
.



680 13 stress-deformation analysis for unsaturated soils

Table 13.1 Coefficients of Volume Change for Various Loading Conditions

Deformation First Stress Second Stress
State State Variable, State Variable,

Loading Variable ms
1,m

w
1 d

(
σ − ua

)
ms

2,m
w
2 d

(
ua − uw

)

Three-dimensional
(general)

dεv

dVw

V0

3

(
1 − 2μ

E

)
3

Ew

d
(
σmean − ua

)
d
(
σmean − ua

)
3

H

1

Hw

d
(
ua − uw

)
d
(
ua − uw

)

Isotropic dεv

dVw

V0

3

(
1 − 2μ

E

)
3

Ew

d
(
σ3 − ua

)
d
(
σ3 − ua

)
3

H

1

Hw

d
(
ua − uw

)
d
(
ua − uw

)

Uniaxial dεv

dVw

V0

3

(
1 − 2μ

E

)
3

Ew

d
( 1

3σy − ua

)
d
( 1

3σy − ua

)
3

H

1

Hw

d
(
ua − uw

)
d
(
ua − uw

)
Triaxial (general

case)
dεv d

(
σ3 − ua

)
+ d

{ 1
3

(
σ1 − σ3

)} d
(
ua − uw

)
3

(
1 − 2μ

E

)
3

H

d
(
σ3 − ua

)
+ d

{ 1
3

(
σ1 − σ3

)} d
(
ua − uw

)
dVw

V0

3

Ew

1

Hw

Triaxial (separation
of isotropic and
uniaxial
components)

dεv d
(
σ3 − uai

)
+d
{ 1

3

(
σ1 − σ3

) − uau

} d
(
ua − uw

)
i

+d
(
ua − uw

)
u

3

(
1 − 2μ

E

)
3

H

d
(
σ3 − uai

)
+d
{ 1

3

(
σ1 − σ3

)− uau

} d
(
ua − uw

)
i

+d
(
ua − uw

)
u

dVw

V0

3

Ew

1

Hw

K0 loading
(one-dimensional)

dεv d
(
σy − ua

)
d
(
ua − uw

)
(1 + μ) (1 − 2μ)

E (1 − μ)

1 + μ

H (1 − μ)

d
(
σy − ua

)
d
(
ua − uw

)
dVw

V0

1 + μ

Ew (1 − μ)

1

Hw
− 2 (E/H)

Ew (1 − μ)

Plane strain
(two-dimensional)

dεv d
(
σave − ua

)
d
(
ua − uw

)
2 (1 + μ) (1 − 2μ)

E
2

1 + μ

H

d
(
σave − ua

)
d
(
ua − uw

)
dVw

V0
2

1 + μ

Ew

1

Hw
− E/H

Ew

Plane stress
(two-dimensional)

dεv d
(
σave − 3

2ua

)
d
(
ua − uw

)
2

1 − 2μ

E

3

H

d
(
σave − 3

2ua

)
d
(
ua − uw

)
dVw

V0

2

Ew

1

Hw

Note: σmean = (σx + σy + σz

)
/3; σave = (σx + σy

)
/2.



13.4 compressibility form for unsaturated soil constitutive relations 681

The above equation is equivalent to a soil structure consti-
tutive relationship written using soil mechanics terminology.

The water phase constitutive equation can be expressed
as a change in gravimetric water content. The water phase
constitutive relation has the following form for three-
dimensional loading:

dw = btd
(
σmean − ua

)+ bmd
(
ua − uw

)
(13.57)

where:

bt = coefficient of water content change with respect to
a change in net normal stress, d

(
σmean − ua

)
, and

bm = coefficient of water content change with respect to
a change in matric suction, d

(
ua − uw

)
.

The above constitutive equations can be visualized as
constitutive surfaces on a three-dimensional plot. Each
abscissa represents one of the stress state variables and
the ordinate represents the soil volume-mass property
(Fig. 13.10). The at , am, bt , and bm coefficients become
another form of the volumetric deformation coefficients.
The volume-mass constitutive surfaces can be reduced
to two-dimensional plots which more clearly show the
relationship between the various deformation coefficients

(a)

(b)

Figure 13.10 Constitutive surfaces for an unsaturated soil
expressed using soil mechanics terminology: (a) void ratio con-
stitutive surface; (b) water content constitutive surface.

(Fig. 13.10). The relationships between various deformation
coefficients are explained later in this chapter. Similar but
independent constitutive relationships can be formulated for
unloading conditions.

13.4.2 Use of σ − uw and ua − uw to Formulate
Constitutive Relations

The constitutive equations for an unsaturated soil have been
formulated using the stress state variables σ − ua and ua −
uw. Other combinations of stress state variables, such as
σ − uw and ua − uw, can also be used for formulating the
constitutive relations for an unsaturated soil. As an example,
Eq. 13.56 can be rewritten using σ − uw and ua − uw:

de = at2 d
(
σmean − uw

)+ am2 d
(
ua − uw

)
(13.58)

where:

at2 = coefficient of compressibility with respect to σmean−
uw when using the σ − uw and ua − uw stress state
variables and

am2 = coefficient of compressibility with respect to matric
suction when using σ − uw and ua − uw as stress
state variables.

The water phase constitutive equation can also be written
in terms of σ − uw and ua − uw:

dw = bt2 d
(
σmean − uw

)+ bm2 d
(
ua − uw

)
(13.59)

where:

bt2 = coefficient of water content change with respect to
σmean − uw when using the σ − uw and ua − uw
stress state variables and

bm2 = coefficient of water content change with respect to
matric suction when using σ − uw and ua − uw as
stress state variables.

The σ − ua and σ − uw stress state variables could sim-
ilarly be used to formulate the volume-mass constitutive
relations.

13.4.3 Experimental Verification for Uniqueness
of Constitutive Surfaces

The uniqueness of proposed constitutive surfaces should first
be explored on a local scale using small stress state vari-
able changes around a state point on the surface (Fredlund
and Morgenstern, 1976). Subsequently, larger stress state
variable changes should be used to test for uniqueness of
the entire constitutive surface (Matyas and Radhakrishna,
1968; Barden et al., 1969a). Both methods for verifying the
uniqueness of a constitutive surface are briefly explained and
discussed. The sign conventions associated with volumetric
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deformation properties are outlined prior to describing the
results of tests for uniqueness.

The two constitutive surfaces for an unsaturated soil (i.e.,
soil structure and water phase) require experimental data in
order to examine the uniqueness of the proposed surfaces.
The term “uniqueness” is used to indicate that there is one
and only one relationship between the deformation and stress
state variables. Figure 13.11 illustrates the meaning of the
term uniqueness as applied to a constitutive surface. Let
us assume that three identical soil specimens have been pre-
pared at the same initial state point. The stress state variables
for the three specimens are then moved along three different
stress paths. However, the final stress state variables for the
three soil specimens are identical. The final combination of
stress state variables should produce the same deformation
state if the constitutive surface is unique. In other words, the
final volumes for the three soil specimens should be equal
and independent of the stress path.

Complete uniqueness of a constitutive relationship under
loading and unloading conditions is known to be virtually
impossible for soils. Hysteresis is the main reason that unique-
ness does not exist when going from loading to unloading
conditions or vice versa. Hysteresis is associated with a par-
ticulate material such as that comprising the soil structure.
Wetting and drying studies have also shown that the contrac-
tile skin also exhibits hysteresis. The soil structure hysteresis
during loading and unloading of a saturated soil is reflected
by the different compression and rebound curves for the soil
(Fig. 13.12a). The two curves are distinctly different under
loading and unloading conditions.

Hysteresis associated with contractile skin can be observed
from the drying and wetting curves of an incompressible
material such as chalk (Fig. 13.12b). It is quite clear that
there should be hysteresis associated with the soil structure
and the contractile skin in an unsaturated soil. It appears that a
reversal in the direction of deformation (i.e., an increase and

Figure 13.11 Principle involved in testing for uniqueness of
unsaturated soil constitutive surface.

Figure 13.12 Hysteresis associated with soil structure and con-
tractile skin of a soil: (a) loading and unloading curves for saturated
soil; (b) drying and wetting curves for incompressible chalk.

then a decrease in volume) results in different constitutive
surfaces. As a result, the volumetric deformation coefficients
associated with a decreasing volume would be different from
those associated with an increasing volume.

Uniqueness of the constitutive surfaces with respect to
volume increase and decrease can be independently veri-
fied. This involves tracing the surface through various load-
ing paths provided the deformation state variable always
changes in the same direction (i.e., monotonic or unidirec-
tional deformation). The term uniqueness has been generally
restricted in soil mechanics to the consideration of constitu-
tive surfaces representing monotonic deformation.

The uniqueness of the soil structure constitutive surface can
be verified for either a decrease or an increase in the soil vol-
ume. Inaddition, theuniquenessof thewaterphaseconstitutive
surface can also be verified for either a decrease or an increase
in the volume of water (i.e., drying or wetting surface).

13.4.4 Sign Convention for Volumetric Deformation
Properties

The sign convention for a general relationship between
deformation and stress state variable changes is illustrated
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in Fig. 13.7. A positive or negative sign is associated with
the deformation or stress state variable change in order to
indicate an increase or decrease. The following sign conven-
tion can be formulated for multiphase materials. A positive
change in the state variable (i.e., deformation or stress)
refers to an increase in the state variable, whereas a negative
change indicates a decrease in the state variable. The signs
of the deformation state variables and the stress state
variables determine the sign for the volumetric deformation
coefficients. For example, the stable-structured soil behavior
shown in Fig. 13.7 has a negative sign for the modulus of
elasticity E . This means that an increase in the net normal
stress, (+) d

(
σ − ua

)
, causes a decrease in volumetric

strain, (−) dεv [i.e., (−) E = (−) dεv/ (+) d
(
σ − ua

)
].

The elastic modulus H also has a negative sign [e.g.,
(−) H = (−) dεv/ (+) d

(
ua − uw

)
].

The relationship between the water volume change and
the stress state variable change for a stable-structured soil
is similar to that shown in Fig. 13.7. The water volumetric
moduli Ew and Hw would also have negative signs. There-
fore, it can be concluded that a stable-structured soil has
negative volumetric deformation moduli associated with the
soil structure and water phase. The negative sign applies
similarly to all coefficients of volume change, ms

1, ms
2, mw

1 ,
and mw

2 , which are used in the compressibility form of the
constitutive equations. The at , am, bt , and bm coefficients
associated with the soil mechanics form of the constitutive
equations are also negative for a stable-structured soil.

A collapsing soil is referred to as a metastable-structured
soil. A decrease in matric suction results in swelling for a
stable-structured soil whereas it may cause a volume decrease
in a metastable-structured soil (Barden et al., 1969a). The ms

2
and mw

2 coefficients of volume change have a positive sign
for collapsing soils (Eqs. 13.53 and 13.54). A metastable-
structured soil can be referred to as a soil that has one or
more positive volumetric deformation moduli.

13.4.5 Verification of Uniqueness of Constitutive
Surfaces Using Small Stress Changes

Let us suppose that several so-called identical unsaturated
soil specimens are subjected to the same total normal stress
and the same pore-air and pore-water pressures. All spec-
imens will be at the same state point in space and have
the same initial volume-mass properties. Let each specimen
then be subjected to different stress path changes while the
volume changes are monitored. If the constitutive surface is
essentially planar near a state point, the volumetric deforma-
tion moduli associated with any two orthogonal directions
can be used to describe the deformation produced by other
stress state variable changes.

A somewhat simpler test for uniqueness can be described
as follows. Suppose that three so-called identical specimens
are prepared at the same initial volume-mass properties
and subjected to the same initial stress state variables
(Fig. 13.13a). Let one specimen be subjected to a small

Figure 13.13 Testing for uniqueness of soil structure constitutive
surface: constitutive surface verification using (a) three identical
soil specimens and (b) a single soil specimen.

increase in net normal stress, d
(
σ − ua

)
, by increasing

the total normal stress while the matric suction ua − uw is
maintained constant (i.e., 0–1 loading path in Fig. 13.13a).
The measured volumetric strain change dεv can be used to
compute the coefficient of volume change ms

1:

ms
1 = dεv

d
(
σ − ua

) (13.60)

A second specimen could be subjected to a small increase
in matric suction, d

(
ua − uw

)
, by decreasing the pore-water

pressure uw while maintaining a constant net normal stress
(i.e., 0–2 loading path in Fig. 13.13a). The measured change
in volumetric strain, dεv, can be used to calculate the ms

2
coefficient of volume change:

ms
2 = dεv

d
(
ua − uw

) (13.61)

A third specimen could then be subjected to small increases
in both the net normal stress d

(
σ − ua

)
and the matric suc-

tion d
(
ua − uw

)
. This can be achieved by increasing the

total normal stress σ and decreasing the pore-water pres-
sure uw. The anticipated volume change can be predicted
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from Eq. 13.53 using the above-measured values of ms
1 and

ms
2 (from Eqs. 13.60 and 13.61). The actual volume change

can then be measured and compared with the computed value.
A close agreement between the measured and predicted vol-
ume changes indicates uniqueness of the constitutive surface
near a stress point. The above example illustrates a possible
uniqueness test for the soil structure constitutive surface. The
water phase constitutive surface could also be verified if water
volume change measurements were made for the computation
of the mw

1 and mw
2 coefficients.

The above test for uniqueness can be approximated by
an even simpler procedure using a single soil specimen sub-
jected to a series of small stress changes (Fredlund and Mor-
genstern, 1976). The procedure is illustrated in Fig. 13.13b.
Consider a single unsaturated soil specimen that is first
subjected to a small increase in net normal stress (i.e., an
increase in the total stress) along a constant-matric-suction
plane (i.e., 0–1 loading path in Fig. 13.13b). The measured
volume changes are used to compute the ms

1 and mw
1 coef-

ficients, respectively.
The specimen can then be subjected to an increase in

its matric suction while maintaining a constant net normal
stress (i.e., 1–2 loading path in Fig. 13.13b). The matric suc-
tion is increased by decreasing the pore-water pressure. The
measured volume changes can be used to compute the ms

2
and mw

2 coefficients, respectively. The ms
1, mw

1 and ms
2, mw

2
coefficients can then be used to predict the overall volume
change and the water volume change of the soil specimen
during any subsequent loadings. The coefficients can be
assumed to approximate a single stress point on the con-
stitutive surface even though the first and second loadings
are performed at slightly differing initial volume-mass prop-
erties,. This assumption is reasonable for small changes in
the stress state variables.

The next step is to apply a small increment in both the net
normal stress d

(
σ − ua

)
and matric suction d

(
ua − uw

)
(i.e., 2–3 loading path in Fig. 13.13b). This path is adhered
to by increasing the total normal stress and decreasing
the pore-water pressure. The anticipated overall volume
change and change in volume of water as a result of the
third loading can be predicted from Eqs. 13.53 and 13.54,
respectively, while using the coefficients of volume change
obtained from the previous two loadings. The measured
overall and water volume changes can then be compared
with the predicted values. The constitutive surface at a
point is considered unique if the measured and predicted
deformations are essentially equal. This procedure can be
repeated at various state points on the constitutive surface.

Fredlund and Morgenstern (1976) experimentally tested
constitutive surfaces of two unsaturated soils for uniqueness
by using small changes in stress state variables. Four series of
experiments were conducted using three specimens of undis-
turbed Regina clay and one specimen of compacted kaolin.
The specimens were tested using a modified oedometer (i.e.,
K0 loading) and a modified triaxial cell. The modified triaxial

cell was used for isotropic loading. The total, pore-air, and
pore-water pressures were controlled during the experiments.
The water pressure was isolated from the air pressure by means
of a high-air-entry disk placed at the bottom of the specimen.
After equalization at a selected stress point, each specimen
was subjected to several loading stages in order to test the
uniqueness of the constitutive surface. The predicted and mea-
sured volume changes were assessed by plotting the predicted
volume changes versus the measured volume changes.

Good agreement was observed between the measured and
predicted volume changes for undisturbed Regina clay, as
shown in Fig. 13.14. The specimen was tested under K0 load-
ing. The volume changes at two elapsed times (e.g., 1000
and 5000 min) are considered for each specimen. Uniqueness
implies a slope of unity and an intercept of zero for the plot
of measured versus predicted volume change. Figure 13.14a
demonstrates that all points obtained at two elapsed times
essentially fall along the 45◦ line, indicating virtually perfect
correlation. This agreement supports the uniqueness of the
soil structure constitutive surface.

The agreement between the predicted and measured water
volume changes (Fig. 13.14b) is not as consistent as that

(a)

(b)

Figure 13.14 Comparison of predicted and measured volume
changes for undisturbed Regina clay undergoing K0 loading: (a)
soil structure constitutive surface; (b) water phase constitutive sur-
face (from Fredlund and Morgenstern, 1976).
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for the soil structure. This was attributed, in part, to the
difficulty of measuring small water volume changes over
long periods of time (Fredlund and Morgenstern, 1976). It
was also discovered that some moisture was lost from the
soil specimens.

13.4.6 Verification of Constitutive Surfaces Using
Large Stress State Variable Changes

Matyas and Radhakrishna (1968) experimentally tested the
void ratio and degree-of-saturation constitutive surfaces for
uniqueness under conditions of large stress state changes.
Soil specimens consisting of 80% flint powder and 20%
kaolin were prepared using static compaction with the same
compaction effort. The initial water contents and dry densi-
ties were also the same. The specimens were tested under
isotropic and K0 loading with controlled total, pore-air, and
pore-water pressures. The tests were performed using a mod-
ified triaxial apparatus.

The constitutive surfaces obtained from isotropic loading
are shown in Fig. 13.1 and the results for K0 loading were
shown in Fig. 13.2. It was found that the change in void
ratio between any two state points was independent of the
deformation–stress path followed for monotonic deforma-
tion. Monotonic deformation was obtained by following paths
with increasing degrees of saturation where the specimens
were not allowed to swell. The degree-of-saturation constitu-
tive surface, however, did not indicate complete uniqueness.

The constitutive surfaces obtained from K0 loading are
presented in Fig. 13.2. All test paths appeared to form a sin-
gle warped void ratio surface (Fig. 13.2a). Collapsing soil
behavior was again observed. The degree of saturation was
found to be more sensitive to stress state changes than was
the void ratio constitutive surface (Fig. 13.2b). The unique-
ness of both constitutive surfaces was again restricted to
monotonic deformation (Matyas and Radhakrishna, 1968).

Barden et al., (1969a) studied the volume change charac-
teristics of unsaturated Westwater and Derwent clays under
K0 loading conditions. The constitutive surface was traced
following different test paths through various combinations
of stress state variables σy − ua and ua − uw, as shown in
Fig. 13.3. The results were earlier presented in Figs. 13.4
and 13.5. The results exhibited uniqueness or loading path
independence as long as deformations were monotonic. Hys-
teresis associated with wetting and drying processes was
considered to be the major cause of loading path depen-
dence. The degree-of-saturation constitutive surface showed
uniqueness provided the degree-of-saturation change was
monotonic.

13.5 RELATIONSHIP AMONG VOLUMETRIC
DEFORMATION COEFFICIENTS

The constitutive equations or surfaces for unsaturated soils
have been formulated and presented in three forms. In the

elasticity form, the E , H , μ, Ew, and Hw parameters are
required to define the volumetric deformations associated
with the soil structure and water phase constitutive equations.
In the compressibility form, the soil structure and water phase
constitutive surfaces make use of ms

1, ms
2, mw

1 , and mw
2 vol-

umetric coefficients. These coefficients of volume change
can be expressed in terms of the above elastic parameters,
as shown in Table 13.1. In soil mechanics terminology, at ,
am, bt , and bm coefficients are used to define the slope of the
void ratio and water content relations versus the respective
stress states.

This section discusses the relationships among the various
volumetric deformation coefficients. Theoretical and experi-
mental methods that can be used to obtain these relationships
are briefly discussed. Emphasis is given to the coefficients
used in the compressibility and soil mechanics forms of the
constitutive surfaces (i.e., ms

1, ms
2, mw

1 , mw
2 and at , am, bt ,

bm). These coefficients can, in general, be obtained from
various laboratory tests. In some cases modifications must
be made to the laboratory equipment in order to properly
perform the tests.

13.5.1 Relationship of Volumetric Deformation
Coefficients for Void Ratio and Water Content Surfaces

The void ratio and water content surfaces for an unsaturated
soil are illustrated in Fig. 13.15. The orientation of each
point on the void ratio surface can be defined in terms of two
slope angles. The first slope angle is referenced to net normal
stress and is defined by the coefficient of compressibility, at :

at = ∂e

∂
(
σ − ua

) (13.62)

The second slope angle is referenced to matric suction and
is defined by the coefficient of compressibility am:

am = ∂e

∂
(
ua − uw

) (13.63)

Similarly, a point on the water content surface has two
slopes, which can be defined as bt and bm with respect to
the net normal stress and matric suction, respectively:

bt = ∂w

∂
(
σ − ua

) (13.64)

bm = ∂w

∂
(
ua − uw

) (13.65)

Both the void ratio and water content surfaces are gener-
ally nonlinear. Therefore, the four coefficients at , am, bt , and
bm vary over the constitutive surfaces. In other words, these
coefficients are a function of the state point on the surface.
However, the slopes on the constitutive surface have some
limiting conditions as observed from experimental results.
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Figure 13.15 Relationship of the volume-mass volumetric deformation moduli to one another
for an initially saturated soil subjected to total stress changes or soil suction changes.

The am coefficient is approximately equal to the at coef-
ficient when the degree of saturation is near 100% or when
the matric suction goes to zero (Fig. 13.10a). At saturation
(i.e., on the plane of zero matric suction), the at coeffi-
cient becomes the coefficient of compressibility av for a
saturated soil.

The at coefficient becomes greater than the am coefficient
as degree of saturation decreases. This shows that a change
in total stress is more effective in changing void ratio than is
a change in matric suction. It can be observed that the void
ratio corresponding to the shrinkage limit of a soil is the
minimum void ratio that can be attained under unconfined,
maximum soil suction conditions.

The bm coefficient approaches the bt coefficient as the
degree of saturation approaches 100%. At lower degrees of
saturation, the bm coefficient will generally be greater than
the bt coefficient (Fig. 13.10b). In other words, a change in
matric suction is more effective in changing the water con-
tent of the soil than is a change in total stress. This occurs
because the matric suction is applied directly to the water
phase. The bt coefficient can be related to at or av coeffi-
cients when the soil is on the saturation plane (i.e., matric
suction is equal to zero). The bt coefficient is related to at or
av coefficients using the basic volume-mass relationship (i.e.,
Se = wGs where Gs is the specific gravity of the soil solids).
When the degree of saturation is 100%, the following basic
relationship exists between the soil moduli: at = btGs .

A two-dimensional plot of the constitutive surfaces allows
the above-mentioned coefficients to be compared (i.e., at

versus am and bt versus bm; Fig. 13.10). The relationship
among the four coefficients can also be illustrated using
a single plot (Fig. 13.15). Consider initially saturated silt
that is subjected to isotropic consolidation by increasing the
total normal stress. The soil remains saturated during the
consolidation process. Consolidation curve A in Fig. 13.15
represents the relationship between the void ratio and net
normal stress σ − ua as well as the water content wGs and

net normal stress. The pore-air pressure approaches the pore-
water pressure for the saturated condition.

If the same soil is subjected to increasing matric suction,
the volume change will be the same as long as the soil
remains saturated. Once the soil commences to desaturate,
a matric suction change will not be as effective as a total
stress change in producing a volume change. This behavior
is reflected by curve B (i.e., e versus ua − uw) in Fig. 13.15,
which shows less volume change than curve A (i.e., e versus
σ − ua).

A matric suction increase, on the other hand, is more
effective than a net normal stress increase in removing water
from the soil. This behavior is illustrated by the water con-
tent curve (i.e., wGs versus ua − uw), which shows greater
changes in water content than curve A. Unlike curve A, the
void ratio–matric suction curve (i.e., curve B ) starts to devi-
ate from the water content–matric suction curve (i.e., curve
C ) as the soil begins to desaturate. The separation of the two
curves is due to the decreasing degree of saturation as the
matric suction increases. On the other hand, there is essen-
tially a constant degree of saturation during the total stress
increment (i.e., wGs = e on curve A). The ratio of the ordi-
nates for curves C and B indicates the degree of saturation
(i.e., S = wGs/e).

Curve C eventually reaches zero water content or zero
degree of saturation. Zero water content corresponds to a soil
suction of approximately 106 kPa for all soils, as explained
in Chapter 5.

13.5.2 Relationship of Volumetric Deformation
Coefficients for Volume-Mass Form of Constitutive
Surfaces

The volumetric deformation coefficients used for the com-
pressibility form of the constitutive surfaces can be defined
in a manner similar to that described above. The soil structure
and water phase constitutive surfaces are shown in Fig. 13.8.
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Lines through a point on the soil structure constitutive sur-
face have slopes of ms

1 and ms
2 with respect to the net normal

stress and matric suction, respectively:

ms
1 = ∂

(
Vv/V0

)
∂
(
σ − ua

) (13.66)

ms
2 = ∂

(
Vv/V0

)
∂
(
ua − uw

) (13.67)

Lines through a point on the water phase constitutive sur-
face have slope of mw

1 and mw
2 with respect to the net normal

stress and matric suction, respectively:

mw
1 = ∂

(
Vw/V0

)
∂
(
σ − ua

) (13.68)

mw
2 = ∂

(
Vw/V0

)
∂
(
ua − uw

) (13.69)

The ms
1, ms

2, mw
1 , and mw

2 coefficients are related to the
at , am, bt , and bm coefficients as follows:

ms
1 = at

1 + e0
(13.70)

ms
2 = am

1 + e0
(13.71)

mw
1 = btGs

1 + e0
(13.72)

mw
2 = bmGs

1 + e0
(13.73)

where:

e0 = initial void ratio prior to deformation.

The ms
1 is essentially equal to mw

1 on the saturation plane
(i.e., S = 100%) since at = btGs . The ms

1 coefficient for
the saturated condition is commonly called the coefficient
of volume change, mv.

13.5.3 Laboratory Tests Used to Obtain Volumetric
Deformation Coefficients

The at , am, bt , and bmcoefficients are used to discuss the
relationships that exist between the volumetric deformation
coefficients. These coefficients vary from one state point
to another along a nonlinear constitutive surface. A direct
method to determine these coefficients at a specific state
point is to measure their magnitude at the stress point under
consideration. The experimental measurements required are
similar to those conducted for the verification of the consti-
tutive surfaces. Numerous specimens and a long period of
testing are generally required to experimentally define the
entire constitutive surface.

It is suggested that simpler approximations can be applied
for the estimation of the shape of the constitutive surfaces.
For example, let us assume that the constitutive surfaces
are approximately planar at a particular void ratio or water
content, as shown in Figs. 13.16 and 13.17. Therefore, every
point on the surface corresponding to an equal void ratio or
water content plane has the same at and am coefficients or
bt and bm coefficients, respectively. As a result, at and bt

coefficients obtained from the saturation plane (i.e., ua −
uw equal to zero plane) can be used for other points on
the surface as long as the void ratio (or water content) is
constant. Similarly, am and bm coefficients obtained from
the zero net normal stress plane (i.e., σ − ua equal to zero
plane) can also be used for other points on the surface along
a constant void ratio or water content plane. In this way, the
values for at , am, bt , and bm obtained on the saturation and
zero net normal stress planes are assumed to apply for the
entire constitutive surface.

The suggested approximation method constitutes a crude
estimation procedure for determining the volumetric coef-
ficients over the entire constitutive surface. The estimation
procedure is inferior to directly measuring the volumetric
coefficients at individual state points. The required level of
accuracy for the problem at hand must be borne in mind
when solving practical engineering problems.

The following discussion pertains to the laboratory tests
which can be used to obtain at , am, bt , and bm coeffi-
cients. The at coefficients can be obtained from curve A
in Fig. 13.16, which shows the results of a consolidation
test on a soil which has been saturated. Figure 13.18 shows
a typical compression curve for a compacted soil which has
been saturated while maintaining a constant volume prior to
its decrease in volume due to loading. The bt coefficient in
Fig. 13.17 can be computed as the at coefficient divided by
the specific gravity of the solids.

Curve B in Fig. 13.17 is a SWCC that can be obtained
using a pressure plate type of test. Figure 13.19 illustrates
the bm coefficient on both the drying and wetting portions
of a typical SWCC.

The am coefficient can be related to the bm coefficient
through use of a shrinkage test. A shrinkage test relates the
void ratio of a soil to the water content at various matric
suctions while drying the soil under zero external load.
Figure 13.20 shows a shrinkage curve associated with a
shrinkage-type test. The slope of the shrinkage curve (i.e.,
de/dw or [∂e/∂(ua − uw)]/[∂w/∂(ua − uw)]) defines the
ratio between am and bm coefficients at all soil suction values.

13.5.4 Relationships among Volumetric Deformation
Coefficients for Unloading Surfaces

Hysteresis causes the constitutive surfaces obtained when
loading (and drying) a soil to be different from the surfaces
obtained when unloading (and wetting). Consequently,
the volumetric deformation coefficients associated with
each constitutive surface will be different. For example,
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Figure 13.16 Soil structure constitutive surface for monotonic loading assuming planar surface
at specific void ratio.

Figure 13.17 Water phase constitutive surface for monotonic loading assuming planar surface
at specific water content.
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Figure 13.18 Typical compression curve for a saturated soil plot-
ted using an arithmetic scale.

Figure 13.19 Typical SWCC showing drying and wetting of soil.

the compression loading curve for a saturated soil plotted
against the logarithm of effective stress has a compression
index Cc, whereas the unloading curve has a swelling
index Cs . The void ratio and water content surfaces for
monotonic unloading are illustrated in Figs. 13.21 and 13.22,
respectively. Coefficients of compressibility corresponding
to the unloading surfaces can be further subscripted with an
s (i.e., ats , ams , bts , and bms).

Figure 13.20 Typical shrinking and swelling curves for soil sub-
jected to suction changes.

Figure 13.21 Soil structure constitutive surface for monotonic
unloading of stable-structured soil.

The same procedure used to obtain the deformation coeffi-
cients for the loading surfaces can also be used to obtain the
deformation coefficients for the unloading surface. The only
difference lies in the direction of deformation for unload-
ing. The ats coefficient can be computed from curve As in
Fig. 13.21. The curve represents the rebound curve on the
saturation plane. The bts coefficient in Fig. 13.22 is calcu-
lated as ats divided by Gs .

Curve Bs in Fig. 13.22 represents the wetting portion of
the SWCC. The bms coefficient can be obtained from the
wetting curve. The ams coefficient is then calculated from
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Figure 13.22 Water phase constitutive surface for monotonic
unloading of stable-structured soil.

the ams/bms ratio obtained from the slope of the unconfined
swelling test presented in Fig. 13.20 (i.e., the opposite of a
shrinkage curve). The slope of the swelling curve is defined
as de/dw or

[
∂e/∂

(
ua − uw

)]
/
[
∂w/∂

(
ua − uw

)]
, which is

equal to ams/bms .

13.5.5 Constitutive Surfaces on Semilogarithm Plot

The constitutive surfaces can be plotted with respect to the
logarithm of the stress state variables (Figs. 13.23b and
13.24b). The logarithm plots are linear over a relatively large
stress range on the extreme planes [i.e., the log

(
ua − uw

) ≈
0 plane and the log

(
σ − ua

) ≈ 0 plane]. The slopes of the
curves on these extreme planes are called indices. The vol-
umetric deformation indices associated with the void ratio

surface for loading conditions (Figs. 13.23b) are

Ct = ∂e

∂
[
log
(
σ − ua

)] (13.74)

Cm = ∂e

∂
[
log
(
ua − uw

)] (13.75)

where:

Ct = compressive index with respect to net normal stress
σ − ua and

Cm = compressive index with respect to matric suction
ua − uw.

For the unloading surface, the indices are subscripted with
an s as Cts and Cms . The volumetric deformation indices
associated with the water content surface for loading condi-
tions (Fig. 13.24b) can be defined as

Dt = ∂w

∂
[
log
(
σ − ua

)] (13.76)

Dm = ∂w

∂
[
log
(
ua − uw

)] (13.77)

where:

Dt = water content index with respect to net normal
stress σ − ua and

Dm = water content index with respect to matric suction
ua − uw.

Similarly, the water content indices are subscripted with
an s for the unloading surface (i.e., Dts and Dms).

The Ct , Cm, Dt , and Dm indices can be obtained from
the same test data used to obtain the at , am, bt , and bm

deformation coefficients. The difference between the soil
properties lies in the manner in which the results are plotted.
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Figure 13.23 Void ratio constitutive surface for unsaturated soil: (a) arithmetic plot of stress
state variables versus void ratio; (b) semilogarithmic plot of stress state variables versus void ratio.
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Figure 13.24 Water content constitutive surfaces for unsaturated soil: (a) arithmetic plot of stress
state variables versus water content; (b) semilogarithmic plot of stress state variables versus water
content.
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Figure 13.25 Typical compression curve for compacted soil plot-
ted to semilogarithmic scale.

Figure 13.25 shows a typical compression curve for an
unsaturated, compacted soil. The results show that the void
ratio versus net normal stress curve can be largely linearized
when a logarithmic scale is used for the stress state variable.
The compressive index Ct can be computed from Fig. 13.25
and is commonly referred to as the compression index Cc

for the saturated soil. The Dt index is related to Ct on the
saturation plane:

Ct = DtGs (13.78)

Figure 13.26 illustrates a typical SWCC plotted on a
semilogarithmic scale. A reasonably linear curve is obtained
over a wide stress change in comparison to the arithmetic
plot in Fig. 13.19. The slope of the SWCC is equal to the
Dm index. The Cm index can then be computed from the
Cm/Dm ratio obtained from the slope of the shrinkage curve
(Fig. 13.20).

Using a conversion between a semilogarithm scale and an
arithmetic scale (Lambe and Whitman, 1979), the Ct , Cm,
Dt , and Dm indices can be written in terms of the at , am,
bt , and bm coefficients:

Ct = at

(
σ − ua

)
ave

0.435
(13.79)

Cm = am

(
ua − uw

)
ave

0.435
(13.80)

Dt = bt

(
σ − ua

)
ave

0.435
(13.81)

Dm = bm

(
ua − uw

)
ave

0.435
(13.82)

where:

(σ − ua)ave = average of the initial and final net normal
stresses for an increment and

(ua − uw)ave = average of the initial and final matric suc-
tions for an increment.

The 0.435 constant arises from the logarithm of the natural
log base taken to the base 10 (i.e., log10 2.718). Even though
the extreme planes take on a linear relationship, the cross
section of the constitutive surface on the logarithmic, the
log
(
σ − ua

)
and log

(
ua − uw

)
plane is no longer a series

of straight lines as observed on the arithmetic
(
σ − ua

)
and

(
ua − uw

)
plane. Figure 13.27 shows a comparison
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Figure 13.26 Typical SWCC plotted to semilogarithmic scale.

of the constitutive surface cross section at a constant void ratio
when plotted using the arithmetic and logarithmic scales. An
essentially linear cross section on the arithmetic plot becomes
an asymptotic curve on the logarithmic plot.

The asymptotic cross-sectional curve illustrates the
logarithmic form of the void ratio constitutive surface in
Fig. 13.28a. Ho (1988) proposed an approximate form of
the void ratio constitutive surface, as shown in Fig. 13.28b.
The approximate surface consists of three planes, namely,
planes I, II, and III. The three planes converge at a void ratio
ordinate corresponding to nominal values of the stress state
variables [i.e., log

(
σ − ua

) ≈ 0 and log
(
ua − uw

) ≈ 0].
Planes I and III are referred to as the orthogonal planes.
Plane I is perpendicular to the e–log

(
σ − ua

)
plane and

has a slope in which is represented by the Ct index. Plane
III is perpendicular to the e–log

(
ua − uw

)
plane and has

a slope represented by the Cm index. In other words,
only one index is required to describe void ratio changes
when the stress state variable changes occur within the
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Figure 13.27 Cross section of void ratio surface plotted using arithmetic and logarithmic scales:
(a) cross section showing stress state changes across constant-void-ratio surfaces on arithmetic
scale; (b) cross section showing stress state changes across constant-void-ratio surfaces on loga-
rithmic scale (modified after Escario, 1969).
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(a)

(b)

Figure 13.28 Logarithmic form for void ratio constitutive sur-
face for loading conditions: (a) void ratio constitutive surface
for loading when plotted using log-log scale for state variables;
(b) approximation of void ratio constitutive surface on log-log plot
(from Ho, 1988).

regions defined by planes I and III. Therefore, the void
ratio constitutive equation describing plane I or III can be
written in a general form as

de = Ctd log
(
σ − ua

)+ Cmd log
(
ua − uw

)
(13.83)

The water content constitutive equation describing plane
I or III can be written as

dw = Dtd log
(
σ − ua

)+ Dmd log
(
ua − uw

)
(13.84)

Plane II represents a transition zone between planes I
and III. This plane intersects both the void ratio versus
log
(
σ − ua

)
plane and the void ratio versus log

(
ua − uw

)
plane. These intersection lines define the slope of plane II,
namely, the C ′

t and C ′
m indices. Two indices are required

to describe void ratio changes when the stress state variable
changes occur within the region of plane II. The C ′

t and
C ′

m indices are evaluated from the Ct and Cm indices. The

constitutive equation describing plane II can be written as

de = C ′
t d log

(
σ − ua

)+ C ′
md log

(
ua − uw

)
(13.85)

where:

C ′
t = slope of the intersection line of plane II with the

void ratio versus log
(
σ − ua

)
plane and

C ′
m = slope of the intersection line of plane II with the

void ratio versus log
(
ua − uw

)
plane.

Line b, associated with plane II, is assumed to be parallel
to line a , which joins planes I and III (Fig. 13.28b). This
assumption is required in order to construct the intersection
lines of plane II on the extreme planes. The above approxi-
mation is also applicable to the unloading surface of the void
ratio constitutive surface (Ho, 1988). The character of the
water content constitutive surface is not fully understood.

Further insight into the relationship between the consti-
tutive surfaces can be obtained through examination of the
Pham-Fredlund (2005) volume-mass model, which is based
on a series of reasonable and verifiable assumptions. The
volume-mass model commences with a saturated soil and
allows a variety of stress state changes to be applied to the soil.

13.6 PHAM-FREDLUND VOLUME-MASS
CONSTITUTIVE MODEL (2011a)

There is no single, unique relationship between overall vol-
ume change (and phase volume changes) for all possible
stress paths that can be applied to an unsaturated soil. This
is even true for isotropically loaded soils. Total volume
changes and water volume changes in an unsaturated soil
constitute independent processes. Changes in net normal
stresses can produce behavior that is independent of changes
in soil suction. The Pham-Fredlund (2011a) volume-mass
change model simulates mechanical behavioral changes (i.e.,
stress-strain behavior) and capillary behavioral changes (i.e.,
adsorption-desorption behavior) (Pham, 2005; Fredlund and
Pham, 2006; Pham and Fredlund, 2011a). Modeling the
effect of soil suction changes is quite different from mod-
eling the effect of net normal stress changes in an unsatu-
rated soil.

Deformations associated with the overall soil mass are
directly related to changes in the volume of voids (or pores)
in the soil. Total volume change and water volume change
result in changes in the volume and shape of the soil pores.
The “shape” of a pore is referred to as an “open pore diam-
eter” (or “neck pore diameter”) or a “body pore diameter,”
according to Haines (1930) capillary theory. The open pore
diameter is related to the air-entry value of the pore defined
by the drying curve. The body pore diameter on the wetting
curve is referred to as the water-entry value of the pore.
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The pores of a soil are comprised of a variety of shapes
and volumes. The pore-size distribution curve of a soil rep-
resents the volume and the shape of pores in the soil. The
pore-size distribution of a soil at any stress state provides
information related to the total volume of voids and the vol-
ume of water in the soil. The pore-size distribution curve
is changed when soil suction or mean net normal stress is
changed (Fig. 13.29). Water volume changes are related to
the pore-size distribution curve.

A comprehensive volume-mass constitutive model
for unsaturated soils should include (i) the selection of
appropriate stress state variables along with a specified
reference stress state; (ii) statements regarding the basic
assumptions for the response of a pore volume to changes in
net mean stress and soil suction; (iii) the formulation of the
stress-strain relationship for the soil structure surrounding
a group of pores, including changes to air-entry value,
water-entry value, yield stress, total volume, and water
volume; (iv) the determination of the compression (i.e.,
unloading/reloading indices) for groups of pores; and (v) an
accommodation of the hysteretic nature of the SWCC.

13.6.1 Stress State and Concept of Pore
Volume Behavior

There are three stress state variables that can be used when
describing the mechanical behavior of a soil as it changes
from a saturated state to an unsaturated state. Under isotropic
loading conditions (i.e., σx = σy = σz), the state variables
are (i) net mean stress p = (σ1 + σ2 + σ3)/3 − ua , (ii) soil
suction, ψ = (ua − uw), and (iii) mean effective stress p∗ =
(σ1 + σ2 + σ3)/3 − uw. Only two of the stress state vari-
ables are independent when considering any particular phys-
ical process even though there are three possible forms for
the stress state variables.

A pore volume in an unsaturated soil can be either filled
with water or essentially empty of water. The mean effective
stress p∗ can be assumed to control the mechanical behavior
of the soil structure when a particular pore volume is filled
with water. Similarly, when the pore is empty, the net mean
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Figure 13.29 Changes in pore-size distribution for changes in net
mean stress or soil suction (from Pham, 2002).

stress p can be assumed to control the mechanical behavior
of the soil structure surrounding the pore. Soil suction ψ

provides information as to when a pore is filled with water
or empty of water.

A mean net stress state of 1 kPa and zero soil suction
have been arbitrarily selected as the reference stress state of
the soil for the development of the proposed volume-mass
constitutive model which commences with a saturated
slurry soil (Pham, 2005). Soil suction plays the same role
as net mean stress (isotropic) when the pores in the soil
are filled with water (Alonso, 1993; Kohgo et al., 1993;
Wheeler and Sivakumar, 1995; Fredlund and Rahardjo,
1993b). The selected reference stress state assumes that the
air-entry value of the soil is greater than 1 kPa. The void
ratio e is selected to represent the overall volume changes
and gravimetric water content w is selected to represent the
amount of water in the soil.

13.6.1.1 Drying and Wetting Pore-Size Distribution

The pore-size distribution function provides basic infor-
mation for the development of a volume-mass constitutive
model for unsaturated soils. Numerous researchers have
described the meaning of the pore-size distribution (Brooks
and Cory, 1964; Fredlund and Xing, 1994; Vanapalli et al.,
1996a; M.D. Fredlund, 2000; Simms and Yanful, 2001; Cui
et al., 2002). The pore-size distribution has also been used
to model the hysteretic nature of the SWCC (Haines, 1930;
Mualem, 1973, 1974; Nimmo, 1992).

The pore-size distribution curve of a soil is generally plot-
ted using a semilogarithm scale for soil suction (M.D. Fred-
lund, 2000; Simms and Yanful, 2001) (Fig. 13.29). There
are two limiting pore-size distribution curves for a soil. The
pore-size distribution can be written as the ratio of pore vol-
ume per unit weight versus the “open pore diameters” (i.e.,
drying suction or air-entry value of the pore), referred to as
the drying pore-size distribution (DPD). The pore-size dis-
tribution can also be written as the ratio of pore volume per
unit weight versus the “body pore diameters” (i.e., wetting
suction or water-entry value of the pore), referred to as the
wetting pore-size distribution (WPD). The DPD and WPD
constitute the initial bounding drying curve and the bounding
wetting curve of the SWCCs for a soil (Fig. 13.30).

The pore-size distribution of a soil changes with soil
suction and net mean stress. Drying a soil from initially
slurry conditions to completely dry conditions (i.e., suction
of 106 kPa) gives the reference pore-size distribution curve
for the soil. A soil has two reference pore-size distribution
curves (i.e., one curve with respect to increasing soil suction
and one curve with respect to decreasing soil suction).
The reference DPD provides information regarding the
air-entry value and the volume distribution of the pores
(i.e., the initial bounding drying SWCC). The reference
WPD provides information regarding the water-entry value
and the volume distribution of the pores in the soil (i.e., the
bounding wetting SWCC). The reference DPD and WPD
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Figure 13.30 Change in pore-size distribution resulting from
changes in net mean stress or soil suction (from Pham, 2002).

curves form the basic building units for the development of
a volume-mass constitutive model.

13.6.2 Basic Assumptions for Volume-Mass
Constitutive Model

The Pham and Fredlund (2011) volume-mass constitutive
model is based on several assumptions. These assumptions
are based on the findings from several research studies.

Assumption 1. A particular pore in an unsaturated soil
has one of two possible states: (i) the pore can be filled with
water or (ii) the pore can be empty or essentially dry. This
assumption 1 has been widely accepted in the development
of hysteresis models for SWCCs (Néel, 1942, 1943; Poulo-
vassilis, 1962; Mualem, 1973, 1974; Pham et al., 2005). This
assumption allows pore volumes to be assumed to be either
empty or filled at a designated suction.

Assumption 2. Soil suction affects only the water-filled
pores and does not directly affect the dry-filled pores while
net mean stress has an effect on all pores in the soil. This
assumption is consistent with the mechanical unsaturated
soil behavior suggested by Alonso et al. (1994) and Wheeler
and Sivakumar (1995). The maximum stress acting on the
soil structure surrounding a pore is equal to the air-entry
value of the pore during the drying process under zero net
mean stress. Therefore, the pore is empty and soil suction

does not affect the soil structure surrounding the pore. The
pore-size distribution function of the soil provides infor-
mation regarding the maximum stress acting on the soil
structure surrounding each pore during the drying process.
Similarly, the maximum stress that acts on the soil struc-
ture surrounding each pore during a wetting process is the
water-entry value of the pore.

Assumption 3. Each water-filled pore in a soil has
two indices: (i) a virgin compression index C

p
c and (ii) an

unloading-reloading compression index C
p
s . The compres-

sion indices of a saturated soil are defined as the change in
void ratio of the soil with respect to a change in logarithm of
mean effective stress under saturated conditions (Pham et al.,
2005). The virgin compression and unloading-reloading
indices of a water-filled pore are defined as follows:

Cp
c = dvp

Vsd
[
log(p∗)

] = vp

b − vp
a

Vs�ζ
(p∗ > yield stress)

(13.86)

Cp
s = dvp

Vsd
[
log(p∗)

] = vp

b − vp
a

Vs�ζ
(p∗ < yield stress)

(13.87)
where:

C
p
c = virgin compression index of the water-filled pore,

C
p
s = unloading-reloading index of a water-filled pore,

vp

b = volume of the pore prior to an increase in load,
vp
a = volume of the pore after an increase in load, and

�ζ = infinitesimal increment of logarithmic mean effec-
tive stress.

Assumption 4. There are two types of pores: (i) col-
lapsible pores and (ii) noncollapsible pores. Collapsible
pores are relatively large pores while noncollapsible pores
are relatively small interconnected pores (Fig. 13.31).
Noncollapsible pores are assumed to be incompressible.

This assumption is similar to the macro- and microstruc-
tures described by Alonso et al. (1994) and Wheeler and
Sivakumar (1995). Measured pore-size distribution curves for
soils under various loading and compaction conditions show
that micropores do not appear to change significantly when
the volume of the soil changes (Sridharan et al., 1971; Ahmed
et al., 1974; Delage and Graham, 1995; Al-Mukhtar, 1995;
Alonso et al., 1995; Wan et al., 1995; Lloret et al., 2003).
Data showing the effect of net mean stress on the pore-size
distribution of montmorillonite clay are shown in Fig. 13.32.

The assumption related to collapsible and noncollapsible
pores is consistent with the hysteretic nature of SWCCs.
The two types of pores explain the hysteretic phenomena
associated with the SWCC (Fig. 13.33). The drying and
wetting processes associated with the two types of pores
along with the hysteretic SWCCs are shown in Fig. 13.34.
It is assumed that water in the soil exists primarily in
noncollapsible pores once the soil suction exceeds residual
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Figure 13.31 Two types of pores in soil: (a) before collapse and (b) after collapse (from Pham,
2002).
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Figure 13.32 Mercury intrusion test results showing pore-size
distribution of two montmorillonite soil samples compacted at dif-
ferent dry densities (after Lloret et al., 2003).

conditions. Consequently, there should be little hysteresis
between the wetting curve and the drying curves at water
contents lower than the residual water content.

Assumption 5. Virgin compression and unloading-
reloading indices for a pore in the soil are proportional to the
pore volume at the reference stress state (i.e., loading from
1 kPa net mean stress and zero soil suction).

This assumption 5 indicates that larger pore sizes result in
higher virgin compression and unloading-reloading indices
(Pham, 2005). If this assumption and assumption 3 are
combined, the virgin compression and unloading-reloading
compression indices of a pore can be calculated from the
virgin compression and unloading-reloading indices of
the soil:

Cp
c = vp(0, 1)

Vp(0, 1)
Cc (13.88)

Cp
s = vp(0, 1)

Vp(0, 1)
Cs (13.89)

where:

C
p
c , C

p
s = compression index of the pore having a vol-

ume of vp(0, 1) at the reference stress state
(i.e., zero soil suction, 1 kPa net mean stress),

vp(0, 1) = volume of the pore at the reference stress state,
Vp(0, 1) = total volume of all pores in the soil at the ref-

erence state,
Cc = virgin compression index of the soil, and
Cs = unloading-reloading index of the soil.

Assumption 6. Pores are deformed and water is either
absorbed or drained through processes independent of net
mean stress change. Two types of physically based models
have been proposed to represent the hysteretic nature
of SWCCs: (i) independent models and (ii) dependent
models.

Independent models assume that absorption or drainage of
water from a pore is independent of the surrounding pores.
Dependent models take into account the effect of blockage
from surrounding pores (Pham, 2002, 2005). Independent
models are simpler to use and appear to provide an adequate
representation of hysteresis associated with SWCCs (Everett,
1955; Topp, 1971; Poulovassilis and Childs, 1971; Mualem,
1973, 1974; Pham, 2002; M.D. Fredlund et al., 2003).
Noncollapsible pores are assumed to be incompressible (i.e.,
assumption 3). Collapsible pores are assumed to deform
independently once the noncollapsible pores do not change
volume.

Assumption 7. The unloading-reloading index of an air-
filled pore is approximately zero. Silva et al., (2002) assumed
that the unloading-reloading index of an unsaturated soil under
constant soil suction decreases with each suction increment.
Under completely dry conditions (i.e., soil suction equal to
106 kPa), the unloading-reloading index for the soil structure
is assumed to approach zero and unloading-reloading indices
for the soil pores also approach zero (Vilar and Davies, 2002;
Lloret et al., 2003).
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Figure 13.33 (a) Collapsible and (b) noncollapsible pores used to explain SWCC hysteresis
(modified from Poulovassilis, 1962).
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boundary drying and wetting SWCCs (from Pham, 2002).

13.6.3 Volume Change of Pore under Various Stress
Paths

Volume-mass constitutive relationships for unsaturated soils
are stress path dependent (Alonso, 1993; Pham, 2005). The
stress-strain relationship for the soil structure surrounding a
pore can be considered for four basic stress paths (i.e., load-
ing, unloading, drying, and wetting). The net mean stress
also affects the air-entry value and the water-entry value of
the soil. Consideration is given to a pore volume from a
representative soil element.

13.6.3.1 Drying-Wetting Processes under Zero Net
Mean Stress

Let us consider the drying process for an initially saturated
soil element. The starting soil suction is less than the air-
entry value of the soil. The pores are filled with water and
the stresses acting on the soil structure surrounding the pore
are equal to the soil suction ψ . When soil suction is higher
than the air-entry value, some pores become filled with air
and soil suction is assumed to not further affect the soil
structure surrounding the emptied pore. The yield stress of
the pore becomes equal to the air-entry value of the pore.

The volume of the air-filled pore is the same as that of a pore
with a suction equal to the air-entry value, while the water
content in the specific pore under consideration is assumed
to be equal to zero. An illustration of the overall volume and
water volume changes of a pore along the drying process
from an initial slurry condition is shown in Fig. 13.35. The
volume of a pore, vp(ψ, 0), at a suction equal to ψ along
the drying curve can be calculated as follows:

vp(ψ, 0) =
{

vp(1, 0) − VsC
p
c log(ψ) for ψ ≤ ψaev

vp(1, 0) − VsC
p
c log(ψaev) for ψ > ψaev

(13.90)
where:

ψaev = air-entry value of the pore,
C

p
c = virgin compression index of the pore,

Vs = volume of the solid phase of the representa-
tive soil element, and

vp(ψ, 0) = volume of the pore at a suction of ψ and zero
net mean stress.

A similar equation can be written to represent the volume
of water in a pore, vw(ψ, 0), along the drying process:

vw(ψ, 0) =
{

vp(1, 0) − VsC
p
c log(ψ) for ψ ≤ ψaev

0 for ψ > ψaev

(13.91)
where:

C
p
c = virgin compression index of the pore and

vw(ψ, 0) = volume of water at a soil suction of ψ and
zero net mean stress.

The volume of the pore does not change until soil suction
is equal to the water-entry value during the wetting process
of an air-filled pore (Fig. 13.35). A pore is filled with water
when soil suction is less than the water-entry value and the
soil will expand as soil suction decreases. The volume of the
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Figure 13.35 (a) Volume change and (b) water content change
of pore during initial drying process (from Pham, 2002).

pore at any suction ψ along a wetting process (i.e., from an
initially air-filled condition) can be calculated as follows:

vp(ψ, 0)

=
⎧⎨
⎩ vp(ψaev, 0) + VsC

p
s log

(
ψ

ψaev

)
for ψ ≤ ψwev

vp(ψaev, 0) for ψ > ψwev

(13.92)
where:

C
p
s = unloading-reloading index of the pore and

ψwev = water-entry value of the pore.

An equation for the volume of water in a pore along a
wetting process (i.e., initially air-filled condition) can be
written as follows:

vw(ψ, 0)

=
⎧⎨
⎩ vp(ψaev, 0) + VsC

p
c log

(
ψ

ψaev

)
for ψ ≤ ψwev

0 for ψ > ψwev

(13.93)

13.6.3.2 Drying Process under Constant Net
Mean Stress

The air-entry value of a pore, ψaev, is also a function of net
mean stress p and can be expressed as ψaev(p). The volume
of a pore is a function of the net mean stress p and soil

suction ψ . The volume of the pore under dry conditions
(i.e., dry under zero net mean stress) can be calculated from
Eq. 13.90 as follows:

vp(ψaev, 0) = vp(1, 0) − Cp
c Vs log(ψaev) (13.94)

where:

ψaev = air-entry value of a pore when drying takes
place under zero net mean stress and

vp(1, 0) = volume of the pore corresponding to the ref-
erence stress state (i.e., 1 kPa soil suction and
zero net mean stress).

The air-entry value of a pore dried under a net mean
stress is higher than that of a pore dried under zero net
mean stress (Fig. 13.36). Net mean stress and soil suction
have the same effect when a pore is filled with water. The
volume of a pore at a suction value equal to the air-entry
value, ψaev(p), and a net mean stress of p can be presented
as follows:

vp(ψaev(p), p) = vp(1, 0) − Cp
c Vs log(ψaev(p) + p)

(13.95)
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Figure 13.36 Effects of net mean stress on air-entry value, vol-
ume change, and water content change of pore during drying
process: (a) volume change comparison of pore drying under zero
load and drying under a constant net mean stress p; (b) water con-
tent change comparison of pore drying under zero load and drying
under constant net mean stress p (from Pham, 2002).
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where:

vp(ψaev(p), p) = volume of the pore at a net mean stress
p and a soil suction equal to the air-
entry value of the pore if the soil is
dried under a net mean stress p and

ψaev(p) = air-entry value of the pore if the soil
is dried under a constant net mean
stress p.

The relationship between soil suction and volume changes
of a pore can be derived based on the capillary equation
relating matric suction to the diameter of a capillary tube.
The following equation is obtained when assuming that the
deformations of a pore are isotropic (i.e., εx = εy = εz):

ψa

ψb

= 3V0

3V0 − �V
(13.96)

where:

ψb = air-entry value (or water-entry value) of the pore
before deformation (i.e., initial volume of V0) and

ψa = air-entry value (or water entry value) of the pore
after deformation.

The air-entry and water-entry values of a pore depend on
the smallest and largest open pore diameters, respectively,
connected to the pore. The above equation does not ade-
quately describe changes in air-entry value (or water-entry
value) under isotropic net total stress loading. Therefore, the
“pore shape parameter” η can be introduced to assist in bet-
ter representing the relationship between the air-entry value
of a pore that is dried under zero net mean stress and a pore
that is dried under a constant net mean stress p:

ψa

ψb

= 3V0

3V0 − η�V
(13.97)

where:

η = pore shape parameter depending on soil type and
stress history (η = 1).

The virgin compression index of a pore can be calculated
in accordance with assumptions 3 and 5:

Cp
c = vp(0, 1)

Vp(0, 1)
Cc (13.98)

where:

Vp(0, 1) = total volume of all pores in the soil element
at the reference stress state and

Cc = virgin compression index of the soil.

Substituting Eqs. 13.94, 13.95, and 13.98 into Eq. 13.97
and simplifying give

1 − η
Cc{log(ψaev(p) + p] − log(ψaev)}

3
[
esat − Cc log(ψaev)

] = ψaev

ψaev(p)

(13.99)
where:

esat = void ratio at saturation.

There is an unknown air-entry value in Eq. 13.99 for a
pore, ψaev(p), when the soil is dried under constant net mean
stress p. The solution of the above equation is quite complex
(Pham, 2005) but can be approximated as follows:

1 − η
Cc

[
log(ψaev + p) − log(ψaev)

]
3
[
esat − Cc log(ψaev)

] = ψaev

ψaev(p)

(13.100)

Equation 13.100 presents the relationship between the air-
entry value (or water-entry value) of a pore under zero net
mean stress and the air-entry value of the pore when the
slurry soil is loaded to a mean effective stress p0 and then
dried under a constant net mean stress p. In the case where
the net mean stress p is smaller than p0, a similar equation
can be derived to take into account the elastic deformation
when the soil is unloaded from p0 to p + ψaev:

1 − η

[
(Cc − Cs) log(py) + Cs log(ψaev + p)

−Cc log(ψaev)
]

3[esat − Cc log(ψaev)]

= ψaev

ψaev(p, py)
(13.101)

py = py(ψaev) = P(ψaev, p, p0)

=
{

p0 for ψaev + p ≤ p0

p + ψaev for ψaev + p > p0

(13.102)

where:

p0 = yield stress prior to the drying process and
py = yield stress of the soil.

Equation 13.102 is a discontinuous function; however, a
mathematical technique can be used to produce a continuous
function (Pham, 2005). The technique used to produce the
continuous function is similar to that used for the volume
change SWCC for a soil (Pham and Fredlund, 2008):

py = py(ψaev) = P(ψaev, p, p0)

= [tan−1(ψaev+p − p0) + 1.571](ψaev+p − p0)

3.142
+p0

(13.103)
The relationship between the air-entry value of a pore

subjected to zero yield stress and dried under zero net mean
stress and the case where the pore has experienced a yield
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stress py and then dried under a constant net mean stress p
is as follows:

ψaev

ψaev(p, py)

= 1 − η

(Cc − Cs) log(py) + Cs log(ψaev + p)

−Cc log(ψaev)

3
[
esat − Cc log(ψaev)

]
(13.104)

where:

py = yield stress of the soil and
ψaev(p, py) = air-entry value of a pore when the yield

stress is equal to py and drying takes place
under a net mean stress p.

13.6.3.3 Wetting Process under Constant Net
Mean Stress

The water-entry value of a pore having a yield stress py

that is wetted under a constant net mean stress p [i.e.,
ψwev(p, py)] is higher than when the pore is dried and wet-
ted under zero net mean stress (i.e., reference water-entry
value, ψwev). The relationship between the two water-entry
values can be calculated in a similar manner to that used for
the drying process:

ψwev

ψwev(p, py)

= 1 − η

(Cc − Cs) log(py) + Cs log(ψwev + p)

−Cc log(ψaev)

3[esat − Cc log(ψaev)]
(13.105)

where:

ψaev = air-entry value of the pore at zero net
mean stress (i.e., reference air-entry
value),

ψwev = water-entry value of the pore having zero
yield stress and being wetted under zero
net mean stress (i.e., reference water entry
value), and

ψwev(p, py) = water-entry value of the pore when it has
experienced a yield stress of py and is
wetted under a constant net mean stress of
p, where py is equal to the yield stress of
the pore with a pore-shape parameter, η.

Alonso (1993) observed that stress paths related to the
wetting process were stress path independent. It appears rea-
sonable to assume that the volume of a pore after wetting to
a selected soil suction ψ and then subjected to a net mean
stress p is equivalent to that of the pore that is first loaded
to a net mean stress p and then wetted to a soil suction ψ .

There are two types of pores after a wetting process:
(i) water-filled pores and (ii) air-filled pores. A pore that
is filled with air after the wetting process is called the con-
tinuously air-filled pore. For a water-filled pore, the volume
of the pore at a suction ψ and a net mean stress p can be
calculated as follows:

vp(ψ, p, py) = vp(1, 0) − VsC
p
c log(py)

+ VsC
p
s log(p + ψ/py) (13.106)

The yield stress of a pore filled with water after the wetting
process can be calculated as follows:

py = py(ψwev) =
{

p0 for (ψ + p) ≤ p0

p + ψwev for (ψ + p)> p0

(13.107)
where:

ψwev = reference water-entry value of the pore and
p0 = yield stress prior to the wetting process.

The volume-mass constitutive model for unsaturated
soils must reflect yield in the soil structure surrounding
continuously air-filled pores. This concept is consistent with
elastoplastic theories for soils subjected to isotropic loading
conditions. There are three alternative assumptions that might
be made regarding the stress-strain relationship surrounding
a continuously air-filled pore. These can be stated as follows.

Alternative 1. The simplest solution is to assume that
continuously air-filled pores are incompressible (Fig. 13.37).
Under this assumption the yield stress of a continuously air-
filled pore does not change with a change in soil suction or
net mean stress, and the yield stress py can be written as

py = py(ψaev) = p0 (13.108)

where:

py = yield stress of the continuously air-filled pore (i.e.,
having a reference air-entry value of ψaev) after the
wetting process and

p0 = yield stress of a pore prior to the wetting process.

Alternative 2. Another solution is to assume that the
compression curve of a continuously air-filled pore at con-
stant soil suction (on a logarithmic net mean stress scale)
can be expressed as a combination of two straight lines cor-
responding to the virgin compression line and the unloading-
reloading line (Fig. 13.37). The unloading-reloading index
of an air-filled pore would be taken as zero (i.e., assump-
tion 7). Therefore, the volume change of an air-filled pore
would only depend on the yield stress of the pore. The yield
stress of a continuously air-filled pore is a function of the
virgin compression index of the pore (i.e., when it is filled
with air).
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Figure 13.37 Compression curves for pore at three different soil suctions (0, ψ , and 106 kPa)
(from Pham, 2002).

The virgin compression index of a continuously air-filled
pore should lie between the virgin compression indices of a
pore when the soil is completely dry and a pore when soil
suction is equal to zero. Figure 13.37 illustrates compression
curves for a pore at three different soil suctions: (i) satura-
tion (i.e., zero soil suction); (ii) when soil suction is equal
to a specified value ψ , where the pore is filled with air; and
(iii) at 106 kPa (i.e., soil is completely dry). Further details
concerning the equations associated with each of the men-
tioned alternatives can be found in Pham (2005) and Pham
and Fredlund (2011a).

Alternative 3. A third solution could assume that there
are some small particles and cementing materials that act to
bond the larger particles together at completely dry condi-
tions. Along the wetting process, water gradually fills the
pores and reduces the bonding strength that holds soil parti-
cles in position (Lawton et al., 1991a, 1991b; Pereira, 1996).
It can be assumed that all bonds are removed when all inter-
connected pores (i.e., noncollapsible pores) are filled with
water. The continuously air-filled pores reach maximum col-
lapse conditions and the equivalent yield stress on the soil
structure surrounding a continually air-filled pore is equal
to the magnitude of the net mean stress. The equivalent
yield stress of the soil structure surrounding continuously
air-filled pores could be assumed to be a function of the
amount of water in the interconnected pores and the net
mean stress.

13.6.3.4 Loading-Unloading Processes at Constant
Soil Suction

Two types of pores (i.e., air-filled pores and water-filled
pores) are considered during loading-unloading processes of
an unsaturated soil. The pore may collapse and the water-
entry value of the pore is decreased when the soil structure
surrounding an air-filled pore is loaded. The pore absorbs

water and becomes a water-filled pore when soil suction is
less than the water-entry value. Loading-unloading of the
soil structure surrounding a water-filled pore is similar to
the loading-unloading of a saturated soil. If soil suction is
higher than the water-entry value, the pore is still filled with
air after the loading process and is called a continuously
air-filled pore.

13.6.4 Mathematical Formulation for Drying Process
of Initially Slurry Soil

Equations for the compression indices associated with each
group of pores along with the pore-size distribution are
presented for the reference pore-size distribution function.
Details of the mathematical derivation of each equation can
be found in Pham (2005).

13.6.4.1 Curve-Fitting Model for SWCC

The drying SWCC starting from an initial slurry condition
(i.e., gravimetric water content versus soil suction) can be best
fit using the following SWCC equation (Pham and Fredlund,
2008):

w(ψ) =
[(

wsat − Cc

Gs

log(ψ) − wr

)
a

ψb + a

+ wr

] (
1 − ln(1 + ψ/ψr)

ln(1 + 106/ψr)

)
(13.109)

where:

Cc = virgin compression index of the soil,
Gs = specific gravity of the soil particles,
wr = residual gravimetric water content,
wsat = water content of the slurry soil at an effective stress

of 1 kPa, and
a, b = curve-fitting parameters.
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13.6.4.2 Equation for Compression Indices of Pores
and Reference Drying Pore-Size Distribution

A soil is completely dry at a soil suction of approximately
106 kPa (Fredlund and Rahardjo, 1993a). Let us denote the
soil suction at which a soil is completely dry as ψmax and
designate ξmax as log(ψmax) on a logarithmic suction scale. Let
us consider a representative element of soil dried from slurry
where the volume of solids is equal to Vs . The total volume
of the pores, Vp, in the soil element under dry conditions (i.e.,
at a soil suction of ψmax) can be calculated as follows:

Vp = Va =
ξmax∫
0

fd(x) dx (13.110)

where:

fd(x) = reference DPD,
Vp = total volume of pores, and
Va = total volume of air in the soil element at a suction

of ψmax.

The volume of the soil element at a suction ψ can be
calculated as the summation of the volume of solids, water,
and air in the soil:

V (ψ) = Vs + Va(ψ) + Vw(ψ) (13.111)

where:

V, Vs, Va, Vw = overall volume of the representative soil
element, volume of solid phase, volume
of air phase, and volume of water phase
at a soil suction ψ , respectively.

The volume of the solid phase, Vs , is a constant at any soil
suction or net mean stress. The volume of the air phase at a
suction ψ is equal to the summation of the volume of pores that
have an air-entry value smaller than the designated suction:

Va(ψ) =
ξ∫

0

fd(x) dx (13.112)

The volume of the water phase, Vw, at any suction value ψ

is equal to the summation of the volume of pores that have an
air-entry value greater than a suction ψ . An equation for the
volume of water in the soil at a suction ψ can be written as

Vw(ψ) =
ξmax∫
ξ

[
fd(x) + Cp

c (x)Vs (x − ξ)
]
dx (13.113)

where:

ξ = log(ψ),

C
p
c (x ) = summation of the virgin compression index of pores

having the same reference drying suction of x (i.e.,
air-entry value), and

Vs = volume of solid phase.

The following equation for the virgin compression index
of a group of pores can be derived by combining Eqs. 13.98,
13.110, 13.111, 13.112, and 13.113:

Cp
c (ξ) = d

[−Gsw(10ξ )Cc/(esat − Ccξ)
]

dξ
(13.114)

where:

esat = void ratio of the soil at the reference stress state of
1 kPa and

w(ψ) = water content along the initial drying SWCC.

The reference DPD can also be obtained by forcing all pores
in the soil to dry to respective drying soil suctions (Pham,
2005). An equation for the reference DPD can be written as

ξ∫
0

fd(x) dx = V
p

dry − GsVs

⎡
⎢⎣w(ψ) −

ξmax∫
ξ

w(10x)Cc

esat − Ccx
dx

⎤
⎥⎦

(13.115)

13.6.4.3 Volume Change of Collapsible
and Noncollapsible Pores

There does not need to be a distinction between collapsible
pores and interconnected pores. Noncollapsible pores are
interconnected pores that do not exhibit significant hystere-
sis between the wetting and drying processes. Water appears
to exist only in the noncollapsible pores when soil suction
exceeds residual conditions. The total volume of the non-
collapsible pores at residual suction is assumed to be equal
to the volume of water at residual suction.

The water content in a soil at a particular soil suction
can be divided into two components: (i) water in collapsi-
ble pores and (ii) water in noncollapsible pores. At suctions
higher than residual suction the water content in the soil
reflects the water in collapsible pores (Fig. 13.38). At soil
suctions less than residual suction the water content is equal
to that of the collapsible pores (or the water content at
residual suction). Let us denote a function that presents
gravimetric water content in the collapsible pores as wc(ψ).
The function wc(ψ) can be calculated as follows:

wc(ψ) =
{

w(ψ) − wr for ψ ≤ ψr

0 for ψ > ψr

(13.116)

where:

wc(ψ) = gravimetric water content along the initial dry-
ing curve for an initially slurry soil and

ψr = residual suction for the soil.
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Figure 13.38 Illustration of gravimetric water content for collapsible and interconnected pores
along initial drying process (from Pham, 2002).

An equation for the SWCC of collapsible pores, wc(ψ),
can be obtained directly by using the curve-fitting parame-
ters used in Eq. 13.109:

wc(ψ) =
[(

wsat − Cc

Gs

log(ψ) − wr

)
a

ψb + a

]
(13.117)

where:

a, b, wr = curve-fitting parameters that can be obtained
by best-fitting Eq. 13.109 to the measured
SWCC.

13.6.4.4 Summary of Compression Indices of Pores

The virgin compression index of a group of noncollapsible
pores having an air-entry value of ξ can be calculated by
substituting Eq. 13.116 into Eq. 13.114:

Cp
c (ξ) = −d

[
Gswc(10ξ )Cc/(esat − Ccξ − wrGs)

dξ

]
(13.118)

Substituting Eq. 13.117 into Eq. 13.118, gives

Cp
c (ξ) = −

d
(
Cc

a

(10ξ )b+a

)
dξ

= −Ccab ln(10)(10ξ )b[
(10ξ )b + a

]2
(13.119)

where:

Cc = virgin compression index of the soil under satu-
rated loading and

a, b = curve-fitting parameters obtained from best fitting
the SWCC of the soil from (initial) slurry condi-
tions (Eq. 13.109).

Similarly, the unloading-reloading compression index of
the group of pores having a logarithmic soil suction ξ can
be calculated as follows:

Cp
s (ξ) = −

d
(
Cc

a

(10ξ )b+a

)
dξ

= −Csab ln(10)(10ξ )b[
(10ξ )b + a

]2
(13.120)

where:

Cs = unloading-reloading index of the soil at saturation.

An equation for the reference DPD of the soil can be
obtained by differentiating both sides of Eq. 13.115 and
then substituting Eq. 13.117 into the new formulation:

fd(ψ) = −d [w(ψ)]

dψ
Gsψ ln(10) − aCc

ψb + a
(13.121)

where:

w(ψ) = gravimetric water content along the initial drying
curve of an initially slurry soil.

An equation can be derived for the virgin compression
index of air-filled pores in a manner similar to that used
for the compression indices for water-filled pores. The dried
virgin compression index of a group of pores having an
air-entry value ξ can be written as follows:

C
p

cd(ξ) = −Ccdab ln(10)(10ξ )b[
(10ξ )b + a

]2 (13.122)

where:

Ccd = virgin compression index of the soil under dried
conditions.
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13.6.5 Hysteresis Model for SWCC

The Pham and Fredlund (2011a) model for hysteretic SWCCs
based on the pore-size distribution curve can be applied to
various volume-mass constitutive pathways. The hysteresis
model for the SWCC is physically based (i.e., using pore-size
distribution) and particularly suited for geotechnical engi-
neering purposes. The pore-size distribution is described as a
function of two variables: the air-entry value and the water-
entry value of the pore (i.e., two-dimensional pore-size dis-
tribution function). Scanning SWCCs are assumed to be hor-
izontal with respect to the degree of saturation on the SWCC
(Wheeler et al., 2003). Therefore, each group of pores has a
unique relationship between drying and wetting suctions. The
relationship between the reference DPD and the reference
WPD can be described as shown in Fig. 13.39:

fw(ξ) = fd(ξ − �ξ) (13.123)

where:

fd(ξ) = reference drying pore-size distribution,
fw(ξ) = reference wetting pore-size distribution,

�ξ = difference between the air-entry value and water-
entry value of the group of pores having an air-
entry value of ψ (i.e., log-cycles), and

ξ = log(ψ).

There are three key hysteretic SWCCs for a soil: the initial
drying curve, the bounding drying curve, and the bounding
wetting curve (Pham et al., 2005). If the distance between
curves and the slope ratio between the two bounding curves
are known, the key hysteretic SWCCs can be predicted. The
reference WPD and the reference WPD can be calculated
from the bounding SWCCs of the soil (i.e., Eq. 13.123). The
reference pore-size distribution curves (i.e., desorption and
adsorption curves) can be calculated from a single SWCC
provided the slope ratio and the distance between the drying
and wetting bounding curves is known.

The proposed model also takes into consideration the
effect of the entrapped air. It is assumed that the amount
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Figure 13.40 Volume of water-filled pores and air-filled pores
during initial drying process (from Pham, 2002).

of air entrapped in a collapsible pore is proportional to
the pore volume and can be denoted by an entrapped air
parameter, β (Fig. 13.40).

13.6.6 Pham and Fredlund Volume-Mass Constitutive
Model for Saturated-Unsaturated Soils

The following equation is required to calculate the volume
of water-filled pores, vp(ψ), at a soil suction ψ :

vp(ψ) = vp(1, 0) − VsC
p
c log(py) + VsC

p
s log

(
py

ψ + p

)
(13.124)

where:

vp(1, 0) = volume of the pore at the reference stress state
(i.e., 1 kPa soil suction and zero net normal
stress) and

py = yield stress of the pore.

The volume of air-filled pores is also stress path depen-
dent. The volume of an air-filled pore during a drying pro-
cess can be calculated as follows:

vp(ψ) = vp(1, 0) − VsC
p
c log(py)

+ VsC
p
s log

(
py

ψaev(p, py) + p

)
(13.125)

The assumption is made that the volume of an air-filled
pore does not change after an unloading process. After a
loading process or a wetting process, the volume of air-filled
pores can be calculated using the following equation:

vp(ψ) = vp(1, 0) − VsC
p
c log(py) (13.126)

where:

py = yield stress of the pore calculated from one of the
suggested alternatives (i.e., alternative 1, 2, or 3).
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Figure 13.41 Evolution of yield surface (from Pham, 2002).

The yield stress can be described as a surface represent-
ing yield stresses of pores along the pore-size distribution
(Fig. 13.41). Equations for the change in the air-entry value
of a pore for collapsible and noncollapsible pores can be
obtained by modifying Eq. 13.104 as follows:

ψaev

ψaev(p, py)

= 1 − η

(Cc − Cs) log(py) + Cs log(ψaev + p)

−Cc log(ψaev)

3[esat − Cc log(ψaev) − wrGs]
(13.127)

Similarly, an equation for the change in the water-entry
value of a pore can be obtained by modifying Eq. 13.105 as
follows:

ψwev

ψwev(p, py)

= 1 − η

(Cc − Cs) log(py) + Cs log(ψwev + p)

−Cc log(ψaev)

3[esat − Cc log(ψaev) − wrGs]
(13.128)

If soil suction is less than the water-entry value of the pore
along a wetting path, then the pore is filled with water; other-
wise, it is filled with air. If suction is less than the air-entry
value along a drying process, then the pore is filled with
water; otherwise, it is filled with air. The air-entry value and
water-entry value of a pore are calculated using Eqs. 13.127
and 13.128, respectively.

The pore-size distribution of the soil corresponding to a
particular stress state can be calculated. The volume of water
in a representative soil element at a designated suction ψ

is calculated as a summation (i.e., integration) of all pore

(a)
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Figure 13.42 Volume-mass constitutive surfaces obtained from
loading-unloading processes of an initially slurry specimen dried
under various constant net mean stresses: (a) water content consti-
tutive surface; (b) void ratio constitutive surface.

volumes in the soil that have soil suction values higher than
the selected suction value. The overall volume of the rep-
resentative soil element can be calculated as a summation
from zero suction to a suction value of 106 kPa.

The volume-mass constitutive surfaces have been exper-
imentally shown to be stress path dependent (Alonso,
1993; Pham, 2005). Each volume-mass constitutive surface
pertains to a particular testing stress path and an equation
is required to describe that surface. It is possible, however,
to derive closed-form equations for the volume-mass
constitutive surfaces (i.e., both overall volume and water
content) corresponding to any particular stress paths.
Two equations can be used to describe the volume-mass
constitutive surfaces for simple stress paths (Fig. 13.42).
The stress paths commence with a soil at slurry conditions
that are loaded to a net mean stress of p0 at zero suction and
then dried under various constant net mean stresses. The
soil parameter m is not required for this stress path since
there is no change in net mean stress after pores are filled
with air.
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13.6.6.1 Equation for Water Content
Constitutive Surface

The water content of the soil at a suction ψ and a net mean
stress p have a uniform yield stress p0 (i.e., consolidated
at saturation) corresponding to the pores filled with water
at a suction ψs and zero net mean stress minus the change
in volume of a group of pores under a stress state equal to
p + ψand a yield stress (i.e., at saturation) p0 (Fig. 13.42).
When the soil is loaded to its yield stress p0 (i.e., at satu-
rated condition) and then dried under a constant net mean
stress p, pores are subject to higher effective stresses (i.e.,
σ − uw in the water-filled state) than when drying under zero
net mean stress. Changes in the pore volume consist of two
parts: (i) irreversible volume change (i.e., plastic or collapsi-
ble volume change) and (ii) reversible volume change (i.e.,
elastic volume change). An equation for the water content
constitutive surface can be written as follows:

w(ψ, p, p0) = w(ψs, 0, 0)

−
wc(ψs){(Cc − Cs) log[P(ψ, p, p0)]

−ξsCc + Cs log(ψ + p)}
(esat − Ccξs − wrGs)

(13.129)
where:

w(ψs, 0, 0) = water content at soil suction ψs on the
initial drying curve of the slurry soil,

P(ψ, p, p0) =
[tan−1(ψ + p − p0) + 1.571]

(ψ + p − p0)

3.142
+ p0,

ξs = log(ψs),

ψs =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1−

η{(Cc − Cs) log
[
P(ψ, p, p0)

]
+Cs log(ψaev + p)

−Cc log(ψaev)}
3
[
esat −Cc log(ψaev)−wrGs

]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

ψ,

esat = void ratio at the reference stress state,
1 kPa,

η = parameter representing the stress history

of the soil, wc(ψ) =
(

wsat − Cc

Gs

log(ψ)

− wr

)
a

ψb + a
,

a, b = curve-fitting parameters for the soil that is
initially dried from a slurry,

Gs = specific gravity of the soil particles,
wsat = gravimetric water content at the reference

stress state,
Cc,Cs = compression indices of the soil under sat-

urated conditions (i.e., zero soil suction),

p = net mean stress,
p0 = pre consolidated stress, and
wr = residual water content of the soil.

13.6.6.2 Equation for Void Ratio Constitutive Surface

The volume of voids in a soil at any stress state is equal to
the volume of water plus the volume of the dry pores. The
void ratio constitutive surface can be written as follows:

e(ψ, p, p0)

= esat − Gsw(ψs, 0, 0) −
ξs∫

0

Gswc(10x)Cc

esat − Ccx − wrGs

dx

+ w(ψ, p, p0)Gs + ([log(P (ψ, p, p0))]

− ξs

Gswc(ψs)(Cc − Cs)

esat − Ccξs − wrGs

)

−
ξs∫

0

Gswc(10x)(Cc − Cs)

esat − Ccx − wrGs

d[log(P (10x, p, p0) − x]

dx
dx

+
(

[log(ψ + p) − ψs]
Gswc(ψs)Cs

esat − Ccξs − wrGs

)

− Cs log(1 + p)

−
ξs∫

0

Gswc(10x)Cs

esat − Ccx − wrGs

d[log(10x + p) − x]

dx
dx

− (Cc − Cs) log[P(1, p, p0)] (13.130)

where:

w(ψs, 0, 0) = water content at soil suction ψs on the
initial drying curve of the slurry soil,

P(ψ, p, p0) =
[tan−1(ψ + p − p0) + 1.571]
(ψ + p − p0)

3.142
+ p0

ξs = log(ψs),

ψs =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1−

η{(Cc − Cs) log[P(ψ, p, p0)]

+Cs log(ψaev + p)

−Cc log(ψaev)}
3
[
esat −Cc log(ψaev)−wrGs

]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

ψ ,

esat = void ratio at the reference stress state,
η = parameter representing the stress history

of the soil,

wc(ψ) =
(

wsat − Cc

Gs

log(ψ) − wr

)
a

ψb + a
,

a, b = curve-fitting parameters for the drying
curve of the initially slurry soil,
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Gs = specific gravity of the soil particles,
wsat = gravimetric water content at reference

stress state,
Cc,Cs = compression indices of the soil at satu-

rated condition (i.e., zero soil suction),
p = net mean stress,

p0 = uniform yield stress, and
wr = residual water content of the soil.

13.6.6.3 Equation for Degree-of-Saturation
Constitutive Surface

The equation for the degree of saturation surface can be
derived from the equations for gravimetric water content
surface (Eq. 13.129) and the void ratio surface (Eq. 13.130)
as follows:

S(ψ, p, p0) = w(ψ, p, p0)Gs

e(ψ, p, p0)
(13.131)

13.6.7 Determination of Model Parameters

The proposed volume-mass constitutive model has complex
equations but requires relatively simple and conventional
laboratory test data as the required input soil parameters.
The data required to define the volume-mass constitutive
equations are as follows:

1. The initial drying SWCC for the initially slurry soil.
2. The pore shape parameter η to represent the effect of

net mean stress and stress history on the change in
the air-entry value of pores. This parameter can be set
to 1 (Pham, 2005) unless SWCCs are available where
laboratory measurements have been made at different
preconsolidation pressures.

3. Parameters for the hysteretic nature of the SWCC of
the soil, namely, the distance between the two inflec-
tion points of the two bounding hysteretic curves, DSL,
and the ratio between the slopes of the bounding drying
and the bounding wetting curves, RSL. These values
can be estimated as suggested by Pham (2005).

4. The virgin compression index of the air-dried soil from
an initially slurry specimen (i.e., completely dry spec-
imen; Fig. 13.43).

5. The soil parameter m required to determine the com-
pressibility of the soil structure surrounding contin-
uously air-filled pores. It is suggested that the soil
parameter be assumed to be 1 in cases where there
is no measured data.

The yield stress acting on the soil structure surrounding
pores of a soil that is air dried from slurry conditions is
equal to the air-entry values of pores. It can be assumed
that noncollapsible pores are incompressible. The maximum
yield stress acting on the soil structure surrounding col-
lapsible pores at suctions equal to and beyond the residual
soil suction is the residual soil suction of the soil. There-
fore, the compression curve of an air-dried soil becomes

Concave

Ccd

Horizontal

Log (mean effective stress)

V
oi

d 
ra

tio

edry

1 ψaev ψr

Figure 13.43 Compression curve of air-dried specimen from ini-
tially slurry soil sample along with method for estimation of virgin
compression index of a dry specimen, Ccd (from Pham, 2005).

a straight line at net mean stresses equal to residual soil
suction (Fig. 13.43). The dry virgin compression index Ccd
of an air-dried soil is estimated in the same manner as for
saturated soils. It is suggested that for most soils Ccd can be
assumed to be zero (Pham, 2005).

13.6.8 Model Predictions on Three Artificial Soils

The proposed volume-mass constitutive model is fit to soil
properties for three artificial soils and three sets of soil data
from the research literature. The prediction results are pre-
sented for (i) several simple stress paths (i.e., 2D graphs)
and (ii) several complete volume-mass constitutive surfaces
(i.e., 3D graphs).

13.6.8.1 Material Simulated

Descriptions of the three artificial soils are presented in
Table 13.2. The initial drying SWCCs of the three soils
starting from slurry conditions are shown in Fig. 13.44. The
assumption is made that the “dry pores are incompressible.”
The m soil parameter is not required and, as well, the virgin
compression index of the soil under completely dry condi-
tion, Ccd, is not required.

13.6.8.2 Prediction Results for Several Simple
Stress Paths

The shrinkage curve for each soil can be predicted using the
proposed constitutive model for the void ratio and the water
content along the drying process from slurry conditions to a
suction of 106 kPa. The predicted shrinkage curves for the
three artificial soils are shown in Fig. 13.45.

The shrinkage curve for the sand soil is almost horizontal
since sand undergoes little volume change during a dry-
ing process. The shrinkage curves for silt and clay are as
anticipated. The shrinkage curves follow a 45◦ line at high
water contents. The shrinkage curves tend to be horizontal
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Table 13.2 Characteristics of Three Artificial Soils

Soil Name Sand Silt Clay

Soil-water characteristic wsat 0.28 (28%) 0.38 (38%) 0.80 (80%)
a 500 200,000 5 × 106

b 3 2.5 2.8
wr 0.03 (3%) 0.08 (8%) 0.10 (10%)

Characteristics of hysteresis DSL 0.2 0.35 0.5
RSL 2 1.5 1.5
β 0.1 0.1 0.1

Compression indices Cc 0.01 0.20 0.50
Cs 0.003 0.040 0.100

Specific gravity Gs 2.60 2.70 2.80
Pore shape parameter η 2 2 2
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Figure 13.44 Initial drying SWCCs for artificial sand, silt, and clay.
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Figure 13.45 Shrinkage curves for artificial sand, silt, and clay.

at water contents below the shrinkage limit. The transition
of the shrinkage curve between low and high water contents
is a smooth curve.

The void ratio, gravimetric water content, and degree of
saturation can also be calculated for the artificial silt. The
stress paths adhered to are shown in Fig. 13.46. The steps
in the stress path are (i) the (initial) slurry condition; (ii) the
path when the soil is isotropically loaded to a net mean
stress of 200 kPa; (iii) the path when the soil is dried to
100 kPa and then wetted to 0.1 kPa soil suction; and (iv) the
path when the soil is dried to 106 kPa and then wetted to
0.1 kPa soil suction. The predicted void ratio, gravimetric
water content, and degree of saturation versus soil suction
for the specified stress paths are shown in Figs. 13.47, 13.48,
and 13.49. The model simulations are realistic in all cases.
Hysteresis in the SWCC is taken into account.
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Figure 13.46 Stress path followed for artificial silt (from Pham,
2002).

13.6.8.3 Prediction Results for Volume-Mass
Constitutive Surfaces

Several series of stress paths can be selected to illustrate
the form of the entire volume-mass constitutive surfaces for
artificial soils. The selected stress paths are relatively simple

but illustrate several important characteristics of unsaturated
soil behavior (e.g., swelling and collapsible behavior).

Four series of stress paths were used to illustrate the
volume-mass constitutive surfaces for the unsaturated soil
shown in Fig. 13.50. For stress path 1, the soil starts as a
slurry, is loaded to a specified net mean stress, and then dried
under constant net mean stress to a soil suction of 106 kPa.
For stress path 2, the soil starts as a slurry and is then dried
to a designated suction value and loaded under constant-
soil-suction conditions to a net mean stress of 104 kPa. For
stress path 3, the soil is initially dried from slurry condi-
tions, loaded to a specified net mean stress and then wetted
under a constant net mean stresses to a suction of 106 kPa.
For stress path 4, the soil is initially dried from slurry con-
ditions, wetted to a specified suction, and then loaded under
a constant suction to a net mean stress of 104 kPa.

The series 1 and 2 stress paths are used to study the
volume-mass behavior associated with soil specimens when
starting from the same initial slurry condition and ending at
the same final stress state. However, a different stress path is
followed during each of the the drying processes. Similarly,
stress path series 3 and 4 are used to study the volume-mass
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Figure 13.47 Void ratio changes for artificial silt.
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Figure 13.48 Gravimetric water content changes for artificial silt.
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Figure 13.49 Degree-of-saturation changes for artificial silt.
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Figure 13.50 Four series of stress paths for studying volume-mass constitutive surfaces of
unsaturated soil: (a) series 1: loading and then drying from initially slurry conditions; (b) series
2: drying and then loading from initially slurry conditions; (c) series 3: loading and then wetting
from initially dry conditions; (d) series 4: wetting and then loading from initially dry conditions.

behavior of soil specimens with the same initial and final
stress state but following two different stress paths that
involve wetting processes.

Figure 13.51 shows that the calculated volume-mass
constitutive surfaces agree well with postulated volume-
mass constitutive surfaces presented by M.D. Fredlund
et al., (2000b). The computed results show that (i) there
is a one-to-one relationship between changes in void ratio
and water content as net mean stress and soil suction are
changed when soil suction is less than the air-entry value;

(ii) there is a gradual change in curvature that develops on
the water content constitutive surface as the air-entry value
of the soil is exceeded; and (iii) there is a gradual change
in curvature that develops on the void ratio constitutive
surface as the air-entry value is exceeded.

Figures 13.52–13.54 show several volume-mass consti-
tutive surfaces predicted for the three artificial soils pre-
viously mentioned. The predicted constitutive relationships
near zero suction and zero net mean stress planes are reason-
able. The volume-mass constitutive surfaces starting from
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Figure 13.51 Constitutive surfaces for silt at low suctions and net mean stresses according to
stress path for series 1 and 2: (a) gravimetric water content surface; (b) void ratio surface.
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Figure 13.52 Constitutive surfaces for sand according to stress path series 1 and 2 shown in
logarithmic stress state scales: (a) void ratio; (b) gravimetric water content.
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Figure 13.53 Constitutive surfaces for clay according to stress path series 1 and 2 shown using
logarithmic stress state scales: (a) void ratio; (b) degree of saturation.
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Figure 13.54 Void ratio constitutive surfaces for silt loaded along various stress paths: (a) stress
series 1; (b) stress series 2, (c) stress series 3, (d) stress series 4.

slurry conditions appear to have steeper slopes than those
starting from air-dried conditions. All computed constitutive
surfaces are consistent with observed experimental behavior.

The void ratio constitutive surfaces obtained by following
stress paths 3 and 4 (Figs. 13.54c and 13.54d) seem to be
somewhat unusual. It can be observed that at a soil suction
of 106 kPa and a net mean stress of 104 kPa the void ratio
becomes higher than that for a soil suction of 0.1 kPa and
a net mean stress of 104 kPa. However, the shapes of the
surfaces are similar to those measured by Matyas and Rad-
hakrishna (1968). The predictions show that the proposed
model is able to predict both collapsing and swelling soil
behavior. Figure 13.53 shows that the air-entry value of the
soil increases with each increment of net mean stress.

The calculated void ratio surfaces for the artificial silt
(Fig. 13.54) show that the stress paths corresponding to

drying processes are stress path dependent and the stress
paths related to wetting processes are stress path independent.

13.6.9 Model Predictions for Several Soil Data
Sets in Literature

The Pham and Fredlund volume-mass constitutive model
can be used to simulate published soil data sets. The
selected soil data sets for simulation are (i) Regina clay
(Fredlund, 1964) (ii) Jossigny silt (Fleureau et al., 1995),
and (iii) kaolin (Fleureau et al., 2004). Input data for
modeling the three soils are shown in Table 13.3. Predicted
results and measured data for the three soils are presented
in Figs. 13.55–13.64. The graphs show that the predicted
results agree well with the measured results.

The Pham and Fredlund (2011a) volume-mass constitu-
tive model is limited to isotropic loading conditions. The
model is capable of (i) predicting both volume and water
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Table 13.3 Characteristics of Three Soils from Research Literature

Soil name Kaolin Jossigny Silt Regina Clay

Soil-water characteristic curve from initially slurried wsat 0.830 (83%) 0.467 (46.7%) 1.057 (105.7%)
a 1.9 × 109 71,000 1.0 × 1033

b 2.527 1.404 9.838
wr 0.049 (4.9%) 0.064 (6.4%) 0.131 (13.1%)

Characteristics of hysteretic SWCCs DSL 0.6 0.6 N/A
RSL 2 1.5 1.5
β 0.05 0.05 N/A

Compression indices Cc 0.37 0.22 0.74
Cs 0.085 0.045 0.134
Ccd 0 0 0

Specific gravity Gs 2.54 2.55 2.83
Pore shape parameter η 2 2 2
Compressibility of dry pore M N/A N/A N/A

1 10 100 1000 10,000 100,000 106

Soil suction, kPa

0

10

20

30

40

50

60

70

80

90

100

G
ra

vi
m

et
ric

 w
at

er
 c

on
te

nt
, %

Measured data (preconsolidated at 25 kPa)
Measured data (initially slurried)
Best-fitted for initially slurried
Measured data (preconsolidated at 400 kPa)
Predicted curve

Figure 13.55 Measured, best-fit, and predicted SWCCs for Regina clay (data from Fredlund,
1964).

content at stress states corresponding to a wide variety of
loading-unloading and drying-wetting stress paths; (ii) tak-
ing into account the hysteretic nature of the SWCC; and
(iii) predicting both swelling and collapsible behavior of an
unsaturated soil.

The model can simulate volume-mass constitutive rela-
tionships that are stress path dependent. The model utilizes
a hysteresis model for the SWCC that makes use of two
one-dimensional pore-size distributions. The model intro-
duced two new parameters: the pore shape parameter η and
the compressibility of the dry pore parameter, m . Further
research on these two soil parameters would be useful since
it will likely lead to improved estimation procedures for the
new soil parameters.

13.7 FORMULATION OF PARTIAL
DIFFERENTIAL EQUATIONS FOR
STRESS-DEFORMATION IN UNSATURATED SOILS

The emphasis thus far in this chapter has been on the for-
mulation of suitable volume-mass constitutive relations for
an unsaturated soil. Let us now consider the formulation of
PDEs for a REV. The derived partial differential equations are
applicable for solving stress-deformation problems involving
unsaturated soils. The emphasis is on the calculation of over-
all volume changes in unsaturated soils (i.e., soil structure
volume changes).

The derivation of partial differential equations required
to solve stress-deformation problems starts with satisfying
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Figure 13.56 Measured and predicted shrinkage curve for Regina
clay (data from Fredlund, 1964).
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Figure 13.57 Measured and predicted curve plotting degree of
saturation versus gravimetric water content for Regina clay (data
from Fredlund, 1964).

the conservation of linear and angular momentum (i.e.,
equilibrium of forces) for a REV. A variety of consti-
tutive stress–strain models can be substituted into the
conservative equations of equilibrium with the result of
obtaining partial differential equations that can be solved
for saturated-unsaturated soil continua. In each case, it is
necessary to convert saturated-unsaturated soil properties
and unsaturated soil property functions into elastic and
plastic parameters that are consistent with the model used in
the formulations. The stress-deformation formulations must
be solved using a computer.

13.7.1 Conservation of Linear and Angular
Momentum

The distribution of total stresses within an unsaturated soil
is governed by the static equilibrium of forces. Stresses act-
ing on each face of an element can be decomposed as the
normal and shear components in the x-, y-, and z -directions,
as shown in Fig. 13.65. All stresses shown in Fig. 13.65
are positive, in accordance with geotechnical engineering
convention.

The balance of angular momentum with respect to any
axis shows that the Cauchy tensor must be symmetric (i.e.,
tij = tj i). The balance of linear momentum (i.e., the equi-
librium of forces) results in the partial differential equations
governing static equilibrium of forces (Chou and Pagano,
1967a). Overall stress equilibrium equations can be written
for the x-, y-, and z-coordinate directions:

∂σx

∂x
+ ∂τyx

∂y
+ ∂τzx

∂z
+ Fx = 0 (13.132)

∂τxy

∂x
+ ∂σy

∂y
+ ∂τzy

∂z
+ Fy = 0 (13.133)

∂τxz

∂x
+ ∂τyz

∂y
+ ∂σz

∂z
+ Fz = 0 (13.134)
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Figure 13.58 Measured and best-fit initial drying and wetting SWCCs for Jossigny silt (data
from Fleureau et al., 1995).
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Figure 13.59 Measured and predicted void ratios along initial drying and boundary wetting
curves for Jossigny silt (data from Fleureau et al., 1995).
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Figure 13.60 Measured and best-fit initial drying and boundary wetting SWCCs for kaolin
(Fleureau et al., 1995).
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Figure 13.61 Measured and predicted void ratios along initial drying and boundary wetting
curves for kaolin (data from Fleureau et al., 1995).
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Figure 13.62 Measured and predicted degree-of-saturation for kaolin (data from Fleureau et al.,
1995).
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Figure 13.63 Measured and predicted shrinkage curve for kaolin
(data from Fleureau et al., 1995).
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Figure 13.64 Measured and predicted curve plotting gravimetric
water content versus degree of saturation for kaolin (data from
Fleureau et al., 1995).
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Figure 13.65 Representative elemental volume of soil showing
the surface tractions on all faces.

where:

Fx, Fy, Fz = body force acting in the x-, y-, and
z-directions per unit volume, kN/m3.

The pore-water and pore-air pressures have no direct role
in the equilibrium of forces acting upon the faces of a rep-
resentative elemental volume of soil.

13.7.2 Strain-Displacement Relationships
and Compatibility Equations

The classical definition of strain can be applied to an unsatu-
rated soil element. The normal strain in a given direction, ε,
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is defined as the unit change in length (i.e., change in length
per unit length) of a line which was originally oriented in
the given direction. The normal strains can be written as
follows for the x-, y-, and z-directions:

εx = ∂u

∂x
(13.135)

εy = ∂v

∂y
(13.136)

εz = ∂w

∂z
(13.137)

where:

εx, εy, εz = normal strain in the x-, y-, and z- directions
and

u, v, w = displacement in the x-, y-, and z-directions,
respectively.

Shear strain γ is defined as the change in the right angle
between reference axes. Shear strains are measured in terms
of radians (Chou and Pagano, 1967a). The relationships
between the shear strains and displacements can be written
as follows:

γxy = ∂u

∂y
+ ∂v

∂x
(13.138)

γxz = ∂u

∂z
+ ∂w

∂x
(13.139)

γyz = ∂v

∂z
+ ∂w

∂y
(13.140)

where:

γxy, γyz, γzx = shear strains with respect to the reference
axes.

The definitions of strains shown above make the assump-
tion that the strains are relatively small (i.e., the product
of two or more derivatives of displacement is neglected).
The assumption of small strains applies for many engineer-
ing problems; however, there are situations in geotechnical
engineering where large strain theory must be taken into
consideration (e.g., drying of slurry waste products). Small
strain formulations can be applied to large strain problems
provided the geometry is updated along with the incremental
stress state analysis (Cook, 1981).

Strain compatibility equations must also be satisfied in
addition to the strain-displacement relationships (Chou and
Pagano, 1967a). Strain compatibility equations ensure that
the strain fields do not result in “gaps” in the continuum. In
general, compatibility equations are irrelevant because con-
tinuous displacement functions generally satisfy the compat-
ibility equations.

13.7.3 Constitutive Laws for Unsaturated Soils

The modeling of unsaturated soil behavior requires consti-
tutive laws for stress-strain behavior of the soil structure,
volume change of the pore-air and pore-water phases (i.e.,
changes in storage), the flow of pore-water and pore-air, and
the compressibility of pore-air. Constitutive laws are com-
bined with the conservation laws of physics to render the
governing equations determinate.

Constitutive relationships are based on phenomenologi-
cal observations of soil behavior and are written in terms
of state variables. The constitutive laws required for the
description of unsaturated soil behavior have already been
presented using several forms (i.e., elasticity form, com-
pressibility form, and soil mechanics form). The relationship
among various representations of unsaturated soil properties
was also presented. Elasticity models (and other advanced
constitutive models) are used in the formulation of the partial
differential equations for stress-deformation analyses.

Most constitutive laws for unsaturated soils are defined
based on nonlinear soil property functions (i.e., properties
are stress state dependent). The term unsaturated soil
property functions is used herein to refer to mathematical
equations that describe the relationship between a soil
property and the stress state variables σ − ua and ua − uw.

13.7.4 Stress-Strain Relationships

The stress-strain relationships for unsaturated soils gener-
ally appear as extensions of existing models for saturated
soils. Figure 13.66 presents an overview of some common
types of stress-strain relationships. The most popular stress-
strain models describe elastic or elastoplastic behavior. Visco-
elastoplastic and other types of models have not received
much attention in unsaturated soil modeling (Fredlund and
Gitirana, 2005).

Most elastic and elastoplastic stress-strain relationships for
unsaturated soils can be written in the following generic
format regardless of the constitutive model adopted:

de = D−1 d(σ − uaδ) + H d(ua − uw) (13.141)

d(σ − uaδ) = D dε − h d(ua − uw) (13.142)

where:

εT = [ εx εy εz γxy γyz γzx ] and D, H are con-
stitutive matrices, where

D =

⎡
⎢⎢⎢⎢⎢⎢⎣

D11 D21 D31 D41 D51 D61
D12 D22 D32 D42 D52 D62
D13 D23 D33 D43 D53 D63
D14 D24 D34 D44 D54 D64
D15 D25 D35 D45 D55 D65
D16 D26 D36 D46 D56 D66

⎤
⎥⎥⎥⎥⎥⎥⎦

HT = [ H1 H2 H3 H4 H5 H6 ]

h = DH
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Figure 13.66 Stress-strain constitutive models for saturated-unsaturated soils.

hT = [h1 h2 h3 h4 h5 h6]

σ T = [σx σy σz τxy τyz τzx]

δT = [1 1 1 0 0 0]

The bold characters indicate matrices and vectors. The
superscript T designates a transposed matrix.

13.7.5 Elastic Models

Elastic models for unsaturated soils (left branch in
Fig. 13.66) are usually based on extensions of Hooke’s
law (Fredlund and Morgenstern, 1976). These strain-stress
equations were presented earlier in this chapter using the
σ − ua and ua − uw stress state variables:

dεx = 1

E
d(σx − ua) − μ

E
d(σy + σz − 2ua)

+ 1

H
d(ua − uw) (13.143)

dεy = 1

E
d(σy − ua) − μ

E
d(σx + σz − 2ua)

+ 1

H
d(ua − uw) (13.144)

dεz = 1

E
d(σz − ua) − μ

E
d(σx + σy − 2ua)

+ 1

H
d(ua − uw) (13.145)

dγxy = 1

G
dτxy (13.146)

dγxz = 1

G
dτxz (13.147)

dγyz = 1

G
dτyz (13.148)

where:

E = Young’s modulus,
μ = Poisson’s ratio,
H = elastic modulus for the soil structure with respect to

changes in suction, and
G = shear modulus, G = E/2(1 − μ).

The constitutive matrices D, H, and h can be substituted
into Eqs. 13.141 and 13.142 (Fredlund and Gitirana, 2005).
Some nonlinear strain characteristics can be accounted for
by using incremental analysis and the concept of a state
surface (Matyas and Radhakrishna, 1968). The values of E
and H can be obtained for each incremental step through
use of coefficients of compressibility obtained from the void
ratio state constitutive surface. For example,

E = 3(1 − 2μ)

ms
1

(13.149)

H = 3

ms
2

(13.150)

where:

ms
1 = dεv

d(σmean − ua)
= 1

1 + e0

de

d(σmean − ua)
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ms
2 = dεv

d(ua − uw)
= 1

1 + e0

de

d(ua − uw)

dεv = dV

V0

dεv = ms
1d
(
σmean − ua

)+ ms
2d
(
ua − uw

)
σmean = σmean

1
3 (σx + σy + σz) (total mean stress)

e0 = initial void ratio
e = f (σmean − ua, ua − uw); (function of void ratio

state surface)

Equations 13.149 and 13.150 are based on the assumption
that the volume change of unsaturated soils is a function of
changes in net stress and soil suction. Equation 13.149 has
two unknowns in one equation since Poisson’s ratio is not
known. The value of Poisson’s ratio is usually estimated
or measured in the laboratory through use of triaxial tests
with measurement of lateral strains. Elastic models are gen-
erally appropriate for the analysis of monotonic net stress
and soil suction paths. However, elastic models may not
be sufficiently accurate under nonmonotonic stress paths
because of the distinction between recoverable and irrecov-
erable strains.

13.7.6 Elastoplastic Models

Elastoplastic models (i.e., right main branch in Fig. 13.66)
can be used to address features of soil behavior such as
yield and irrecoverable strains. Most elastoplastic models
are based on the same fundamental principles but use differ-
ent yield criteria, flow rules, and compressibility functions.
Figure 13.66 lists several yield criteria used in perfectly
plastic models. Perfectly plastic formulations for saturated
soils can be extended to unsaturated soils through use of the
generalized Hooke’s law and by incorporating the effect of
soil suction into the yield criterion (Pereira, 1996).

Yield surfaces can be combined with hardening rules and
cap surfaces. Hardening rules are used in order to repro-
duce changes in the size of the yield surface (i.e., isotropic
hardening) or shifts in the yield surface position (kinematic
hardening). Cap surfaces are used in order to account for
yield that occurs at stress states below failure conditions.

Numerous models have been proposed for unsaturated
soils based on a critical state framework. Some of the early
models were proposed by Karube and Kato (1989), Alonso
et al., (1990), Wheeler and Sivakumar (1995), Cui and
Delage (1996), among others. Considerable emphasis has
been given to soils compacted under potentially collapsible
conditions. The models are based on isotropic hardening
laws and on yield surfaces that expand with increasing
soil suction. The collapse phenomenon is reproduced using
appropriate modes of expansion of the yield curves and
appropriate variations in soil compressibility for different
suctions. Ongoing research continues to contribute to the
understanding of elastoplastic models for unsaturated soils.

Lloret and Ledesma (1993) provided a framework for rep-
resenting elastoplastic stress-strain relationships for unsatu-
rated soils. The yield functions and corresponding flow rules
were proposed by Alonso et al. (1990). The general stress-
strain relationships take the following form:

d(σ − uaδ)

=
{

Dedε − hed(ua − uw) for F1 ≤ 0 and F2 ≤ 0
Depdε − hepd(ua − uw) for F1 > 0 or F2 > 0

(13.151)
where:

F1 = yield function for load or suction decrease,
F1 = f (σ − ua, ua − uw,G),
F2 = yield function for suction increase, F2 = f (σ

−ua, ua − uw,G), and
De, He = elastic constitutive matrices defined according

to Eqs. 13.143–13.148, and
Dep, Hep = elastoplastic constitutive matrices and

Dep = De − 1

A − Acr
De ∂G1

∂(σ − ua)

(
∂F1

∂(σ − ua)

)T

De

hep = DeHs +
[
−
(

∂F1

∂(σ − ua)

)T

DeHs

+ ∂F1

∂(ua − uw)

]
1

A − Acr

De ∂G1

∂(σ − ua)

Hs =
{

He if F2 ≤ 0
He + Hep if F2 > 0

A = −∂F1

∂�

(
∂�

∂εp

)T
∂G1

∂(σ − ua)

Acr = −
(

∂F1

∂(σ − ua)

)T

De
∂G1

∂(σ − ua)

The flow rule G1 = f (σ − ua, ua − uw, �) and � is the
hardening parameter and

(
∂F1

∂(σ − ua)

)T

= ∂F1

∂(σx − ua)

∂F1

∂(σy − ua)

∂F1

∂(σz − ua)

× ∂F1

∂τxy

∂F1

∂τxz

∂F1

∂τyz(
∂G1

∂(σ − ua)

)T

= ∂G1

∂(σx − ua)

∂G1

∂(σy − ua)

∂G1

∂(σz − ua)

× ∂G1

∂τxy

∂G1

∂τxz

∂G1

∂τyz

The term � is generally visualized as the preconsolidation
stress for saturated conditions. Different functions for the
variables F1, F2,G1, and G2 and soil compressibility are
defined for various proposed models.

Equations 13.141 and 13.142 can be used to provide
generic equations for the derivation of the partial differential
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equations governing unsaturated soil behavior. Equations
13.143–13.148 can be used for the derivation of governing
partial differential equations. Equations 13.143–13.148
form relatively simple and straightforward relationships to
the compressibility of soils.

13.7.7 Partial Differential Equations
for Stress-Deformation Analysis

Partial differential equations for stress-deformation analysis
are required for determining stress and strain distributions
within an unsaturated soil. The stress distribution can be
used for certain types of analyses (e.g., slope stability anal-
ysis) and the strain distributions can be used in settlement,
heave, or other ground movement analyses. The prediction
of total stresses in saturated-unsaturated soil masses are con-
siderably easier to predict than are strains and displacements.

The partial differential equations for a stress-deformation
analysis can be written by combining the differential
equations governing force equilibrium (i.e., Eqs. 13.132,
13.133, and 13.134), the stress-strain constitutive rela-
tionships, and the relationship between strains and small
displacements (i.e., Eqs. 13.135 to 13.140). The stress-strain
relationships adopted largely determine the complexity of
the partial differential equations. The simplest equations
that can be derived are based on a generalization of
Hooke’s law written in terms of independent stress state
variables (e.g., Eqs. 13.143–13.148). The partial differential
equation for the x-direction can be written as

∂

∂
x

[
σx0 + D11

∂u

∂x
+ D12

∂v

∂y
+ D12

∂w

∂z
− h d

(
ua − uw

)

+ dua

]+ ∂

∂y

[
τxy0 + D44

(
∂u

∂y
+ ∂v

∂x

)]
(13.152)

+ ∂

∂z

[
τxz0 + D44

(
∂u

∂z
+ ∂w

∂x

)]
= 0

the partial differential equation for the y-direction as

∂

∂x

[
τxy0 + D44

(
∂u

∂y
+ ∂v

∂x

)]
+ ∂

∂y

[
σyo + D12

∂u

∂x

+D11
∂v

∂y
+ D12

∂w

∂z
− h d

(
ua − uw

)+ dua

]
(13.153)

+ ∂

∂z

[
τyz0 + D44

(
∂v

∂z
+ ∂w

∂y

)]
+ γt = 0

and the partial differential equation for the z-direction as

∂

∂x

[
τxz0 + D44

(
∂u

∂z
+ ∂w

∂x

)]
+ ∂

∂y

[
τyz0

+ D44

(
∂v

∂z
+ ∂w

∂y

)]
+ ∂

∂z

[
σz0 + D12

∂u

∂x
(13.154)

+ D12
∂v

∂y
+ D11

∂w

∂z
− h d(ua − uw) + dua

]
= 0

where:

σi0, τij0 = initial stresses,
D11 = E(1 − μ)/[(1 + μ)(1 − 2μ)],
D12 = Eμ/[(1 + μ)(1 − 2μ)],
D44 = E/[2(1 + μ)],

h = E/[H(1 − 2μ)],
γt = body force acting downward [γt = γs(1 − n)

+γwnS, kN/m3], and
γs = specific weight of soil particles, kN/m3.

The unit weight of the soil, γt , shown in Eq. 13.155
corresponds to the vertical body force (i.e., unit weight).
The initial stresses and pore pressures presented in Eqs.
13.152–13.154 can be removed in the case where an incre-
mental transient approach is considered (i.e., taking deriva-
tives with respect to time of u , v , w , uw, and ua). The
unsaturated soil properties shown in Eqs. 13.152–13.154
vary with soil suction and net stresses. In this sense, the
solution of the partial differential equations is nonlinear.

Equations 13.152–13.154 show that the equilibrium
of forces within a representative elemental volume can
be expressed as a function of five primary variables: the
displacements in the x -, y-, and z -direction (i.e., u , v ,
and w ), the pore-water pressure uw, and the pore-air pressure
ua . Therefore, two additional equations are required in order
to render the system of equations solvable.

The choice of primary variables (i.e., u , v , w , uw, and
ua) is not arbitrary. These five primary variables result in
meaningful boundary conditions for unsaturated soil prob-
lems. Integration by parts of the second-order derivatives
of Eqs. 13.152–13.154 can be used to obtain a solution.
Integration results in a surface integral corresponding to a
Neumann-type boundary condition. The Neumann boundary
condition associated with Eqs. 13.152–13.154 corresponds
to external loads (i.e., forces) in the x -, y-, and z -directions,
respectively. Another type of boundary condition that can be
applied to Eqs. 13.152–13.154 is a predetermined displace-
ment value (i.e., Dirichlet-type boundary conditions with u ,
v , and w as primary variables).

The three-dimensional equilibrium of forces results in
three differential equations. Each equation is formed by three
main partial derivatives of the stress tensor components with
respect to the x -, y-, and z -directions. The partial derivatives
are a result of the assumption concerning the forces and
stresses acting on the REV shown in Fig. 13.65. The stresses
are continuously distributed in space. The spatial distribution
of the variables can be described using the partial derivative
of each force or stress component for a given direction.

Various terms within each of the main partial derivatives
are a function of the constitutive law adopted to describe
the stress-strain behavior of the saturated-unsaturated soil.
The partial differential equations governing the equilibrium
of forces acting on an unsaturated soil element become
increasingly complex as more elaborate stress-strain
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models are introduced. However, the general format for
the governing partial differential equations remains in
accordance with Eqs. 13.152–13.154.

Equations 13.152–13.154 result in a smooth transition
between saturated and unsaturated conditions provided
appropriate soil properties are used. Soil behavior is dictated
by the two independent stress state tensors when soil suction
is positive (i.e., the soil is treated as an unsaturated soil).
There are distinct soil properties associated with each of the
stress state variables Dii and h . As the soil becomes saturated
and matric suction tends towards zero, ms

1and ms
2 become

equal to the coefficient of volume change for the soil under
saturated conditions (i.e., mv) and h becomes 1. Therefore,
the partial differential equations for saturated conditions
(i.e., h = 1) are a special case of the general equations (i.e.,
Eqs. 13.152–13.154), which can then be written as follows
for the x-, y-, and z-directions, respectively:

∂

∂x

[
σx0 + D11

∂u

∂x
+ D12

∂v

∂y
+ D12

∂w

∂z
+ duw

]

+ ∂

∂y

[
τxy0 + D44

(
∂u

∂y
+ ∂v

∂x

)]

+ ∂

∂z

[
τxz0 + D44

(
∂u

∂z
+ ∂w

∂x

)]
= 0 (13.155)

∂

∂x

[
τxy0 + D44

(
∂u

∂y
+ ∂v

∂x

)]

+ ∂

∂y

[
σy0 + D12

∂u

∂x
+ D11

∂v

∂y
+ D12

∂w

∂z
+ duw

]

+ ∂

∂z

[
τyz0 + D44

(
∂v

∂z
+ ∂w

∂y

)]
+ γt = 0 (13.156)

∂

∂x

[
τxz0 + D44

(
∂u

∂z
+ ∂w

∂x

)]

+ ∂

∂y

[
τyz0 + D44

(
∂v

∂z
+ ∂w

∂y

)]

+ ∂

∂z

[
σz0 + D12

∂u

∂x
+ D12

∂v

∂y
+ D11

∂w

∂z
+ duw

]
= 0

(13.157)
Equations 13.154–13.157 show the interdependency

between changes in pore-water pressure, pore-air pressures,
displacements, and total stresses. External loads may
result in changes in pore pressures and displacements. The
fraction of load distributed to the soil structure and to the
pore-water and pore-air phases is determined by the relative
compressibility of each phase, by the speed of loading, and
by the pore-water and pore-air permeability. The solutions
of Eqs. 13.152–13.154 combined with the solution of
pore-water flow and pore-air flow equations represent an
alternative and rigorous approach to the approach involving
the calculation of pore pressure parameters described by
Fredlund and Rahardjo (1993).

An alternative condition may exist where the pore-water
and pore-air pressure changes produced are the result of

atmosphere boundary conditions. The climatic driven con-
ditions may result in displacements and changes in total
stress. Pore-water and pore-air flow equations might also be
solved independent of total stresses by neglecting a num-
ber of coupling terms. The equations may also be solved in
a fully coupled manner, meaning that all possible coupling
terms are taken into consideration.

13.8 MEASUREMENT OF
STRESS-DEFORMATION PROPERTIES
FOR UNSATURATED SOILS

Volume change coefficients and indices can be experimen-
tally measured for unsaturated soils. Test procedures and
equipments are available for the measurements of the vol-
ume change coefficients and indices for unsaturated soils. In
some cases, it is necessary to modify the soil-testing equip-
ment as described in earlier chapters.

Test results on compacted silt, glacial till, and other soils
are used to illustrate the relationships between the vari-
ous volume change coefficients and indices. Most of the
results are presented in a semilogarithmic form as volume
change indices. These indices can then be converted to vol-
ume change coefficients and elastic parameters that can be
used in numerical modeling.

The test procedures and equipment used in the measure-
ment of the volume change properties are common to most
soil mechanics laboratories. Some of the equipment (e.g.,
pressure plate apparatuses) is more common to the field of
soil physics and agronomy.

The test procedures and equipment for the loading consti-
tutive surfaces are described prior to those for the unloading
constitutive surfaces. The use of oedometer test results for
assessing the in situ stress state in terms of the swelling
pressure is briefly described. Procedural corrections perti-
nent to the determination of a corrected swelling pressure
are described along with an explanation of its importance to
the prediction of soil swelling or heave.

Figure 13.67 shows three-dimensional views of the void
ratio and water content constitutive surfaces. The volume
change coefficients corresponding to the loading conditions
(i.e., at , am, bt , bm) are shown. Curve A in Fig. 13.67 is
essentially a compression curve obtained from an oedometer
or triaxial test on a soil in a saturated condition.

The coefficient of compressibility at is equal to the av
coefficient of compressibility commonly measured in satu-
rated soil mechanics. The coefficient of water content change
bt (Fig. 13.31b) can then be calculated once the coefficient
of compressibility at has been measured. The coefficient of
water content change bt is equal to the coefficient of com-
pressibility at multiplied by the specific gravity of the soil, Gs .

Curve B in Fig. 13.67b is similar to a SWCC that can be
measured using a pressure plate apparatus. The slope of the
SWCC plotted on an arithmetic scale is equal to the coefficient
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Figure 13.67 Three-dimensional void ratio and water content
constitutive surface for unsaturated soil: (a) void ratio constitutive
surface; (b) water content constitutive surface.

of water content change, bm, when the drying curve is consid-
ered. The slope of the coefficient of water content change is
equal to the coefficient bms when the wetting curve is consid-
ered. Correspondingly, a semilogarithmic plot of the SWCCs
(Fig. 13.68) allows the water content indices Dm and Dms to
be defined for the drying and wetting curves, respectively.

The shrinkage (and swelling) relationships for a soil relate
the void ratio to the water content at various soil suctions.
Figure 13.69 shows a shrinkage curve relationship for silty
clay. The shrinkage curve results are for the same soil tested
for SWCC in Fig. 13.68. The slope of the shrinkage curve
defines the ratio between am and bm coefficients. The coeffi-
cient of volume change, am, can now be computed using the
am/bm ratio obtained from the shrinkage curve in Fig. 13.69.

13.8.1 Test Procedures and Equipment

The tests and equipment required for determining the vol-
ume change coefficients associated with the loading con-
stitutive surface are briefly described. Conventional testing

equipment common to a soil mechanics laboratory can be
used in the measurement of the volume change coefficients
of an unsaturated soil (Ho and Fredlund, 1989; Rahardjo
et al., 1990; Ho et al., 1992). There are, however, several
procedural factors that need to be considered when testing
unsaturated soils.

Typical test results are presented to illustrate the tech-
niques used to determine the volume change coefficients.
The last part of this section describes the tests and equipment
required for the determination of volume change coefficients
associated with the unloading constitutive surfaces.

13.8.2 Loading Constitutive Surfaces

The relationship between the volume change indices asso-
ciated with the loading of a soil can be visualized by pre-
senting several deformation curves on one plot (Fig. 13.70).
These data can be referred to as intersection or limiting
curves because one of the stress state variables goes to
zero. Intersection curves 1 and 2 for the void ratio sur-
face (Fig. 13.70a) are combined in Fig. 13.70b. The slopes
of curves 1 and 2 constitute Ct and Cm volume change
indices corresponding to the net normal stress and soil suc-
tion planes, respectively.

Intersection curves 3 and 4 for the water content surface
(Fig. 13.70c) are combined in Fig. 13.70d. The water content
w results can be multiplied by specific gravity Gs (i.e., wGs)
in order to obtain the same scale as used for plotting the void
ratio data. Consequently, curves 3 and 4 in Fig. 13.70c can
be plotted on Fig. 13.70d. As a result, the slopes of curves 3
and 4 in Fig. 13.70d are the products of Gs and the volume
change indices (i.e., DtGs and DmGs , respectively).

Curve 1 in Fig. 13.70 is a consolidation curve for the soil
in its saturated condition. The consolidation curve exhibits a
linear relationship between the void ratio and the logarithm of
net normal stress over quite a wide loading range beyond the
swelling pressure of the soil. The slope of curve 1, Ct , is equal
to the compression index Cc of the saturated soil. Curve 3 in
Fig. 13.70d coincides with curve 1 from Fig. 13.70b since
the water content multiplied by specific gravity is equal to
the void ratio when the soil is saturated. Therefore, the water
content index Dt can be computed as Ct/Gs .

Curve 4 in Fig. 13.70 is the SWCC (i.e., drying curve) and
can be obtained from a pressure plate test. A shrinkage curve
combined with the drying portion of the SWCC can be used
to construct curve 2 in Fig. 13.70. In other words, the four
“limiting” volume change curves and their corresponding
indices (i.e., Ct , Dt , Dm, and Cm) can be measured using
routine laboratory soil tests.

The combined plot of curves 1, 2, 3, and 4 is presented
in Fig. 13.71, which is a combination of Figs. 13.70b and
13.70d. The arrows in Fig. 13.71 indicate the direction of
deformation for curves 2 and 4. These curves approach curve
1 when the initial degree of saturation of the soil increases.
Curve 1 has been assumed to remain constant for conditions
corresponding to various initial degrees of saturation. The
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Figure 13.68 SWCCs for silty clay (after Croney and Coleman, 1954).
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Figure 13.69 Shrinkage curve relationship for silty clay (from
Croney and Coleman, 1954).

void ratio and the water content curves are the same when
the soil is saturated, varying only with respect to net normal
stress or effective stress σ − uw (i.e., curve 1 in Fig. 13.71).

The compression (i.e., void ratio) and water content
curves apply to the “limiting” boundaries of the volume-
mass constitutive surfaces. However, these relationships
do not describe how the constitutive surfaces vary for
intermediate stress state changes. The Pham and Fredlund
(2011a) volume-mass constitutive model is of assistance in

extending the above information to formulate continuous
mathematical functions for combinations of isotropic net
total stress and soil suction changes.

13.8.3 Odometer Equipment Modifications
for Measuring Stress-Deformation Properties

Test procedures for oedometer tests on unsaturated soil spec-
imens (e.g., compacted specimens) are described in ASTM
D4546. The ASTM standard describes three methods for
inundating soil specimens prior to performing the oedome-
ter test. The matric suction of the soil is brought to zero
through inundation and the results can routinely be used to
calculate the swelling potential of a soil. Inundation can be
conducted under constant-volume or free-swell conditions.
Further details regarding the laboratory test procedure are
given in Chapter 14.

Curve 1 in Figs. 13.70 and 13.71 illustrate oedometer test
results that utilize the constant-volume inundation procedure
at the beginning of the test. The soil specimen is allowed to
attain an equilibrium state following immersion with water
under initial total stress conditions. The test then proceeds
using a conventional oedometer test procedure for testing sat-
urated soils (ASTM D2435). Decreasing void ratios during
loading are plotted against the logarithm of effective stress
σ − uw to yield curves 1 and 3, as shown in Figs. 13.70
and 13.71.

13.8.4 Pressure Plate Drying Tests

The SWCC (i.e., curve 4 in Figs. 13.70 and 13.71)
relates water content to applied soil suctions. The initial
pore-air pressure ua is usually assumed to be atmospheric
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(i.e., ua = 0), while the pore-water pressure uw can
be highly negative. The unsaturated soil specimens are
generally placed within a confining metal ring and allowed
to imbibe water until soil suction approaches zero. The soil
specimens are then placed onto a high-air-entry ceramic
disk in the pressure plate apparatus.

Positive matric suctions are applied to a soil specimen
through use of the axis translation technique (Hilf, 1956).
The water pressure is usually maintained at zero and a
positive pore-air pressure is applied. Therefore, the matric
suction in the soil specimen can be varied by applying dif-
ferent air pressures to the specimen.
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Pressure plate extractors such as the type manufactured by
SoilMoisture Equipment Corporation, Santa Barbara, Cali-
fornia, are commonly used to measure the SWCC. Pressure
plate extractors can be designed for testing multiple soil
specimens or single soil specimens. One of the test proce-
dures for pressure plate tests is given in ASTM D2325. The
pressure plate extractor consists of a high-air-entry ceramic
disk contained within an air pressure chamber. The high-air-
entry disk is saturated and is always in contact with water
through a compartment below the disk. The compartment is
usually maintained at zero water pressure.

Further details concerning pressure plate apparatuses and
associated test procedures appropriate for geotechnical engi-
neering are described in Chapter 5. Some of the apparatuses
described in Chapter 5 have been specifically designed for
geotechnical engineering applications. Individual soil spec-
imens are generally tested, and in some cases, both volume
change and water content change are measured.

The water content corresponding to high-suction values is
generally obtained by allowing small soil samples to equili-
brate in a high-suction humidity environment. The humidity
environment is created using saturated salt solutions at the
bottom of vacuum desiccators. Details of the vacuum des-
iccator procedure are presented in Chapter 5.

13.8.5 Shrinkage Tests

Shrinkage test results show the relationship between void
ratio and the water content at various soil suction values. A
soil specimen can either be allowed to dry in the air or it can
be subjected to various suction values using a pressure plate
extractor. In either case, the void ratio and water content of
the soil specimen are measured at various equilibrium states.
The soil specimen can be covered at various time intervals to
allow soil suction to equalize throughout the soil specimen.

Measurements of void ratio can be made following test
procedures similar to those used when measuring the shrink-
age limit of a soil. Measuring the shrinkage curve involves
measuring the water content and volume of a soil specimen
as drying occurs. However, in the case of a shrinkage limit
test, only the initial and completely dry states are of interest.
In the case of a shrinkage curve test the void ratio and water
content are measured numerous times throughout the drying
process.

Historically, the mercury displacement technique has been
used for the measurement of the total volume of the shrink-
age specimens. The volume of the displaced mercury dur-
ing immersion can be converted to the total volume of
the specimen. However, this procedure is no longer advo-
cated because of the health risks associated with handling
mercury. Direct measurements of total volume can also be
performed using calipers. The shrinkage curve is constructed
by plotting the decreasing void ratios against the decreasing
water contents as the soil suction increases to completely
dry conditions.

13.8.6 Determination of Volume Change Indices

The measurement of the volume change indices is illustrated
using two soils: silt and glacial till tested by Ho (1988). The
index properties for the silt and glacial till are presented in
Table 13.4. An attempt was made to prepare soil specimens
with nearly identical initial conditions. Each soil was oven
dried and hand mixed with a predetermined quantity of dis-
tilled water. The wet soil was placed in a sealed plastic
bag and was left to cure for several days in a constant-
humidity and constant-temperature room. Specimens were
formed by static compaction at one-half standard AASHTO
compaction effort at either “dry-of-optimum” or “optimum”
initial water contents. The compaction characteristics of the
silt and glacial till are given in Table 13.4.

Volume change and water content change tests (i.e.,
oedometer, pressure plate, and shrinkage tests) were
conducted on compacted silt and glacial till specimens with
initial conditions corresponding to both the dry-of-optimum
and optimum conditions. The laboratory data were used to
determine the volume change indices for the soils at both
compaction conditions.

The data for silt specimens compacted dry of optimum
illustrate the technique for obtaining the volume change
indices. The oedometer test results on the silt specimens
compacted dry of optimum are shown in Fig. 13.72. The
oedometer tests were performed using the constant-volume
test method. The loading curves correspond to curves 1 and
3 in Figs. 13.70 and 13.71, respectively, showing the Ct and(
DtGs

)
deformation indices.

Similar oedometer compression results for the silt com-
pacted at optimum water content are shown in Fig. 13.73.
Oedometer compression results for the glacial till compacted
at dry-of-optimum and optimum water contents are shown
in Figs. 13.74 and 13.75, respectively.

Table 13.4 Index Properties of Silt and Glacial Till
Used in Test Program

Silt Glacial Till

Liquid limit, % 26.7 33.2

Plastic limit, % 14.9 13.0

Plasticity index 11.8 20.2

Sand sizes, % 25.0 32.0

Silt sizes, % 52.0 39.0

Clay sizes, % 23.0 29.0

Specific gravity, Gs 2.72 2.76

Half standard effort
compaction:

wopt 19.0% 18.75%

γd,max 16.65 kN/m3 17.12 kN/m3
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Figure 13.72 One-dimensional constant-volume oedometer tests on silt compacted dry of opti-
mum water content (from Ho, 1988).

Figure 13.73 One-dimensional constant-volume oedometer tests on silt compacted at optimum
water content (from Ho, 1988).
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Figure 13.74 One-dimensional constant-volume oedometer tests on glacial till compacted at
dry-of-optimum water content (from Ho, 1988).

Figure 13.75 One-dimensional constant-volume oedometer tests on glacial till compacted at
optimum water content (from Ho, 1988).
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Figure 13.76 SWCC obtained from pressure plate tests on silt
compacted dry of optimum water content (after Ho et al., 1992).

The SWCC for the silt (Fig. 13.76) was obtained using
pressure plate tests. The water content is multiplied by the
specific gravity Gs for the purpose of combining the void
ratio and water content plots, as illustrated in Fig. 13.71
(i.e., curve 4). The slope of the SWCC is equal to DmGs .

The shrinkage curves for the compacted silt are shown in
Fig. 13.77. The void ratios corresponding to various water

Figure 13.77 Shrinkage test data for (a) compacted silt and (b)
compacted silts and glacial tills (from Ho, 1988).

Figure 13.78 Relationship of volume-mass versus stress state for silt compacted dry of optimum
water content (after Ho et al., 1992).
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Table 13.5 Summary of Experimentally Measured Volumetric Deformation Indicesa

One-Dimensional Loading One-Dimensional Unloading

Soil Typeb w0Gs e0 Ct or DtGs Cm DmGs Soil Typeb w0Gs e0 Cc
ts DtsG

d
s Cms DmsGs

DS 0.420 0.699 0.196 0.030 0.124 DS 0.419 0.702 0.040 0.126 0.033 0.263

DS 0.424 0.700 DS 0.421 0.699

OS 0.516 0.606 0.177 0.082 0.158 OS 0.517 0.616 0.055 0.076 0.052 0.101

OS 0.511 0.609 OS 0.514 0.609

DT 0.427 0.642 0.206 0.089 0.159 DT 0.436 0.693 0.066 0.084 0.056 0.122

OT 0.516 0.567 0.179 0.106 0.171 DT 0.523 0.571 0.037 0.057 0.024 0.060

aAll indices have a negative sign, as described by the sign convention.
bDS stands for silt at dry of optimum initial water content. OS stands for silt at optimum initial water content. DT stands for
glacial till at dry of optimum initial water content. OT stands for glacial till at optimum initial water content.
cAverage slope of unloading curve.
dSlope of linear portion of unloading curve

contents in Fig. 13.76 can be found using the shrinkage
curve relationship in Fig. 13.77a. The void ratio–matric
suction relationship (i.e., curve 2 in Figs. 13.70 and
13.71) can be constructed using Figs. 13.76 and 13.77.
The slope of the shrinkage curve (i.e., de/d

(
wGs

)
or[

∂e/∂
(
ua − uw

)]
/
[
∂
(
wGs

)
/∂
(
ua − uw

)]
) is equivalent to

the ratio of the volume change indices (i.e., Cm/DmGs).
The combined plot of Figs. 13.72 and 13.76 and curve 2

(i.e., constructed from Figs. 13.76 and 13.77a) is depicted in
Fig. 13.78, which illustrates the volume change characteris-
tics of an unsaturated, compacted silt. The volume change
indices (i.e., Ct , Cm, Dt , and Dm) can be computed from
Fig. 13.78. Changes in void ratio and water content due

to an increase in total stress or matric suction can now be

predicted using the computed volume change indices.

The same test procedures were applied to other compacted

silt and glacial till specimens. Figure 13.77b summarizes the

results of shrinkage tests on various compacted specimens.

Typical volume change relationships for the compacted silt

and glacial till are presented in Figs. 13.79, 13.80, and 13.81.

The relationships are similar to that shown in Fig. 13.78. The

computed volume change indices for the compacted silt and

glacial till are tabulated in Table 13.5. These indices can be

converted to other volume change moduli and coefficients.

Figure 13.79 Relationship of volume-mass and stress state for silt compacted at optimum water
content (after Ho et al., 1992).
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Figure 13.80 Relationship of volume-mass and stress state for till compacted dry of optimum
water content (after Ho et al., 1992).

Figure 13.81 Relationship of volume-mass and stress state for till compacted at optimum water
content (after Ho et al., 1992).

One-dimensional oedometer tests (or isotropically loaded
triaxial tests), pressure plate tests, and shrinkage tests pro-
vide the experimental data required to obtain the volume
change indices corresponding to volume-mass properties ver-
sus stress state variables for an unsaturated soil. These tests

can be performed using test procedures quite similar to those
used in saturated soil mechanics. The test results character-
ize the volume-mass relationships for an unsaturated soil on
the “limiting” planes of the three-dimensional volume-mass
constitutive surfaces.



CHAPTER 14

Solving Stress-Deformation Problems with Unsaturated Soils

14.1 INTRODUCTION

The constitutive equations and related soil properties for
volume change of unsaturated soils were presented in the
previous chapter. The constitutive equations were written
in three forms: the elasticity form, the compressibility form,
and the historical soil mechanics form. Tests that can be per-
formed in a soil mechanics laboratory for the measurement
of unsaturated soil properties were described. Emphasis was
placed on three main types of tests that could be performed:
(i) compression tests (i.e., one-dimensional tests and the
isotropic triaxial tests), (ii) pressure plate tests to obtain
SWCCs, and (iii) shrinkage curve tests. The data from these
three types of tests were analyzed to produce approximate
constitutive surfaces for an unsaturated soil. The constitu-
tive relationships form the extremities or “bounding” faces
of the three-dimensional volume-mass constitutive surfaces.

The Pham and Fredlund (2011a) volume-mass constitu-
tive model was also presented. The model provides a means
of estimating the volume-mass properties along any stress
path when the soil behavior can be traced back to initially
saturated slurry conditions.

Laboratory test data may need to be converted from one
format to another format that is more acceptable for perform-
ing numerical modeling solutions for practical engineering
problems. For example, it might be necessary to convert the
coefficient of volume change, mv or ms

1, into a nonlinear
function comprised of equivalent values of Young’s modu-
lus E and Poisson’s ratio μ. This chapter and Chapter 13 are
directed toward understanding the theory of volume change
for an unsaturated soil and the conversion of laboratory-
measured soil properties into parameters that can be used
in an engineering analysis. The procedures that can be used
for calculating volume change or heave in expansive soils
are also described. The interpretation of the stress history
of the soil from the laboratory test results is often required
for the interpretation of the initial stress state condition in
expansive soils.

Procedures have also been proposed for estimating
unsaturated soil properties and unsaturated soil property

functions relevant to the calculation of volume-mass
changes. This chapter presents procedures and examples of
one-dimensional, two-dimensional, and three-dimensional
volume change calculations.

14.2 ESTIMATION OF STRESS-DEFORMATION
PROPERTIES

Engineering analyses should start with relatively simple
engineering models and progress toward the consideration
of more rigorous and complex models that better describe
unsaturated soil behavior. A common starting point is to
assume that the material behaves in an isotropic and elastic
manner. The term “elastic” means that the material behaves
in a conservative manner in the sense that all work done
by external stresses is stored and is recoverable upon
unloading. An important simplifying feature associated with
isotropic and elastic materials is the decoupling of shear and
volumetric deformations.

The basic material properties commonly used for stress-
deformation analyses are the elastic parameters referred to
as Young’s modulus E and Poisson’s ratio μ. The actual
soil properties are generally nonlinear and as a result the
elastic soil parameters need to be viewed in an incremental
manner. In other words, the elastic properties are a function
of stress state.

Young’s modulus E and Poisson’s ratio μ are elastic
parameters defined on the basis of a particular laboratory
test, namely, a uniaxial compression (or extension) test with
radial stress held constant. Young’s modulus for an unsatu-
rated soil is defined as

E = d(σv − ua)

dεa

(14.1)

where:

σv − ua = vertical net axial stress in a uniaxial compres-
sion (or extension) test and

εa = axial (vertical) strain.

731Unsaturated Soil Mechanics in Engineering Practice   D. G. Fredlund, H. Rahardjo and M. D. Fredlund
Copyright © 2012 John Wiley & Sons, Inc.
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Poisson’s ratio μ is defined as

μ = dεr

dεa

(14.2)

where:

εr = radial strain.

Even the simplest material behavioral model requires that
two material properties be defined. The elastic properties
E and μ for a saturated soil generally vary with the stress
state and must be written as a function of stress state. Unsat-
urated soil behavior has a third elastic parameter, H , which
must be defined for a change in matric suction ua − uw
[i.e., H = d(ua − uw)/dεa]. Changes in matric suction are
isotropic in the sense that suction acts equally in three coor-
dinate directions. However, it is possible for the elastic soil
property H to be anisotropic in character.

Hysteresis generally exists between the loading and
unloading sequences. Hysteresis gives rise to elastic material
properties that are further stress path and stress reversal
dependent. More elaborate elastoplastic behavioral models
for unsaturated soils address many of the issues associated
with nonlinearity and hysteresis under loading and unloading
conditions; however, these models are considered to be
outside the scope of this book.

14.2.1 Estimation of Elastic Soil Properties from
Compressibility Soil Properties

There are a number of laboratory tests that can be performed
on saturated and unsaturated soils in a conventional soil
mechanics laboratory. Modifications must be made on some
laboratory equipment in order to independently control or
measure the pore-air and pore-water pressures when testing
unsaturated soils. Laboratory tests measure the compressibil-
ity of the soil under a particular set of boundary and loading
conditions. The compressibility of a soil can change signif-
icantly along a particular stress path. The soil behavior can
generally be linearized by plotting the stress state on a log-
arithmic scale [i.e., logarithm of net normal stress loading
(σ − ua)].

The compression curve for a normally consolidated sat-
urated soil forms an important reference condition when
considering the behavior of unsaturated soils with a com-
plex stress history. There should be a smooth transition in
volume change behavior when moving from saturated soil
conditions to unsaturated soil conditions and vice versa. The
compression index Cc for a normally consolidated saturated
soil serves as a reference compressibility condition.

Numerous correlations have been made between the com-
pression index Cc of a normally consolidated saturated soil
and classification properties such as liquid limit. The com-
pression index measured on clay samples in an oedometer
from various countries of the world consistently fall in a

relatively narrow band that is defined by Eq. 14.3 (Skemp-
ton, 1944):

Cc = 0.007(LL − 10) (14.3)

where:

LL = liquid limit of the soil.

Terzaghi and Peck (1948) noted that the field compression
curve was about 30% steeper than the measured laboratory
compression curve, giving rise to the following equation for
the in situ compression index:

Cc = 0.009(LL − 10) (14.4)

Aitkinson (1993) used typical relationships for normally
consolidated soils to arrive at the following empirical corre-
lation for the compression index of a normally consolidated
soil:

Cc = PI × Gs

200
or Cc = 0.0138 × PI (14.5)

where:

PI = plasticity index of the soil in percent and
Gs = 2.76.

Several other empirical correlations have been published
for the compression index of a soil (Azzouz et al., 1976)
but the above-mentioned equations are sufficient for an
estimation of soil compressibility. The above-mentioned
correlations have been made for normally consolidated soils
that are generally saturated. Unsaturated soils are often
overconsolidated and the stress history must be taken into
consideration when interpreting laboratory-measured com-
pressibilities. The interpretation of consolidation test results
on overconsolidated soils is discussed later in this chapter.
Compacted soil test results also require special consideration
when assessing the compressibility of the soil.

14.2.1.1 Estimation of Swelling Index

The swelling index Cs is measured during the unloading of a
soil. The swelling index is of particular interest when dealing
with unsaturated expansive soils with negative pore-water
pressures (i.e., matric suctions). Soil suction may change
with time and as a result the soil may undergo changes in
volume.

The rebound or swelling index of normally consolidated
clay soils is often about 5–10% of the compression index.
Leonards and Altschaeffl (1964) suggested that the rebound
or swelling index is usually in the range of 0.015–0.035.
Overconsolidated, expansive soils, however, can have
swelling indices Cs that exceed 0.10. High swelling indices
along with high initial matric suctions in the soil can result
in in situ vertical heave of 0.3–0.6 m and greater.
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14.2.1.2 Separation of Compressibility Measurements
into Elastic Modeling Parameters

The compression and swelling indices Cc and Cs provide
a number that gives an indication of the volume change
properties of the soil. It is often necessary for the compres-
sion index to be converted into a different form for use
in numerical modeling software. Even when the compres-
sive index (e.g., Cc) is converted to a compressibility value
(e.g., ms

1) corresponding to a particular stress state, there is
still the limitation that a single value is computed while, in
reality, two soil properties are required: Young’s modulus
E and Poisson’s ratio μ. Stated another way, the laboratory
experiment generally measures one soil property linking vol-
ume change to the stress state while two soil properties are
required for numerical modeling purposes.

A value is commonly assumed for Poisson’s ratio and
then the compression index can be converted to an equiv-
alent Young’s modulus value. Poisson’s ratio varies over a
fairly narrow range from 0.0 to 0.5. A Poisson’s ratio of 0.0
corresponds to the case where there is no lateral movement
as the soil is loaded in uniaxial loading. A Poisson’s ratio
of 0.5 corresponds to the situation where volume change in
the vertical direction is shared by the volume changes in
the other two orthogonal directions (i.e., no overall volume
change of the soil specimen). Typical values for Poisson’s
ratio are shown in Table 14.1.

The magnitude of Poisson’s ratio μ is most commonly
estimated based on past experience and published results
even though it is possible to measure Poisson’s ratio in a
uniaxial-type triaxial test. It is possible to convert the com-
pression index of a soil into an equivalent Young’s modulus
value once a value is selected for Poisson’s ratio.

Values of Young’s modulus E change linearly with
compression index. The mathematical relationship between
Young’s modulus and compression index depends on the
laboratory testing procedure. Young’s modulus is defined
using a uniaxial test procedure and therefore measurements
made using one-dimensional compression tests or some
other test procedure will need to be calculated. Let us
assume that results from a one-dimensional oedometer test

Table 14.1 Typical Values of Poisson’s Ratio

Soil Type Description Poisson’s Ratio, μ

Clay Soft 0.35–0.40
Medium 0.30–0.35

Stiff 0.20–0.30
Sand Loose 0.15–0.25

Medium 0.25–0.30
Dense 0.25–0.35

Source: From Budhu (2007).

are to be converted to equivalent Young’s modulus values.
The compression index of the soil can be written as follows
in terms of a coefficient of volume change, ms

1:

ms
1 = 0.435Cc

(σ − ua)ave(1 + e0)
(14.6)

The coefficient of volume change for one-dimensional
oedometer loading can be written in terms of Poisson’s ratio
and Young’s modulus as follows:

ms
1 = (1 + μ)(1 − 2μ)

E(1 − μ)
(14.7)

Therefore, Young’s modulus corresponding to the oedo-
meter loading path can be written as follows:

E = (1 + μ)(1 − 2μ)(σ − ua)ave(1 + e0)

0.435Cc(1 − μ)
(14.8)

Once a Poisson’s ratio value is assumed for a particular
soil, Eq. 14.8 provides a relationship between Young’s mod-
ulus and the compression index of the soil. Young’s modulus
can be calculated for a series of selected net normal stress
states.

14.2.2 Role of SWCC When Establishing
Volume-Mass Constitutive Surfaces

The SWCC relates water content to soil suction but does
not play a direct role in characterizing the volume change
soil properties required for numerical modeling. Rather, the
SWCC becomes most useful when it is combined with the
shrinkage curve of the soil. In this way it is possible to
obtain the soil suction versus volume change soil properties
of the soil. The computed compressibility with respect to soil
suction must then be converted into an appropriate elasticity
parameter for numerical modeling purposes.

The shrinkage curve provides the relationship between
water content and void ratio. By cross-plotting the SWCC
and the shrinkage curve, it is possible to obtain the change
in void ratio versus soil suction. The shrinkage curves can
either be measured or estimated for a particular soil. The
drying shrinkage curve needs to have the same initial con-
ditions as were used for the SWCC test.

Overall volume changes for a particular geotechnical engi-
neering problem can be computed using a numerical solu-
tion such as a finite element analysis. Once overall volume
change has been computed, other volume-mass properties
can be estimated with the assistance of the SWCC. In es-
sence, this is an uncoupled, incremental solution for volume
change.

14.2.3 Role of Shrinkage Curve in Establishing
Constitutive Surfaces

The relationship between overall volume change (i.e.,
defined using void ratio e or specific volume v ) and
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soil suction is difficult to measure using conventional
soil-testing equipment. However, the volume change
versus soil suction relationship can be obtained through use
of a SWCC and a shrinkage curve for the soil.

The shrinkage limit of a soil was originally used as one of
the plasticity classification properties for a soil. The shrink-
age limit is defined as the water content corresponding to
the minimum shrinkage volume for the initially slurry soil.
While the shrinkage limit is a classification soil property of
interest, it is the entire drying curve from some initial con-
dition to completely dry conditions that is of greater interest
when attempting to model unsaturated soil behavior.

The shrinkage curve describes the ratio of the water
content change to void ratio change for a specific change
in soil suction. Typical shrinkage curve data are shown
in Fig. 14.1. M.D. Fredlund et al., (2002b) proposed the
following equation to fit shrinkage curve data:

e(w) = ash

[
wcsh

b
csh
sh

+ 1

]1/csh

(14.9)

where:

e = void ratio,
w = gravimetric water content,

ash = minimum void ratio, emin,
bsh = slope of the line of tangency, and
csh = curvature of the shrinkage curve.

The fitting parameters for the shrinkage curve shown in
Fig. 14.1 are as follows: ash = 0.765, bsh = 0.27, and csh =
9.57. A procedure for the estimation of the shrinkage curve
was described in Chapter 2.
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Figure 14.1 Function for shrinkage curve for heavy clay. (Data
from Russam, 1958.)

Let us suppose that the SWCC has been measured or esti-
mated for a soil and can be represented by the Fredlund and
Xing (1994) SWCC equation (i.e., Eq. 14.10):

w(ψ) = ws

[
1 − ln

(
1 + ψ

/
ψr

)
ln

(
1 + 106

/
ψr

)
]

×
[

1[
ln

[
exp(1) + (

ψ
/
af

)nf
]]mf

]
(14.10)

where:

ws = gravimetric saturation water content,
ψ = soil suction, kPa,
ψr = residual suction, kPa,
af = fitting parameter corresponding to the soil suction

at the inflection point,
nf = fitting parameter designating the rate of desatura-

tion, and
mf = third fitting parameter for the SWCC.

The curve for void ratio versus soil suction can be com-
puted by combining the equation for the SWCC (Eq. 14.10)
with the equation for the shrinkage curve (Eq. 14.9). The
relationship between void ratio and soil suction represents
the limiting boundary condition on the void ratio constitu-
tive surface. The void ratio change can be written in the
form of volumetric strain [i.e., dεv = de/(1 + e0)], corre-
sponding to a particular soil suction change. In other words,
the slope of the volumetric strain plot versus soil suction is
a compressibility modulus designated by the compressibility
variable ms

2. There is no Poisson ratio effect associated with
a change in soil suction since the stress change is always
isotropic and the soil has been assumed to behave in an
isotropic manner.

The elasticity modulus associated with a change in soil
suction is designated by the H parameter. The soil modu-
lus ms

2 can be written in terms of the elasticity parameter
H for particular stress path conditions. Soil suction change
can occur under one-dimensional K0 loading conditions if
a soil sample is allowed to swell under lateral confinement
(e.g., confined within a steel ring). The compressibility (or
swelling) modulus and the elasticity modulus are related as
follows:

ms
2 = 1 + μ

H(1 − μ)
(14.11)

If soil suction change occurs under isotropic conditions,
the soil sample is allowed to change volume in all direc-
tions and the compressibility (or swelling) modulus and the
elasticity modulus can be related as follows:

ms
2 = 3

H
(14.12)
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Conversions between compressibility and elasticity soil
properties for other loading conditions can be found in
Chapter 13. In each case, the elasticity parameter H is not a
constant but forms a functional relationship with changes in
stress state. The functional form can be used to undertake
nonlinear stress-deformation numerical modeling analyses.
The above explanations apply to the limiting planes of the
volume-mass constitutive surfaces. It is also possible to use
the more rigorous volume-mass constitutive model proposed
by Pham and Fredlund (2011a) to define the elasticity
parameters associated with a variety of stress paths.

14.3 APPLICATION TO PRACTICAL
STRESS-DEFORMATION PROBLEMS

An unsaturated soil will undergo volume change when net
normal stress or soil suction changes in magnitude. An
unsaturated soil will experience swelling and shrinking
as a result of matric suction variations arising from envi-
ronmental changes under constant total stress conditions.
Similarly, structural collapse may occur in collapsible soils
when matric suction decreases in the soil.

The methodology for the prediction of heave in a swelling
soil can be described for one-dimensional, two-dimensional,
and three-dimensional situations. The stress history of a soil
is an important factor to consider in understanding swelling
soil behavior. Formulations and example problems of heave
prediction are presented along with case histories. The
factors influencing the amount of heave are also discussed.

14.3.1 Problems Associated with Expansive Soils

Expansive soils are found in many parts of the world,
particularly in semiarid areas. An expansive soil is often
unsaturated due to desiccation drying. However, even under
saturated soil conditions it is possible to have highly
negative pore-water pressures in an expansive soil.

Expansive soils usually contain clay minerals that
undergo large volume changes upon wetting. Large volume

changes upon wetting cause extensive damage to structures,
in particular light buildings and pavements. In the United
States alone, the damage caused by shrinking and swelling
soils amounts to about $9 billion per year, which is greater
than the combined damages from natural disasters such
as floods, hurricanes, earthquakes, and tornadoes (Jones
and Holtz, 1973). Therefore, the problems associated with
swelling soils are of enormous financial proportions.

The heave potential of a soil depends on soil properties
such as clay content, plasticity index, and shrinkage limit.
Heave potential also depends on the initial dryness or matric
suction in the soil. Several empirical methods have been
proposed that correlate the swelling potential of a soil to
classification soil properties (Table 14.2). Most correlations
make use of the plasticity characteristics of a soil along with
the percent clay sizes to assess the potential expansibility of
a soil. The words “potential expansibility” suggest that no
expansion will be realized by the soil mass unless water
is also made available to the soil. Van der Merwe (1964)
combined the plasticity index of a soil and the percent clay
size particles to provide a classification of expansibility, as
shown in Fig. 14.2. The classification system is useful for
identifying the swelling potential of a soil. In other words,
the correlation reflects one component of the potential for
heave to occur.

Total heave can be written as a function of the difference
between the initial (or present) in situ stress state and some
possible future stress state. The pathway between the initial
and final stress state is defined by a soil property, namely,
the swelling index, Cs . Generally the net normal stress state
variable remains constant while the matric suction stress
state variable changes during the swelling process. Changes
in matric suction result in changes in overall volume, which
in turn result in changes in water content. Total heave can be
computed by measuring the in situ matric suction conditions
and estimating (or predicting) possible future matric suction
in the field under specified environmental conditions.

There are several heave prediction formulations that have
been proposed. These formulations differ primarily in the

Table 14.2 Probable Expansion as Estimated from Classification Test Dataa

Probable Expansion as %
Degree of of Total Volume Change Colloidal Plasticity Shrinkage
Expansion (Dry to Saturated Condition)b Content (% < 1 μm) Index, PI Limit, WS

Very high >30 >28 >35 <11
High 20–30 20–31 25–41 7–12
Medium 10–20 13–23 15–28 10–16
Low <10 <15 <18 >15

Source: From Holtz and Kovacs (1981).
aAfter Holtz (1959) and U.S.B.R. (1974).
bUnder a surcharge of 6.9 kPa (1 psi).
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Figure 14.2 Correlation between soil classification properties and
swelling potential (after van der Merwe, 1964).

manner in which the relationship between overall volumet-
ric strain and soil suction are defined. The prediction of
heave on the basis of measured matric suction values has
not been extensively used in geotechnical engineering prac-
tice. The use of a direct approach to predicting total heave
has been limited because of difficulties in measuring in situ
matric suction and corresponding stress path soil proper-
ties. In some cases, measurements of total suction have been
used in place of matric suction measurements; however, this
methodology has also experienced limited success due to
lack of accuracy.

The methods for heave prediction based on one-
dimensional oedometer test results still appear to be the
most common in engineering practice. Total heave is
usually calculated for the case where matric suctions are
released to zero. Overall volume change is computed in
terms of changes in (equivalent) total stresses when using
oedometer methods. The direct measurement of matric
suction is not required when using the (equivalent) total
stress change approach. There are several one-dimensional
oedometer-based testing and analysis procedures that have
been proposed over the years. Some of these procedures
are listed below along with an interpretation of the actual
stress path that is being followed in each case.

14.3.2 Oedometer-Based Methods of Testing
Expansive Soils

The “direct model” method is based on a “free-swell”
oedometer test on undisturbed samples (Fig. 14.3).
Specimens are subjected to the overburden pressure (or the
load that will exist at the end of construction) and allowed
free access to water. The predicted heave is generally
significantly below the actual heave experienced in the field
if the soils are wetted. The stress path followed when using
this test procedure is shown in Fig. 14.3b. The conventional
two-dimensional manner for plotting the test data is shown
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Figure 14.3 Stress path followed when using direct model
method: (a) two-dimensional plot showing stress path followed
in field and laboratory; (b) three-dimensional plot showing stress
path followed.

in Fig. 14.3a. The underestimation of the amount of heave
appears to be primarily due to a lack of consideration of
the effects of disturbance experienced by the soil during
sampling.

The Sullivan and McClelland method is based on a
“constant-volume” oedometer test on an undisturbed sample
initially subjected to the overburden pressure. Once the
applied load equals the ability of the soil to undergo any
further swelling, the sample is loaded and unloaded. The
stress path followed in the Sullivan and McClelland method
is shown in Fig. 14.4. The availability of published case
histories where this method has been used is limited. It
is anticipated that this method would likely underestimate
actual heave since sampling disturbance has not been taken
into consideration.

The “double-oedometer” method is based on the results
of two oedometer tests: a “free-swell” oedometer test and a
“natural water content” oedometer test. Specimens are ini-
tially subjected to a token load of 1 kPa. No water is added
to the oedometer pot during the natural water content test.
The natural water content oedometer test data are adjusted
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Figure 14.4 Stress path followed when using Sullivan and
McClelland method: (a) two-dimensional plot depicting stress path;
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vertically to match the free-swell test results at high applied
loads. Various loading conditions and final pore-water pres-
sures can be simulated in the analysis. The stress paths
followed by the two tests are shown in Fig. 14.5.

Predicted values of heave have generally been satisfactory.
The method of analyzing the data appears to compensate

for the effects of sampling disturbance. In other words, the
natural water content compression curve provides a measure
of the effect of sampling disturbance. The stress paths of more
recent, updated versions of the double-oedometer method can
also be visualized on similar three-dimensional plots in terms
of net normal stress and matric suction.

Fredlund et al., (1980a) proposed the use of constant-
volume oedometer test results in predicting total heave. It
was suggested that the measured swelling pressure be cor-
rected for sampling disturbance. A graphical technique for
correcting the measured swelling pressure was proposed.
The correction procedure was similar to the Casagrande con-
struction used for determining the preconsolidation pressure
of a saturated soil. Details of the correction procedure are
explained later.

Each of the proposed heave prediction procedures can
be plotted on a three-dimensional plot with the stress state
variables used for the horizontal axes. The heave procedure
described later in this chapter is consistent with the volume-
mass constitutive relations for unsaturated soils (Fredlund
et al., 1980a).

14.3.3 Some Factors Affecting Total Heave

Several properties of unsaturated soils have been found to
influence the amount of volume change that can occur when
the soil is allowed to fully imbibe water. Holtz and Gibbs
(1956) summarized the effect of initial water content and dry
density on the total heave of compacted expansive Porter-
ville clay (Fig. 14.6). The heave was measured by placing
the soil in an oedometer ring and submerging it in water.
The specimens were subjected to a surcharge load of 7 kPa.
Figure 14.6 shows that total heave increases with decreas-
ing initial water content or increasing initial dry density. The
results show that when the clay is compacted at optimum
water content under standard AASHTO compaction it will

Figure 14.5 Stress paths followed when using double-oedometer method (after Jennings and
Knight, 1957).
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Figure 14.7 Swelling pressure produced when wetting com-
pacted Porterville clay at various placement conditions (after Holtz
and Gibbs, 1956).

expand about 3% of its volume. On the other hand, expan-
sion is reduced to zero at 3% wet of optimum water content
and is increased to 6% when the water content is 3% dry of
optimum.

Figure 14.7 shows the effect of dry density and water
content on vertical swelling pressure. The vertical swelling
pressure was defined as the pressure developed by a spec-
imen placed in an oedometer ring and saturated without
allowing any volume change. The diagram shows that the
vertical swelling pressure is more sensitive to variations in
the initial dry density than it is to variations in initial water
content.

Chen (1988) also studied the effect of volume-mass prop-
erties on vertical and lateral swelling pressures. The vertical
swelling pressure was found to be essentially independent
of the initial water content and the surcharge load. This

finding is in agreement with the observations made by Holtz
and Gibbs (1956), as shown in Fig. 14.7.

14.4 EVALUATION OF STRESS HISTORY
IN UNSATURATED SOILS

It has been common practice since the early days of soil
mechanics to retrieve undisturbed samples from a site and
then perform laboratory tests to determine relevant physi-
cal properties for the soil. The geotechnical engineer has
been interested in obtaining two primary pieces of informa-
tion when dealing with the predictions of volume change
(i.e., settlement or heave): (i) the volume change proper-
ties of the soil and (ii) the present stress state of the soil.
Soils are classified as normally consolidated, overconsoli-
dated, or underconsolidated. In each case the test results
provide information on the in situ stress state of the soil.

Laboratory tests on unsaturated soils allow information to
be obtained on the present stress state of the soil as well
as the volume change properties. The solution to volume
change problems requires that information be obtained on
(i) the present in situ stress state, (ii) the final stress state, and
(iii) the pathway followed between those two stress states.
The final stress state is generally assumed based on the local
experience of the geotechnical engineer.

Volume change problems associated with expansive
soils may have geometries that are one-dimensional, two-
dimensional, or three-dimensional. Geotechnical engi-
neering practice has primarily focused on the solution of
one-dimensional problems of volume change through use of
laboratory results from K0 oedometer tests. The following
sections focus on the interpretation of one-dimensional
oedometer test results.

The methodology for measuring and interpreting the
swelling pressure of an expansive soil is of significant
importance. Numerous test procedures have been proposed
for the measurement of the swelling pressure of a soil. It is
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imperative for the geotechnical engineer to understand the
relationship between the various test procedures when using
the test results for solving practical swelling soil problems.

The prediction of heave in a swelling soil is used as an
example problem. However, the methodology for predicting
settlement and collapse in unsaturated soils is similar.

14.4.1 Past, Present, and Future States of Stress

The prediction of one-dimensional heave requires informa-
tion on possible changes in the stress state and the soil
property known as the swelling index Cs . Oedometer tests
are commonly performed to determine the present in situ
state of stress as well as the swelling index of the soil. The
oedometer test results provide information on the present in
situ state of stress which is translated onto the net normal
stress plane. The in situ total stress in the soil is referred to
as the “corrected” swelling pressure.

The corrected swelling pressure represents the sum of
the overburden pressure and the “matric suction equiva-
lent.” The matric suction equivalent is the matric suction of
the soil translated onto the net normal stress plane. There-
fore, the oedometer test measures the in situ state of stress
(on the net normal stress plane) without having to mea-
sure the individual components of total stress and matric
suction.

14.4.2 Stress State History

The development of an expansive soil over time can be
visualized in terms of changes in the stress state in the lacus-
trine deposit. Changes in stress state occur during geological
deposition, erosion, and environmental changes related to
precipitation, evaporation, and evapotranspiration. The fol-
lowing example illustrates the stress history of preglacial
lake sediments that have evolved to become an expansive
soil over geological time.

Consider a preglacial lake deposit that was initially con-
solidated under its own self-weight. The drainage of the
lake and the subsequent evaporation of water from the lake
sediments result in the drying or desiccation of the sedi-
ments. The term “desiccation” refers to the drying of soils
by evaporation and evapotranspiration. The water table is
drawn below the ground surface over a period of time.
As a result, the pore-water pressures above the water table
decrease and become negative in value while the total stress
in the deposit remains almost constant. In other words, con-
solidation occurs as the effective stresses in the soil increase.
The negative pore-water pressures act in all directions (i.e.,
isotropically), resulting in a tendency for the soil to crack.
With time the water table recedes and overall desaturation
occurs in the upper portion of the profile (Fig. 14.8).

The soil is further desiccated as a result of the growth of
grass, trees, and other plants on the ground surface. Most
plants are capable of applying as much as 1000–2000 kPa
of tension on the water phase prior to reaching the wilting
point of the plants. A high tension in the water phase (i.e.,
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Figure 14.8 Stress state representation of lacustrine sediments
subjected to evaporation and evapotranspiration: (a) pore-water
pressures during drying of lacustrine deposit; (b) stress path fol-
lowed during drying of lacustrine deposit.

high matric suction) causes the soil to have a high affinity
or thirst for water (Fig. 14.8a).

The surface deposit can also be subjected to varying envi-
ronmental conditions. Changing water fluxes (i.e., wetting
and drying) at the surface results in swelling and shrink-
ing of the upper portion of the deposit. Seasonal volume
changes might extend to depths in excess of 3 m, causing
the surface deposit to be highly desiccated.

Figure 14.9 illustrates the changes in the stress state of the
surface deposit during wetting and drying associated with
water infiltration and water evaporation at ground surface,
respectively. Stress state changes occur mainly on the matric
suction plane under almost constant net normal stresses. The
stress paths followed during the wetting and drying pro-
cesses can be illustrated as a series of hysteresis loops on
the soil suction plane.

The natural water content of a deposit in arid and semiarid
regions tends to decrease gradually over time. Low-water-
content conditions in an unsaturated clay deposit are the
first indication that the soil may have a high swelling poten-
tial. Unsaturated soils with a high swelling index Cs in a
changing moisture flux environment are referred to as highly
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Figure 14.9 Representation of in situ stress state when soil has
undergone complex history of drying and wetting.

swelling and shrinking soils (i.e., expansive soils or high-
volume-change soils).

14.4.3 In situ Stress State

The prediction of heave requires information on the present
in situ stress state and possible future stress states. The dif-
ference between the present and future stress states is one
of the main variables controlling the amount of potential
volume change or heave. Consequently, it is important that
the present in situ stress state be accurately assessed. It is
necessary to correct laboratory test results for the effect of
sampling disturbance when using oedometer test results to
assess the present in situ stress state.

The one-dimensional oedometer test procedure appears to
be satisfactory for analyzing most swelling soil problems
encountered in geotechnical engineering practice. However,
the oedometer tests must be performed and interpreted in a
proper manner in order to assess the in situ stress state of
the soil.

It is difficult to obtain representative, undisturbed soil
samples when a soil mass is highly fissured and cracked.
Under these conditions it is prudent to make modifications
to a conventional heave analysis. There are important three-
dimensional effects that must be taken into consideration.

The in situ state of stress is somewhere along either the
wetting or drying portion of the void ratio–stress state vari-
able relationship when a soil is sampled for laboratory test-
ing (Fig. 14.9). The soil in the field has been subjected
to numerous cycles of wetting and drying. The soil has a
specific net normal stress and matric suction at the time
of sampling and the geotechnical engineer must attempt to
interpret the stress state of the soil on the basis of the labo-
ratory test results.

The laboratory information desired by the geotechnical
engineer for predicting the amount of heave is an assessment
of (1) the in situ state of stress and (2) the swelling properties
with respect to changes in net normal stress. An understand-
ing of the compressibility properties under increased loading
conditions may also be relevant. A demanding testing facil-
ity and program would be required to completely assess
all possible variables affecting volume change behavior in
expansive soils. It is important, however, to develop rela-
tively simple, rapid, and economical procedures to obtain
the basic information for calculating potential heave.

Several laboratory testing procedures have been used in
engineering practice to obtain the necessary information for
the prediction of heave. The one-dimensional oedometer test
is commonly used to determine the present in situ state of
stress. Free-swell and the constant-volume oedometer test
methods can be used along with associated correction pro-
cedures. There are several oedometer test procedures that
have been proposed for the measurement of the swelling
pressure of a soil. The constant-volume and free-swell test
procedures are first described followed by a presentation of
several comparative studies of swelling pressures measured
using other test procedures.

The oedometer test translates the in situ stress state onto
the net total stress plane. The in situ stress state is referred
to as the “corrected” swelling pressure P ′

s , which is equal to
the sum of the overburden pressure and the matric suction
equivalent. Figure 14.10 shows typical laboratory oedometer
test results extending to the virgin compression branch. The
entire laboratory loading curve is often in its entirety on the
recompression portion with applied loads not even reaching
the preconsolidation pressure of the soil. In other words, the
preconsolidation pressure of many desiccated soils, Pc, may
exceed the loading capacity of the oedometer apparatus.

The preconsolidation pressure refers to the maximum
stress to which the soil has come to equilibrium in the
past. Figure 14.10 also shows the relative position of the
corrected swelling pressure P ′

s to the preconsolidation
pressure Pc. The corrected swelling pressure P ′

s is located
approximately at the intersection between the constant-void-
ratio line and a line representing the recompression branch.
In turn, the preconsolidation pressure Pc is located at the
intersection between the recompression branch and the
virgin compression branch of the soil.

Methods for determining the preconsolidation pressure
have been described in many soil mechanics textbooks and
are not repeated herein. The overconsolidation ratio (OCR)
for an unsaturated, expansive soil can be defined as the ratio
of the preconsolidation pressure Pc to the corrected swelling
pressure P ′

s . The corrected swelling pressure P ′
s is a repre-

sentation of the in situ stress state of the soil:

OCR = Pc

P ′
s

(14.13)
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Figure 14.10 Relationship between corrected swelling pressure and preconsolidation pressure
of a soil.

The above equation is a modification of the common defi-
nition of the OCR associated with saturated soils. The OCR
is usually defined as the ratio of the preconsolidation pres-
sure Pc to the in situ vertical effective overburden pressure
σ ′

v (i.e., σv − uw, where σv = total overburden pressure
and uw = pore-water pressure). The use of the corrected
swelling pressure P ′

s eliminates the need to measure the
in situ negative pore-water pressure when defining OCR.
Equation 14.13 provides an indication of the overconsoli-
dation of the soil with respect to the in situ stress state on
the net normal stress plane (i.e., P ′

s ). At the same time, it
is recognized that Eq. 14.13 is a deviation from the classic
definition of OCR.

14.4.4 Future Stress State and Ground Movements

The future stress state corresponding to several years after
construction must be estimated based upon local experience
and climatic conditions. There are several possible assump-
tions that can be made regarding possible future suctions
in the soil. There are general estimations that can be made
regarding the soil suction profile in the future and there are
also more rigorous analyses that can be performed by tak-
ing into consideration the climatic conditions measured at
nearby weather stations. Local watering practices could also
be taken into consideration.

Changes in total stress can occur as a result of excavation,
replacement with a relatively inert material (e.g., gravel),
and loadings from structures. The effects of these changes

can be taken into account using appropriate volume change
indices for loading and unloading. It may also be possible to
assume that there is insufficient time for the soil to respond
to the individual loading and unloading stages. In this case,
the long-term volume change calculations can be computed
based on the final net loading or unloading conditions.

Let us assume that the final pore-water pressures in the soil
go to zero under a constant net normal stress. Figure 14.11
shows the actual stress path that would be followed by a soil
element at the depth from which the sample was retrieved.
Swelling would follow a path from the initial void ratio
e0 to the final void ratio ef along the rebound surface on
the matric suction plane. The entire rebound surface can be
assumed to be unique since the direction of deformation is
monotonic (Matyas and Radhakrishna, 1968; Fredlund and
Morgenstern, 1976). It is also possible to follow a stress path
from the in situ stress state to the corrected swelling pressure
and then proceed along the rebound curve on the net normal
stress plane to the final stress condition. The advantage of
the latter stress path (i.e., through the corrected swelling
pressure) is that the volume change indices determined on
the total stress plane can be used to calculate total heave.

14.4.5 Determination of In Situ Stress State Using
Oedometer Test Results

One-dimensional oedometer tests are commonly used for
the assessment of the in situ stress state and the swelling
properties of expansive, unsaturated soils. The oedometer
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Figure 14.11 “Actual” or field stress path and “analysis” stress paths followed during wetting
of a soil.

can only perform laboratory testing in the total stress plane.
The assumption is made that it is possible to eliminate the
matric suction from the soil and still obtain the necessary
soil properties and stress state values from the total stress
plane. The interpretation of free-swell and constant-volume
tests are first discussed followed by information on other
test procedures that have been used for the measurement of
swelling pressure.

14.4.6 Constant-Volume Test

The constant-volume oedometer test (Fig. 14.12) involves
first subjecting a soil specimen to a token load and then
submerging the soil in water. The result is a release of the
negative pore-water pressure and a tendency for the soil
specimen to swell. As the soil specimen attempts to swell,
the load applied to the soil is increased to maintain the
specimen at a constant volume. This procedure is continued
until the specimen exhibits no further tendency to swell. The
applied load at this point is referred to as the “uncorrected
swelling pressure” Ps. The specimen is then further loaded
and unloaded in the conventional manner used for a consol-
idation test. The term constant volume simply refers to the
initial conditions to which the soil specimen is subjected as
matric suction is released to zero stress.

The laboratory results from a constant-volume oedometer
test are generally plotted as shown in Fig. 14.12. The actual
stress paths followed during the test can be more clearly
visualized through use of a three-dimensional plot with each
of the stress state variables forming abscissas (Fig. 14.13).
It is important to understand the stress paths with respect
to both void ratio and water content when attempting to

Figure 14.12 Typical constant-volume one-dimensional K0
oedometer test results.

interpret the laboratory test results. The void ratio and water
content stress paths are shown for the situation where there
is minimal disturbance due to sampling (i.e., due to stress
reversals). Even so, the loading path displays some curva-
ture as the total stress plane is approached. The actual stress
path can be even more affected as a result of sampling dis-
turbance (Fig. 14.14).

Geotechnical engineers have long recognized the effect of
sample disturbance when determining the preconsolidation
pressure for saturated clay. It is impossible for the soil speci-
men to return to its in situ stress state after sampling without
displaying some curvature along the void ratio–effective
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Figure 14.13 “Ideal” stress path adhered to during constant-volume oedometer test.

Figure 14.14 Ideal and actual stress paths showing effect of sampling disturbance.
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stress plot (i.e., compression curve extending onto the
virgin compression branch). It has also been recognized that
sampling disturbance significantly affects the measurement
of swelling pressure (Fredlund et al., 1980a).

Sampling disturbance causes the conventional measure-
ment of swelling pressure Ps to fall below the actual or
proper representation of the in situ swelling pressure P ′

s .
The corrected swelling pressure better represents the in situ
stress state translated onto the total stress plane. The cor-
rected swelling pressure should be equal to the overburden
pressure plus the in situ matric suction translated onto the
total stress plane. The translated in situ matric suction is
called the “matric suction equivalent”

(
ua − uw

)
e

(Yoshida
et al., 1983). The magnitude of the matric suction equivalent
will be equal to or lower than the in situ matric suction. The
difference between the in situ matric suction and the matric
suction equivalent is primarily a function of the degree of
saturation of the soil. The engineer desires to obtain the cor-
rected swelling pressure from an oedometer test in order to
reconstruct the in situ stress conditions. The interpretive pro-
cedure used to account for sampling disturbance is discussed
later.

14.4.7 Free-Swell Test

The soil specimen in a free-swell oedometer test is ini-
tially allowed to swell freely with only a token load applied
(Fig. 14.15). The term free swell simply refers to the ini-
tial conditions to which the soil specimen is subjected as
matric suction is released to zero. The load required to bring
the specimen back to its original void ratio is termed the
swelling pressure.

The stress paths followed by the soil can best be under-
stood from a three-dimensional plot of the stress variables
versus void ratio and water content, as shown in Fig. 14.16.
The free-swell test has the limitation that it allows volume

Figure 14.15 Typical free-swell one-dimensional K0 oedometer
test results.

Figure 14.16 Stress path followed for free-swell type of oedome-
ter test.

change and incorporates hysteresis into the estimation of
the in situ stress state. On the other hand, the test proce-
dures tend to compensate for the effects of sampling dis-
turbance. No empirical corrections need to be applied for
“sampling disturbance” when using the free-swell test to
measure swelling pressure.

14.4.8 Correction for Compressibility
of the Oedometer Apparatus

The oedometer was originally designed and intended for
testing highly compressible clay soils. The compressibility
of components of the oedometer was of little concern when
testing highly compressible clay soils. However, unsatu-
rated, swelling soils generally exhibit low compressibility
and the compressibility of the oedometer can significantly
affect the interpretation of the laboratory test results. The
compressibility of the apparatus affects procedures used for
testing swelling soils; however, it is the constant-volume test
procedure that is most significantly affected by apparatus
compressibility.

The following procedure is suggested for taking the
compressibility of the oedometer into account and obtaining
the corrected swelling pressure from constant-volume test
results. Details of the testing procedure are presented in
ASTM D4546. Laboratory data need to be adjusted to
account for the compressibility of the components of the
oedometer apparatus. Desiccated, swelling soils have a low
compressibility, and the compressibility of the apparatus
can significantly affect the evaluation of in situ stresses as
well as the slope of the rebound curve (Fredlund, 1969).

The compressibility of the oedometer can be measured
by placing a steel plug as a substitute for the soil speci-
men. The measured deflections under applied loads with the
steel plug should be subtracted from the deflections mea-
sured when testing the soil specimen. Figure 14.17 shows
the manner in which an adjustment should be applied to
the laboratory data. The adjusted void ratio versus pressure
curve can be sketched by drawing a horizontal line from the
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Figure 14.17 Adjustment of laboratory test data to compensate for compressibility of oedometer
apparatus.

initial void ratio. The horizontal line should then gradually
curve downward and join the recompression curve adjusted
for the compressibility of the apparatus.

14.4.9 Correction for Sampling Disturbance

A correction for sampling disturbance can be applied to
the measured compression curve that has been adjusted for
compressibility of the oedometer. Sampling disturbance
increases the compressibility of the soil. The increase in
compressibility is most clearly observed when loading goes
from the in situ void ratio onto the recompression curves
and when the loading goes from the recompression curve
onto the virgin compression branch. Sampling disturbance
does not allow the laboratory specimen to return to its in
situ state of stress at its in situ void ratio.

Casagrande (1936) proposed an empirical construction
that can be applied to the laboratory-measured compression
curve for the determination of preconsolidation pressure.
The empirical construction was necessary in order to account
for the effect of sampling disturbance. Other construction
procedures have also been proposed for the determination
of preconsolidation pressure (Schmertmann, 1955). A
modification of Casagrande’s construction is suggested for
determining the corrected swell pressure when the constant-
volume test procedure is used.

The corrected swelling pressure can be determined using
the following procedure. Locate the point of maximum cur-
vature where the void ratio versus pressure curve bends
downward onto the recompression branch (Fig. 14.18). It
is also suggested that the point of maximum curvature be
located as the bisector of a horizontal line through the ini-
tial void ratio and the slope of the recompression curve,
as shown in Fig. 14.19. A horizontal line and a tangen-
tial line are drawn at the point of maximum curvature. The
corrected swelling pressure is designated as the intersection
of the bisector of the angle formed by the horizontal and
tangential lines and a line tangential to the recompression
curve. The recompression line can be determined from the
adjusted rebound curve and drawn tangent to the loading
curve.

The need to apply a sampling disturbance correction to the
constant-volume swelling pressure measured in the labora-
tory is revealed in several ways. First, it would be anticipated
that such a correction is necessary as a result of early soil
mechanics experiences in determining the preconsolidation
pressure for saturated clay soils. Second, attempts to use
swelling pressure meaurements that have not been corrected
for sampling disturbance have resulted in predictions of total
heave that are too low. Predictions of heave made using
corrected swelling pressures are often as much as twice
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Figure 14.18 Construction procedure suggested to compensate for sampling disturbance.
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Figure 14.19 Empirical construction to estimate point of maximum curvature on compression
curve.
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as large as those computed when no correction is applied.
Third, the analysis of a series of oedometer test results
measured on desiccated highly plastic clay in a semiarid
environment showed swelling pressures that were unrealisti-
cally low when the correction for sampling disturbance was
not applied. The average results from 34 constant-volume
oedometer tests on Regina clay are shown in Figure 14.20.
The deposit is of preglacial lacustrine origin with natural
water contents near the plastic limit of 25% (Fredlund et al.,
1980a). The average liquid limit is 75%. There is no evi-
dence of a regional groundwater table in the deposit. The soil
is very stiff and is known to have high swelling potentials.
The uncorrected swelling pressures are only slightly higher
than the average overburden pressure. The oedometer results
uncorrected for sampling disturbance would suggest that the
soil is low-swelling clay. However, swelling problems are
common with a total heave on the order of 5–15 cm. Sam-
ples from depths deeper than 5.5 m often show uncorrected
swelling pressures less than the overburden pressure when
using the constant volume test procedure. In other words,
the correction for sampling disturbance is imperative when
interpretating the laboratory oedometer results.

Figure 14.21 shows a comparison of corrected and uncor-
rected swelling pressure data from two soil deposits. The
results indicate that it is possible for the corrected swelling
pressures to be more than 300% larger than the uncorrected
swelling pressures.

14.4.10 Comparative Swelling Pressure Studies Using
Various Surcharge Pressures

The laboratory measurement of swelling pressure has been
the focus of several research studies. Gilchrist (1963) pre-
pared compacted samples of Regina clay at various
initial water contents and densities. Table 14.3 lists the
compaction water contents and initial void ratios used for
six series of swelling tests. In addition to measuring the
swelling pressures using the constant-volume and free-swell
testing procedures, tests were also performed by allowing
swelling from various applied surcharge loads. The ranges
of measured swelling pressures are shown in Table 14.3.
Swelling pressures were determined as the load required
to return the soil sample to the original void ratio. Correc-
tions were applied for the compressibility of the oedometer
apparatus.

Figure 14.22 shows the swelling pressure measurements
and compression curves when the soil was compacted at
22% water content to a dry unit weight of 16.0 kN/m3. The
measured swelling pressures ranged from 1570 to 2160 kPa.
In general, the free-swell test performed with a low token
applied pressure resulted in the highest measured swell pres-
sures. Swelling under increased surcharge loads reduced the
measured swelling pressures.

The soil unit weight was decreased and the as-
compacted water content was increased for each succeeding
series of tests. The measured swelling pressures decreased in
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Figure 14.21 Change to measured swelling pressure as result of applying correction for sam-
pling disturbance.

Table 14.3 Volume-Mass Properties and Swelling
Pressures for Series of Oedometer Tests on Regina Clay

Swelling
Void Dry Unit Water Pressure

Series Ratio Weight, kN/m3 Content, % Range, kPa

1 0.67 16.0 22 1570–2160
2 0.79 14.9 27 640–980
3 0.94 13.8 32 200–350
4 1.05 13.0 37 120–180
5 1.29 11.7 45 30–80
6 1.48 10.8 51 15–30

Source: From Gilchrist (1963).

each succeeding series of tests. Figures 14.23–14.27 show
the swelling pressure measurements and compression
curves as the soil was compacted to lower densities while
having initial higher water contents. Figures 14.24–14.27
also show the slope of the rebound curves. The slope of the
rebound curves, Cs , was approximately 0.12. A line drawn
through the void ratios corresponding to “after-free-swell”
conditions under various surcharge loads results in a
slightly steeper rebound curve.

Singhal (2010) performed a similar set of compara-
tive swell pressure tests on expansive clay in Arizona
(Fig. 14.28). The soil had a plastic index of 52. The
load-back swell pressure is the pressure required to return
the soil to its initial void ratio after the soil has swelled
under its initial surcharge pressure. The load-back swelling
pressures ranged from 410 to 480 kPa.
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Figure 14.22 Swelling pressures measured under swell from various surcharge loads
(e0 = 0.67, w = 22%) (after Gilchrist, 1963).
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Figure 14.23 Swelling pressures measured under swell from various surcharge loads
(e0 = 0.79, w = 27%) (after Gilchrist, 1963).
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Figure 14.24 Swelling pressures measured under swell from various surcharge loads (e0 = 0.94,
w = 32%) (after Gilchrist, 1963).
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Figure 14.25 Swelling pressures measured under swell from various surcharge loads (e0 = 1.06,
w = 37%) (after Gilchrist, 1963).
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Figure 14.26 Swelling pressures measured under swell from various surcharge loads (e0 = 1.29,
w = 45%) (after Gilchrist, 1963).
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Figure 14.27 Swelling pressures measured under swell from various surcharge loads (e0 = 1.48,
w = 51%) (after Gilchrist, 1963).
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Figure 14.28 Swelling pressures measured under swell from various surcharge load of 25, 75,
and 150 kPa (after Singhal, 2010).

14.4.11 Swell Pressure Measurements Using Other
Test Procedures

Feng et al., (1998) performed a series of oedometer tests
on expansive Regina clay. Four different test procedures
were used: (1) “loading after swell,” (2) “swell under load,”
(3) “constant volume,” and (4) “unloading.”

14.4.11.1 Loading after Swell Procedure

The soil specimens were subjected to a vertical surcharge
pressure at initial water content conditions for the loading-
after-swell test procedure. A range of surcharge pressures
were selected and a specimen was prepared for each sur-
charge pressure. Water was added to each soil specimen
once the surcharge was applied and equilibrium had been
reached. When swelling of the specimen was complete, the
applied vertical pressure was increased in increments until
the specimen was compressed to a height less than its orig-
inal value.

The free-swell test is a special case of the loading-after-
swell procedure where the surcharge pressure is placed on
the soil specimen. Two definitions of swelling pressure can
be found in the literature related to this test procedure (Chen,
1988; Justo et al., 1984; and ASTM, 1986). In one case
the swelling pressure is defined as the pressure to compress
the specimen to its original void ratio (i.e., P1−1). In the
other case, the swell pressure is the pressure to compress
the specimen to the void ratio at the end of consolidation

under various surcharge pressures, P1−2. In the case of the
free swell-test, the two swelling pressures are the same (i.e.,
P1−1 = P1−2).

Five specimens were tested under different surcharge pres-
sures. The surcharge pressures were 5, 50, 100, 200, and
400 kPa, respectively (Fig. 14.29). The measured swelling
pressures P1−1 ranged from 550 to 710 kPa when the P1−1
definition was used to determine swelling pressure. The
measured swelling pressures were 710–790 kPa when the
P1−2 definition was used to determine the swelling pressure.

14.4.11.2 Swell-under-Load Procedure

Several identical specimens were prepared and subjected
to different surcharge pressures by Feng et al. (1998). The
void ratios at the completion of consolidation under the sur-
charge load were plotted to produce the “before-inundation”
curve. The consolidated specimens were then inundated and
allowed to swell (or compress) under the applied surcharge
pressures. Specimens were allowed to swell after being sub-
jected to surcharge pressures of 5, 50, 100, 200, 400, 800,
1600, and 2600 kPa. The results are shown in Fig 14.30.
Two definitions of swelling pressure associated with this
test procedure can be found in the literature (Justo et al.,
1984; Sridharan et al., 1986).

The first definition uses the intersection of the “full-swell”
curve and a horizontal line to define swelling pressure (i.e.,
P2−1). The second definition uses the intersection of the
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Figure 14.29 Swelling pressures measured when using loading-after-swell procedure from sur-
charge pressures of 5, 50, 100, 200, and 400 kPa (from Feng et al., 1998).
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Figure 14.30 Swelling pressures measured when using swell-under-load procedure on eight
specimens subjected to various surcharge pressures (after Feng et al., 1998).

full-swell curve and the before-inundation curve to define
swelling pressure (i.e., P2−2). The first definition (i.e., P2−1)
gave a swell pressure value of 490 kPa and the second defini-
tion (i.e., P2−2) gave a swelling pressure value of 1050 kPa.
The swelling pressure P2−2 would appear to be more mean-
ingful since it corresponds to the surcharge pressure under
which the soil was brought to equilibrium. The soil could not
undergo any further volume change under further wetting.

14.4.11.3 Constant-Volume Test Procedure

The constant-volume tests performed by Feng et al., (1998)
were described as follows. A surcharge pressure was first

applied to the soil specimen (ASTM, 1986). The soil spec-
imen was then inundated. The vertical pressure on the soil
specimen was increased to prevent swelling as the specimen
imbibed water. The specimen was then loaded in accordance
with a conventional consolidation test procedure.

The vertical pressure corresponding to the end of wetting
under constant-volume conditions was defined as swelling
pressure P3−1 (Justo et al., 1984; Sridharan et al., 1986);
Chen, 1988; ASTM, 1986). The swelling pressure could
also be corrected for the effect of sampling disturbance. The
correction procedure gives rise to a corrected swelling pres-
sure P3−2. The construction procedure proposed by Fredlund
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et al. (1980a) was applied to the test results. (Note: The
construction procedure was described earlier in this chapter.)
The corrected swelling pressure from a constant-volume
oedometer test (P3−2) was earlier adopted as part of the
ASTM (1986) standard for testing expansive soils.

The results of the constant-volume tests are shown in
Fig. 14.31. Two specimens were subjected to a surcharge of
5 kPa. The remaining four specimens were each subjected to
a differing surcharge pressure of 100, 200, 400, and 600 kPa,
respectively. After wetting was complete, one of the two
specimens with a surcharge pressure of 5 kPa was unloaded
to obtain its rebound curve. The uncorrected swelling pres-
sures P3−1 ranged from 590 to 860 kPa and the corrected
swelling pressures P3−2 ranged from 700 to 1010 kPa.

14.4.11.4 Unloading Test Procedure

Soil specimens were also tested using the unloading test
procedure (Feng et al., 1998). The soil specimens were first
consolidated under a surcharge pressure at the original water
contents. The surcharge pressure was selected as a value that
exceeded the estimated swelling pressure of the soil. The
specimen was inundated and swelling was allowed to take
place with the surcharge pressure applied. The specimen was
unloaded in increments to zero pressure or to a token load
when swelling ceased. The swelling pressure was defined as
the pressure (i.e., P4) on the unloading curve corresponding
to the initial void ratio. This method is commonly used in
China and is documented as the National Standard of the
Peoples Republic of China (1969).

Figure 14.32 shows the void ratio versus vertical pressure
curves for four specimens tested using test procedure 4 (i.e.,
unloading method). The surcharge pressure did not have a
significant influence on the swelling pressure P4 and the
amount of swell during unloading.

14.4.11.5 Comparison of Swelling Pressure
Measurements

The swelling pressures determined from each testing method
are shown in Fig. 14.33. Also shown are the relationships
between the swelling pressures and the surcharge pressures.
The first procedure used to define swelling pressure P1−1
(i.e., loading-after-swell test procedure) shows a tendency to
decrease with surcharge pressure. Results of swelling tests
on clay from El Arahal (Justo et al., 1984) showed that the
swelling pressure P1−1 was essentially independent of the
surcharge pressure.

The second procedure used to define swelling pressure
P1−2 (i.e., loading-after-swell test procedure) shows a slight
increase in swelling pressure with surcharge pressure. Tests
conducted on various undisturbed expansive soils from the
Rocky Mountain area have shown that the surcharge pres-
sure does not have a significant effect on the swelling pres-
sure P1−2 (Chen, 1988). Figure 14.33 shows that both P1−1
and P1−2 change somewhat with the surcharge pressure.
However, the changes do not appear to be large and an
average value for swelling pressure can be assessed.

The uncorrected swelling pressure P3−1 and the corrected
swelling pressure P3−2 show a tendency to increase with
increasing surcharge pressure when using the constant-
volume test procedure (Fig. 14.33). Komornik and David
(1969) arrived at a similar conclusion when examining
the effects of preloading on the swelling pressure of
undisturbed samples. The swelling pressure P4 associated
with using test procedure 4 (i.e., unloading method) shows a
slight decrease in swelling pressure with surcharge pressure
(Fig. 14.33).

The measured swelling pressures for Regina clay can be
summarized as follows. The swelling pressure P2−2 from
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Figure 14.32 Swelling pressures measured when using unloading test procedure from surcharge
pressures of 600, 800, 1600, and 2600 kPa (from Feng et al., 1998).
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Figure 14.33 Relationship between swelling pressure and surcharge pressure when using four
different test procedures (from Feng et al., 1998).

test procedure 2 (i.e., swell under load) gives an upper limit
value of 1050 kPa, and the swelling pressure P4 from test
procedure 4 (i.e., unloading method) gave the lowest value,
which was between 310 and 400 kPa. For the same surcharge
pressure, the corrected swelling pressure, P3−2, when using
test procedure 3 (i.e., constant volume) was always larger
than the other swelling pressures except swelling pressure
P2−2. The swelling pressures measured by the four testing
methods ranged from 340 to 1050 kPa.

Research studies to date have not isolated a single test
procedure for the measurement of swelling pressure. How-
ever, it would appear that the preferred test procedure should

correspond to the methodology that yields an upper bound
value for swelling pressure.

14.4.12 Unloading Soil after Compression

The rebound curve associated with unloading of the soil
can be measured once the soil has been loaded well beyond
the swelling pressure (Fig. 14.34). The rebound curves are
approximately parallel to one another and can generally
be represented as the slope on a semilogarithmic scale
(Schmertmann, 1955; Holtz and Gibbs, 1956; Gilchrist,
1963; Noble, 1966; Lambe and Whitman, 1979; Lidgren,
1970; Chen, 1975).
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Figure 14.34 Location of unloading surface (i.e., curve 1) obtained from oedometer test results.

A stress reversal associated with going from loading to
unloading conditions results in a slight curvature near the
start of the rebound curve. As a result, the first portion of
the rebound curve is generally omitted when determining the
slope of the rebound curve, Cs . The slope of the rebound
curve is referred to as the swelling index Cs.

The slope of a line through the points of free swell from
various surcharge pressures is referred to using the variable
Cts (see Figs. 14.23 and 14.34). The Cts index will be slightly
larger but quite similar in magnitude to the Cs index.

The swelling index Cs has been shown to typically
range between 10 and 20% of the compressive index Cc.

Figure 14.35 Approximate correlation of swelling index Cs with
plasticity of soil and rebound void ratio (after NAVFAC, 1971).

Figure 14.35 shows approximate swelling index values
which have been correlated with the liquid limit and the
rebound void ratio of the soil (NAVFAC, 1971). The
correlation of Cs versus the index properties shows that the
swelling index decreases with an increase in the void ratio
from which swelling occurs for a particular soil. The plot
is useful for obtaining an estimate of the swelling index Cs

of an expansive soil.

14.5 ONE-DIMENSIONAL FORMULATIONS FOR
DEFORMATION ANALYSIS FOR UNSATURATED
SOIL

The analysis of one-dimensional heave can be numerically
modeled using the conversion of matric suctions onto the
total stress plane. The calculations for a one-dimensional
heave analysis can be performed either longhand or with
assistance from numerical modeling software. Both types of
one-dimensional solutions will be shown in this chapter. The
final pore-water pressure conditions are assumed, and as a
result it is necessary to simply solve the stress-deformation
equation for the y-direction. Transient solutions with
changes in pore-water pressure conditions with time (i.e.,
water flow partial differential equation) are solved in con-
junction with a stress-deformation analysis (see Chapter 16).

Two approaches are presented for the calculation of one-
dimensional heave in an expansive soil. First, it is possi-
ble to linearize the void ratio–stress state relationship on
a semilogarithm plot and perform a summation-type long-
hand analysis for the calculation of total heave. Second,
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it is possible to perform a one-dimensional solution as a
numerical modeling problem (e.g., a finite element analysis).
Both solutions should give essentially the same answer for
total heave.

Two- and three-dimensional heave simulations that use
independent changes in matric suction and total stresses are
solved later in this chapter. The two- and three-dimensional
heave calculations are performed using a finite element mod-
eling procedure.

14.5.1 Theory of Heave Predictions (One-Dimensional
Heave)

Volume change coefficients or indices and matric suction
changes need to be measured or estimated for the prediction
of one-dimensional heave. The stress state variable changes
can be large, and consequently the soil properties can vary
as the stress levels change. It is necessary to integrate volu-
metric strain between the initial and final stress states. The
constitutive surface takes on a linear form when plotting
the total stress state on a logarithmic scale. It is possible to
transfer matric suction onto the total stress plane, thereby
simplifying the prediction of total heave.

The total heave formulation is first presented with the
initial and final stress states projected onto the total stress
plane. The results from a one-dimensional oedometer test
are plotted on a semilogarithmic scale of total stress state
and the slope of the plot is used in the formulation for
total heave.

The in situ stress state is equal to the vertical swelling
pressure of the soil, which is measured in a one-dimensional
oedometer under K0 loading conditions. Only vertical or
one-dimensional heave is calculated. The vertical heave pre-
diction is of importance in the design of shallow foundations
for light structures. Two case histories dealing with highly
expansive soils in Saskatchewan, Canada, are later analyzed
and used to illustrate the calculation of total heave.

Volume change can also occur in the lateral directions
for loading configurations other than K0 conditions. The
swelling pressure in the lateral direction depends on several
variables, such as the initial at-rest earth pressure coeffi-
cient and the horizontal deformation modulus for the soil.
In a soil with wide desiccation cracks, substantial volume
changes may occur in the horizontal direction prior to the
development of the lateral swelling pressure. The ratio of the
lateral to vertical swelling pressures can range from as low
as the at-rest earth pressure coefficient, which may be zero,
to as high as the passive earth pressure coefficient (Pufahl
et al., 1983; Fourie, 1989).

14.5.2 Total Heave Analysis Using Longhand
Calculations

The longhand calculation procedure for total heave is essen-
tially the reverse of the settlement analysis used for soft
compressible clays. Total heave is computed from changes
in void ratios between the initial and final stress states and

Figure 14.36 One-dimensional oedometer test results showing
effect of sampling disturbance.

the swelling index. The formulation can be visualized on a
plot of void ratio versus the logarithm of the stress state.
The formulation assumes that the stress path followed dur-
ing heave can be projected onto the total stress plane, as
shown in Fig. 14.36. The total heave stress path follows the
rebound curve (i.e., Cs) from the initial stress state to the
final stress state. The equation for the rebound portion of
the oedometer test data can be written as

�e = Cs log

(
Pf

P0

)
(14.14)

where:

�e = change in void ratio between the initial and final
stress states (i.e., ef − e0),

e0 = initial void ratio,
ef = final void ratio,
Cs = swelling index,
P0 = initial stress state, assumed to be equal to the cor-

rected swelling pressure (i.e., P0 = P ′
s ), and

Pf = final stress state.

The initial stress state P0 and the corrected swelling pres-
sure P ′

s consist of the sum of the overburden pressure and
the matric suction equivalent (Fig. 14.10), as follows:

P0 = (σv − ua) + (ua − uw)e (14.15)

where:

σv = total overburden pressure,
σv − ua = net overburden pressure,

ua = pore-air pressure,(
ua − uw

)
e

= matric suction equivalent, and
uw = pore-water pressure.
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The above equation defines the initial stress state as P0.
The value of P0 is not calculated but is measured as the cor-
rected swelling pressure P ′

s in an oedometer test. The final
stress state Pf must account for total stress changes and final
pore-water pressure conditions. The pore-air pressure in the
field remains at atmospheric conditions. The final pore-water
pressure conditions can be predicted or estimated. Therefore,
the final stress state Pf can be written as

Pf = σv ± �σv − uwf (14.16)

where:

�σv = change in total vertical stress due to the excava-
tion (i.e., −�σv) or placement of fill (i.e., +�σv)
and

uwf = predicted or estimated final pore-water pressure.

The heave of an individual soil layer can be written in
terms of a change in void ratio:

�hi = �ei

1 + e0i

hi (14.17)

where:

�hi = heave of an individual soil layer,
hi = thickness of a single soil layer into which the total

expansive soil layer has been subdivided,
�ei = change in void ratio of the layer under consideration

(i.e., e0i − efi),
e0i = initial void ratio of the soil layer, and
efi = final void ratio of the soil layer.

The change in void ratio, �ei, in Eq. 14.17 can be rewrit-
ten in terms of the soil properties and the stress states (i.e.,
Eq. 14.14) to give the following form for the heave of a
single layer:

�hi = Cs

1 + e0i
hi log

Pfi

P0i
(14.18)

where:

Pfi = final stress state in the soil layer and
P0i = initial stress state in the soil layer.

The total heave from the entire expansive soil layer, �H,

is equal to the sum of the heave amounts calculated for each
of the subdivided layers:

�H =
∑

�hi (14.19)

14.5.3 Estimation of Final Pore-Water Pressures

The final pore-water pressures below a foundation or
pavements can either be predicted through analysis or be
estimated. A prediction must take into consideration the
ground surface moisture flux boundary conditions (i.e., infil-
tration, evaporation, and evapotranspiration) and possible

fluctuation in the groundwater table. The surface flux bound-
ary conditions can vary from one geographic location to
another depending on climatic conditions. Russam and Cole-
man (1961) related the equilibrium suction below asphaltic
pavements to the Thornthwaite moisture index. On many
smaller structures, however, it is often man-made causes
such as leaky water lines, poor drainage, and lawn watering
that control final pore-water pressures in the soil.

There are three typical possibilities for the estimation
of final pore-water pressure conditions, as illustrated in
Fig. 14.37. First, it could be assumed that the water table
will rise to the ground surface, creating a hydrostatic condi-
tion. This assumption results in the calculation of the largest
amount of total heave. Second, it could be assumed that
the pore-water pressure approaches a zero value throughout
its depth. This may appear to be a realistic assumption;
however, it should be noted that it is not an equilibrium
condition. The zero pore-water pressure condition may
provide a reasonable estimate for the final pore-water
pressure state in some situations. Third, it could be assumed
that under long-term equilibrium conditions the pore-water
pressure will remain slightly negative. This assumption
predicts the smallest amount of total heave.

It is also possible to have variations of the above assump-
tions with depth. As well, a limit might be placed on the
depth to which wetting will occur. Any of the above assump-
tions produces a range of predictions of heave that can
be used by the geotechnical engineer to determine reason-
able design estimates for total heave. The above-mentioned
analyses will show that most of the heave occurs in the
uppermost soil layers where the change in matric suction is
largest and the total overburden stresses are the smallest.

14.5.4 Zone of Subsoil Wetting

The zone over which wetting will likely take place is a pri-
mary variable that must be assessed or estimated in order to
calculate total heave. The soil immediately below light struc-
tures often increases in water content over time. Irrigation

Figure 14.37 Estimation of final matric suction conditions in soil.
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and a reduction in evapotranspiration commonly contribute
to an increase in the water content of the soil. A perched
water table may develop which controls final equilibrium
pore-water pressures in the soil if an aquatard is encoun-
tered. The zone of wetting and the final pore-water pressures
will depend upon water balance calculations at ground sur-
face in the case where an expansive soil layer is extensive
and no aquatard exists. A transient seepage analysis can be
used in this case to assess the zone over which wetting is
likely to occur.

There are several terms that have been used to define dif-
ferent types and amount of wetting that might occur in an
expansive soil layer. The general term for the zone of wet-
ting is the “active zone” (Nelson et al., 2001; Overton et al.,
2011). This term has also been used for other applications
(e.g., permafrost) and is too general to clearly define the
degree and type of wetting. Nelson et al., (2001) provided
several definitions that provide a more detailed description
of the zone of wetting in an expansive soil:

(i) “Active Zone, za, is that zone of soil that is contribut-
ing to heave due to soil expansion at a particular
point in time. The depth of the active zone will vary
as heave progresses, and therefore, varies with time.”

(ii) “Zone of Seasonal Moisture Fluctuation, zs , is that
zone of soil in which water contents change season-
ally due to climate changes.”

(iii) “Zone of Wetting, zw, is the zone in which water
contents have increased over pre-construction equi-
librium conditions. Factors contributing to this could
include capillary rise after the elimination of evapo-
transpiration from the surface, infiltration due to irri-
gation from the surface, or introduction of water from
off-site. Underground sources may include broken
water lines, development of perched water tables, or
flow through permeable strata that are recharged at
distant locations.”

(iv) “Depth of Potential Heave, zp, is the depth to which
the overburden vertical stress is equal or exceeds the
swelling pressure of the soil. This represents the max-
imum depth of the Active Zone that could occur.”

The above-mentioned definitions infer that there are
numerous factors that affect the depth and amount of
wetting that might occur at a particular site. These factors
form the boundary conditions for a heave analysis and must
be assessed for each expansive soils problem. It is generally
possible to make an appropriate assumption regarding the
final wetting conditions (or pore-water pressure conditions)
that should be analyzed. It is also possible to use weather
conditions and saturated-unsaturated hydraulic properties to
assess realistic boundary conditions.

14.5.5 First Example of One-Dimensional Heave
Calculations

The following example problems are presented to illustrate
the calculations associated with total heave. The first

example considers a 2-m-thick layer of swelling clay
(Fig. 14.38). The initial void ratio of the soil is 1.0, the
total unit weight is 18.0 kN/m3, and the swelling index
Cs is 0.1. One oedometer test was performed on a sample
taken from a depth of 0.75 m. The test data showed a
corrected swelling pressure of 200 kPa. It is assumed that
the corrected swelling pressure is constant throughout the
2-m layer.

Let us consider the case where the ground surface is
covered with an impermeable layer such as asphalt. The
negative pore-water pressure in the soil below the asphalt
will increase with time as a result of the reduction in evap-
oration and evapotranspiration. Let us assume for analysis
purposes that the final pore-water pressures increase to zero
throughout the entire depth.

The 2-m layer is subdivided into three sublayers. The
amount of heave in each layer is computed by considering
the stress state changes at the middle of the layer. The ini-
tial stress state P0 is equal to the corrected swelling pressure
at all depths. The final stress state Pf will be the overbur-
den pressure. Equation 14.18 is used to calculate the heave
for each sublayer. The calculations in Fig. 14.38 show that
a total heave of 11.4 cm is likely to occur. Approximately
36% of the total heave occurs in the upper quarter of the
clay strata. The calculations also show the amount of heave
that would occur if each layer became wet from the surface
downward.

14.5.6 Second Example of One-Dimensional Heave
Calculations

The second example illustrates a more complex loading
situation and the results are presented in Fig. 14.39. The
expansive clay layer is 2 m in thickness. The initial void
ratio is 0.80, the total unit weight is 18.0 kN/m3, and the
swelling index Cs is 0.21. Three oedometer tests were per-
formed which show a decrease in the corrected swelling
pressure with depth (Fig. 14.39).

Suppose the engineering design suggests the removal of
1/3 m of swelling clay from ground surface followed by
the replacement with 2/3 m of gravel. The unit weight of
the gravel is assumed to be equal to that of the clay. The
remaining 12/3 m of swelling clay is subdivided into three
layers for calculation purposes. The thickness of each layer
is shown in Fig. 14.39.

The initial stress state P0 for the midpoint of each layer
can be obtained by interpolating between the measured
swelling pressures. The final stress state Pf must take into
account the final pore-water pressure and changes in the
total stress. The final pore-water pressure is assumed to
be −7.0 kPa. Equation 14.18 can be used to calculate the
change in volume that should occur within each layer. The
total heave for the three layers is computed to be 22.1 cm.

Two assumptions were made during the heave analysis.
First, it was assumed that the independent processes of exca-
vation of the expansive soil and the placement of the gravel
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Figure 14.38 Calculation of total heave for example 1.

Figure 14.39 Calculation of total heave for example 2.
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fill did not allow sufficient time for pore-water pressure
equilibrium. Therefore, the soil simply responded to the net
change in total stress. Second, it is assumed that the soil
approached saturation when the final pore-water pressure
was −7.0 kPa. Therefore, the slope of the rebound curves
on the matric suction plane was the same as the slope on
the total stress plane. This assumption is reasonable as long
as the final pore-water pressure is relatively small.

14.5.7 Third Example of One-Dimensional Heave
Calculations

A third example illustrates the amount of heave versus depth
for a 4-m layer of expansive soil. The results show that the
largest amount of heave occurs near the ground surface.
The matric suction generally has a maximum value near the
ground surface and the overburden pressure is also lowest
near ground surface. Consequently, the ratio of the final
stress state Pf to the initial stress state P0 in Eq. 14.18
approaches its minimum value, which results in the largest
calculated heave.

Let us assume that the clay becomes wet and the
pore-water pressures go to zero throughout the deposit.
Figure 14.40 shows the distribution of heave potential
versus depth for the 4-m-thick layer. Heave potential is
defined as the heave in each layer of the profile divided

Figure 14.40 Heave potential versus depth for various distribu-
tions of swelling pressure with depth.

by the maximum heave in any layer. Three initial swelling
pressure profiles are assumed. The first profile assumes a
constant swelling pressure of 720 kPa throughout the 4-m
depth. The second profile assumes a constant value for the
swelling pressure of 3600 kPa throughout the 4-m depth.
The third profile assumes a linear decrease in swelling
pressure from 720 kPa to a value equal to the overburden
pressure at 4 m. All cases show that the heave potential
decreases rapidly with depth. The swelling pressure gener-
ally decreases with depth in situ, and as a result the decrease
in heave potential is of an exponential form (Fig. 14.40).

The change in water content, �w, can also be estimated
as the soil swells provided the initial volume-mass soil prop-
erties are known:

�w = Sf �e

Gs

+ e0 �S

Gs

(14.20)

where:

Sf = final degree of saturation,
Gs = specific gravity of soil solids, and
�S = change in degree of saturation.

The final degree of saturation can be assumed to approach
100%. Changes in void ratio, �e, are obtained from the
heave analysis.

14.5.8 Case History (Slab-on-Grade Floor, Regina,
Saskatchewan, Canada)

In 1961, the Division of Building Research, National
Research Council, Government of Canada, monitored the
performance of a light industrial building which was con-
structed in north-central Regina. Details of the study were
presented by Yoshida et al., (1983). Instrumentation was
installed to monitor ground movements at various depths
below the slab. Water content changes were monitored
using a neutron moisture meter probe. Undisturbed samples
were taken as part of the subsurface exploration prior to the
construction of the building. Constant-volume oedometer
tests were performed on three samples, and the swelling
pressure profiles are shown in Fig. 14.41. The average
swelling index of the soil at this site was 0.09.

The owner noticed considerable cracking of the floor slab
about one year after completion of construction. Precise
level surveys showed the maximum total heave to be 106
mm. The owner had also noticed a significant increase in
water consumption (i.e., 35,000 L). It was discovered that
a leak had occurred in the hot-water line beneath the floor
slab near the location of the maximum heave. The leak was
immediately repaired.

Total heave predictions were made on the basis of the
laboratory oedometer test results. Various assumptions were
made concerning the final pore-water pressure conditions as
part of the one-dimensional heave analysis. The predicted
heave was 141 mm when it was assumed that the soil had
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Figure 14.41 Swelling pressure versus depth for Regina clay at
light industrial building site (after Yoshida et at., 1983).

become saturated and the water table rose to the base of
the floor slab. The predicted total heave was 118 mm when
assuming that the negative pore-water pressures in the soil
were reduced to zero. The calculated total heave reduced to
66 mm when a final pore-water pressure profile of −50 kPa
was assumed. On the basis of the parametric heave analysis,
it appears that the assumption of zero pore-water pressure
was probably the most realistic for this case history. It
appears that further heave would likely have taken place
had the leak not been repaired. The prediction of heave
at various depths showed close agreement with the actual
measurements.

The importance of correcting the swelling pressure mea-
surements can be illustrated by computing total heave using
the uncorrected swelling pressures. The predicted heave was
reduced to 103 mm when the final pore-water pressure was
assumed to be zero and the uncorrected swelling pressures
were used in the computations. This is less than the mea-
sured maximum heave and 13% less than the 118 mm pre-
dicted using the corrected swelling pressure values.

14.5.9 Case History (Eston School, Eston,
Saskatchewan, Canada)

Soils in the Eston area of Saskatchewan have long been
known to be extremely high in swelling potential. The
stratigraphy consists of approximately 71/2 m of highly
plastic, brown clay overlying the glacial till. Many light
structures have undergone serious distress over the years.
The building of particular interest in Eston was the Old
Eston School constructed in the late 1920s.

The school building was constructed on concrete strip
footings and a wooden basement floor was supported on

interior concrete footings. The school was a two-story
structure with classrooms on both the lower and upper lev-
els. The lower floor was approximately 1.2 m below grade.
The exterior concrete walls were founded approximately
1.8 m below grade.

Substantial heave took place below the interior footings.
Although the record of performance was not precise, appar-
ently the heave in one portion of the basement area had
been noted to be quite extreme. On two occasions during
the history of the school, 150–300 mm of soil was removed
from below the interior footings. As much as 450–900 mm
of total heave occurred during the life of the school, accord-
ing to maintenance records. Large amounts of differential
heaving of the floor were recorded in 1960. The school was
demolished in 1967.

A subsurface investigation in 1981 was conducted adja-
cent to the location of the old school. Undisturbed soil
samples were taken and constant-volume oedometer tests
were performed. The results are presented in Fig. 14.42.
The average natural water content throughout the profile
was 25%. The average plastic limit was 27%, and the aver-
age liquid limit was 100%. The average swelling index was
0.21. It is not possible to undertake a detailed heave anal-
ysis of heave for the area below the school due to a lack
of detailed information on the soil conditions and the per-
formance records for the school. It is of interest, however,
to perform an approximate analysis for total heave. Using
the corrected swelling pressures from Fig. 14.42 and assum-
ing that the negative pore-water pressures went to zero, the
predicted heave would be approximately 990 mm. The pre-
dicted heave would be about 86% of this value (i.e., on the
order of 855 mm) using uncorrected swelling pressures.

Figure 14.42 Swelling pressure and swelling index versus depth
for Eston clay.
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14.5.10 Parametric Analysis to Illustrate
Influence of Various Variables

The following sections discuss the role of each variable that
controls the magnitude of total heave (Rao et al., 1988). The
corrected swelling pressure and the swelling index are the
main variables which are considered. The effect of correct-
ing the swelling pressure for sampling disturbance on the
prediction of heave is illustrated. A simple geometry with
constant soil properties, including the swelling pressure, is
used for the analyses. The influence of each controlling vari-
able on the prediction of heave can readily be identified.

The same example is also used to illustrate the percent-
ages of heave resulting from the wetting of an expansive
soil to various depths. The analysis can be used to identify
the critical zone where maximum heave will occur. Partial
removal of expansive soils is often attempted in order to
reduce heave potential. The effectiveness of this procedure
in reducing the amount of heave is discussed using the same
example problem.

14.5.11 Closed-Form Heave Equation When Swelling
Pressure Is Constant

An example is shown in Fig. 14.43 where the corrected
swelling pressure P ′

s is constant with depth. The soil is
assumed to be homogeneous (i.e., e0, ρ, and Cs are constant
with depth). These assumptions apply to the cases presented
in the following sections. Sufficient water is supplied to the
soil such that the pore-water pressures are assumed to go
to zero throughout the entire soil profile. The final stress
state Pf is assumed to be equal to the total overburden
pressure.

The unsaturated, expansive soil swells upon wetting. Most
of the heave will occur near ground surface where there is
the largest difference between the corrected swelling pres-
sure and the total overburden pressure. Heave continues to
occur until a depth is reached where there is no differ-
ence between the corrected swelling pressure and the total
overburden pressure. In this context, the depth at which

Figure 14.43 Overburden and swelling pressure distributions ver-
sus depth for the case of constant swelling pressure with depth.

the corrected swelling pressure equals the total overburden
pressure is defined as the active depth of swelling, H :

H = P ′
S

ρg
(14.21)

where:

H = active depth of swelling,
ρ = total density of the soil which is assumed to remain

constant with depth, and
g = gravitational acceleration.

Inherent in this definition of active depth is the assump-
tion that the final pore-water pressures throughout the profile
go to zero. Also inherent are the assumptions that there is
sufficient water to wet the entire soil strata and there is suffi-
cient time for the water to infiltrate the entire soil strata. The
heave analysis can be performed by subdividing the com-
puted active depth into j number of layers of equal thickness
(i.e., hi = h):

h = H

j
(14.22)

where:

h = thickness of a soil layer.

An analysis is first made to determine the number of lay-
ers required to accurately predict total heave. The initial
stress state P0i is equal to the corrected swelling pressure
P ′

s , which can be defined in terms of the active depth in
Eq. 14.21:

P0i = ρgH (14.23)

The final stress state Pfi in the i th layer from ground sur-
face is computed as the average overburden pressure in the
soil layer:

Pfi = ρg
(i − 1)h + ih

2
(14.24)

where:

i = soil layer number (i.e., 1, 2, . . . , j ).

The thickness of the soil layer, h , in the above equation
can be written in terms of the total thickness divided by the
number of layers (i.e., using Eq. 14.22):

Pfi = ρgH(2i − 1)

2j
(14.25)

The heave equation can be written for each soil layer and
then summed to give the total heave. The amount of heave
in each layer can be computed by substituting Eqs. 14.22,
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14.23, and 14.25 for hi , P0i , and Pfi, respectively, into
Eq. 14.18. The total heave for the entirely wetted active
depth is the summation of the heave for each layer:

�H = CsH

1 + e0

1

j

j∑
i=1

log

(
2i − 1

2j

)
(14.26)

The computed total heave does not change significantly
when using more than 35 layers (i.e., j = 35). Figure 14.44
shows the percentage of calculated total heave referenced to
the case of an analysis with 35 layers. The analysis can be
simplified as follows if it is assumed that 35 layers are used
in Eq. 14.26.

�H = −0.430
CsH

1 + e0
(14.27)

where:

−0.430 = computed value for the term, 1
35

35∑
i=1

log
( 2i−1

70

)
.

The constant 0.430 in Eq. 14.27 approaches a value of
0.434 when an infinite number of soil layers are assumed for
a closed-form solution (Li, 1989). The total heave expressed
in Eq. 14.27 is later used as a reference when comparing
the amount of heave computed for different field conditions
(i.e., partly wetted active depth, excavation, and backfill).
In general, a total heave analysis using 10 layers will have
satisfactory accuracy.

Substituting Eq. 14.21 into Eq. 14.27 and assuming a unit
weight (i.e., ρg) of 20 kN/m3 and an initial void ratio e0 of
1.0 results in the following equation:

�H = −0.01075CsP
′
s (14.28)

where P ′
s has units of kilopascals and �H has units of

meters. The corrected swelling pressure and the swelling
index are the two primary variables involved in the predic-
tion of total heave. Figures 14.45 and 14.46 show the types
of plots which can be drawn from Eq. 14.28 to illustrate
approximate amounts of total heave for various swelling

Figure 14.44 Percentage of heave as function of number of layers
used in the analysis.

Figure 14.45 Total heave versus swelling index for various val-
ues of corrected swelling pressure.

Figure 14.46 Total heave versus corrected swelling pressure for
various swelling indices.

indices and swelling pressures. Total heave varies linearly
with both of the above variables. Viewed another way, it is
equally important to accurately assess both swelling pres-
sure and swelling index when analyzing an expansive soil
problem.

14.5.12 Effect of Correcting Swelling Pressure
on Predicted Total Heave

Correcting the swelling pressure for the effect of sampling
disturbance increases the change in void ratio, as shown in
Fig. 14.47. The calculated total heave for any expansive
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Figure 14.47 Void ratio changes corresponding to corrected and uncorrected swelling pressures.

soil problem also increases when the swelling pressure is
increased. The change in void ratio corresponding to the
corrected swelling pressure can be computed from Eq. 14.14
by substituting P ′

s for P0 (also see Fig. 14.47):

�e′ = Cs log

(
Pf

P ′
s

)
(14.29)

The change in void ratio corresponding to the uncorrected
swelling pressure Ps is written as

�e = Cs log

(
Pf

Ps

)
(14.30)

The difference in heave or in the change in void ratio can
be obtained by subtracting Eq. 14.30 from Eq. 14.29:

�e − �e′ = Cs log

(
Ps

P ′
s

)
(14.31)

Referencing the difference between the two void ratio
changes to the change in void ratio when using the corrected
swelling pressure gives

�e − �e′

�e′ = log
(
Ps

/
P ′

s

)
log

(
Pf

/
Ps

) (14.32)

The above equation is shown graphically in Fig. 14.48
for various ratios of swelling pressure, P ′

s /Ps and Pf /Ps . In
other words, the initial and final stress states are referenced
to the uncorrected swelling pressure. The plot shows that
the relative difference between the two heave predictions
increases as the difference between the corrected and uncor-
rected swelling pressures increases (i.e., as P ′

s /Ps increases).
It is not uncommon for the corrected swelling pressure to
be two to three times greater than the uncorrected swelling
pressure (i.e., Fredlund, 1983). The relative difference in
heave also increases as the overburden pressure increases
(i.e., Pf /Ps increases). The difference in the prediction of
total heave can also be substantially different depending on
whether the corrected or uncorrected swelling pressure is
used in the analysis.

14.5.13 Example with Wetting from Top
to Specified Depth

Figure 14.49 shows the variables involved in studying the
effect of wetting of the soil from the ground surface to a
specified depth (e.g., by flooding the surface). For example,
an insufficient amount of water infiltration into the ground
may result in the wetting of only a portion of the active
depth. Let Hr be the portion of the active depth that has
been wetted (i.e., rH ). The wetted zone is also subdivided
into j number of layers for the computation of total heave.
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Figure 14.48 Effect of correcting swelling pressure on computed
change in void ratio for various overburden pressures.

Figure 14.49 Stress distributions and definition of variables for
wetting portion of soil in active depth.

The heave for any layer in the wetted zone can be calcu-
lated by substituting the variables shown in Fig. 14.49 into
Eq. 14.18:

�hri = Cs

1 + e0

rH

j
log

(
ρgrH(2i − 1)/2j

ρgH

)
(14.33)

where:

�hri = heave of an individual layer when a portion of
the active depth is wetted and

r = portion of the profile wetted (i.e., Hr/H ).

Equation 14.33 reduces to the following form:

�hri = Cs

1 + e0

rH

j

[
log

(
2i − 1

2j

)
+ log r

]
(14.34)

Equation 14.34 can be applied to all layers in the wetted
zone to give the total heave:

�Hr = CsH

1 + e0
r

[
1

j

j∑
i=1

log

(
2i − 1

2j

)
+ log r

]
(14.35)

Substituting Eq. 14.27 into Eq. 14.35 for j = 35 gives

�Hr = CsH

1 + e0
r(−0.430 + log r) (14.36)

When r = 1.0, the entire active depth is wetted, and
Eq. 14.36 reverts to Eq. 14.27. A comparison between
Eq. 14.36 and Eq. 14.27 can be written as follows:

�Hr

�H
= r(1 − 2.326 log r) (14.37)

Figure 14.50 shows a plot of the above equation
where various percentages of the profile are wetted. The
relationship is unique for all values of swelling pressure
and swelling index. For example, it can be seen that 80%
of the total heave occurs if the depth of wetting is 40–50%
of the active depth. This example illustrates that it may
be possible to flood an area prior to construction until a
significant percentage of total heave has occurred. Whether
this is a practical engineering solution may depend on other
factors such as the hydraulic soil properties and the design
of the structure.

Figure 14.50 Ratio of total heave predicted for wetting over por-
tion of depth as ratio of total heave when wetting entire active
depth.
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14.5.14 Example with Portion of Profile Removed by
Excavation and Backfilled with Nonexpansive Soil

Let us consider the possibility of excavating the upper por-
tion of the profile. This is considered under the category of
case I. If the excavated portion is backfilled with a non-
expansive soil, the total heave calculations are considered
under the category of case II. These two cases are shown
in Fig. 14.51. In case I, it is assumed that the active depth
is unaffected by the removal of the soil. The total heave
calculations in both cases are made for the condition where
the entire active depth is wetted.

The heave for any layer in the expansive soil in case I
can be computed by substituting the variables in Fig. 14.51
into Eq. 14.18:

�hli = Cs

1 + e0

(1 − l)H

j
log

(
ρg(1 − l)H(2i − 1)/2j

ρgH

)
(14.38)

where:

�hli = heave in an expansive soil layer when the active
depth is partially excavated and

l = the portion of the profile excavated (i.e., Hl/H ).

The above equation can be rearranged to the following
form:

�hli = Cs

1 + e0

(1 − l)H

j

[
log

(
2i − 1

2j

)
+ log(1 − l)

]
(14.39)

The total heave for case I is computed by summing the
individual magnitudes of heave in each soil layer:

�Hl = CsH

1 + e0
(1 − l)

[
1

j

j∑
i=1

log

(
2i − 1

2j

)
+ log(1 − l)

]

(14.40)

Substituting Eq. 14.27 into Eq. 14.40 for j = 35 gives

�H1 = CsH

1 + e0
(1 − l)

[−0.430 + log(1 − l)
]

(14.41)

If l = 0, there is no removal of soil and Eq. 14.41
reverts to Eq. 14.27. If l = 1, the entire active depth has
been excavated and there is no more tendency for heave to
occur. A comparison between Eq. 14.41 and Eq. 14.27 can
be written as

�Hl

�H
= (1 − l)

[
1 − 2.326 log(1 − l)

]
(14.42)

Let us now consider case II where the excavated portion
of the profile is backfilled with an inert or nonexpansive soil.
The total density of the backfill is assumed to be equal to
the density of the expansive soil. Similarly, the total heave,
�H, for case II can be calculated using the variables given
in Fig. 14.51:

�Hb = CsH

1 + e0
(1 − l)

[
1

j

j∑
i=1

log

(
l + 2i − 1

2j
(1 − l)

)]

(14.43)

If l = 0, the maximum heave is computed, and if l = 1,
the heave is zero. A comparison between Eq. 14.43 and
Eq. 14.27 can be written as

�Hb

�H
= − 2.326 log(1 − l)

×
[

1

j

j∑
i=1

log

(
l + 2i − 1

2j
(1 − l)

)]
(14.44)

Dimensionless plots illustrating cases I and II are shown
in Fig. 14.52. These plots apply for all swelling indices

Figure 14.51 Stress distributions and definition of variables for partial excavation and backfill-
ing with nonexpansive soil within active depth.
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Figure 14.52 Ratio of total heave for partial excavation and
backfilling to total heave for wetting of entire active depth.

and swelling pressures (provided the variables are constants)
and show the influence of excavating and backfilling on
computed total heave.

Figure 14.52 shows, for example, that if 50% of the active
depth were removed, the total heave would still be 86% of
that anticipated for the case of no excavation. However, if
the excavated portion is backfilled with a nonexpansive soil,
the total heave would be only 15% of that anticipated if no
material were excavated. In other words, partial excavation
of the expansive soil depth does not significantly reduce the
total heave unless there is backfilling with an inert soil.

These examples illustrate the type of plots that can readily
be generated using the closed-form equations for predicting
total heave. Other possible boundary conditions could also
be assumed. The plots presented are of assistance in making
engineering decisions when placing structures on expansive
soils. Possible remedial measures for heave reduction by
flooding, excavation, and backfilling can be studied by com-
paring the presented plots.

14.6 SWELLING THEORY FORMULATED
IN TERMS OF INCREMENTAL ELASTICITY
PARAMETERS

The mechanics of volume change in unsaturated, expan-
sive soils under isothermal condition involves two primary
processes: water flow and stress-deformation. However, the
desire is to present each of the physical processes as inde-
pendent phenomenon. Therefore, Chapter 14 presents only
the stress-deformation theory and its application to expan-
sive soils problems. Coupled behavior (i.e., seepage and
volume change) is presented in Chapter 16.

The governing partial differential equations for stress-
deformation are derived based on the following assumptions:
(1) the air phase is continuous and remains at atmospheric

pressure, (2) soil is isotropic, nonlinear, and elastic,
(3) strains are small, (4) pore-water is incompressible, and
(5) the effects of air diffusing through water, air dissolving
in the water, and the movement of water vapor are negligi-
ble. Tensor notation is used for the presentation of the theory
of one-dimensional heave.

14.6.1 Strain-Displacement and Compatibility
Relations

Let us consider a three-dimensional field with x, y, and z as
the rectangular Cartesian coordinates (i.e., x and z for hori-
zontal directions and y for vertical direction), with ui being
components of the displacement vector (i.e., comprised of
u , v , and w for the x -, y- and z -directions, respectively).
The components of strain tensor for the soil structure, εij,
are written in terms of displacements as follows:

εij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
(14.45)

The normal strains can be designated as εx , εy , and εz for
the x -, y-, and z -directions, respectively. For infinitesimal
deformations, volumetric strain εv is the sum of the normal
strain components:

εv = ∂ui

∂xi

= ∂u

∂x
+ ∂ν

∂y
+ ∂w

∂z
= εx + εy + εz (14.46)

The constitutive volume change behavior of the unsatu-
rated soil is described in terms of two independent stress
state variables: net normal stress σ − ua and matric suc-
tion ua − uw. The total volume change of an unsaturated
soil element must be equal to the sum of volume changes
associated with each phase and the continuity requirement
reduces to

�Vv

V0
= �Vw

V0
+ �Va

V0
(14.47)

where:

V0 = initial overall volume of an unsaturated soil ele-
ment,

Vv = volume of soil voids,
Vw = volume of water in the element, and
Va = volume of air in the element.

Two constitutive relationships are required to describe the
volume-mass changes associated with an unsaturated soil:
one for the soil structure (in terms of void ratio or volu-
metric strain) and another for the water phase (in terms of
degree of saturation or water content). The constitutive rela-
tionships for soil structure and water phase are presented
using indicial notation for the formulation of the partial dif-
ferential equations for the stress-deformation processes. The
stress state of an unsaturated soil can be written in terms of
the net normal stress tensor σij − uaδij and matric suction
tensor (ua − uw)δij.
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14.6.2 Soil Structure Constitutive Relationship

The constitutive relationship for the soil structure can be
written in an incremental elasticity form using elasticity
parameters (Fredlund and Rahardjo, 1993):

dεij = 1 + μ

E
d(σij − δijua) − μ

E
d(σkk − 3ua)δij

+ d(ua − uw)

H
δij (14.48)

where:

σij = components of the total stress tensor for the soil
structure,

σkk = σx + σy + σz,
δij = Kronecker delta,
E = elasticity parameter for the soil structure with

respect to a change in the net normal stress,
H = elasticity parameter for the soil structure with

respect to a change in matric suction, and
μ = Poisson’s ratio.

Equation 14.48 can be used to write the equation for
incremental volumetric strain using the compressibility form
coefficients of volume change:

dεν = ms
1d(σmean − μa) + ms

2d(ua − uw) (14.49)

where:

σmean = 1
3σkk = 1

3 (σx + σy + σz), mean net total stress,
ms

1 = [3(1 − 2μ)]
/
E, coefficient of volume change

with respect to a change in net normal stress,
and

ms
2 = 3/H , coefficient of volume change with respect

to a change in matric suction.

The unloading constitutive relationship for the soil struc-
ture is presented graphically in the form of a constitutive
surface in Fig. 14.53a. The coefficients of volume change,
ms

1 and ms
2, are slopes on the soil structure constitutive sur-

face and can be obtained by differentiating the surface with
respect to net normal stress and matric suction, respectively.
The coefficients of volume change for soil structure can be
written as a function of void ratio as follows:

ms
1 = ∂εv

∂(σmean − ua)
= 1

1 + e0

∂e

∂(σmean − ua)
(14.50)

ms
2 = ∂εν

∂(ua − uw)
= 1

1 + e0

∂e

∂(ua − uw)
(14.51)

where:

dεv = de/(1 + e0),
e0 = initial void ratio of the soil, and
e = any void ratio.

14.6.3 Water Phase Constitutive Relationship

The water phase constitutive relationship can be written in
an incremental compressibility form as follows (Fredlund
and Rahardjo, 1993a):

dVw

V0
= mw

1 d(σmean − ua) + mw
2 d(ua − uw) (14.52)

where:

mw
1 = coefficient of water volume change with respect to

a change in net normal stress and
mw

2 = coefficient of water volume change with respect to
a change in matric suction.

εv = 
ΔVv

V0
θ  = 

ΔVw

V0

(a)

(ua - uw) (ua - uw)

(b)

m1
s

m1
w

m2
s m2

w

σ mean
 - u

a

σ mean
 - u

a

Figure 14.53 Constitutive surfaces for (a) soil structure and water phase of unsaturated, swelling
soil.



770 14 solving stress-deformation problems with unsaturated soils

Solving Eq. 14.49 for mean net normal stress and substi-
tuting into Eq. 14.52 gives

dVw

V0
= βw1dεν + βw2d(ua − uw) (14.53)

where:

βw1 = mw
1

ms
1

, or βw1
mw

1 E

3(1 − 2u)

βw2 = mw
2 − mw

1 ms
2

ms
1

, or βw2m
w
2 − mw

1 E

(1 − 2μ)H

The unloading constitutive relationship for the water phase
is presented graphically in a form of a constitutive surface
in Fig. 14.53b. The coefficients of water volume change, mw

1
and mw

2 , indicate the amount of water taken on or released
by the soil as a result of a change in the net normal stress
and matric suction. Therefore, the slopes on the water phase
constitutive surface can be obtained by differentiating the
surface with respect to net normal stress and matric suction,
respectively:

mw
1 = ∂θ

∂(σmean − ua)
(14.54)

mw
2 = ∂θ

∂(ua − uw)
(14.55)

where:

θ = Vw/V0, volumetric water content.

14.6.4 Quantification of Boundary Conditions
for Water Phase

Moisture flux and head boundary conditions are most com-
monly placed on the boundaries of the problem. It is nec-
essary to perform an independent (coupled or uncoupled)
seepage analysis if a moisture flux boundary condition is
considered. The results of the seepage analysis would then
need to be combined with a stress-deformation analysis.
Moisture flux boundary conditions would need to be deter-
mined through an independent transient moisture flow mod-
eling (see Chapter 16).

Hydraulic head (or pore-water pressure) boundary con-
ditions are considered in this section when using a stress-
deformation analysis to predict total heave in an expansive
soil. In other words, the intent is to illustrate the independent
stress-deformation process as it relates to an expansive soil.

14.6.5 Governing Partial Differential for Soil
Structure Equilibrium for Three-Dimensional Analysis

The equations of overall static equilibrium for an unsaturated
soil can be written as follows:

∂σij

∂xj

+ bi = 0 (14.56)

where:

σij = components of the net total stress tensor and
bi = components of the body force vector.

Substituting the strain-displacement Eq. 14.45 and the
stress-strain Eq. 14.48 into the equilibrium equation,
14.56 gives the following governing equations for general
three-dimensional problems (i.e., equations for x -, y- and
z -directions):

G ∇2ui + G

1 − 2μ

∂εν

∂xi

− β
∂(ua − uw)

∂xi

+ ∂ua

∂xi

+ bi = 0

(14.57)
where:

β = ms
2

ms
1

= E/H

1 − 2μ

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
(the Laplace operator)

εν = ∂ui

∂xi

= ∂u

∂x
+ ∂ν

∂y
+ ∂w

∂z

G = E

2(+μ)

Equation 14.57 forms the stress analysis portion in three
dimensions for an unsaturated, swelling soil with a contin-
uous air phase. The equation has essentially the same form
as that presented by Biot (1941) for a soil with occluded air
bubbles.

14.6.6 Governing Partial Differential for Soil
Structure Equilibrium for Two-Dimensional Analysis

The stress analysis portion in two dimensions for an unsat-
urated, swelling soil can be written as follows:

∂

∂x

(
c11

∂u

∂x
+ c12

∂ν

∂y

)
+ c33

∂

∂y

(
∂u

∂y
+ ∂ν

∂x

)

− ds

∂(ua − uw)

∂x
+ bx = 0 (14.58)

c33
∂

∂x

(
∂u

∂y
+ ∂ν

∂x

)
+ ∂

∂y

(
c12

∂u

∂x
+ c22

∂ν

∂y

)

− ds

∂(ua − uw)

∂y
+ by = 0 (14.59)

where

c11 = c22 = (1 − μ)E

(1 + μ)(1 − 2μ)

c12 = μE

(1 + μ)(1 − 2μ)

c33 = E

2(1 + μ)

ds = E

(1 − 2μ)H



14.7 evaluation of elasticity parameter functions from volume change indices 771

Equations 14.58 and 14.59 can be used to compute dis-
placements in the horizontal and vertical directions under an
applied load and/or due to changes in matric suction. Solving
the soil structure equilibrium equations 14.58 and 14.59 with
a saturated-unsaturated seepage analysis constitutes either an
uncoupled or a coupled solution (see Chapter 16).

The solution of the stress-deformation equations 14.58 and
14.59 under specified boundary conditions requires the des-
ignation of initial matric suctions, initial stress conditions,
and elasticity parameter functions associated with the vol-
ume change of the soil.

14.7 EVALUATION OF ELASTICITY PARAMETER
FUNCTIONS FROM VOLUME CHANGE INDICES

A numerical stress-deformation analysis in two or three
dimensions requires the determination of equivalent elas-
tic parameters E and H , which are functions of stress state.
The elasticity parameters can be calculated from the coef-
ficients of volume change, ms

1 and ms
2, which represent the

differentiation of the constitutive surface for the soil struc-
ture (i.e., Eqs. 14.50 and 14.51, respectively). Laboratory
tests can be performed to obtain the void ratio constitutive
surface (e.g., K0 loading, plane strain loading, or isotropic
loading).

Three fundamental elasticity parameters are required in
the constitutive equations used for the prediction of heave
(i.e., E, H, and μ). However, there are only two coefficients
of volume change obtained from the constitutive surface for
the soil structure (i.e., ms

1 and ms
2). Therefore, it is suggested

that Poisson’s ratio be assumed or measured in order to con-
vert the coefficients of volume change for different loading
conditions to the required elastic parameters.

14.7.1 Calculation of Elasticity Parameter Functions

The elasticity parameter functions can be calculated and
then applied to one-, two-, and three-dimensional analy-
ses (Fig. 14.54). Table 14.4 presents the calculation of the
elasticity parameter functions for various loading conditions
(Fredlund and Rahardjo, 1993a).

The coefficients obtained from one loading condition can
theoretically be converted to other loading conditions pro-
vided Poisson’s ratio is known:

ms
1 = 3(1 − μ)

1 + μ
ms

1−1D = 3

2(1 + μ)
ms

1−2D (14.60)

ms
2 = 3(1 − μ)

1 + μ
ms

2−1D = 3

2(1 + μ)
ms

2−2D (14.61)

where:

ms
1−1D = soil structure compressibility as a func-

tion of net normal stress measured in a
one-dimensional or K0 test,

Testing conditions

K0 Test
(one dimensional)

Two-dimensional 
test (plane strain)

Triaxial test
(isotropic condition)

Calculation
of elasticity
parameters

Types of analysis

One-dimensional Two-dimensional Three-dimensional

Figure 14.54 Proposed procedure for use of incremental elastic-
ity functions for prediction of heave.

ms
1−2D = soil structure compressibility as a function

of net normal stress measured in a two-
dimensional test,

ms
2−1D = soil structure compressibility as a function of

matric suction measured in a one-dimensional
or K0 test, and

ms
2−2D = soil structure compressibility as a function of

matric suction measured in a two-dimensional
test.

The coefficients of volume change can be obtained
through the conversion of a semilogarithmic plot of void
ratio onto an arithmetic plot (Vu and Fredlund, 2000).
The swelling indices Cs and Cm are the slope of the
void ratio versus logarithm of net normal stress or matric
suction, as shown in Fig. 14.55. The semilogarithmic plot
of the void ratio constitutive surface for an unsaturated
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Figure 14.55 Typical void ratio constitutive surface plotted using
semilogarithm scale.
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Table 14.4 Relationship between Fundamental Elasticity Parameters and Coefficients of Volume Change

Stress Elasticity
Loading State Variables Coefficient of Volume Change Functions Parameter Functions

Three-dimensional (3D) σmean − ua,

(ua − uw)3D

ms
1 = ∂εν

∂(σmean − ua)
= 0.434

1 + e0

Cs

σmean − ua

a

ms
2 = ∂εν

∂(ua − uw)3D
= 0.434

1 + e0

Cm

(ua − uw)3D

E = 3
(1 − 2μ)

ms
1

H = 3

ms
2

K0 loading (1D) σv − ua ,

(ua − uw)1D

ms
1−1D = ∂εv

∂(σy − ua)
= 0.434

1 + e0

Cs

σy − ua

ms
2−1D = ∂εv

∂(ua − uw)1D
= 0.434

1 + e0

Cm(
ua − uw

)
1D

E = (1 + μ)(1 − 2μ)

(1 − μ)ms
1−1D

H = 1 + μ

(1 − μ)ms
2−1D

Plane strain (2D) σave − ua,

(ua − uw)2D

ms
1−2D = ∂(εx + εy)

∂(σave − ua)
= 0.434

1 + e0

Cs

uave − ua

ms
2−2D = ∂(εx + εy)

∂(σa − uw)2D
= 0.434

1 + e0

Cm

(ua − uw)2D

E = 2(1 + μ)(1 − 2μ)

ms
1−2D

H = 2(1 + μ)

ms
2−2D

Source: After Fredlund and Rahardjo (1993a).
aNote: σmean = (σx + σy + σz)/3; σave = (σx + σy)/2.
bdεy = dεv for K0 loading; d(εx + εy) = dεv for plane strain.

soil is approximately linear (on the extreme planes) over a
relatively large range of stresses (Ho and Fredlund, 1992a).

The elastic parameter functions E and H can also be cal-
culated directly from volume change indices Cs (on the net
normal stress plane) and Cm (on the matric suction plane),
respectively. The elastic parameters are calculated from the
coefficient of volume change, as shown in Table 14.4. The
elastic parameter E can be expressed as a function of the
volume change index with respect to net normal stress Cs ,
initial void ratio, and Poisson’s ratio. The elastic parame-
ter H can be expressed as a function of the volume change
index with respect to matric suction Cm, initial void ratio,
and Poisson’s ratio. The equations for these elastic param-
eters can be written for general three-dimensional loading
conditions as follows:

E = 6.908(1 − 2μ)(1 + e0)

Cs

(σmean − ua) (14.62)

H = 6.908(1 + e0)

Cm

(ua − uw) (14.63)

The 6.908 constant arises from the conversion between
the logarithmic and arithmetic scales (i.e., 6.908 = 3/

log10 2.718).

Equations 14.62 and 14.63 can be written for two-
dimensional plane strain conditions as follows:

E = 4.605(1 + μ)(1 − 2μ)(1 + e0)

Cs

(σave − ua) (14.64)

H = 4.605(1 + μ)(1 + e0)

Cm

(ua − uw) (14.65)

The 4.605 constant arises from the conversion between
the logarithmic and arithmetic scales (i.e., 4.605 = 2/

log10 2.718).
The elastic parameter E (or H ) increases with an increase

in net normal stress (or matric suction) and a decrease of
the volume change index Cs (or Cm) assuming a constant
value of Poisson’s ratio. Figures 14.56 and 14.57 graphically
illustrate the relationship between the elastic parameter E
and net normal stress for various values of the swelling
index Cs and various values of Poisson’s ratio, respectively.
Figure 14.58 presents the variation of elastic parameter H
with matric suction for various values of swelling index Cm.

14.7.2 Determination of Swell Index

The swelling indices can be measured experimentally or
estimated through correlation with the Atterberg limits
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(Fredlund and Rahardjo, 1993a, Lytton, 1994). Test proce-
dures for the estimation of swelling indices are presented
in Fredlund and Rahardjo (1993a) and ASTM standard. The
ASTM standards related to the measuring of swelling indices
include ASTM D4546, ASTM D2435, and ASTM D427. It
is suggested that the swelling indices commonly used for a
conventional heave analysis in one dimension can be used
for general two- and three-dimensional numerical modeling.

14.7.3 Determination of Poisson’s Ratio

Poisson’s ratio may not be a constant value for an
unsaturated, expansive soil but may be a function of stress
state (i.e., net normal stress and matric suction). Poisson’s
ratio appears to increase with increasing net mean stress
and decreasing matric suction (Pereira and Fredlund 2000).
Numerous researchers (Miranda, 1988; Alonso et al., 1988;
Lloret and Ledesma, 1993) have used a constant Poisson’s
ratio of 0.3 when performing numerical simulations of
unsaturated, collapsing soils. It was suggested that a Pois-
son’s ratio of 0.3 might reflect the as-compacted condition
of a loosely compacted embankment. The choice of a value
for Poisson’s ratio can also be related to an experimentally
observed relationship between K0 and OCR. Poisson’s ratio
is assumed to be related to the coefficient of earth pressure
at rest, K0:

μ = K0

1 + K0
(14.66)

14.7.4 Initial Matric Suction and Stress Conditions

Initial matric suction conditions can be measured in the field
or laboratory (Fredlund and Rahardjo, 1993a), but this can
be a challenging and costly process. It is also possible to
estimate in situ suctions based on theoretical considerations.

Net normal stress state within the soil mass can either
be computed by switching on gravity or simply estimated
from the total unit weight of the soil. Horizontal net normal
stresses are empirically linked to the vertical stresses through
the coefficient of earth pressure at rest, K0:

σy =
∫ H

0
ρg dy (14.67)

σx = K0σy (14.68)

where:

σx, σy = horizontal and vertical net normal stress, respec-
tively,

y = vertical distance from ground surface, and
H = depth of soil under consideration.

14.7.5 Coefficient of Earth Pressure At Rest

The coefficient of earth pressure can be as low as zero and
as high as the coefficient of passive earth pressure. Some
procedures have been suggested in the research literature

for the estimation of the coefficient of earth pressure at rest.
Fredlund and Rahardjo (1993a) considered elastic equilib-
rium within a homogenous, isotropic soil mass and presented
the following equation for the coefficient of earth pressure
at rest:

K0 = μ

1 − μ
− E

(1 − μ)H

ua − uw

σν − ua

(14.69)

Equation 14.69 can be rewritten as follows:

K0 = μ

1 − μ
− 1 − 2μ

1 − μ

Cm

Cs

ua − uw

σν − ua

(14.70)

Considering the effect of previous stress paths (i.e., previ-
ous wetting and drying, loading and unloading), the coeffi-
cient of earth pressure should have the following tangential
value:

K0 = μ

1 − μ
− 1 − 2μ

1 − μ

Cm

Cs

�(ua − uw)

�(σν − ua)
(14.71)

Jaky (1944) estimated the coefficient of earth pressure for
normally consolidated soils, Knc, from the effective stress
parameter φ:

Knc = 1 − sin φ (14.72)

Wroth (1979) proposed two empirical relationships
between K0,Knc, and OCR:

K0 = KncOCR − μ

1 − μ
(OCR − 1) (14.73)

m

(
3(1 − Knc)

1 + 2Knc
− 3(1 − K0)

1 + 2K0

)
= ln

(
(1 + 2Knc)OCR

1 + 2K0

)
(14.74)

where:

m = 0.0022875PI + 1.22 and
PI = plasticity index.

Equation 14.73 provides a reasonable fit to existing data
for soils up to an OCR of about 5. The value of Poisson’s
ratio necessary to fit observed data lies in the range of
0.25–0.37 for a number of different soils. Equation 14.74
has also been proposed for soils with even higher values of
OCR (Wroth, 1979).

Mayne and Kulhawy (1982) suggested that a modified
Jaky’s equation be used to estimate the coefficient of earth
pressure at rest:

K0 = Knc OCR sin φ (14.75)

where:

φ = angle of internal friction and
OCR = overconsolidation ratio.
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Lytton (1994) presented the following typical values for
the coefficients of lateral earth pressure back calculated from
field observations of heave and shrinkage:

K0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 when soil is dry and cracked
0.333 when soil is dry and cracks are opening
0.500 when cracks are closed and suction

is at steady-state condition
0.667 when cracks are closed and soil is wetting
1 when soil is wetting and is in hydrostatic

stress condition
2 - 3 when soil is approaching passive

earth pressure
(14.76)

The coefficient of earth pressure at rest presented by
Eq. 14.76 can be used to estimate net normal stress.

14.8 ONE-DIMENSIONAL SOLUTION USING
INCREMENTAL ELASTICITY FORMULATION

The example problem shown in Fig. 14.38 was earlier solved
for total heave using longhand calculation with known val-
ues for swelling index Cs and swelling pressure Ps . The
same example can now be solved with a numerical solution
using an incremental elasticity-type formulation. A compar-
ison of the two methodologies and the calculated total heave
is presented.

14.8.1 Heave Analysis Formulation

The force equilibrium equation for K0 loading conditions
(i.e., volume change in the y-direction only) can be
expressed as follows:

∂σy

∂x
+ ρg = 0 (14.77)

where:

ρ = total density of the soil and
g = acceleration due to gravity.

The soil structure constitutive relationship for K0 loading
can be written as follows:

σy − ua = (1 − μ)E

(1 + μ)(1 − 2μ)

(
εν − 1 + μ

H(1 − μ)
(ua − uw)

)
(14.78)

where:

E = elastic modulus for the soil structure with respect to
net normal stress,

H = elastic modulus for the soil structure with respect to
matric suction, and

μ = Poisson’s ratio.

The differential expression of normal strain in terms of
displacement in the y-direction (i.e., v ) is as follows:

εy = ∂v

∂y
(14.79)

The governing differential equation for the K0 loading
condition can be obtained by substituting the expression for
net normal stress (i.e., Eq. 14.78) into the force equilibrium
equation (i.e., Eq. 14.77). Pore-air pressure is assumed to
remain at atmospheric conditions:

∂

∂y

[
E(1 − μ)

(1 + μ)(1 − 2μ)

(
∂ν

∂y
− 1 + μ

H(1 − μ)
(ua − uw)

)]
+ ρg = 0 (14.80)

The elastic moduli E and H can be calculated from the
swelling indices, initial void ratio, and assumed Poisson’s
ratio as follows:

E = nt (σ − ua)ave (14.81)

H = nm

(
ua − uw

)
ave (14.82)

where:

nt = coefficient that relates net normal stress
with the elastic modulus E ,

nm = coefficient that relates matric suction with
the elastic modulus H ,

(σ − ua)ave = average of the initial and final net normal
stress for an incremental change in stress,
and

(ua − uw)ave = average of the initial and final matric suc-
tions for an incremental suction change.

Equations 14.81 and 14.82 show that the elastic parame-
ters change linearly with either of the stress state variables.
Equations 14.81 and 14.82 are assumed to be linear, an
assumption based on a history of laboratory measurements
that have shown the swelling index of a soil, Cs , to approxi-
mate a constant value. Laboratory measurements by Meilani
et al. (2005) showed that the elastic moduli H can vary in
a nonlinear manner with respect to stress state. The coeffi-
cients of proportionality nt and nm can be written in terms
of Poisson’s ratio and the respective compressive indices:

nt = (1 + μ)(1 − 2μ)

1 − μ

(
1 + e0

0.4343Ct

)
(14.83)

nm = 1 + μ

1 − μ

(
1 + e0

0.4343Cm

)
(14.84)

where:

Ct = volume change index with respect to net normal
stress,
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Cm = volume change index with respect to matric suc-
tion, and

e0 = initial void ratio.

Equation 14.80 can be used to compute vertical displace-
ment due to net normal stress changes and/or matric suction
changes. A finite element numerical model can be used to
solve the stress-deformation equations provided appropri-
ate head (or pore-water pressure) boundary conditions are
specified.

Equation 14.80 is nonlinear since the elastic moduli are
functions of the stress state variables. An incremental,
marching-forward procedure can be used as shown in
Fig. 14.59. Both total load changes and matric suction
changes need to be divided into increments and applied in
incremental steps. The elastic moduli are assumed to remain
constant within each incremental step. A new modulus is
selected at the beginning of the application of each new
increment of load (or matric suction). The displacements
computed for each incremental step of loading are accu-
mulated to give the total displacement or heave.

14.8.2 Reanalysis of Previous Examples Using
Incremental Elastic Analysis

The example problem involving the prediction of total heave
in a 2-m layer of expansive clay is reanalyzed to demon-
strate the use of a one-dimensional, finite element numerical
model to compute total heave. The results are compared to
the nonlinear, longhand solution presented in Fig. 14.38. The
example problem assumes that the pore-water pressures in
the soil will increase with time to establish a new equilib-
rium pore-water pressure profile.

The longhand analysis used only three layers and com-
puted a total heave of 117 mm. Figure 14.60 shows the
results of the finite element numerical solution when the
2-m layer of expansive clay is divided into varying num-
bers of layers. The finite element numerical model shows
that the total heave is computed to be 117.3 mm when 25
one-dimensional finite elements are used. Further refine-
ment in the number of finite elements shows little additional
improvement in the solution.

The prediction of heave using the one-dimensional solu-
tion requires that the elastic modulus with respect to matric

Final stress state

Accumulated error
in predicted strain

5th stress step

4th

3rd

2nd

1st

ms
1S

tr
ai

n,
 ε

Stress state variables, σ - ua or ua - uw

0

Initial stress state

Figure 14.59 Incremental elasticity procedure for calculating amount of heave when a soil is
wetted.
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suction be computed. The matric suction equivalent can be
used in place of the actual in situ matric suctions when per-
forming the calculations. Consequently, the swelling index
on the total stress plane Cts is used instead of the swelling
index with respect to matric suction Cm when performing
the comparative calculations.

The average of the initial and final stress states is used for
each increment when calculating the elastic modulus func-
tion. The initial void ratio was 1.0 and the swelling index Cts
was 0.1. A Poisson’s ratio of 0.3 was selected. The matric
suction modulus equation can be written as follows for the
total stress plane:

H = nt

(
σy − ua

)
ave

(14.85)

The total stress state is expressed as the sum of the over-
burden pressure and the matric suction equivalent, as shown
in Fig. 14.61. A constant swelling index from a semilog plot
produces a linear elastic modulus function. Consequently,
the analysis is nonlinear and the solution is a function of
the refinement of the layers used in solving the problem.

Figure 14.61 shows that the elastic modulus H decreases
with the decreasing stress level near ground surface. The

decreased elastic modulus results in increased amounts of
heave being computed at extremely small stress levels.
Figure 14.62 shows that the total heave calculated increases
almost linearly with decreasing stress level steps. The total
heave predicted when using a stress level of 1 kPa (i.e.,
200 stress steps) is 117 mm while the total heave predicted
when using a stress step level of 7.2 kPa (i.e., 25 stress
steps) is 115 mm. The error due to nonlinearity associated
with small stress steps appears to be on the order of 0.5%
from the correct solution. The change in the computed
results in going from using 25 stress steps to 200 stress
steps was about 2%.

The sensitivity of the analysis to stress step level is great-
est when the expansive clay exists to the ground surface and
an attempt is made to compute heave as the total stress (i.e.,
the overburden pressure) goes toward zero. It is clear that
the placement of a small amount of nonswelling material
(e.g., a gravel layer) on the surface of the clay layer makes
the solution less sensitive to the number of stress steps used
in the computations. Figure 14.63 illustrates how the finite
element solution converges onto the correct solution as the
analysis moves toward calculations for all stress increments.
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14.9 TWO-DIMENSIONAL SOLUTION USING
INCREMENTAL ELASTICITY FORMULATION

The total stress fields in a soil continuum can be solved
using Eqs. 14.48 and 14.49. Consideration will only be
given to changes in total stresses through a two-dimensional
continuum space. The pore-water pressure and the pore-air
pressure are assumed to remain unchanged as a total stress
loading is applied at the ground surface. In other words,
there is a decoupling of the pore fluid effects from the appli-
cation of a total stress at ground surface. The coupling of
total stresses and pore fluid pressure changes is considered
in Chapter 16.

One example problem is solved to illustrate that the inde-
pendent calculation of total stress field in unsaturated soils
is similar to the calculation of total stress fields for a dry
soil mass.

14.9.1 Example Problem Involving Comparison with
Bousinesq Stress Analysis

The load applied by a long strip footing is used to illustrate
the calculation of total stress fields in an unsaturated soil
mass (Fig. 14.64). Total stresses are calculated using a finite
element numerical model (SV Solid). A constant Young’s
modulus E of 10,000 kPa is assumed along with a Pois-
son’s ratio of 0.33. The applied ground surface pressure is
1000 kPa applied over a 1-m-wide surface. The intent is to
examine the calculated stresses and therefore no attention is
paid to the computed displacements.

Figure 14.64 presents the stress influence values below
a strip footing obtained from a closed-form solution when
using the Bousinesq theory. Also shown are the influence
factors computed from the solution of Eqs. 14.58 and 14.59.
The finite element method was used to solve the partial dif-
ferential equations for the two-dimensional stress analysis.
The results indicate close agreement between the total stress
states computed by the two methods.

14.10 CHALLENGES IN NUMERICALLY
MODELING OF EXPANSIVE SOIL PROBLEMS

There are a number of challenges that have arisen with
respect to the numerical modeling of expansive soil behav-
ior. For example, there has not emerged a single constitutive
equation to adequately describe the entire void ratio consti-
tutive surface of an unsaturated, expansive soil. The soil
properties are generally measured in terms of compressibil-
ity values from laboratory oedometer tests. The laboratory
results yield a compressibility (or swelling) index as a single
soil property. In order to use the results in a multidimen-
sional stress-deformation analysis, it is necessary to estimate
a Poisson’s ratio value while a Young’s modulus value is
converted from the oedometer test results. In other words,
one soil property is measured; however, two soil properties
are required in order to perform the analysis. The incremen-
tal linear elastic approach also has its limitations.

Another significant challenge occurs when attempting to
model conditions where the matric suction goes to zero
under low net normal stress conditions. When an expansive
soil exists at ground surface, the net normal stress goes to
zero if there is no applied load. If at the same time the matric
suction goes to zero, there can be difficulties in calculating
the total heave. These issues are related to the lack of defini-
tion of the constitutive surface under low-stress conditions.
The need to combine the stress-deformation analysis with a
saturated-unsaturated seepage analysis is further discussed
in Chapter 16.

14.10.1 Equations for Void Ratio Constitutive
Relationship

Several equations have been proposed to define the
constitutive soil properties with respect to changes in the
stress state of a soil. These equations are capable of repre-
senting the soil properties for specific stress state changes.
The equations are determined for a particular soil under
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specific testing conditions using a best-fit regression
analysis on measured data.

Some mathematical equations are shown that describe the
void ratio constitutive surfaces associated with an unsatu-
rated, swelling soil. Terzaghi (1943) and Casagrande (1936)
noted that the virgin compression curve of the void ratio ver-
sus logarithm of effective stress (i.e., σ − uw) is essentially
a straight line. The equation for the virgin compression por-
tion of void ratio can be written as follows for a saturated
soil:

e = e0 − Cc log

(
σ

σ ′
p

)
(14.86)

where:

e0 = initial void ratio,
Cc = volume change index for the virgin compression

curve, and
σ ′

p = preconsolidation pressure.

A similar equation can be written for the rebound curve
(i.e., unloading-reloading curve) that takes on the following
form:

e = a + b log(σ ) (14.87)

where:

σ = designation of the stress state and
a , b = constants (i.e., fitting parameters).

Fredlund (1979) suggested that the void ratio constitutive
surface for an unsaturated soil could be linear over a wide
range of stress changes using the logarithm of the stress state
variables. The void ratio under any set of stress conditions
is written as follows:

e = e0 − Ct log
σ − ua

(σ − ua)0
− Cm log

ua − uw

(ua − uw)0
(14.88)

Similarly, the water content under any set of stress con-
ditions is written as follows:

w = w0 − Dt log
σ − ua

(σ − ua)0
− Dm log

ua − uw

(ua − uw)0
(14.89)

where:

e0 = initial void ratio,
Ct = volume change index with respect to net

normal stress,
Cm = volume change index with respect to matric

suction,
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(σ − ua)0 = initial net normal stress,
(ua − uw)0 = initial matric suction,

w0 = initial water content,
Dt = water content index with respect to net nor-

mal stress, and
Dm = water content index with respect to matric

suction.

Equations 14.88 and 14.89 have the following form:

e = a + b log(σ − ua) + c log(ua − uw) (14.90)

where:

a , b, c = constants (i.e., fitting parameters).

Lloret and Alonso (1985) studied a number of mathe-
matical equations for the description of the volume change
constitutive surface of unsaturated soils subjected to con-
fined and isotropic compression. The equations were used
to best fit experimental results on different soils and the
optimum equations were selected on the basis of minimum
fitting errors. The following conclusions were drawn for the
void ratio and degree of saturation constitutive surfaces. For
a limited range in total stress, Lloret and Alonso (1985) sug-
gested that a suitable analytical expression for the void ratio
constitutive surface is as follows:

e = a + b(σ − ua) + c log (ua − uw)

+ d(σ − ua) log (ua − uw) (14.91)

A more suitable equation for the void ratio surface was
given by Lloret and Alonso (1985) if the range in stress
variation is large:

e = a + b log (σ − ua) + c log (ua − uw)

+ d log (σ − ua) log (ua − uw) (14.92)

Either of the following two equations was suggested to
describe the degree of saturation constitutive surface:

S = a −
(

eb(ua−uw) − e−b(ua−uw)

eb(ua−uw) + e−b(ua−uw)

) [
c + d(σ − ua)

]
(14.93)

S = a − (
1 − e−b(ua−uw)

) [
c + d(σ − ua)

]
(14.94)

where:

a, b, c, d = constants (i.e., fitting parameters).

Ho et al. (1992) assumed a linear relation between net
normal stress and matric suction at constant void ratio. The
constitutive curves on extreme planes of the void ratio plot
are essentially linear on the semilogarithmic scale. The void
ratio surface was approximated on a semilogarithmic plot by
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e
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(III)

log(σ - u
a
)

log(ua - uw)

Figure 14.65 Void ratio constitutive surface representing unload-
ing conditions (from Ho, 1988).

three planes, namely, planes I, II, and III. The three planes
converge at a void ratio ordinate corresponding to nominal
values of the stress state variables [i.e., log(σ − ua) = 0.1
and log(ua − uw) = 0.1]. Plane I is perpendicular to the void
ratio versus log(σ − ua) plane. Plane III is perpendicular to
the void ratio versus log(ua − uw) plane. Plane II represents
a transition zone between planes I and III. Plane II inter-
sects both the void ratio versus log(σ − ua) plane and void
ratio versus log(ua − uw) plane. The graphical illustration
of the approximated void ratio surface for swelling portion
is presented in Fig. 14.65. The equations describing planes
I, II, and III can be written as follows:

e =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e0+Cs log

(
(σ − ua)0

σ − ua

)
for plane I

e0+C ′
s log

(
(σ − ua)0

σ − ua

)
for plane II

+C ′
m log

(
(ua − uw)0

ua − uw

)

e0+Cm log

(
(ua − uw)0

ua − uw

)
for plane III

(14.95)

where:

e0 = initial void ratio,
(σ − ua)0 = initial net normal stress,
(ua − uw)0 = initial matric suction,

Cs = slope of the intersection line of plane I with
the void ratio versus log(σ − ua) plane,

Cm = slope of the intersection line of plane III with
the void ratio versus log(ua − uw) plane,

C ′
s = slope of the intersection line of plane II with

the void ratio versus log(σ − ua) plane, and
C ′

m = slope of the intersection line of plane II with
the void ratio versus log(ua − uw) plane.
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M.D. Fredlund (2000) proposed a four-parameter equation
that can be used to represent an overconsolidated soil that
contains both a recompression curve and a virgin compres-
sion branch. The equation of the void ratio as a function of
stress was written as follows:

e = e0 − Cr

2
ln

[
1 +

(
σ

Ps

)2
]

− Cc − Cr

2
ln

⎡
⎣1 +

(
σ

σ ′
p

)2
⎤
⎦ (14.96)

where:

e0 = initial void ratio,
Cr = volume change index for the recompression curve,
Cc = volume change index for the virgin compression

curve,
Ps = swelling pressure, and
σ ′

p = preconsolidation pressure.

Equation 14.96 has the following form for a particular soil
suction:

e = a + b ln

[
1 +

(σ

c

)2
]

+ d ln

[
1 +

(
σ

f

)2
]

(14.97)
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Figure 14.66 Illustration of the problem associated with low net
normal stresses and zero suction: (a) semilogarithm plot of void
ratio versus net normal stress or matric suction; (b) arithmetic plot
of void ratio versus net normal stress or matric suction; (c) calcu-
lated elastic moduli versus net normal stress or matric suction.

where:

a, b, c, d , f = constants (i.e., fitting parameters) at a con-
stant suction.

The above-mentioned mathematical equations can be used
to describe the void ratio constitutive surface over a wide
range of stress conditions The above-mentioned equations
have been used to describe the constitutive surface for the
soil structure of Regina clay. However, all equations have
difficulty when the net normal stress and the matric suction
approach zero.

14.10.2 Problem of Low Normal Stress and Zero
Suction

A problem occurs in the range of low net normal stress and
zero suction when the elastic modulus is calculated from
the swelling index Cs or other volume change indices. The
problem is illustrated in Fig. 14.66. On the extreme planes,
the relationships between void ratio and the logarithm of
net normal stress or matric suction are essentially linear
(Fig. 14.66a). When the semilog relationship is converted to
an arithmetic plot (i.e., void ratio versus net normal stress or
matric suction), void ratio tends to increase to infinity as the

Goes to infinity

Data to be extrapolated
using a mathematical equation

Data calculated from swelling indices
(i.e., from semilogarithm scale)

Net normal stress or matric suction
(a)

(b)

0

e

Data to be extrapolated
using a mathematical equation

Data calculated
from swelling indices

e

ef

Ss

e0

a
b

Ps

ua - uw

σ - u a

Figure 14.67 Suggested procedure to solve problem of low net
normal stress and small suction: (a) two-dimensional plot of dimin-
ishing stresses; (b) three-dimensional plot of stresses.
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stress state variable approaches zero (Fig. 14.66b). Therefore,
the calculated elastic modulus with respect to changes in net
normal stress E becomes extremely small (and approaches
zero) at low net normal stresses (Fig. 14.66c). The elastic
modulus with respect to a change in matric suction H also
becomes extremely small at low matric suctions (or zero
suction) (Fig. 14.66c). These unrealistically small values of
elastic moduli at low net normal stress and matric suction can
result in an unstable solution in numerical modeling. As well,
the solutions may produce unreasonably large deformations.

The procedure for analysis purposes should adequately
describe void ratio changes at low net normal stresses
and matric suctions (Fig. 14.67). The equation should also
be continuous, smooth, physically reasonable, and differ-
entiable over the entire range of net normal stresses and
matric suctions. An appropriate constitutive equation needs
to include a value for void ratio at zero suction and zero net
normal stress, such as is illustrated in Fig. 14.67. Unrealis-
tic, large values of void ratio under low net normal stresses
and matric suctions need to be avoided.



CHAPTER 15

Compressibility and Pore Pressure Parameters

15.1 INTRODUCTION

There are a variety of physical processes that are of inter-
est to geotechnical engineering. Several have been presented
in previous chapters as independent physical processes that
form the basis of a science for unsaturated soil mechanics.
Some of the processes are as follows: (i) flow of liquid water
through porous media, (ii) flow and compression of air and
water vapor in an unsaturated soil, (iii) heat flow in soils, and
(iv) stress-deformation analysis that allow the calculation of
normal and shear components of stress and strain. There
are also processes such as the contaminant transport phe-
nomena that could be presented as an independent process;
however, diffusive flow is usually presented in conjunction
with advective water flow.

Each of the above-mentioned physical processes has been
discussed and the theory of behavior has been presented. In
each case, a REV element was selected and a mathemati-
cal equation was derived to describe the particular physical
phenomena. It was shown that each physical process could
be described in the form of one or more PDEs to be solved.
Flow processes were described for either steady-state or
unsteady-state (or transient) conditions.

It is important to have a thorough understanding of each
independent physical process from a theoretical, soil prop-
erty, and solution standpoint. It is also important to realize
that many of the processes common to geotechnical engi-
neering involve multiple or combined processes. The real
world of soil mechanics quite often involves a combination
of two or more independent physical processes. It is neces-
sary to solve more than one set of PDEs when more than one
physical process is associated with a particular geotechnical
engineering problem.

Following are some examples of geotechnical engineering
problems that involve the solution of more than one physical
process:

1. The theory of consolidation involves a combination
of the physics associated with the flow of water and
air as well as the physics associated with a stress–
deformation analysis. Often the theory of consolidation

of an unsaturated soil is considered simply in terms
of changes in pore-water pressures and displacements
with respect to time and space. The theory of con-
solidation involves the solution of two PDEs with
respect to time (provided the problem geometry is one
dimensional). The consolidation problem could also
have a two- or three-dimensional geometry, in which
case the solution would involve the solution of three
or four PDEs, respectively (i.e., two or three stress-
deformation PDEs and one water flow PDE).

2. The theory of consolidation of an unsaturated soil can
also be considered as involving air flow in addition to
water flow and stress–deformation. In this case there
would be an additional air flow PDE that needs to be
solved in a time and space domain.

3. While the theory of consolidation is generally viewed
as a volume decrease problem in response to the
application of an external load, there are similar pro-
cesses associated with the swelling of an expansive or
unsaturated soil. As well, the collapse phenomena in
low-plasticity unsaturated soils can be viewed as
undergoing a consolidation-type process. The number
of PDEs that need to be solved depends on how rigor-
ous a solution is required and the number of geometric
dimensions.

4. Heat flow physical processes can also be combined
with water and/or air flow to form other combinations
of processes that might need to be solved.

5. Soil-atmospheric models involve the solution of PDEs
related to liquid water flow, water vapor flow, and heat
flow, in addition to satisfying other thermodynamic
considerations. Climatic factors are used to generate a
net moisture flux at the ground surface. These solu-
tions are common to the design of soil cover systems
[i.e., store-and-release covers or evapotranspirative
(ET) covers].

6. Thermal, mechanical, flow (TMF) models refer to
mechanical (i.e., stress–deformation), heat flow, and
moisture flow (i.e., liquid and vapor water flow) pro-
cesses. The TMF models involve three unsaturated soil
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mechanics processes. Consideration of the long-term
storage of radioactive waste products has drawn con-
siderable attention to the solution of TMF models.
In this situation, it is possible that the total stresses
change with time, moisture flow occurs (i.e., liquid
and vapor), and heat is generated with time.

7. There are multiple processes associated with waste
rock management and the operation of heap leach
deposits. Heat may be generated with time as water
or an acid is allowed to move through the waste rock
material. Moisture flow may be in a liquid and/or vapor
form. Heat generation can also initiate significant
advective air flow through the rock material. There may
also be chemical reaction processes involved that result
in a change of mass with respect to time.

8. The management of municipal solid waste materials
has similarities to the processes mentioned for waste
rock materials. Physical processes involve air flow (and
gases such as methane), vapor water flow, liquid water
flow, and heat flow as well as chemical reactions that
result in a loss of mass from the system with time.

Each of the problems described above can be viewed as
the solution of a series of partial differential equations. The
PDE equations can be solved in a “coupled” or “uncoupled”
manner. The equations might also be solved in terms of one
process being dominant or several solutions may be man-
ually solved by iterating between independent processes.
While a coupled solution would appear to be the best type
of solution, the rigor associated with fully coupled solutions
might not be warranted.

15.2 COUPLED AND UNCOUPLED SOLUTIONS

The terms coupled and uncoupled have particular meaning
with respect to geotechnical engineering applications. The
swelling of a soil can be used to illustrate the meaning of
uncoupled and coupled processes. Let us consider a two-
dimensional cross section through a soil mass. There are two
stress-deformation PDEs and a water flow PDE involved.
Hydraulic head drives water flow and there are stress and
deformation state variables in stress-deformation analysis.

An uncoupled solution means that each PDE is solved in
an independent manner and information is transferred from
one PDE to the other in a hierarchical manner designated by

the modeler. The solving process is illustrated in Fig. 15.1.
In this example, pore-water pressure changes are calculated
for the next time step. The solution of the water PDE may
involve a series of iterations to accommodate nonlineari-
ties associated with unsaturated hydraulic conductivity and
water storage soil parameters. The new pore-water pressures
are then imported into the stress analysis and subsequent
deformations (i.e., x- and y-coordinate strain values) are
computed. The solution process then reverts back to the
water flow PDE where consideration is given to moving
forward to the next time step.

When the solution of the water flow and stress-
deformation PDEs are uncoupled it is possible to proceed
with the entire water flow solution for the entire time span
of interest and then solve the stress-deformation analysis
using the pore-water pressures previously calculated. The
uncoupled analysis assumes that the pore-water pressure
calculation influences the stress-deformation analysis but
the reverse is not true (i.e., the stress-deformation results
do not affect the pore-water pressure analysis).

It is also possible to consider the solution to the swelling
soil problem in an uncoupled, iterative manner where there
is an iterative process between the water flow and stress-
deformation PDEs as shown in Fig. 15.2. This procedure
moves the solution toward a coupled type of solution but
may not meet all the requirements of a fully coupled solu-
tion. The iterative-type solution will likely provide a more
accurate representation of the nonlinear soil properties,
and as a result, the solution should be more accurate. The
additional modeling effort may or may not be warranted
in solving a particular problem at hand.

A coupled solution means that two or more PDEs are
being solved simultaneously, as shown in Fig. 15.3. A so-
called coupling matrix is placed between the PDEs being
solved. The coupling matrix ensures that the limiting condi-
tions associated with each PDE involved are satisfied before
moving on to the next time increment. Necessary iterations
are performed through the coupling matrix to ensure that
nonlinear soil property conditions are satisfied as well as
other conditions related to the effect of one PDE solution
on the solution of other PDEs.

There are other solution procedures that are sometimes
used when solving multiple PDEs. For example, the assump-
tion might be made that certain components of the coupling

Uncoupled

Water partial differential equation
- A function of time t

- State variable, hydraulic head,
hw = uw / (ρwg) + Y

Stress partial differential equations
- Stress state and deformation

variables
(sx - ua), (sy - ua), (ua - uw) 

Figure 15.1 Modeling swelling of soil as uncoupled solution.
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Uncoupled

Water partial differential equation
- A function of time t

- State variable, hydraulic head,
hw = uw / (ρwg) + Y

Stress partial differential equations
- Stress state and deformation

variables
(sx - ua), (sy - ua), (ua - uw) 

Figure 15.2 Modeling swelling of expansive soil as iterative, uncoupled solution.

Coupled

Water partial differential equation
- A function of time t

- State variable, hydraulic head,
hw = uw / (ρwg) + Y

Stress partial differential equations
- Stress state and deformation

variables
(sx - ua), (sy - ua), (ua - uw) 

Coupling Matrix

Figure 15.3 Modeling swelling of expansive soil as coupled solution.

matrix are insignificant with respect to the solution of the
problem. These components may be omitted and the solu-
tion might be referred to as a “pseudocoupled” solution
procedure.

When the problems are transient in character, the solutions
march forward in time and the equations can be advanced in
either an explicit or implicit manner. The terms explicit and
implicit reflect the manner in which the soil properties and/or
state variables are approximated when moving forward in
time. The marching process takes on the character of finite
difference time increments.

The implicit procedure may be more accurate; however,
there are additional computations associated with this type
of solution and the additional computations may not always
be warranted. It is clear that there is no single procedure
that should always be adopted when solving complex mul-
tiple physical processes. Rather, each situation needs to be
assessed and decisions need to be made regarding the most
appropriate type of solution that should be used for the
geotechnical engineering problem at hand.

15.2.1 Coupled and Uncoupled Theory
of Consolidation

Coupled and uncoupled solutions for the theory of consoli-
dation for a saturated soil have shown that the two solutions
may differ significantly in some situations. Mandel (1957)
and Cryer (1963) published independent research papers that
showed that the pore-water pressures generated in a multidi-
mensional consolidation problem could differ by significant
amounts depending upon whether the solutions were carried
out in a coupled or uncoupled manner. In particular, it was
noted that the induced pore-water pressure could rise above

the magnitude of the applied total stresses. This phenomenon
became known as the Mandel-Cryer effect and can be used
to illustrate the importance of fully coupled consolidation
solutions.

The original analysis was performed on a spherically
shaped saturated soil mass. Other geometries were later
analyzed to further demonstrate the Mandel-Cryer effect.
Figure 15.4 shows an example involving the loading applied
by a footing over a saturated soil (Schiffman et al., 1969;
Christian and Boehmer, 1970). It can be observed that
shortly after the application of the load, the pore-water pres-
sures rose to a value higher than the pressure associated with
the applied load. The pore-water pressures then dissipated
over time.

The magnitude of the pore-water pressure rise was found
to be a function of the Poisson’s ratio used during the analy-
sis. When Poisson’s ratio was zero, the Mandel-Cryer effect
was the greatest; when Poisson’s ratio increased to near 0.5,
the Mandel-Cryer effect was negligible. In other words, the
Mandel-Cryer effect illustrated in the coupled solution was
closely related to Poisson’s ratio.

Vu (2003) showed that there would be little difference
between a coupled solution and an uncoupled solution of
swelling clay problems where soil suction was changed
through moisture infiltration. In this situation, the matric
suction change was isotropic and the Mandel-Cryer effect
appeared to be negligible. Dinh (1996) also numerically
solved the consolidation (or swelling) equations for an
unsaturated soil.

There is a general observation that can be made with
regard to coupled and uncoupled solutions. While fully
coupled solutions may be theoretically superior, it does not
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Figure 15.4 Coupled solution of footing placed on saturated clay (after Christian and Boehmer,
1970).

mean that fully coupled solutions are always necessary.
There are numerous factors involved when solving a series
of PDEs and in each case the modeler must assess whether
a fully coupled solution is warranted.

15.2.2 Induced Pore Pressure Problems

The relationship between coupled and uncoupled solutions
of PDEs can be illustrated using the example of an unsat-
urated soil loaded by an external load. The loading of a
soil followed by the dissipation of induced pore pressures is
referred to as the theory of consolidation. The mechanical
behavior of unsaturated soils is directly affected by changes
in both the pore-air and pore-water pressures.

There are two general classes of problems where pore
pressure conditions may be changed in the field. In the
first situation, transient or steady-state pore pressure changes
(i.e., pore-water pressures or pore-air pressures) may be
associated with the infiltration of water into the soil. In the
second situation, pore pressure conditions may have been
generated through the application of an external load such
as an engineered structure. This chapter addresses the situ-
ation where essentially instantaneous pore pressure changes
result from the application of an external load.

The pore pressures generated immediately after loading
are commonly referred to as induced or undrained pore pres-
sures. Under undrained conditions, the applied total stress
is carried by the soil structure, the pore-air and the pore-
water depending upon their relative compressibility values.
The induced pore-air and pore-water pressures can be writ-
ten as a function of the applied total stresses. The excess
pore pressures will dissipate with time if the pore fluids are
allowed to drain back to the stress state prior to loading.
The applied total stresses are eventually carried by the soil
structure (i.e., interparticle stresses).

The pore pressure response can be expressed in terms of
pore pressure parameters for an uncoupled analysis. Pore
pressure parameters have proven to be useful in engineering
practice when dealing with construction associated with
compacted soils (e.g., earth dams). The pore pressures
likely to develop during construction can be estimated using
the pore pressure parameters. The estimated pore pres-
sures initiate a transient analysis similar to a consolidation
process.

The induced pore fluid pressures can also be solved as part
of a coupled solution. In this case, the equilibrium PDEs and
the continuity PDE are solved in a simultaneous manner.
The induced pore-air and pore-water pressures become part
of the solution. In this case it is not necessary to use pore
pressure parameter equations to solve for the excess pore
fluid pressures.

The emphasis in this chapter will be on the calculation and
use of pore pressure parameters for performing uncoupled
solutions.

15.3 UNCOUPLED UNDRAINED LOADING

An uncoupled undrained analysis of an unsaturated soil
means that the soil is first loaded and the induced pore-air
and pore-water pressures are calculated assuming the
process is instantaneous and there is no fluid drainage. The
magnitudes of the induced pore pressures are a function
of the relative compressibility of the various phases of
materials involved. Stated another way, the pore pressures
induced will depend on the compressibility of the air-water
mixture in the soil and the compressibility of the soil
structure with respect to each stress state variable.

The induced pore-water pressure for a saturated soil will
equal the applied isotropic load. If the soil is dry, the induced
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pore-air pressure will be controlled by the compressibility
of the air and the compressibility of the soil structure.

The following sections illustrate how the compressibil-
ity of an air-water mixture can be used to calculate pore-
air and pore-water pressures induced as a result of total
stress loading. The induced pore-air and pore-water pres-
sures constitute the initial boundary conditions when solv-
ing the PDEs associated with the pore-air and pore-water
pressure dissipations. The initial pore-air and pore-water
pressures are assumed to be uncoupled from any other pro-
cess. The pore-air and pore-water pressures are subsequently
solved as processes that take place with respect to time.
The dissipation of the pore-air and pore-water pressures
can be solved in either a coupled or uncoupled manner.
A decision can be made regarding whether the dissipation
of pore pressures should be solved in a coupled or uncou-
pled manner. Often it is easier to use an uncoupled solution
and the results are satisfactory for geotechnical engineering
practice.

15.3.1 Compressibility of Pore Fluids

Pore-air and pore-water are not allowed to flow out of an
unsaturated soil during undrained compression. Volume
change occurs as a result of the compression of the air and, to
a lesser extent, the water. The compression of soil solids can
be assumed to be negligible for the stress range commonly
encountered in engineering practice. The pore fluid volume
change is related to changes in the pore-air and pore-water
pressures. The pore-air and pore-water pressures increase
as an unsaturated soil is compressed. The pore pressure
increase is commonly referred to as an excess pore pressure.
The volume change of a phase is related to a pressure
change through its compressibility. Figure 15.5 defines the
compressibility of a material at a point on the volume-
pressure curve during undrained compression. Isothermal
compressibility is defined as the volume change of a fixed

Figure 15.5 Definition of variables associated with isothermal
compressibility.

mass with respect to a pressure change per unit volume at a
constant temperature:

C = − 1

V

dV

du
(15.1)

where:

C = compressibility,
V = total volume of the element under consideration,

dV/du = volume change with respect to a pressure change,
and

du = pressure change.

The term dV/du in the above equation has a negative sign
because the volume decreases as the pressure increases. A
negative sign is used in order to render a positive compress-
ibility value.

In an unsaturated soil, the pore fluid consists of water,
free air, and air dissolved in water. The individual com-
pressibility of air and water is required in formulating the
compressibility of the air-water mixture.

15.3.1.1 Air Compressibility

The isothermal compressibility of air can be expressed as

Ca = −1

Va

dVa

dua

(15.2)

where:

Ca = isothermal compressibility of air,
Va = volume of air,

dVa/dua = air volume change with respect to an air pres-
sure change, and

ua = air pressure.

The volume-pressure relationship for air during isother-
mal, undrained compression can be expressed using Boyle’s
law:

Va = ūa0Va0

ūa

(15.3)

where:

ūa0 = initial absolute air pressure (i.e., ūa0 = ua0 +
ūatm),

ua0 = initial gauge air pressure,
ūatm = atmospheric pressure (i.e., 101.3 kPa),
Va0 = initial volume of air, and
ūa = absolute air pressure (i.e., ūa = ua + ūatm).

Differentiating the volume of air, Va , with respect to abso-
lute air pressure ūa gives

dVa

dūa

= − 1

ū2
a

(
ūa0Va0

)
(15.4)
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The above equation gives the volume change of air with
respect to an infinitesimal change in air pressure. Substitut-
ing Boyle’s law (i.e., Eq. 15.3) into Eq. 15.4 gives

dVa

dūa

= −Va

ūa

(15.5)

The volume derivative with respect to absolute pressure
(dVa/dūa) is equal to the derivative with respect to the
gauge pressure (dVa/dua) since the atmospheric pressure
ūatm is assumed to be constant. Equation 15.5 can be sub-
stituted into Eq. 15.2 to give the isothermal compressibility
of air,

Ca = 1

ūa

(15.6)

The isothermal compressibility of air is inversely propor-
tional to absolute air pressure. In other words, air compress-
ibility decreases as the air pressure increases.

15.3.1.2 Water Compressibility

The compressibility of water is defined as follows:

Cw = − 1

Vw

dVw

duw
(15.7)

where:

Cw = water compressibility,
Vw = volume of water,

dVw/duw = water volume change with respect to water
pressure change, and

uw = water pressure.

Figure 15.6 presents the results of water compressibil-
ity measurements (Dorsey, 1940). It should be noted that
dissolving air in water does not significantly change the
compressibility of water.

,

Figure 15.6 Isothermal compressibility of air-saturated water
(from Dorsey, 1940).

15.3.2 Compressibility of Air-Water Mixtures

The compressibility of an air-water mixture can be derived
using the direct proportioning of the air compressibility and
the water compressibility. The conservation of mass and the
compressibility definition must apply. Let us consider the
air, water, and solid volumetric relations, as shown in
Fig. 15.7. Let us assume that the degree of saturation S
and porosity n of the soil are known. The total volume of
the air-water mixture is the sum of the volume of water,
Vw, and the volume of air, Va (i.e., Vw + Va). The volume
of the dissolved air, Vd, is within the volume of water,
Vw. The volumetric coefficient of solubility h gives the
percentage of dissolved air with respect to the volume of
water. The pore-air and pore-water pressures are ua and
uw, respectively, with ua always being greater than uw. The
soil is subjected to a compressive total stress σ .

Let us apply an infinitesimal increase in total stress, dσ , to
the soil while maintaining undrained conditions. The pore-
air and pore-water pressures increase while the volumes of
air and water decrease. The compressibility of an air-water
mixture for an infinitesimal increase in total stress can be
written using the total stress as a reference:

Caw = − 1

Vw + Va

(
d(Vw − Vd)

dσ
+ d(Va + Vd)

dσ

)
(15.8)

where:

Caw = compressibility of air-water mixture,
Vw + Va = volume of the air-water mixture,

Vw = volume of water,
Va = volume of free air,

d(Vw − Vd)/dσ = water volume change with respect to
a total stress change,

d(Va + Vd)/dσ = air volume change with respect to a
total stress change, and

Vd = volume of dissolved air.

Figure 15.7 Volumetric composition of pore fluid in unsaturated
soil taking dissolved air into consideration.
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Equation 15.8 is a slight modification of the compress-
ibility equation for air-water mixtures proposed by Fredlund
(1976). The total stress change dσ is used as the reference
pressure in Eq. 15.8, while the pore-water pressure change
duw was used as the reference pressure in the compressibil-
ity equation by Fredlund (1976). The term d(Vw − Vd)/dσ

in Eq. 15.8 is considered to be equal to dVw/dσ since the
dissolved air is a fixed volume internal to the water. As such,
its volume does not change. The total volume of water, Vw,

is therefore used in computing the compressibility of water
[i.e., Cw = − (

1/Vw

)
(dVw/duw)].

The change in air volume occurs as a result of the com-
pression of the free air in accordance with Boyle’s law and a
further dissolution of free air into water in accordance with
Henry’s law. The total air volume change can be obtained
directly using Boyle’s law by considering the initial and
final pressures and the volume conditions in the air phase.
The free-air compression and the air dissolving in water are
assumed to be complete under final conditions. The free and
dissolved air can be considered as one volume with a uni-
form pressure. Although the volume of dissolved air, Vd,

is a fixed quantity, it is maintained in the formulation for
clarity. Therefore, the dissolved air volume Vd also appears
in the equation.

Applying the chain rule of differentiation to the compress-
ibility equation gives

Caw = −1

Vw + Va

(
dVw

duw

duw

dσ
+ d(Va + Vd)

dua

dua

dσ

)
(15.9)

where:

dVw/duw = water volume change with respect to
a pore-water pressure change,

duw/dσ = water pressure change with respect to
a total stress change,

d(Va + Vd)/dua = air volume change with respect to a
pore-air pressure change, and

dua/dσ = air pressure change with respect to a
total stress change.

Rearranging the above equation gives

Caw = −
(

Vw

Vw + Va

1

Vw

dVw

duw

)
duw

dσ

−
(

Va + Vd

Vw + Va

1

Va + Vd

d(Va + Vd)

dua

)
dua

dσ
(15.10)

Substituting the volume relations in Fig. 15.7 and
Eqs. 15.2 and 15.7 into Eq. 15.10 yields the compressibility
of an air-water mixture:

Caw = SCw

(
duw

dσ

)
+ (1 − S + hS)Ca

(
dua

dσ

)
(15.11)

The isothermal compressibility of air, Ca, is equal to the
inverse of the absolute air pressure:

Caw = SCw

(
duw

dσ

)
+ (1 − S + hS)(dua/dσ)

ua

(15.12)

15.3.2.1 Use of Pore Pressure Parameters
in Compressibility Equation

The ratio between pore pressure change and total stress
change (du/dσ) is referred to as a pore pressure parameter.
This parameter indicates the magnitude of the pore pressure
change in response to a total stress change. The pore pres-
sure parameter concept was introduced by Skempton (1954)
and Bishop (1954). The pore pressure parameters for the air
and water phases are different (Bishop, 1961b; Bishop and
Henkel, 1962) and depend primarily upon the degree of sat-
uration of the soil. The parameters also vary depending on
the loading conditions.

The pore pressure parameters can also be directly mea-
sured in the laboratory. For isotropic loading conditions, the
parameter is commonly called the B pore pressure parame-
ter, and it can be substituted into Eq. 15.12 as follows:

Caw = SCwBw + (1 − S + hS)Ba

ūa

(15.13)

where:

Bw = pore-water pressure parameter for isotropic loading
(i.e., duw/dσ3),

σ3 = isotropic (confining) total stress, and
Ba = pore-air pressure parameter for isotropic loading

(i.e., dua/dσ3).

The compressibility of the pore fluid in an unsaturated
soil takes into account the matric suction of the soil through
the Bw and Ba parameters. In the absence of soil solids, Ba,

Bw = 1. In the presence of soil particles, however, the sur-
face tension effects will result in Ba, Bw < 1.0, depending
upon the matric suction of the soil. The pore-air and the
pore-water pressures change at differing rates in response to
the applied total stress. The Bw value is greater than the Ba

value. The Ba and Bw parameters are low at low degrees of
saturation, and both parameters approach a value of 1.0 at
saturation. At this point, the matric suction of the soil goes
to zero.

15.3.2.2 Components of Compressibility of Air-Water
Mixture

The first term in the compressibility equation (i.e.,
Eq. 15.13) accounts for the compressibility of the water
portion of the mixture, while the second term accounts for
the compressibility of the air portion. The compressibility
of the air portion is due to the compression of free air [i.e.,
(1 − S)Ba/ūa] and air dissolving into water (i.e., hSBa/ūa).
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The contribution of each compressibility component to
the overall compressibility of the air-water mixture is
illustrated in Fig. 15.8 for various degrees of saturation.
The case considered has an initial absolute air pressure ūa0
of 202.6 kPa (i.e., 2 atm).

15.3.3 Effects of Free Air on Compressibility
of Mixture

Figure 15.8 shows that the compressibility of an air-water
mixture is predominantly influenced by the compressibility
of the free air portion [i.e., (1 − S)Ba/ūa]. When the soil
voids are filled with air (i.e., S = 0.0), the compressibility
of the pore fluid is equal to the isothermal compressibility
of air (i.e., 4.94 × 10−3 kPa−1 at ūa = 202.6 kPa). At satu-
ration (i.e., S = 100%), the soil voids are completely filled
with water, and pore fluid compressibility becomes equal
to that of water (i.e., 4.58 × 10−7 kPa−1). The inclusion of
even 1% air in the pore fluid is sufficient to significantly
increase the pore fluid compressibility (see Fig. 15.8). The
compressibility of water is only significant when computing
the compressibility of a saturated soil.

15.3.4 Effect of Dissolved Air on Compressibility
of Mixture

The solution of air in water gives the effect that the soil
is compressible. The compressibility due to the solution of
air in water (i.e., hSBa/ūa) is approximately two orders of
magnitude greater than the compressibility of water (i.e.,
SCwBw). Air dissolving in water significantly affects the
compressibility of an air-water mixture when the free air
volume becomes less than about 20% of the volume of

voids. The effect of air solubility on the compressibility of
an air-water mixture is shown in Fig. 15.9 for several ini-
tial absolute air pressures. The Ba and Bw parameters are
assumed to be equal to 0.8 and 0.9, respectively.

The figure shows that the effect of air solubility on the
compressibility of an air-water mixture is the same (i.e., on a
logarithmic scale) for any initial air pressures. However, the
effect of air dissolving in water does not result in a smooth
transition for the compressibility of an air-water mixture as
saturation is reached (i.e., S = 100%). There is a discontinu-
ity at the point where there is no more free air to be dissolved
in the water. As a result, the second term in Eq. 15.13 must
be dropped, and the compressibility abruptly decreases to the
compressibility of water. If the free air does not have time
to be dissolved in the water, the term hSBa/ūa in Eq. 15.13
must be set to zero. In this case, the compressibility of pore
fluid has a smooth transition back to saturation, as shown in
Fig. 15.9.

15.3.5 Other Relations for Compressibility
of Air-Water Mixtures

The compressibility of air-water mixtures has been investi-
gated by numerous researchers. For example, an equation for
the compressibility of an air-water mixture has been proposed
that neglects the compressibility of the water and assumes
zero matric suction (Bishop and Eldin, 1950; Skempton and
Bishop, 1954). Therefore, the compressibility of the air is
considered as representative of the compressibility of the
pore fluid. The proposed equation is suitable for conditions
where the air phase constitutes a significant portion of the
pore fluid. These proposed equations can be obtained by
ignoring the first term in Eq. 15.13. Also, the Ba and Bw
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values must be set to 1.0. The resulting equation has the
following form:

Caw = 1 − S + hS

ūa

(15.14)

Equation 15.14 is slightly different from the equation pro-
posed by Bishop and Eldin (1950). The difference lies in the
definition of air compressibility. Equation 15.14 is derived
using the definition of air compressibility given in Eq. 15.2
[i.e., Ca = −(1/Va)/(dVa/dua)]. The equation proposed
by Bishop and Eldin (1950) was derived with the air
compressibility defined with reference to the initial volume
of air, Va0 :

Ca = − 1

Va0

dVa

dua

(15.15)

Substituting the term dVa/dua from Eq. 15.4 into Eq. 15.15
yields a slightly different equation for compressibility:

Ca = ūa0

ū2
a

(15.16)

Equation 15.6 (i.e., Ca = 1/ūa) describes the air com-
pressibility at a point on the volume-pressure curve during
undrained compression (see Fig. 15.5). Equation 15.16 gives
the average air compressibility during an air pressure change
from ūa0 to ūa (Skempton and Bishop, 1954). The difference
in the computed air compressibility from the two equations
is negligible when the air pressure change is infinitesimal.

Replacing the air compressibility term in Eq. 15.14 (i.e.,
1/ūa) with the average air compressibility (i.e., ūa0/ū

2
a)

yields the air-water mixture compressibility equation pro-
posed by Bishop and Eldin (1950):

Caw = (1 − S + hS) ūa0

ū2
a

(15.17)

Koning (1963) suggested another equation for the com-
pressibility of air-water mixtures. The equation was first
derived by expressing the pore-air and pore-water pressure
changes as a function of surface tension. However, changes
in the pore-air and pore-water pressures were later assumed
to be equal. This implies that the pore pressure parameters
Ba and Bw are equal to 1.0. The compressibility associ-
ated with the solution of air in water was disregarded in the
derivation (i.e., hSBa/ūa = 0). Applying the above assump-
tions to the compressibility of an air-water mixture gives the
following equation (Koning, 1963):

Caw = SCw + 1 − S

ūa

(15.18)

Equation 15.18 was also suggested by Verruijt (1969) in
formulating the elastic storage of aquifers. The solubility of
air in water and the effect of matric suction were neglected.

15.3.6 Limitation Associated with Using Capillary
Equation When Formulating Air-Water
Compressibility Equation

The capillary equation (i.e., ua − uw = 2Ts/Rs) relates
matric suction ua − uw to surface tension Ts through the
radius of curvature Rs of the air-water interface. Attempts
have also been made to use the capillary equation when
formulating an equation for the compressibility of air-water
mixtures (Schuurman, 1966; Barends, 1979). Equations
were proposed for the case of occluded air bubbles in soils
with a degree of saturation greater than approximately 85%.
The incorporation of the capillary equation results in the
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radius of curvature of an air bubble, Rs, becoming a vari-
able in the compressibility equation. However, the radius
Rs is not measurable and adds no value in solving practical
engineering problems.

The incorporation of the radius of curvature suggests that
the difference between the pore-air and pore-water pres-
sures increases as the applied total stress is increased during
undrained compression. It has been postulated that there
exists a critical pore-water pressure beyond which all of the
free air would dissolve abruptly (i.e., bubble collapse). This
has become known as the air bubble collapse theory. Col-
lapse occurs when a critical pore-water pressure is reached.
This phenomenon should reflect an increase in compress-
ibility at the critical pore-water pressure.

The postulated bubble collapse theory suggests that there
is an increase in the difference between the pore-air and
pore-water pressures (i.e., matric suction) as total stress is
increased. However, there appears to be no experimental
evidence to support this postulate. On the contrary, experi-
mental evidence supports a continual, smooth increase of
the pore-air and pore-water pressures until the two fluid
pressures become equal as the soil approaches saturation.

This means that matric suction decreases with an increase in
total stress during undrained compression. There appears to
be some conceptual difficulties when the capillary equation
is incorporated into the equation for the compressibility of
air-water mixtures.

The problems associated with incorporating the capillary
equation into the equation for pore fluid compressibility can
be better understood by considering the loading of an ele-
ment of unsaturated soil. Let us assume there are numerous
occluded air bubbles within the soil element, as shown in
Fig. 15.10. The capillary equation describes a microscopic
phenomenon within the element. The radii of the occluded
air bubbles are not measurable and exist at the microlevel.
It can be argued that the microcapillary equation should not
be incorporated into a macroscopic type of formulation for
compressibility.

It is possible to draw a parallel comparison between the
effective stress variable used at the macroscopic, continuum
mechanics level and intergranular stresses at the microscopic
level between the soil particles of a saturated soil. From a
microscopic point of view, there exist numerous intergran-
ular stresses acting at the contacts between soil particles.

Figure 15.10 Pore-air and pore-water pressure responses to change in total stress during
undrained compression.
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From a macroscopic standpoint, the state of stress can be
represented as an effective stress state for the soil. The
effective stress is the only stress state variable required
to describe the behavior of the saturated soil. Intergranular
stresses are defined at a different level and are neither mea-
surable nor necessary when analyzing the physical behavior
of the soil. Likewise, to incorporate the capillary equation
into a macroscopic definition of pore fluid compressibility
for an air-water mixture would be erroneous.

An anomaly is observed when attempting to apply the
capillary equation, together with Boyle’s and Henry’s laws,
to the compressibility of an air-water mixture. The anomaly
can be best understood by first considering an increase in
total stress applied to an unsaturated soil specimen. A total
stress increase causes the free-air volume in the soil to
compress and the pore-air pressure to increase in accor-
dance with Boyle’s law. The increased air pressure drives
more free air into solution in accordance with Henry’s law.
As a result, the volume of free air further decreases. The
decrease in the free-air volume is accompanied by a decrease
in the radius of curvature of the air-water menisci. The
capillary equation would suggest that the matric suction
ua − uw should increase because of the reduced radius of
curvature.

The increase in matric suction implies that the pore-air
pressure increase is larger than the increase in the pore-water

pressure. The pore-air and pore-water pressure increases
must be positive since the total stress increase is positive.
The increase in air pressure in response to the capillary
equation would further drive air into solution, in accordance
with Henry’s law. Consequently, the volume of free air
decreases, and the whole process is repeated over and over.
In summary, it would appear that a slight increase in total
stress should cause a chain reaction process which would
reduce the free-air volume to an infinitesimal size while the
matric suction goes to infinity. This would suggest that all air
bubbles would become unstable with a small increment in
total stress. However, the above scenario is not in agreement
with observed experimental results.

Experimental results indicate that the pore-air and pore-
water pressures gradually increase toward a single value
(i.e., equal to the pore-water pressure) and matric suction
approaches zero. This occurs as the total stress is increased
under undrained loading. The process is gradual, in response
to repeated increments of total stress.

The above apparent anomaly appears to be the result
of incorporating the capillary equation (i.e., a microscopic
model) in a macroscopic formulation of pore fluid com-
pressibility. This anomaly can also be partly understood by
assuming that the decrease in the free-air volume is not
necessarily accompanied by a decrease in the controlling
radius of curvature. Figure. 15.10 shows that, although the

Figure 15.11 Tangent and secant designations of pore pressure parameters.
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volume of the continuous air phase in zone 1 decreases due
to an increase in the pore-air pressure from ua1 to ua2, the
controlling radius may in fact increase from Rs1 to Rs2.

The above postulate is possible for the nonspherical air
bubbles such as those in zone 1. The nonspherical air bub-
bles have nonuniform radii of curvature over their surface,
but the assumption is made that only the controlling radius
is found in the free pore-water. The radius of the air-water
interface in the free water should be in agreement with the
capillary equation. Nevertheless, the increase in total stress
will eventually cause the air bubbles to take on a spherical
form, as shown in zone 2 (Fig. 15.10). For spherical air bub-
bles, a decrease in volume must be followed by a decrease
in the radius. At this point, the above-mentioned anomaly
associated with the use of the capillary equation cannot be
resolved.

On the basis of the above conceptual difficulties, it would
appear that the capillary equation should not be incorpo-
rated into the equation for the compressibility of air-water
mixtures. The pore-air and pore-water pressures must be
measured in the continuous pore-air zone (i.e., zone 1 in
Fig. 15.10) or computed using Ba and Bw pore pressure
parameters that are derived later in this chapter. Air pressure
measurements are valid as long as the air phase is continu-
ous. In the occluded zone (i.e., zone 2 in Fig. 15.10), the air
bubbles do not interact with the soil structure. The presence
of air bubbles merely renders the pore fluid compressible.
The pore-air and pore-water pressures can be assumed to be
equal in the occluded zone (i.e., zone 2).

15.4 DERIVATION OF PORE PRESSURE
PARAMETERS

The pore pressure response resulting from a change in
total stress during undrained compression can be expressed
in terms of pore pressure parameters. The pore pressure
parameters corresponding to various loading conditions
can be derived from the relative compressibility values for
the materials involved. One pore pressure equation can be
derived for the water phase and another equation can be
derived for the air phase. These equations can be used to
compute the pore pressure responses in an unsaturated soil
during undrained loading. More direct measurements of the
pore pressure parameters in the laboratory are required to
confirm the accuracy of the theoretically derived equations.

15.4.1 Tangent and Secant Pore Pressure Parameters

The pore pressure parameters for an unsaturated soil can
be defined either as a tangent-type parameter at a point or a
secant-type parameter referenced back to an initial condition.
These definitions are similar in concept to the tangent and
secant modulus used in the theory of elasticity.

Consider the development of pore-air and pore-water pres-
sures during isotropic, undrained compression, as shown in
Fig. 15.11. The pore-water pressure increases faster than the

pore-air pressure in response to the increase in total confin-
ing stress. The pore pressure response to an increase in the
confining stress is referred to as the B pore pressure param-
eter. At a point during the loading of the soil (i.e., point 1),
the tangent and the secant pore pressure parameters can be
defined for both the air and water phases (Fig. 15.11). If
the increase in the isotropic pressure is referenced to the
initial condition, the B ′ secant pore pressure parameter can
be expressed as follows for the air phase:

B ′
a = �ua

�σ3
(15.19)

where:

B ′
a = secant pore pressure parameter for the air phase

during isotropic, undrained compression,
�ua = increase in pore-air pressure due to an increase in

isotropic pressure (i.e., ua − ua0),
ua0 = initial pore-air pressure, and

�σ3 = increase in isotropic pressure from the initial con-
dition.

Similarly, for the water phase, the B ′ pore pressure param-
eter can be expressed as

B ′
w = �uw

�σ3
(15.20)

where:

B ′
w = secant pore pressure parameter for the water phase

during isotropic, undrained compression,
�uw = increase in pore-water pressure due to an increase

in isotropic pressure,
�σ3 = change in pore-water pressure measured from the

initial condition (i.e., uw − ua0), and
uw0 = initial pore-water pressure.

If an infinitesimal increase in the isotropic pressure is con-
sidered at point 1, the pore pressure response at point 1
can be expressed as the tangent pore pressure parameter B
(Fig. 15.11). The B tangent pore pressure parameters for the
air and water phases are written as follows:

Ba = dua

dσ3
(15.21)

Bw = duw

dσ3
(15.22)

where:

Ba = tangent pore pressure parameter for the air phase
during isotropic, undrained compression,

dua = increase in pore-air pressure due to an infinitesimal
increase in isotropic pressure, dσ3
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dσ3 = infinitesimal increase in isotropic pressure,
Bw = tangent pore pressure parameter for the water pres-

sure during isotropic, undrained compression, and
duw = increase in pore-water pressure due to an infinites-

imal increase in isotropic pressure, dσ3.

The concept of a B tangent pore pressure parameter
was previously used (i.e., Eq. 15.13), where there was an
infinitesimal increase in total stress. The B ′ secant pore
pressure parameters are particularly useful in computing the
final pore-air and pore-water pressures after a large change
in total stress. The B tangent pore pressure parameters
can also be used to estimate the final pore pressures under
large changes in total stress by using a marching-forward
technique with finite increments of total stress. The total
stress is incrementally increased, commencing from an
initial condition and proceeding to the final condition under
investigation. As saturation is approached, the pore-water
pressure approaches the pore-air pressure (i.e., uw → ua or
Bw → Ba) and the air bubbles dissolve in the water.

At saturation, a change in total stress causes an almost
equal change in pore-water pressure. The small difference
between the change in total stress and the change in pore-
water pressure at saturation can be ignored due to the low
compressibility of water relative to the compressibility of
the soil structure (Skempton, 1954). In other words, the B
tangent parameter becomes equal to 1.0 (i.e., Ba = Bw =
1.0). The convention commonly adopted in soil laborato-
ries assumes the soil is saturated when the B pore pressure
parameter reaches a value of 1.0 (Skempton, 1954). It is
possible for the B ′ secant pore pressure parameter to be less
than 1.0 even though the soil has reached saturation. Also,
values of B ′

a and B ′
w are not equal at saturation since the ini-

tial pore-air pressure was greater than the initial pore-water
pressure (Fig. 15.11).

The derivations for tangent pore pressure parameters for
various loading conditions are presented in the following
sections. Hilf’s analysis is an exception where a secant-type
pore pressure parameter is derived. A prime sign is assigned
to the secant parameters (e.g., B ′) to differentiate between
the secant and the tangent pore pressure parameters.

15.4.2 Necessary Volume Change Constitutive
Relations

The derivation of pore pressure parameters requires vol-
ume change constitutive relations for an unsaturated soil.
These constitutive relations describe the volume changes
that take place under drained loading. The volume changes
are expressed in terms of the stress state variable changes.
These constitutive relations were formulated and explained
in Chapter 13 on volume-mass constitutive relations. This
section briefly summarizes the constitutive relations required
for deriving the pore pressure parameter equations.

Consider an unsaturated soil specimen that undergoes one-
dimensional, drained compression. The stress state variables

σ − ua and ua − uw change as the soil is compressed. The
volume of the soil changes in accordance with the con-
stitutive relation for the soil structure. Volume change is
primarily the result of compression of the pore fluid since
the soil solids are essentially incompressible. The volume
of the voids, Vν, referenced to the initial total volume of
the soil, V0 (i.e., Vν/V0), is a function of the stress state
variables. The volume change constitutive relationship can
be linearized for finite changes in stress state. The linear
compressibility form of equation for volume change was
proposed by Fredlund and Morgenstern (1976):

dVν

V0
= ms

1d(σ − ua) + ms
2d(ua − uw) (15.23)

where:

dVν/V0 = volume change referenced to the initial
total volume of the soil,

Vν = volume of soil voids,
V0 = initial total volume of the soil,
ms

1 = coefficient of soil volume change with
respect to a change in net normal stress,

d(σ − ua) = change in net normal stress,
ms

2 = coefficient of soil volume change with
respect to a change in matric suction, and

d(ua − uw) = change in matric suction.

The continuity of a referential, unsaturated soil element
requires that overall volume change must be equal to the sum
of the changes in volume associated with the air and water
phases which fill the pore voids. The air phase constitutive
equation can be expressed as

dVa

V0
= ma

1d(σ − ua) + ma
2d(ua − uw) (15.24)

where:

dVa/V0 = change in the volume of air referenced to the
initial total volume of the soil,

Va = volume of air,
ma

1 = coefficient of air volume change with respect
to a change in net normal stress, and

ma
2 = coefficient of air volume change with respect

to a change in matric suction.

The constitutive equation for the water phase can be writ-
ten as

dVw

V0
= mw

1 d(σ − ua) + mw
2 d(ua − uw) (15.25)

where:

dVw/V0 = change in the volume of water referenced to
the initial volume of the soil,
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Vw = volume of water,
mw

1 = coefficient of water volume change with re-
spect to a change in net normal stress, and

mw
2 = coefficient of water volume change with re-

spect to a change in matric suction.

The continuity requirement for a referential element can
be expressed as

dVv

V0
= dVa

V0
+ dVw

V0
(15.26)

The following conditions must be satisfied when consid-
ering volumetric continuity:

ms
1 = ma

1 + mw
1 (15.27)

ms
2 = ma

2 + mw
2 (15.28)

The above constitutive relations can be used to compute
volume changes that occur during undrained compression.
The changes in volume that occur between the initial and the
final conditions can be calculated using a marching-forward
technique with finite changes in each of the stress state vari-
ables [i.e., d(σ − ua) and d(ua − uw)]. The volume of the
soil, water, and air must be accounted for after each incre-
ment of total stress.

Although three constitutive relationships (i.e., soil struc-
ture, air, and water) have been presented, only two of the
relationships are required when deriving the pore pressure
parameter equations. The constitutive equations for the soil
structure and the air phase will be selected for the derivation
of the pore pressure parameters.

15.5 DRAINED AND UNDRAINED LOADING

The constitutive relationships obtained from drained loading
can be applied to undrained loading conditions. The applica-
tion of an all-around positive (i.e., compressive) total stress,
dσ, either under drained or undrained loading conditions,
causes a change in volume. In drained loading, air and water
are allowed to drain from the soil subsequent to the applica-
tion of the total stress increment. The stress state variables
in the soil are altered and volume of the soil changes. The
volume change can be computed from the stress state vari-
able changes in accordance with the constitutive relationship
for the soil structure.

In undrained loading, the air and water are not allowed
to drain from the soil. The total stress increase causes the
pore-air and pore-water pressures to increase, and conse-
quently the stress state variables also change. An increase
in the pore fluid pressures occurs in response to a com-
pression of the pore fluid (i.e., mainly air). Volume changes
during undrained loading can be regarded as the volume
change equivalent to the pore fluid compression. The vol-
ume change equivalent to the pore fluid compression, dVν,

can be computed by multiplying the compressibility of the
air-water mixture, Caw, by the pore fluid volume Vv and the
total stress increment dσ (Fig. 15.12a):(

dVν

V0

)
0

= Cawn dσ (15.29)

where:

(dVν/V0)0 = volume change during undrained compres-
sion resulting from the compression of the
pore fluids referenced to the initial total vol-
ume and

n = porosity (i.e., Vν/V can be assumed to be
equal to Vν/V0 for small changes in stress
state variables and small volume changes).

Volume change can also be written in terms of the
stress state variable changes as defined by the constitutive

Figure 15.12 Volume changes in unsaturated soil during loading:
(a) volume change with respect to change in σ − ua or σ ; (b)
volume change with respect to change in ua − uw.



15.5 drained and undrained loading 797

relationship for the soil structure. The increase in total
stress results in an increase in net normal stress, d(σ − ua),
and a decrease in matric suction, d(ua − uw). The increase
in net normal stress causes a decrease in volume:(

dVν

V0

)
1

= ms
1d(σ − ua) (15.30)

where:

(dVν/V0)1 = volume change due to the change in net
normal stress, d(σ − ua), referenced to the
initial total volume.

The decrease in matric suction generally causes an
increase in soil volume (Fig. 15.12b):(

dVν

V0

)
2

= ms
2d(ua − uw) (15.31)

where:

(dVν/V0)2 = volume change due to a change in matric
suction, d(ua − uw), referenced to the ini-
tial total volume.

The matric suction decrease yields a volume increase or
swelling. The ms

2 value for the unloading path must be used
in Eq. 15.31. The total volume change obtained from the
constitutive relations for the soil structure can be written as
the sum of Eqs. 15.30 and 15.31:(

dVv

V0

)
1
+

(
dVv

V0

)
2

= ms
1d(σ − ua) + ms

2d
(
ua − uw

)
(15.32)

The total volume change obtained from the constitutive
relationship can be equated to the volume change due to
pore fluid compression:(

dVν

V0

)
1
+

(
dVν

V0

)
2

=
(

dVν

V0

)
0

(15.33)

or

ms
1d

(
σ − ua

) + ms
2d

(
ua − uw

) = Cawn dσ (15.34)

In a saturated soil, the pore voids are filled with water.
The pore fluid compressibility is equal to the compressibility
of water, which is far less than the compressibility of the soil
structure. A total stress increase dσ in undrained loading is
almost entirely transferred to the water phase (i.e., duw ≈
dσ ), or stated another way, the pore-water pressure parame-
ter approaches 1.0. The effective stress in undrained loading
remains essentially unchanged [i.e., d

(
σ − uw

) ≈ 0.0]. As
a result, the volume change computed from the constitutive
relationship for the soil structure is extremely small. The soil
volume change obtained from the pore fluid compression is

also extremely small because of the low compressibility of
the water.

The pore voids in a dry soil are primarily filled with air,
which is much more compressible than the soil structure. The
pore-air pressure is low and the isothermal compressibility
of air is equal to the inverse of the absolute air pressure. A
total stress increase dσ during undrained loading is almost
entirely transferred to the soil structure. The pore pressure
remains practically constant or stated another way, the pore
pressure parameter approaches zero. The volume change can
be computed from the change in net normal stress

(
σ − ua

)
,

in accordance with the constitutive relationship for the soil
structure. Volume changes associated with a change in matric
suction are negligible for a dry soil. The compression of the
air during undrained loading follows the compression of the
soil structure. A substantial volume change is required to
produce a significant pore-air pressure since the air phase
has a high compressibility.

15.5.1 Total Stress and Soil Anisotropy

The pore pressure parameters can be derived for various
conditions of loading and soil anisotropy. Possible loading
conditions are similar to those outlined by Lambe and Whit-
man (1979) for saturated soils. These loading conditions are
summarized in Fig. 15.13, where increments in the major,
intermediate, and minor principal stresses are denoted as
dσ1, dσ2, and dσ3, respectively. For K0 loading, the soil can
only change volume in one direction (i.e., the y-direction).
For the other loading conditions, the soil can change vol-
ume three dimensionally (i.e., x -, y-, and z -directions). The
loading conditions differ in the magnitude and direction in
which total stresses are applied.

An isotropic soil is defined as a soil with compressibility
values that are constant with respect to different directions.
That is to say, the magnitudes of ms

1 and ma
1 are constant in

the x -, y-, and z -directions. Only the constitutive equations
for the soil structure and the air phase have been selected
for the derivation of the pore pressure parameters.

Soil anisotropy is herein defined as the condition where
the soil compressibility with respect to a change in each
stress state variable varies with direction. The number of
independent modulus values required depends on whether
the longitudinal strain in each direction is to be predicted
independently or whether three-dimensional volume changes
are to be predicted. As a result, the compressibility ms

1 varies
in the x -, y-, and z -directions and is designated as ms

11, ms
12,

and ms
13, respectively. Similarly, the air phase has compress-

ibility values ma
11, ma

12, ma
13 in the x -, y-, and z -directions,

respectively. However, the compressibility with respect to a
change in matric suction can be assumed to produce singular
compressibility values (i.e., ms

2 and ma
2).

The following sections present the derivations of pore
pressure parameters for an isotropic soil under one-
dimensional loading (i.e., K0 loading). The volume change
modulus for K0 loading will be given the subscript k (i.e.,
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Figure 15.13 Summary of loading conditions and soil anisotropy pertaining to derivation of
pore pressure parameter.

ms
1k and ma

1k) in order to differentiate this loading condition
from other loading conditions.

15.5.2 K0 Loading

Pore pressure parameters can be derived for the K0-
undrained loading conditions shown in Fig. 15.13. Let us
suppose that a total stress increment is applied in the vertical
direction. The total stress increment is denoted as dσy, and
the vertical direction is assumed to be the major principal
stress direction. Equation 15.34 relates the soil volume
change to volume change due to pore fluid compression.

Substituting the K0 loading condition (i.e., dσy) into
Eq. 15.34 gives

ms
1k d(σy − ua) + ms

2 d
(
ua − uw

) = Cawn dσy (15.35)

where:

ms
1k = compressibility of the soil structure with respect

to a change in net major principal stress for K0
loading and

dσy = infinitesimal increase in the major principal stress.
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The compressibility of an air-water mixture, Caw, is
calculated by substituting the change in total stress into
Eq. 15.12:

Caw = SCw

(
duw

dσy

)
+ (1 − S + hS)(dua/dσy)

ūa

(15.36)

Combining Eq. 15.35 and Eq. 15.36 results in the follow-
ing relationship for K0-undrained loading:

ms
1k d

(
σy − ua

) + ms
2 d

(
ua − uw

)
= SnCw duw + (1 − S + hS) n

dua

ūa

(15.37)

Rearranging Eq. 15.37 yields an expression for the change
in the pore-water pressure, duw, in response to a total stress
change, dσy :

duw =
(

ms
2 − ms

1k − [(1 − S + hS)n/ūa]

ms
2 + SnCw

)
dua

+
(

ms
1k

ms
2 + SnCw

)
dσy (15.38)

The compressibility ms
2 can be written as a ratio of the

compressibility with respect to a total stress change, ms
1k :

Rsk = ms
2

ms
1k

(15.39)

Substituting Eq. 15.39 into Eq. 15.38 gives

duw =
(

Rsk − 1 − [(1 − S + hS)n/(ūam
s
1k)]

Rsk + SnCw/ms
1k

)
dua

+
(

1

Rsk + SnCw/ms
1k

)
dσy (15.40)

Equation 15.40 can be further simplified as follows:

duw = R1k dua + R2k dσy (15.41)

where:

R1k = Rsk − 1 − [(1 − S + hS)n/(ūam
s
1k)]

Rsk + SnCw/ms
1k

R2k = 1

Rsk + SnCw/ms
1k

There are two unknowns (i.e., duw and dua) in the above
equation. In order to compute the pore-air and pore-water
pressure changes, a second independent equation is
required. The second equation is derived by considering
volume change in the air phase. The change in volume is
described by the constitutive relationship for the air phase.
The volume change due to the compression of air, dVa , is
computed from the compressibility of air (i.e., the second

term in Eq. 15.36) multiplied by the pore fluid volume (i.e.,
nV ) and the total stress increment dσy :

dVa

V0
=

(
(1 − S + hS)n

ūa

)
dua (15.42)

The volume change given by the constitutive relation for
the air phase must be equal to the volume change due to
compression of the air:

ma
1k d

(
σy − ua

) + ma
2 d

(
ua − uw

) = (1 − S + hS)n

ūa

dua

(15.43)
where:

ma
1k = slope of Va/V0 versus σy − ua for K0 loading.

The second equation can be written to give the change in
pore-air pressure, dua, associated with a total stress incre-
ment dσy :

dua =
(

ma
2

ma
2 − ma

1k − [(1 − S + hS)n/ūa]

)
duw

−
(

ma
1k

ma
2 − ma

1k − [(1 − S + hS)n/ūa]

)
dσy (15.44)

The relationship between the modulus values ma
2 and ma

1k

can be expressed as a ratio, Rak :

Rak = ma
2

ma
1k

(15.45)

The above equation can be written in terms of the ratio
Rak :

dua =
(

Rak

Rak − 1 − [(1 − S + hS)n/(ūam
a
1k)]

)
duw

−
(

1

Rak − 1 − [(1 − S + hS)n/(ūam
a
1k]

)
dσy

(15.46)

In a simple form, the change in pore-air pressure can be
written as follows:

dua = R3k duw − R4k dσy (15.47)

where

R3k = Rak

Rak − 1 − [(1 − S + hS)n/(ūam
a
1k)]

R4k = 1

Rak − 1 − [(1 − S + hS)n/(ūam
a
1k)]

The pore-air and pore-water pressure parameters for K0-
drained loading can be written as Bak and Bwk, respectively.
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These pore pressure parameters are defined as tangent-type
parameters referenced to a particular stress point:

Bak = dua

dσy

(15.48)

Bwk = duw

dσy

(15.49)

Changes in pore-air and pore-water pressures can be
expressed in terms of pore pressure parameters and written
as follows:

Bwk = R1kBak + R2k (15.50)

Bak = R3kBwk − R4k (15.51)

Substituting Eq. 15.41 into Eq. 15.51 results in an equation
for the Bak pore-air pressure parameter:

Bak = R2kR3k − R4k

1 − R1kR3k

(15.52)

Similarly, Eq. 15.51 can be substituted into Eq. 15.50 to
give an equation for the Bwk pore-water pressure parameter:

Bwk = R2k − R1kR4k

1 − R1kR3k

(15.53)

The pore-air and pore-water pressure responses at any
point during K0-undrained loading can be computed using
the Bak and Bwk pore pressure parameters.

15.5.3 Hilf’s Analysis

Hilf (1948) outlined a procedure to compute the change
in pore pressure in compacted earth fills as a result of an
applied total stress. The pore pressure analysis can be rear-
ranged to take on the form of a pore pressure parameter
equation. The derivation is based on the results of a one-
dimensional oedometer test on a compacted soil, Boyle’s
law, and Henry’s law.

The Hilf (1948) analysis gives rise to a nonlinear relation-
ship between total stress and pore pressure. A secant-type
pore pressure parameter can be derived from this relation-
ship. This method has been extensively used by the U. S.
Bureau of Reclamation (i.e., USBR method) and has proven
to be quite satisfactory for estimating pore pressures in com-
pacted fills (Gibbs et al., 1960). The same formulation for
the estimation of pore pressures in compacted soils has also
been advanced by Bishop (1957).

Hilf (1948) stated: “To illustrate the role of air in the
relation between consolidation and pore pressure, consider
a sample of moist earth compacted in a laboratory cylinder.
If a static load is applied by means of a tight-fitting piston,
permitting neither air nor water to escape, it is found that
there is a measurable reduction in volume of the soil mass.”

O-ring
seals

Rigid
metal
ring

Load, dsy

Rigid cap

Compacted
soil

Rigid base

Figure 15.14 Conditions simulated in Hilf (1948) derivation of
pore pressure parameters for K0-undrained loading.

(See Fig. 15.14.) The reduction in volume can be assumed to
be the result of the compression of free air and air dissolving
into water. The soil solids and the water are assumed to be
incompressible. Vapor pressure and temperature effects are
also assumed to be negligible.

The amount of dissolved air in water is computed in accor-
dance with Henry’s law. Free and dissolved air is regarded
as a single total volume of air at a particular pressure. The
change in pore-air pressure between initial and final loading
conditions is computed using Boyle’s law.

The initial and final conditions considered in Hilf’s anal-
ysis are shown in Fig. 15.15. The total volume of air associ-
ated with the initial condition, Va0, can be written as follows:

Va0 = [(1 − S0)n0 + hS0n0]V0 (15.54)

where:

Va0 = initial volume of free and dissolved air,
S0 = initial degree of saturation,
n0 = initial porosity, and
V0 = initial volume of the soil.

The first and second terms in the above equation represent
the free and dissolved air volumes, respectively. The ini-
tial absolute pore-air pressure is denoted as ūa0 and can be
assumed to be at atmospheric conditions (i.e., 101.3 kPa). An
increment in the major principal stress, �σy, is then applied
to the soil specimen. The total volume of air decreases and
the air pressure increases in accordance with Boyle’s law.
The air volume change is equal to the void volume change
�Vv since the soil solids and water are assumed to be incom-
pressible. Therefore, the air volume change can be written
as a change in porosity (i.e., �n = �Vv/V0) times the ini-
tial volume of soil, V0, as illustrated in Fig. 15.15. The total
volume of air under final conditions, Vaf, can be expressed
as

Vaf = [(1 − S0)n0 + hS0n0 − �n]V0 (15.55)

where:

Vaf = final volume of free and dissolved air and
�n = change in porosity (i.e., decrease).
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Figure 15.15 Initial and final pressure and volume conditions used in Hilf (1948) analysis.

The final absolute air pressure, ūaf, can be written as
the initial absolute pore-air pressure plus the change (i.e.,
increase) in pore-air pressure:

ūaf = ūa0 + �ūa (15.56)

where:

�ūa = change (i.e., increase) in absolute pore-air pres-
sure.

Boyle’s law can be applied to the initial and final condi-
tions of the free and dissolved air:

ūa0Va0 = ūafVaf (15.57)

Substituting the initial conditions and the final conditions
into Eq. 15.57 gives

ūa0[(1 − S0)n0 + hS0n0]V0

= (
ūa0 + �ūa

) [(
1 − S0

)
n0 + hS0n0 − �n

]
V0 (15.58)

Rearranging Eq. 15.58 yields an expression for the change
in pore-air pressure: �ūa :

�ūa =
(

�n

(1 − S0)n0 + hS0n0 − �n

)
ūa0 (15.59)

The above equation is commonly referred to as Hilf’s
equation. It provides a relationship between the change in
pore-air pressure and the change in pore-air volume (i.e.,
�n) during K0-undrained loading. The change in pore-air
pressure can be computed from Hilf’s equation if the change
in porosity is known.

The soil can reach a point of saturation when the soil
volume change, �Vν, is equal the volume of free air [i.e.,(
1 − S0

)
n0V0] (see Fig. 15.15). The change in porosity cor-

responding to this condition can be written as

�n = (
1 − S0

)
n0 (15.60)

Substituting Eq. 15.60 into Eq. 15.59 gives the absolute
pore-air pressure change (i.e., increase) required for saturat-
ing a soil:

�ūas =
(

1 − S0

S0h

)
ūa0 (15.61)

where:

�ūas = pore-air pressure change (i.e., increase) required
for saturation.

Equation 15.61 is equivalent to the equation for comput-
ing the saturation pressure from the density of an air-water
mixture. Equation 15.59 can be written in an alternate form
by replacing �n with �Vν/V0:

�Vν

V0
=

(
�ūa

ūa0 + �ūa

)
(1 − S0 + hS0)n0 (15.62)

where:

�Vν/V0 = change in volume of voids referenced to the
initial volume of the soil (i.e., porosity change
�n).

The above equation describes the volume change due to
the compression of air. The soil volume change can also
be computed from the constitutive relationship for the soil
structure. Hilf (1948) assumed that the matric suction in the
soil was small and that a change in pore-air pressure was
equal to a change in pore-water pressure (i.e., �ua = �uw).
It was also assumed that the constitutive relation for the
soil structure could be measured by saturating the soil in an
oedometer test (i.e., under constant-volume conditions) and
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measuring its volume change upon increased loading. The
volume change of the soil structure can be expressed as

�Vv

V0
= mv�

(
σy − ua

)
(15.63)

where:

mv = coefficient of volume change measured on a satu-
rated soil in a one-dimensional oedometer test.

The soil compressibility ms
1 is assumed to be equal to the

coefficient of volume change mv measured under saturated
conditions. The pore-pressure parameter for K0-undrained
loading can be derived using Hilf’s analysis by equating the
volume change of the soil structure to the volume change
due to the compression of air:

mv �σy − mv �ūa =
(

�ūa

ūa0 + �ūa

) (
1 − S0 + hS0

)
n0

(15.64)

The above equation can be rearranged and solved for the
change in pore-air pressure:

�ūa =

⎛
⎜⎜⎝ 1

1 + (1 − S0 + hS0)n0

[(ūa0 + �ūa)mv]

⎞
⎟⎟⎠�σy (15.65)

The secant B ′
ah pore pressure derived from Hilf’s analysis

can be written as

B ′
ah = 1

1 + (1 − S0 + hS0)n0

[(ūa0 + �ūa)mv]

(15.66)

where:

B ′
ah = secant pore-air pressure parameter (i.e., �ua/

�σy), for K0-undrained loading in accordance
with Hilf’s analysis. The prime signifies a secant
pore pressure parameter.

An increase in pore-air pressure due to a total stress
increase can be predicted using Eq. 15.65. The final pore-air
pressure can be computed from the initial pore-air pressure
ūa0 and the change in pore-air pressure �ūa . This procedure
considers only the initial and final stress conditions without
using a marching-forward technique. The total stress
increment does not have to be small, as required when
using the B tangent pore pressure parameters. However,
Eq. 15.65 is nonlinear because the unknown term �ūa

appears on both sides of the equation. An iterative technique
is required in solving Eq. 15.65.

The coefficient of volume change mv varies depending
upon the magnitude of total stress σy. Therefore, an average

value of mv can be used in Eqs. 15.65 and 15.66 when
considering a total stress change �σy . The secant pore-air
pressure parameter B ′

ah is obtained by dividing the pore-
air pressure increase by the total stress increase. The B ′

ah
pore-air pressure parameter is assumed to be equal to the
B ′

wh pore-water pressure parameter in Hilf’s analysis. As a
result, the difference between a pore-air pressure change and
a pore-water pressure change cannot be isolated when using
Hilf’s analysis. Changes in pore-water pressure are gener-
ally assumed to be equal to the changes in pore-air pressure
when using Hilf’s analysis. The initial pore-water pressure in
Hilf’s analysis was assumed to be zero. Therefore, the com-
puted pore pressures in a compacted soil may be somewhat
high or conservative for design purposes.

15.6 SOLUTIONS OF PORE PRESSURE
EQUATIONS AND COMPARISONS WITH
EXPERIMENTAL RESULTS

The pore pressure parameter equations can be solved and
compared with typical laboratory-measured results. The
effect of changing one or more of the variables in the pore
pressure equations is illustrated. The theoretical pore pres-
sure parameters can be used to estimate the pore pressures
that are likely to develop during construction.

15.6.1 Secant Pore Pressure Parameter B ′
a Derived

from Hilf’s Analysis

Measurements of pore-water pressures within compacted
cores of several earth dams have been conducted by Hilf
(1948). The measurements were made using piezome-
ters with coarse porous tips; consequently, only positive
pressures could be measured. Figure 15.16 presents the pore-
water pressure measurements from two piezometers installed
in the Anderson Ranch dam. The pore-water pressures
increased as the overburden pressure increased (i.e., �σy)
during construction.

The pore-water pressure development during construction
can be simulated using Hilf’s analysis. Equation 15.65 is
applicable to both pore-air and pore-water pressures in the
sense that capillary effects are ignored in its derivation.
The soil has an initial degree of saturation S0 of 87.4%
and an initial porosity n0 of 28.1%. The volumetric coeffi-
cient of solubility h for air in water is assumed to be 0.02.
The initial absolute pore-air pressure ūa0 was assumed to
be atmospheric (i.e., 101.3 kPa). The coefficient of vol-
ume change mv was measured in a conventional oedometer.
Substituting the above data into Eq. 15.65 results in a rela-
tionship between �ū (or �ua) and �σy. The relationship
between �ua and �σy is also assumed to be the relationship
between �uw and �σy since capillary effects are ignored.
The pore-water pressure uw can then be plotted against the
major principal stress σy using the �uw and �σy relation-
ship as shown in Fig. 15.16. The initial pore-water pres-
sure was also assumed to be atmospheric (i.e., zero gauge
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Figure 15.16 Effects of coefficient of volume change on pore pressure predictions using Hilf
(1948) analysis.

pressure). An average value for the volume change coeffi-
cient mv is often used over the range of total stress change.

Several curves relating the generated pore-water pressure
to the applied total stress were computed using several val-
ues for mν . The results are presented in Fig. 15.16. The
coefficient of compressibility mv was assumed to be con-
stant for each curve, regardless of the total stress change,
�σy . Theoretically, the value of mv should be varied along
each curve of uw versus σy to take the total stress level
into consideration. The shape of the relationship between
uw and σy varies significantly as the average value of mv is
changed and the initial variables (i.e., S0, n0, and ūa0) are
kept constant. Higher soil compressibility values result in
higher pore pressure responses as a result of an increase in
total stress. This can be seen by the steeper uw versus σy

curve for more compressible soils (Fig. 15.16).
Reasonably close agreement between the piezometric

measurements and the predicted pore-water pressures have
been obtained when using Hilf’s analysis provided appro-
priate soil compressibility values are used in the analysis.
Close agreement is achieved in spite of the crude approx-
imations applied and the average value for mν . It would
appear that the use of an average coefficient of volume
change seems justified.

The shape of the relationship between pore pressure and
total stress is strongly influenced by the initial volume-
mass properties of the soil. Figure 15.17 presents several

curves relating pore pressure and total stress while the ini-
tial degree of saturation S0 is varied. The average coeffi-
cient of volume change mv is maintained at 8 × 10−5 kPa−1

for all curves. The results indicate that the pore pressure
versus total stress relationship becomes steeper as the ini-
tial degree of saturation increases. In other words, the pore
pressure responds faster at higher degrees of saturation. A
comparison between Figs. 15.16 and 15.17 suggests that
the coefficient of volume change and the initial degree of
saturation are both important variables affecting the pore
pressure response.

15.6.2 Graphical Procedure for Hilf’s Analysis

Hilf (1948) outlined a graphical procedure which used a
nomograph for the solution of the pore pressure versus total
stress applied. The objective of the graphical procedure was
a plot of the relationship between pore pressure and total
stress.

The pore pressure response combines the oedometer test
data and Hilf’s equation. The results of a conventional
oedometer test on the soil can be plotted as shown in
Fig. 15.18. The consolidation test results are plotted as
the change in porosity �n [i.e., �e/(1 + e)] versus the
change in effective stress �

(
σy − uw

)
. Hilf’s equation

(i.e., Eq. 15.59) can also be plotted on the same graph. The
ordinate is the change in porosity �n, while the abscissa
is the change in pore-water pressure �uw (Fig. 15.18).
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Figure 15.17 Effect of initial degree of saturation on pore pressure predictions using Hilf (1948)
analysis.
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Figure 15.18 Plots of stress components versus volume change
for Hilf (1948) analysis.

Equation 15.59 applies to both pore-air and pore-water pres-
sures since capillary effects were ignored. The relationship
between a change in porosity and a change in total stress
can be established by combining the above two plots. For a
given change in porosity �n, the change in total stress �σy

can be obtained by adding the magnitudes of �(σy − uw)

and �uw. This summation procedure is repeated for several
changes in porosity until a curve of �n versus �σy

is established.
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Figure 15.19 Relationship of nonlinear pore-water pressure ver-
sus total stress derived for Hilf (1948) analysis.

The next step in the procedure is to cross-plot the pore-
water pressure uw against the major principal stress σy , as
shown in Fig. 15.19. The initial values of uw and σy can be
estimated. Hilf (1948) assumed that the initial pore-water
pressure was atmospheric. The pore-water pressure increase
due to total stress increase is obtained by cross-plotting �n

versus �uw and �n versus �σy . The magnitudes of �uw
and the corresponding �σy are then added to the initial
values of uw and σy.
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The pore pressure response curve exhibits a nonlinear rela-
tionship between pore-water pressure and total pressure at
low overburden pressures (i.e., total stresses) or at degrees
of saturation less than 100%. The relationship between pore
pressure and total stress becomes linear with a slope of 45◦

as saturation conditions are approached. A change in total
stress under undrained conditions produces an equal change
in pore-water pressure at saturation conditions. The pore-
water pressure versus total stress plot will have different
shapes depending upon the initial degree of saturation and
the compressibility of the soil.

The compressibility of the soil is handled in a slightly
different manner between the analytical method and the
graphical method. An average constant coefficient of vol-
ume change is assumed for the entire total stress change
in the analytical method. A constant coefficient of volume
change is not required in the graphical method. The use
of the nonlinear consolidation curve for obtaining the pore-
water pressure versus total stress relationship implies that
varying coefficient-of-volume-change values have been used
in the graphical analysis.

15.6.3 Experimental Results of B Tangent Pore
Pressure Parameters (Isotropic Loading)

The B tangent pore pressure parameters for isotropic loading
are quite readily measured in the laboratory. A soil specimen
is subjected to an equal all-around or isotropic pressure σ3.
The pore-air and pore-water pressures are measured as the
isotropic pressure is increased. The pore pressure response
du due to a finite increment in total stress dσ3 is expressed
as a tangent parameter B . The B pore pressure parameters
vary as the isotropic pressure increases. Figure 15.20 shows
the relationship between the Bw pore pressure parameter
and the degree of saturation for clayey gravel. A substantial
decrease in Bw is observed near optimum water content.

An apparatus and test procedure were developed by
Campbell (1973) to measure the independent generation
of pore-air and pore-water pressures in an unsaturated soil

Figure 15.20 Relationship between Bw pore-water pressure
parameter and degree of saturation for clayey gravel (after Skemp-
ton, 1954).

specimen under isotropic loading. The specimens were
statically compacted and subjected to isotropic pressures up
to 6900 kPa. Two types of soil were investigated: Peorian
loess (i.e., an inorganic silt) and Champaign till (i.e., a
well-graded glacial till).

The development of pore-water pressure during the appli-
cation of an isotropic pressure is shown in Figs. 15.21 and
Fig. 15.22 for Peorian loess and Champaign till, respec-
tively. The plots indicate a low pore-pressure response (i.e.,
a flat curve) for the conditions of low initial water con-
tent or low initial degree of saturation. The pore pressure
response increases as the initial water content (and degree of
saturation) increases. As a result, the Bw parameter also
increases with an increase in the initial degree of saturation.

Figure 15.21 Pore-water pressure development in Peorian loess
under isotropic, undrained loading (after Campbell, 1973).

Figure 15.22 Pore-water pressure development in Champaign till
under isotropic, undrained loading (after Campbell, 1973).
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Figure 15.23 Pore-water pressure parameter Bw as function of
degree of saturation for Peorian loess (after Campbell, 1973).

Specimens compacted near and above optimum water con-
tent exhibit a high, immediate pore-water pressure response
to the application of an isotropic pressure increment (i.e., a
steeper curve). At initial water contents well above optimum
water content the pore pressure response curves approxi-
mate a straight line with a slope angle approaching 45◦. In
this case, the Bw pore pressure parameter is constant and
approaches unity. In other words, at saturation an increment
in total stress, dσ3, is transferred entirely to the pore pressure
(i.e., duw = dσ3). It is common practice in laboratory tests
to ensure the saturation of the soil specimen by confirming
that Bw is approaching 1.0.

Figures 15.23 and 15.24 present the Bw pore-water pres-
sure parameter as a function of degree of saturation for
Peorian loess and Champaign till, respectively. The plots

Figure 15.24 Pore-water pressure parameter Bw as function of
degree of saturation for Champaign till (after Campbell, 1973).

Figure 15.25 Pore-air pressure parameter Ba as function of
degree of saturation for Peorian loess (after Campbell, 1973).

show that the Bw pore pressure parameter increases rapidly
at a degree of saturation equal to 80% for Peorian loess and
90% for Champaign till. These degrees of saturation corre-
spond to conditions near-optimum water content for each of
the compacted soils. The Bw parameter approaches 1.0 as
the degree of saturation approaches 100%.

The Ba pore-air pressure parameter also increases with an
increase in degree of saturation for Peorian loess and Cham-
paign till specimens, as shown in Figs. 15.25 and 15.26.
The pore-water pressure approaches the pore-air pressure at
saturation and air may exist in the form of occluded air bub-
bles. The pore-air pressure-measuring device likely begins to
measure the pore-water pressure as saturation is approached.
As a result, Ba approaches a value of 1 at saturation, as
exhibited in Fig. 15.26 for Champaign till.

Figure 15.26 Pore pressure parameter Ba as function of degree
of saturation for Champaign till (after Campbell, 1973).



15.7 rheological model to represent relative compressibilities of unsaturated soil 807

15.7 RHEOLOGICAL MODEL TO REPRESENT
RELATIVE COMPRESSIBILITIES OF
UNSATURATED SOIL

The primary value of rheological models lies in their role as
an aid in visualizing soil behavior. For example, a rheolog-
ical model can illustrate how a load applied to a saturated
soil is initially carried by the water phase and is slowly
transferred to the soil structure as the pore-water pressure
dissipates.

Two linear rheological elements connected in series, one
for the water phase and the other for the air phase, can
be used to simulate the behavior of a layer of unsaturated
soil (Fig. 15.27). The unsaturated soil stratum is simulated
by interconnecting two rheological elements in series: one
element represents the air portion and another element rep-
resents the water portion of the soil.

Fredlund and Morgenstern (1977) showed that it was
possible to use any two of the three possible stress state
variables (i.e., σ − uw, σ − ua , and ua − uw) when describ-
ing soil behavior. It appears that the σ − uw and σ − ua

combination has advantages over other combinations for
the visualization of drained and undrained processes in an
unsaturated soil. Consequently, the σ − uw and σ − ua

combination of stress state variables will be used for the
development of a rheological model to simulate unsaturated
soil behavior.

One linear rheological element is used to model the
effect of the solid phase and the water phase (i.e., σ − uw).

s

s

Hookean
portion for
s - uw

Hookean
portion for
s - ua

κw

κa

ηw

ηa

Maxwell
portion
for water

Maxwell
portion
for air

ca

cw

Figure 15.27 Use of two linear rheological elements in series
to represent the behavior of the σ − uw and σ − ua stress state
variables for unsaturated soil.

Another linear rheological element is used to model the
effect of the solid phase and the air phase (i.e., σ − ua).
The two linear elements are connected in series and
represent the two independent stress state variables.

The Hookean constants cw and ca account for the com-
pressibility of water and air, respectively. The fluids in the
dashpots are assumed to be incompressible, but the escape
or outflow of air and water is allowed. The Hookean spring
constants κw and κa account for the compressibility of soil
structure with respect to each of the stress state variables
σ − uw and σ − ua , respectively, where σ is the total stress
applied, uw is the pore-water pressure, and ua is the pore-air
pressure.

The hydraulic conductivity properties of the soil with
respect to water and air are represented by the viscosity
constants ηw and ηa , respectively. The total strain of a unit
infinitesimal layer is denoted by ε. The strain of the linear
rheological elements for the water phase and the air phase
are denoted by εw and εa , respectively.

15.7.1 Effect of Relative Compressibility
Values on Initial Pore Pressures Generated upon
Loading

A portion of the load applied to an unsaturated soil will be
carried by each of the linear rheological models. In other
words, there will be a sharing of the applied load between
the air phase and water phase rheological elements. The
amount of load carried by the rheological model for the
air phase and the water phase will depend upon the rela-
tive soil compressibility values associated with the σ − uw
and σ − ua stress state variables as well as the compress-
ibility values associated with the air and water phases. The
compressibility of water is low and the compressibility of
air is high and highly nonlinear. The nonlinearity of the
air phase is not taken into consideration in the rheological
models.

Let us suppose that a pressure of 100 kPa represents a
total stress σ which is instantaneously applied to the rheo-
logical models that are connected in series. The total applied
stress will immediately be shared by the rheological model
associated with the air and water phases. The sharing of
the total stress will depend upon the magnitude of the four
relative compressibility values. Since the compressibility of
the air phase is much greater than the compressibility of
the water phase, the water phase rheological model will
experience the greatest initial change in pore pressure. The
instantaneous change in pore-air pressure (i.e., excess pore
air pressure) and the instantaneous change in pore-water
pressure (i.e., excess pore-water pressure) will then dissi-
pate over time. The dissipation of pore-air and pore-water
pressures with time represents independent processes that
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are described under the topic of consolidation, collapse,
and swelling.

The application of a total stress (e.g., 100 kPa) may result
in a relatively small instantaneous change in the pore-air
pressure (e.g., say 15 kPa) and a somewhat larger instanta-
neous change in the pore-water pressure (e.g., say 30 kPa).
The remainder of the applied pressure is assumed to be
instantaneously adsorbed by the Hookean springs associated
with each of the two rheological models.

The dashpots adsorb more of the applied pressure and the
Hookean springs instantaneously adsorb less of the load if
the initial conditions of the soil are close to saturation. The
applied load is transferred from the Maxwell dashpots to
the Hookean springs (i.e., the process of consolidation) with
elapsed time. The processes that occur with elapsed time are
discussed as part of the consolidation process discussed in
Chapter 16.



CHAPTER 16

Consolidation and Swelling Processes in Unsaturated Soils

16.1 INTRODUCTION

The application of total stress (or a load) to an unsaturated soil
can result in the generation of excess pore-air and pore-water
pressures. The excess pore-air and pore-water pressures will
dissipate with time and eventually the pore pressures return to
the equilibrium values that existed prior to loading. The dissi-
pation process of pore pressures is called “consolidation” and
the process results in volume change as excess pore pressures
are dissipated.

It is also possible for excess pore fluid pressures to be
generated as a result of changes in boundary conditions.
For example, the infiltration of rainwater at ground surface
can initiate water movement into the soil along with associ-
ated soil swelling or soil collapse. Water moves into the soil
because of a difference in the hydraulic head (or pore-water
pressure) at ground surface and the hydraulic head imme-
diately within the soil mass. The drying of a soil from the
ground surface also initiates moisture movement that can be
accompanied by volume decrease. The drying of the soil
can be visualized in terms of a moisture flux at ground
surface or a change in the pore-water pressure boundary
condition.

The “swelling” process is usually associated with a change
in moisture flux boundary conditions whereas the consolida-
tion process is usually associated with a change in the exter-
nally applied total stresses. In the case of a swelling process,
the pore pressures (i.e., pore-water pressure, pore-air pres-
sure or both) are below the equilibrium state and therefore
will increase toward an equilibrium state. The consolidation
process has a decrease in pore pressures with time while
the swelling process has an increase in pore pressures with
time. The consolidation and swelling processes are essen-
tially equivalent and opposite processes from a theoretical
standpoint. However, the swelling process is not usually ini-
tiated through a change in the total stresses (i.e., unloading of
the soil). Rather, it is usually environmental changes related
to precipitation that directly change the pore-water pressure
conditions at the ground surface and initiate a process of
pore-water pressure changes throughout the soil mass.

16.2 STRESS AND SEEPAGE UNCOUPLED
AND COUPLED SYSTEMS

The dissipation of the pore-water and pore-air pressures
resulting from stress changes can be analyzed in an “uncou-
pled” or “coupled” manner. The uncoupled solution assumes
that the stress-deformation analysis and the pore fluid dissi-
pation processes are solved in an independent manner. The
coupled solution assumes that the stress-deformation and
pore fluid dissipation processes are solved simultaneously.

There is also another distinctive feature related to the
uncoupled and coupled solutions. When the uncoupled
approach is adopted for consolidation, the initial excess
pore fluid pressures (e.g., pore-water pressure and pore-air
pressures) are computed using the pore pressure parameters
presented in Chapter 15. The pore pressure parameters allow
the generated excess pore fluid pressure to be instantaneously
generated and used to initiate subsequent processes. When
using a fully coupled approach, the compressibility of the
pore fluids becomes part of the overall formulation and the
calculation of the generated excess pore pressures becomes
part of the solution.

The coupled approach is considered to be more rigor-
ous and correct for the simulation of the consolidation pro-
cess. However, the uncoupled approach is generally easier
to solve and sufficiently accurate for most engineering prob-
lems. The fully coupled consolidation process has revealed
the “Mandel-Cryer” effect, which suggests that it is a more
accurate solution. The Mandel-Cryer effect is related to the
Poisson’s ratio of the soil and may only be significant for
problems where the induced pore pressures are the result of
external loadings (Vu and Fredlund, 2002).

16.2.1 Combining Stress, Water, and Air
for One-Dimensional Consolidation

The theory of consolidation for a saturated soil has been
viewed as one of the pinnacle analyses in classical soil
mechanics. The theory of consolidation has been exten-
sively used for design and control when dealing with satu-
rated soils. Case histories have verified that the mathematical

809Unsaturated Soil Mechanics in Engineering Practice   D. G. Fredlund, H. Rahardjo and M. D. Fredlund
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consolidation theory can be applied and relied upon in engi-
neering practice.

The theory of consolidation involving the application of
externally applied loads may not be as important in unsatu-
rated soil mechanics as the theory of consolidation has been
in saturated soil mechanics. However, transient processes
resulting from changing boundary conditions (i.e., pore fluid
pressures, hydraulic heads, or moisture fluxes) are of signifi-
cant importance to simulating unsteady-state unsaturated soil
processes. The theory of consolidation and unsteady-state
analyses are closely related in unsaturated soil mechanics.

The theory of consolidation for unsaturated soils can be
derived as an extension of the formulations used for satu-
rated soils. Continuity of a saturated soil element requires
that the volume change of a soil element be equal to the
change in the volume of water in the element. The the-
ory of consolidation equation derived by Terzaghi (1943)
for saturated soils satisfied the continuity requirements of a
two-phase system:

∂uw

∂t
= cv

∂2uw

∂y2
(16.1)

where:

cv = coefficient of consolidation [i.e., ks/(ρwgmv)],
ks = coefficient of permeability with respect to water at

saturation (i.e., S = 100 %),
ρw = density of water,
g = gravitational acceleration, and

mv = coefficient of volume change for saturated soils.

The above equation describes changes in pore-water pres-
sures with respect to depth and time during the consolidation
process. Changes in pore-water pressure result in changes in
the effective stress (σ − uw) The effective stress changes can
be substituted into stress-deformation constitutive equations
to compute volume change. Volume changes are equal to
the volume of water flowing out of the soil as long as the
degree of saturation remains at 100%. The computed volume
changes can, in turn, be used to compute soil volume-mass
properties such as void ratio, water content, and density dur-
ing the consolidation process.

In 1941, Biot proposed a general theory of consolidation for
an unsaturated soil with occluded air bubbles. Two constitu-
tive equations relating stress state and strain were formulated
in terms of effective stress (σ − uw) and the pore-water pres-
sure uw. In other words, the need for separating the effects
of total stress and pore-water pressure was recognized by
Biot. One constitutive equation related the void ratio to the
stress state, and the other equation related the water con-
tent to the stress state of the soil. Other assumptions used in
Biot’s theory were similar to those used in Terzaghi’s the-
ory of consolidation for saturated soils. Biot’s theory resulted
in an equation similar to Eq. 16.1 for one-dimensional con-
solidation; however, the coefficient of consolidation cv was

modified to take into account the compressibility of the pore
fluid.

Larmour (1966), Hill (1967), and Olson (1986) showed that
Terzaghi’s equation with a modified coefficient of consoli-
dation cv can be used to describe the consolidation behavior
of unsaturated soils with occluded air bubbles. Scott (1963)
incorporated void ratio change and degree-of-saturation
change into the formulation of a consolidation equation for
unsaturated soils with occluded air bubbles. Blight (1961)
derived a consolidation equation for the air phase of a dry,
rigid, unsaturated soil. Fick’s law of diffusion was used to
relate the mass transfer of air to an air pressure gradient.

Fredlund and Hasan (1979) presented two PDEs which
could be solved for the pore-air and pore-water pressure
changes during the consolidation process in an unsaturated
soil. The air phase was assumed to be continuous. Darcy’s
law and Fick’s law were applied to the flow of water and air,
respectively. The coefficients of permeability with respect to
both the water and air phases were considered to be func-
tions of matric suction or one of the volume-mass properties
of the soil. In other words, the two PDEs contained terms
which accounted for variations in the coefficients of per-
meability with respect to the air and water phases. Both
equations were solved simultaneously, and the method is
commonly referred to as a two-phase flow approach. The
formulation by Fredlund and Hasan (1979) was similar in
form to the conventional one-dimensional Terzaghi (1943)
derivation. The derivations also demonstrated a smooth tran-
sition between the unsaturated and saturated cases. Similar
consolidation equations have also been proposed by Lloret
and Alonso (1981).

The two partial differential, transient flow equations pro-
posed by Fredlund and Hasan (1979) have been used to
simulate total volume change and water volume change
behavior of compacted kaolin specimens when total stress
and matric suction were changed (Fredlund and Rahardjo,
1986). The pore pressure changes calculated using the two
differential equations of flow resulted in changes in the stress
state variables. The stress state variable changes were substi-
tuted into the soil structure and the water phase constitutive
equations to compute volume changes in the unsaturated
soil. Comparisons between the predicted volume changes
and experimental results showed reasonable agreement with
respect to time. However, pore pressure changes in the spec-
imens were not measured during these tests.

Rahardjo (1990) conducted one-dimensional consolida-
tion tests on an unsaturated silty sand using a specially
designed K0 cylinder. The cylinder was developed to accom-
modate K0 loading and allow for the simultaneous measure-
ment of pore-air and pore-water pressures throughout the
soil specimen. The total and water volume changes were
measured independently during the consolidation tests. The
results showed a rapid (i.e., essentially instantaneous) dissi-
pation of excess pore-air pressures for the unsaturated soil
used in the study. On the other hand, the excess pore-water



16.2 stress and seepage uncoupled and coupled systems 811

pressure dissipation in the unsaturated soil was found to be
a time-dependent process which could be simulated using
the water flow differential equation.

16.2.2 Physical Relations Required for Formulation

The one-dimensional consolidation equation for saturated
soils is derived by equating the time derivative of the vol-
ume change constitutive equation to the divergence of the
water flow rate. The volume change constitutive equation
for a saturated soil relates the change in void ratio de to the
change in effective stress d(σ − uw). The rate of water flow
through a soil mass is described by Darcy’s law.

The one-dimensional consolidation equation for an unsat-
urated soil can similarly be formulated by satisfying the
continuity requirement for a multiphase material. In this
case, the change in the total volume of the soil element
must be equal to the sum of the changes in the volume of
water and the volume of air in the element. The soil solids
are assumed to be incompressible. One-dimensional consol-
idation under K0 loading has the following soil structure
constitutive equation:

dVv

V0
= ms

1k d(σy − ua) + ms
2 d(ua − uw) (16.2)

where:

dVv/V0 = volume change of the soil element with
respect to the initial volume of the element
(also referred to as the change in volumetric
strain dεv),

Vv = volume of soil voids in the element,
V0 = initial overall volume of the element,

ms
1k = coefficient of volume change with respect to

a change in net normal stress d(σy − ua) for
K0 loading, and

ms
2 = coefficient of volume change with respect to

a change in matric suction d(ua − uw) during
K0 loading.

The water phase constitutive relation for K0 loading can
be written as

dVw

V0
= mw

1k d(σy − ua) + mw
2 d(ua − uw) (16.3)

where:

dVw/V0 = change in the volume of water in the soil ele-
ment with respect to the initial volume of the
element,

Vw = volume of water in the element,
mw

1k = coefficient of water volume change with
respect to a change in the net normal stress
d(σy − ua) for K0 loading, and

mw
2 = coefficient of water volume change with

respect to a change in matric suction d(ua−
uw) during K0 loading.

The air phase constitutive relation is equal to the differ-
ence between the soil structure and the water phase constitu-
tive equations. The air phase constitutive equation can also
be expressed in a general form as a function of the stress
state variables:

dVa

V0
= ma

1k d(σy − ua) + ma
2 d(ua − uw) (16.4)

where:

dVa/V0 = change in the volume of air in the soil ele-
ment with respect to the initial volume of the
element,

Va = volume of air in the element,
ma

1k = coefficient of air volume change with respect
to a change in net normal stress d(σy − ua),
and

ma
2 = coefficient of air volume change with respect

to a change in matric suction d(ua − uw).

Figure 16.1 shows the relationship among the three con-
stitutive surfaces described by the above equations. The
coefficients of volume change must satisfy the continuity
requirement at any stress point on the constitutive surfaces:

ma
1k = ms

1k − mw
1k (16.5)

ma
2 = ms

2 − mw
2 (16.6)

When the soil is saturated (i.e., degree of saturation S at
100%), the four coefficients of volume change, ms

1k,m
s
2,m

w
1k ,

and mw
2 , are equal to the volume change modulus mv for a sat-

urated soil. The volume change modulus mv can be obtained
from a one-dimensional consolidation test on a saturated soil
specimen. The ma

1k and ma
2 modulus values are equal to zero

under saturated conditions (Eqs. 16.5 and 16.6). As the soil
becomes unsaturated (i.e., S < 100%), the absolute values of
the ms

1k,m
s
2,m

w
1k , and mw

2 coefficients take on independent
values (Fig. 16.1). The volume change coefficients have a
negative sign, which indicates that an increase in the stress
state variable causes a decrease in volume. Under unsaturated
soil conditions, the absolute magnitude of the mw

2 water phase
coefficient will be greater than the absolute magnitude of the
ms

2 soil structure coefficient under similar stress state con-
ditions. In other words, an increase in matric suction causes
a larger change in the volume of water removed from the
soil than the overall volume change of the soil element. As
a result, an increase in matric suction results in a decrease
in the degree of saturation. The magnitude of the ms

1k soil
structure coefficient, on the other hand, is greater than the
magnitude of the mw

1k water phase coefficient under similar
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Figure 16.1 Typical form for constitutive surfaces for unsatu-
rated soil: (a) soil structure constitutive surface; (b) water phase
constitutive surface; (c) air phase constitutive surface.

stress state changes since a net normal stress produces larger
overall volume change than is produced for the change in
volume of water in the element.

As the soil approaches dry conditions (i.e., S = 0), the
ms

2 and mw
2 coefficients approach zero (Fig. 16.1). Conse-

quently, the ma
2 coefficient also approaches zero (Eq. 16.6).

This means that when the degree of saturation of the soil

approaches zero, a change in matric suction is no longer
effective in producing a change in overall volume of the
soil. Any volume change which takes place when the soil is
in a dry condition (e.g., below residual conditions) will be
mainly due to a change in the net normal stress. However,
a net normal stress increase applied to a dry soil is unlikely
to cause a change in the volume of water in the soil (i.e.,
mw

1k = 0). Stated another way, the total soil volume change
in a dry soil is related to a change in the volume of air (i.e.,
ms

1k = ma
1k) in the soil. Only changes in net normal stress

are likely to produce volume changes in a dry soil.
Darcy’s law and Fick’s law can be used to describe water

flow and air flow, respectively, through an unsaturated soil.

16.2.3 Derivation of Consolidation Equations
for Unsaturated Soil

For an isothermal, transient flow analysis, two fluids are
assumed to flow independently from an unsaturated soil,
namely, water and air. Two independent PDEs are required to
solve for the pore-water and pore-air pressures with respect
to time (i.e., two-phase flow approach). The pore-water and
pore-air PDEs must satisfy continuity with respect to the
water and air phases. Rigorous, multidimensional formula-
tions require that the continuity equations be coupled with
the equilibrium equations (Dakshanamurthy et al., 1984).
Uncoupled formulation of the consolidation and swelling
equations can also be derived for solving unsaturated soil
problems. It would appear that the uncoupled consolidation
formulations for unsaturated soils are satisfactory for
engineering practice.

The excess pore-air pressure throughout the soil mass can
often be assumed to be negligible or to be rapidly dissipated.
(Rahardjo, 1990). In these situations, only the water phase
PDE needs to be solved. This is anticipated to be the case,
for example, when predicting the swelling of an unsaturated
soil as a result of wetting of the soil from the ground surface.
There may be other problems where only the excess pore-
air pressure is of significance, and in these cases, only the
pore-air PDE needs to be solved.

The application of total stress to a soil provides the geotech-
nical engineer with insight into the behavior of an unsaturated
soil. After applying a total stress, an immediate settlement
will occur followed by the dissipation of excess pore-water
and pore-air pressures with time. It is necessary to solve
the pore-water and pore-air PDEs in order to predict the
pore-water and pore-air pressures as a function of time. The
initially generated pore-air and pore-water pressures can be
evaluated using pore pressure parameters. The application of
a total stress induces an excess pore-air pressure which is
smaller than the excess pore-water pressure. The magnitude
of generated excess pore pressures depends upon the relative
compressibility of the air-water mixture and the soil structure
compressibility.

A one-dimensional transient flow equation for the water
and air phases can be derived by equating the time derivative
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of the relevant constitutive equation to the divergence of the
flow rate, as described by the flow law. The time derivative
of the constitutive equation controls the deformation that
occurs under various stress conditions while the divergence
of the flow rate controls the rate of flow of air and water.

The assumptions used in the derivation of equations for
consolidation and swelling are similar to those proposed by
Terzaghi (1943) for saturated soils, with some exceptions
and additions:

1. The air phase is assumed to be continuous. The coef-
ficient of permeability with respect to the air phase
approaches the diffusivity of air through water when
the air phase becomes occluded. At the other extreme,
the excess pore-air pressure is assumed to remain at
atmospheric pressure when the air voids are large. This
negates the need for solving the air phase PDE in
this case.

2. The coefficients of volume change for the soil (i.e.,
mw

1k,m
w
2 ,ma

1k , and ma
2) are assumed to remain constant

during the consolidation process. It is also possible to
make these coefficients a function of the stress state
during the solution of the PDEs.

3. The coefficients of permeability with respect to the air
and water phases are assumed to be a function of the
stress state or the volume-mass soil properties during
the consolidation process. It is also possible to consider
the case where the coefficients of permeability can be
assumed to remain constant during a process.

4. The effects of air diffusing through water, air dissolv-
ing in water, and the movement of water vapor are
ignored. The initial and final states of stress in the air
phase are the same (i.e., atmospheric) for most engi-
neering problems. Therefore, although air may go into
solution under increased pore-air pressure conditions,
it can also be assumed that it comes out of solution in
response to a return to the boundary conditions prior
to loading.

5. The soil particles and the pore-water are assumed to
be incompressible.

6. Strains occurring during consolidation are assumed to
be small.

The above assumptions are not completely accurate for all
cases; however, these assumptions are reasonable for the
derivation of a general theory of consolidation (or swelling)
for unsaturated soils.

16.2.4 Water Phase Partial Differential Equation

Let us consider a referential element of unsaturated soil with
air and water flow during one-dimensional consolidation
(Fig. 16.2). The net flux of water through the element is
computed from the volume of water entering and leaving
the element within a period of time:

∂Vw

∂t
=

(
vw + ∂vw

∂y
dy

)
dx dz − vw dx dz (16.7)

dx

dy

X

Y

Soil element
of thickness dz

Water flow Air flow

vw + 

vw Ja

∂vw

∂y
dy Ja + 

∂Ja

∂y
dy

Figure 16.2 Unsteady-state flow of air and water during one-
dimensional consolidation of unsaturated soil.

where:

dVw = change in the volume of water in the soil
element over a specific time, dt,

∂Vw/∂t = net flux of water through the soil element,
vw = water flow rate across a unit area of the soil

element in the y-direction, and
dx, dy, dz = infinitesimal dimensions in the x -, y-, and

z -directions, respectively.

Considering the net flux of water per unit volume and
rearranging Eq. 16.7 yields

∂(Vw/V0)

∂t
= ∂vw

∂y
(16.8)

where:

V0 = initial total volume of the soil element
(i.e., dx, dy, dz) and

∂(Vw/V0)/∂t = net flux of water per unit volume of the
soil.

Substituting Darcy’s law for the flow rate of water, vw,

into Eq. 16.8 gives

∂(Vw/V0)

∂t
= [−kw(∂hw/∂y)]

∂y
(16.9)

where:

kw = coefficient of permeability with respect to water
as a function of matric suction which varies
with location in the y-direction [i.e., kw(ua −
uw)],
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hw = hydraulic head [i.e., gravitational plus pore-
water pressure head or Y + uw/(ρwg)],

Y = elevation head,
uw = pore-water pressures,
ρw = density of water,
g = gravitational acceleration, and

∂hw/∂y = hydraulic head gradient in the y-direction.

Rearranging the above equation gives

∂(Vw/V0)

∂t
= −kw

∂2hw

∂y2
− ∂kw

∂y

∂hw

∂y
(16.10)

Let us substitute hydraulic head hw in terms of the indi-
vidual components (Y + uw/ρwg), Eq. 16.10:

∂(Vw/V0)

∂t
= −kw

∂2[Y + (uw/ρwg)]

∂y2

− ∂kw

∂y

∂[Y + (uw/ρwg)]

∂y
(16.11)

∂(Vw/V0)

∂t
= − kw

ρwg

∂2uw

∂y2

− 1

ρwg

∂kw

∂y

∂uw

∂y
− ∂kw

∂y
(16.12)

The water phase constitutive relation (Eq. 16.3) defines the
volume of water in an unsaturated soil element in terms of
net normal stress d(σy − ua) and matric suction d(ua − uw).
The flux of water per unit volume of the soil can be obtained
by differentiating the water phase constitutive relation with
respect to time:

∂(Vw/V0)

∂t
= mw

1k

∂(σy − ua)

∂t
+ mw

2
∂(ua − uw)

∂t
(16.13)

The coefficients of volume change are assumed to be con-
stant during the consolidation process. In other words, the
coefficients of volume change are only a function of the stress
state. The coefficients of volume change can be updated in
accordance with the stress state of the soil. The change in
total stress with respect to time is generally set to zero during
a consolidation process (i.e., ∂σy/∂t = 0). Both equations for
water flux (i.e., Eqs 16.12 and 16.13) can be equated to yield
a PDE for the water phase:

− mw
1k

∂ua

∂t
+ mw

2
∂ua

∂t
− mw

2
∂uw

∂t

= − kw

ρwg

∂2uw

∂y2
− 1

ρwg

∂kw

∂y

∂uw

∂y
− ∂kw

∂y
(16.14)

Rearranging the above equation gives

mw
2
∂uw

∂t
= −(mw

1k − mw
2 )

∂ua

∂t

+ kw

ρwg

∂2uw

∂y2
+ 1

ρwg

∂kw

∂y

∂uw

∂y
+ ∂kw

∂y
(16.15)

The above equation is a general form PDE for the water
phase. The equation can be simplified for special soil con-
ditions, such as the fully saturated case, the completely dry
case, or special cases of unsaturated soil behavior. The water
phase PDE for the above-mentioned conditions is described
in the following sections.

16.2.5 Transition to Saturated Condition

The coefficients of water volume change mw
1k and mw

2 become
equal to the coefficient of volume change mv for a saturated
soil (i.e., degree of saturation S = 100%). The coefficient
of permeability kw reverts to the coefficient of permeability
at saturation ks . The saturated coefficient of permeability is
usually assumed to remain constant during the consolidation
process (i.e., ∂ks/∂y = 0).

Substituting mv and making ∂ks/∂y equal to zero in Eq.
16.15 results in the Terzaghi form of the one-dimensional con-
solidation equation for saturated soils (Terzaghi, 1943). The
Terzaghi equation describes the pore-water pressure changes
during one-dimensional consolidation of a saturated soil. The
consolidation process of a saturated soil involves only the flow
of water, which in turn produces an equal volume change.

16.2.6 Transition to Dry Soil Conditions

There is only a small amount of water present around the soil
particles when the soil approaches dry conditions (i.e., water
content less than residual conditions). Changes in matric
suction or net normal stress produce negligible change in
the volume of water when the soil is dry. The coefficients
of water volume change mw

1k and mw
2 and the coefficient of

permeability kw go towards zero in dry soils. Any volume
change that occurs in a dry soil is the result of the soil
structure or air phase volume change. Setting the coefficients
of volume change and the coefficient of permeability to zero
(i.e., mw

1k = mw
2 = 0 and kw = 0) in Eq. 16.15 causes the

PDE for the water phase to vanish. In other words, there is
no water flow during the consolidation of a dry soil.

16.2.7 Special Case of Unsaturated Soil

Air flow and water flow can take place simultaneously dur-
ing consolidation of an unsaturated soil (i.e., 0 < S < 100%).
The consolidation equation (i.e., Eq. 16.15) for the water
phase can be rearranged as follows:

∂uw

∂t
= −Cw

∂ua

∂t
+ cw

v
∂2uw

∂y2
+ cw

v

kw

∂kw

∂y

∂kw

∂y

∂uw

∂y
+ cg

∂kw

∂y

(16.16)
where:

Cw = interactive constant associated with the water phase
PDE [i.e., (1 − mw

2 /mw
1k)/(m

w
2 /mw

1k)],
cw

v = coefficient of consolidation with respect to the water
phase [i.e., kw/(ρwgmw

2 )], and
cg = gravity term constant (i.e., 1/mw

2 ).
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The coefficient of permeability kw can vary significantly
with respect to matric suction and as a result can vary in the
y-direction. Spatial variation in the coefficient of permeabil-
ity of the soil is taken into account by the last two terms
in Eq. 16.16. Several empirical relationships have been pro-
posed for the permeability functions kw(ua − uw).

The gravitational component of the hydraulic head in the
above derivation appears in the last term of Eq. 16.16 [i.e.,
(1/mw

2 )(∂kw/∂y)]. This term may be considered negligible
in some cases when compared to the other terms. If the
gravity term is neglected and the coefficient of permeability
kw does not vary significantly with space (i.e., ∂kw/∂y is
negligible), a simplified form of the differential water flow
equation can be written:

∂uw

∂t
= −Cw

∂ua

∂t
+ cw

v
∂2uw

∂y2
(16.17)

The consolidation equation for the air phase is presented
in the next section. It is noted that there are many cases
where the dissipation of the excess pore-air pressures occurs
almost instantaneously (Rahardjo, 1990). Only the water
phase undergoes a transient process when the excess pore-air
pressure is negligible, and in this case Eq. 16.17 can be fur-
ther simplified to a form similar to Terzaghi’s consolidation
equation:

∂uw

∂t
= cw

v
∂2uw

∂y2
(16.18)

where

cw
v = kw

ρwgmw
2

16.2.8 Air Phase Partial Differential Equation

The air phase is compressible and flows in response to an
air pressure gradient. The flow of air through a referential
element of unsaturated soil (Fig. 16.2) can be derived in
terms of the mass rate of air flow Ja . The net mass rate of air
flow across the element is obtained as the difference between
the mass rates of air entering and leaving the element within
a period of time:

∂Ma

∂t
=

(
Ja + ∂Ja

∂y
dy

)
dx dz − Ja dx dz (16.19)

where:

∂Ma = change of air mass in the soil element for a
specific time dt ,

∂Ma/∂t = net mass rate of air flowing through the soil
element, and

Ja = mass rate of air flowing across a unit area of
the soil.

The net mass rate of air flow can be expressed for a unit
volume of the soil element by rearranging Eq. 16.19 as fol-
lows:

∂(Ma/V0)

∂t
= ∂Ja

∂y
(16.20)

where:

∂(Ma/V0)/∂t = net mass rate of air flow per unit volume
of the element and

V0 = initial total volume of the soil element
(i.e., dx, dy, dz ).

Substituting Fick’s law for the mass rate of air flow Ja

into Eq. 16.20 results in the following equation:

∂(Ma/V0)

∂t
= ∂[−D∗

a(∂ua/∂y)]

∂y
(16.21)

where:

D∗
a = coefficient of transmission for the air phase,

which is a function of the volume-mass prop-
erties or matric suction of the soil, and thus
D∗

a can vary with location in the y-direction,
ua = pore-air pressure, and

∂ua/∂y = pore-air pressure gradient in the y-direction.

The mass of air Ma in Eq. 16.21 can be written in terms of
the volume of air Va and its density ρa (i.e., Ma = Vaρa):

∂(Vaρa/V0)

∂t
= −

(
D∗

a

∂2ua

∂y2
+ ∂D∗

a

∂y

∂ua

∂y

)
(16.22)

where:

Va = volume of air and
ρa = density of air.

Rearranging Eq. 16.22 gives

ρa

∂(Va/V0)

∂t
+ Va

V0

∂ρa

∂t
= −D∗

a

∂2ua

∂y2
− ∂D∗

a

∂y

∂ua

∂y
(16.23)

The volume of air Va can be related to the volume-mass
properties of the soil:

Va = (1 − S)nV (16.24)

where:

S = degree of saturation,
n = porosity, and
V = current total volume of the soil element.

The total volume change of an unsaturated soil can gen-
erally be assumed to be small (i.e., small strains) during the
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consolidation process. This assumption is justifiable since
most unsaturated soils have a relatively rigid soil structure.
The current total volume of the soil, V, in Eq. 16.24 can be
assumed to be equal to the initial total volume of the soil,
V0. Substituting Eq. 16.24 into Eq. 16.23 yields

ρa

∂(Va/V0)

∂t
+ (1 − S)n

∂ρa

∂t
= −D∗

a

∂2ua

dy2
− ∂D∗

a

∂y

∂ua

∂y

(16.25)

The density of air is a function of air pressure in accor-
dance with the ideal gas law:

ρa = ωa

RTK

ūa (16.26)

where:

ωa = molecular mass of air, kg/kmol,
R = universal (molar) gas constant, [i.e., 8.31432 J/

(mol·K)],
TK = absolute temperature (i.e., TK = T + 273.16), K,

T = temperature, ◦C,
ūa = absolute pore-air pressure (i.e., ūa = ua + ūatm),

kPa,
ua = gauge pore-air pressure, kPa, and

ūatm = atmospheric pressure (i.e., 101 kPa or 1 atm).

Replacing the air density ρa in Eq. 16.25 with Eq. 16.26
gives (

ωa

RTK

)
ūa

∂(Va/V0)

∂t
+ (1 − S)n

(
ωa

RTK

)
∂ua

∂t

= D∗
a

∂2ua

∂y2
− ∂D∗

a

∂y

∂ua

∂y
(16.27)

Equation 16.27 can be further rearranged to give the air
flux per unit volume of the soil element:

∂(Va/V0)

∂t
= − D∗

a

(ωa/RTK)ūa

∂2ua

∂y2

− (1 − S)n

ūa

∂ua

∂t
− 1

(ωa/RTK)ūa

∂D∗
a

∂y

∂ua

∂y
(16.28)

The air phase constitutive relation (Eq. 16.4) defines the
air volume change in the soil element due to changes in net
normal stress d(σy − ua) and matric suction d(ua − uw).
The derivative of the air phase constitutive relation with
respect to time is equal to the air flux per unit volume of
the soil element:

∂(Va/V0)

∂t
= ma

1k

∂(σy − ua)

∂t
+ ma

2

∂
(
ua − uw

)
∂t

(16.29)

The coefficients of volume change ma
1k and ma

2 are assumed
to be constant during consolidation when differentiating
Eq. 16.4. The magnitudes of the coefficients of volume

change are a function of the stress state variables and can
be updated accordingly, if needed. The total stress change
with respect to time is set to zero during the consolidation
process (i.e., ∂σy/∂t = 0). Equating both equations for the
air flux (i.e., Eqs. 16.28 and 16.29) gives rise to the PDE for
the air phase:

− ma
1k

∂ua

∂t
+ ma

2
∂ua

∂t
− ma

2
∂uw

∂t
= − D∗

a

(ωa/RTK)ūa

∂2ua

∂y2

− (1 − S)n

ūa

∂ua

∂t
− 1

(ωa/RTK)ūa

∂D∗
a

∂y

∂ua

∂y
(16.30)

Rearranging the above equation gives

−
(

ma
1k − ma

2 − (1 − S)n

ūa

)
∂ua

∂t
= ma

2
∂uw

∂t

− D∗
a

(ωa/RTK)ūa

∂2ua

∂y2
− 1

(ωa/RTK)ūa

∂D∗
a

∂y

∂ua

∂y

(16.31)

Equation 16.31 is a general form of the air phase PDE.
The equation can be simplified for special cases such as the
fully saturated case, the dry soil case, or special cases of an
unsaturated soil. The air phase PDE for each of these cases
is outlined in the following sections.

16.2.9 Transition toward Saturated Soil Conditions

The coefficients of air volume change ma
1k and ma

2 become
equal to zero as the degree of saturation of a soil goes toward
100%. The coefficient of transmission D∗

a approaches zero,
indicating the absence of air flow. Air may exist in the form
of occluded bubbles which are assumed to have a pressure
equal to that of the water phase, (i.e., ua − uw = 0). Air may
move as air diffusion through the pore-water.

The water phase becomes more compressible than that
of pure water when occluded air bubbles are present in the
water phase. A rigorous solution of the case described by
Eq. 16.1 requires the use of appropriate soil properties (i.e.,
cv, ks, ρw, and mv), which take compressible pore fluid
properties into consideration.

16.2.10 Transition toward Dry Soil Conditions

A change in matric suction produces negligible volume change
when the soil is in a dry condition (i.e., water content is less
than residual conditions). All coefficients of volume change
with respect to matric suction approach zero (i.e., ms

2 = mw
2 =

ma
2 = 0). Volume change may still occur due to a change in

net normal stress if the soil structure is compressible. In this
case, the soil volume change is equal to the air phase volume
change (i.e.,ma

1k = ms
1k) in Fig. 16.1c. The coefficient of trans-

mission D∗
a reverts to a constant coefficient that corresponds

to dry conditions. Therefore, Eq. 16.31 can be simplified to the
following form for a compressible soil under dry conditions:(

ma
1k + n

ūa

)
∂ua

∂t
= D∗

d

(ωa/RTK)ūa

∂2ua

∂y2
(16.32)
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Rearranging the above equation results in a consolida-
tion equation similar in form to Terzaghi’s one-dimensional
consolidation equation:

∂ua

∂t
= D∗

d

ωa/RTK

1

ma
1kūa + n

∂2ua

∂y2
(16.33)

The above equation describes the pore-air pressure
changes during one-dimensional consolidation of a dry,
compressible soil. Only air flow occurs during the
consolidation process. The coefficients used in Eq. 16.33
are similar in form to those used in the coefficient of
consolidation cv. In the case where the soil is dry and
incompressible (i.e., ma

1k = ms
1k = 0), Eq. 16.33 reverts to

the equation proposed by Blight (1971):

∂ua

∂t
= D∗

d/n

ωa/RTK

∂2ua

∂y2
(16.34)

16.2.11 Special Case of Unsaturated Soil

It is possible for air and water to flow simultaneously dur-
ing the consolidation process in an unsaturated soil. The air
phase consolidation equation (i.e., Eq. 16.31) can be written
in a simplified form:

∂ua

∂t
= −Ca

∂uw

∂t
+ ca

v
∂2ua

∂y2
+ ca

v

D∗
a

∂D∗
a

∂y

∂ua

∂y
(16.35)

where:

Ca = interactive constant associated with the air phase
PDE, that is, (ma

2/ma
1k)/[1 − ma

2/ma
1k − (1 − S)n/

(ūam
a
1k)], and

ca
v = coefficient of consolidation with respect to the air

phase, that is,
D∗

a

(ωa/RTK)

1

ūam
a
1k(1 − ma

2/ma
1k) − (1 − S)n

.

The coefficient of transmission D∗
a is a function of matric

suction and may vary in the y-direction. The variation in
transmissivity of the air phase is taken into account in
the last term in Eq. 16.35. There are several relationships
describing the variation of air transmissivity with matric
suction. However, if the variation of air transmissivity with
space is negligible (i.e., ∂D∗

a/∂y is negligible), Eq. 16.35
can be simplified as follows:

∂ua

∂t
= −Ca

∂uw

∂t
+ ca

v
∂2ua

∂y2
(16.36)

16.3 SOLUTION OF CONSOLIDATION
EQUATIONS USING FINITE DIFFERENCE
TECHNIQUE

The finite difference technique can be used to solve
unsteady-state (i.e., transient) air flow and water flow
equations associated for one-dimensional consolidation. The
air flow and water flow PDEs can be solved simultaneously
using an explicit forward-marching, finite difference
technique, as illustrated in Fig. 16.3. The finite difference
equations can be written in linear forms for the air and water
phase partial differential flow equations (Dakshanamurthy
and Fredlund, 1981).

Let us consider one-dimensional consolidation where air
flow and water flow occur simultaneously. The spatial vari-
ations of the water coefficient of permeability and the air
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Figure 16.3 Finite difference mesh for solving equations for unsteady-state flow of air and
water.
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coefficient of transmission are assumed to be negligible.
Therefore, Eqs. 16.17 and 16.36 are used as the PDEs for the
water and air phases, respectively. The transient water flow
equation (i.e., Eq. 16.17) can be written in the following
finite difference form:

uw(i,j+1) − uw(i,j)

�t
= −Cw

ua(i,j+1) − ua(i,j)

�t

+ cw
v

uw(i+1,j) − 2uw(i,j) + uw(i−1,j)

�y2

(16.37)
where:

i = space increment in the y-direction and
j = time increment.

The transient air flow equation (i.e., Eq. 16.36) can be
written in the following finite difference form:

ua(i,j+1) − ua(i,j)

�t
= −Ca

uw(i,j+1) − uw(i,j)

�t

+ ca
v

ua(i+1,j) − 2ua(i,j) + ua(i−1,j)

�y2

(16.38)
The pore-water pressure is solved by multiplying Eq.

16.38 by −Cw and substituting the resulting equation into
Eq. 16.37:

uw(i,j+1) − uw(i,j)

�t
= CaCw

uw(i,1+j) − uw(i,j)

�t

− ca
v Cw

ua(i+j,1) − 2ua(i,j) + ua(i−1,j)

�y2

+ cw
v

uw(i+1,j) − 2uw(i,j) + uw(i−1,j)

�y2

(16.39)
Simplifying and rearranging Eq. 16.39 allows the

unknown pore-water pressure (i.e., at a given time step,
j + 1) to be put on the left-hand side of the equation:

uw(i,j+1) = uw(i,j) + βwgw
1

1 − CaCw
−

(
Cw

1 − CaCw

)
βaf

a
1

(16.40)
where:

βw = cw
v

�t

�y2

βa = ca
v

�t

�y2

gw
1 = uw(i+1,j) − 2uw(i,j) + uw(i−1,j)

f a
1 = ua(i+1,j) − 2ua(i,j) + ua(i−1,j)

Similarly, the pore-air pressure can be obtained by mul-
tiplying Eq. 16.37 by −Ca , and substituting the resulting

equation into Eq. 16.38 gives:

ua(i,j+1) − ua(i,j)

�t
= CaCw

ua(i,1+j) − ua(i,j)

�t

− cw
v Ca

uw(i+1,j) − 2uw(i,j) + uw(i−1,j)

�y2

+ ca
v

ua(i+1,j) − 2ua(i,j) + ua(i−1,j)

�y2
(16.41)

Simplifying and rearranging Eq. 16.41 allows the
unknown pore-air pressure (i.e., at a given time step j + 1)
to be put on the left-hand side and all known variables from
the previous time step (i.e., j ) to be put on the right-hand
side of the equation:

ua(i,j+1) = ua(i,j) −
(

Ca

1 − CaCw

)
βwgw

1 + βaf
a
1

1 − CaCw
(16.42)

The pore-water pressure and pore-air pressure at a given
time step are computed from the known values at the pre-
vious time step using Eqs. 16.40 and 16.42, respectively.
It is possible to march forward to the next time step when
computations for the pore-water pressure and pore-air pres-
sure are complete for all depth steps. The above procedure
can be repeated until equilibrium has been achieved for the
air and water phases. The correct converged solution of the
finite difference equations are obtained when βw and βa are
maintained less than 0.5 (Desai and Christian, 1977).

The initial conditions in the soil mass and the bound-
ary conditions for the problem must be established prior
to performing the finite difference computations. The initial
conditions for one-dimensional consolidation constitute the
initial pore pressures before load is applied and the excess
pore pressures corresponding to the instant after the appli-
cation of the total load. The excess pore-air and pore-water
pressures are calculated using the pore-air and pore-water
pressure parameters.

The condition on all boundaries of a problem must be
specified during the consolidation process. The boundary
pore pressures must be set to the initial values at all times for
free-draining conditions. The pore pressure gradients must
be set to zero at an impervious boundary since there is no
flow across the boundary.

A mixed boundary condition can also be specified for
special applications that might occur in laboratory tests. As
an example, laboratory equipment is commonly designed
such that air flows upward while water flows downward dur-
ing a test. In this case, the top boundary is a free-draining
boundary with respect to the air phase but has an imper-
vious boundary with respect to the water phase. Reverse
conditions exist at the bottom boundary.

The dissipation of the excess pore-air and pore-water pres-
sures can be computed using the finite difference schemes
shown by Eqs. 16.40 and 16.42, respectively, once the ini-
tial and final boundary conditions are specified. The cal-
culated pore pressure changes can be used to compute the
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volume-mass changes in the soil through use of the soil
constitutive equations. In this way, changes in water con-
tent, void ratio, and degree of saturation of the soil can be
computed at any time during the consolidation process.

16.4 TYPICAL CONSOLIDATION TEST RESULTS
ON UNSATURATED SOILS

Typical experimental results from consolidation tests on
unsaturated soils are presented to illustrate the consolidation
behavior of an unsaturated soil. The tests require the inde-
pendent measurement or control of pore-air and pore-water
pressures on the boundaries of the soil specimens during
consolidation. The equipment, soil, and test procedures are
described. The results are also best fit with the theory for
unsaturated soil consolidation and swelling.

16.4.1 Consolidation Tests on Compacted Kaolin

Laboratory experiments were performed on several com-
pacted kaolin specimens using a modified oedometer and
a modified triaxial cell (Fredlund, 1973a). The modified
oedometer was used to perform one-dimensional consoli-
dation tests. The modified triaxial cell was used to perform
isotropic volume change tests.

A high-air-entry disk was sealed into the lower pedestal.
The ceramic disk allowed for the movement of water to and

from the soil while the flow of air was restricted. Therefore,
the pore-air and pore-water pressures could be independently
controlled. A low-air-entry disk (i.e., coarse porous disk)
was placed on the top of the specimen for the control of
the pore-air pressure. Two rubber membranes separated by
a slotted tin foil were placed around the specimen in order
to reduce air diffusion.

Pore-air and pore-water pressures were translated into the
positive range to prevent cavitation of the water below the
high-air-entry disk (i.e., the axis translation technique). The
total stress, pore-air pressure, and pore-water pressure con-
ditions were controlled throughout the time-dependent mea-
surement of total volume change and water volume change
from the unsaturated soil specimens.

16.4.2 Presentation of Consolidation Test Results

Five specimens of kaolin were compacted in accordance
with the standard Proctor procedure. The initial volume-mass
properties for each specimen are summarized in Table 16.1.
Each experiment was performed by changing one of
the stress state variable components (i.e., total stress σ ,
pore-water pressure uw, or pore-air pressure ua). The stress
state component changed in each experiment is summarized
in Table 16.2. The volume change of the overall sample and
the water phase was monitored in each case. However, the
pore-air and pore-water pressure changes within each soil
specimen were not monitored.

Table 16.1 Initial Volume-Mass Properties for Specimens Tested

Diameter Height Total Water Void Dry Unit Degree of
Test No.a (cm) (cm) Volume (cm3) Content, w (%) Ratio, e Weight, γd (kN/m3) Saturation (%)

1 10.006 11.815 929.09 34.32 1.0696 13.185 78.87
2 9.945 11.703 909.10 33.17 1.0251 13.298 80.61
3 10.543 5.867 503.53 29.62 1.2242 11.529 63.29
4 9.832 5.758 437.16 32.12 0.9310 13.281 90.25
5 6.350 2.283 72.29 31.18 1.1247 12.069 72.51

aAll tests performed in a modified triaxial apparatus except test 5, which was performed in a modified oedometer.

Table 16.2 Change in Stress State Variable Components Associated with Each Test

Total Stress, σ (kPa) Pore-Water Pressure, uw (kPa) Pore-Air Pressure, ua (kPa)

Test No.a Initial Final Initial Final Initial Final Change (kPa)

1 358.7 560.9 163.8 164.4 214.4 215.6 �σ = +202.2
2 560.9 559.0 164.4 163.1 215.6 421.1 �uw = +205.5
3 475.1 476.8 41.9 42.2 397.8 206.5 �ua = −191.3
4 611.4 610.1 177.3 379.2 532.0 530.9 �uw = +201.9
5 606.7 605.2 216.5 323.6 413.8 413.8 �uw = +107.1

aAll tests performed in a modified triaxial apparatus except test 5, which was performed in a modified oedometer.
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Table 16.2 indicates that only test 1 was a consolidation
test in the classical sense that air and water flowed from the
soil specimen in response to an increase in the total stress.
Transient flow in other tests was caused by a change in
either the pore-air or pore-water pressures at the boundary.
The air and water flowed in a one-dimensional manner in
all tests. The one-dimensional consolidation theory could be
used to describe the transient flow of air and/or water during
each test.

Figure 16.4 shows a plot of volume changes resulting
from an increment of total stress for test 1. The plot shows
a decrease in the overall volume (i.e., the soil structure) as
well as the volume of air and water during the transient
process. A large instantaneous volume decrease occurred
when the load was applied.

An increase in the pore-air pressure in test 2 caused the
soil structure to expand temporarily (Fig. 16.5). However, the
increase in air pressure resulted in an increase in matric suc-
tion ua − uw, which in turn caused a decrease in the volume
of the soil structure toward the end of the transient process.

Figure 16.4 Soil structure and water phase volume changes asso-
ciated with increase in total stress (test 1).

Figure 16.5 Soil structure and water phase volume changes asso-
ciated with increase in air pressure (test 2).

Figure 16.6 Soil structure and water phase volume changes asso-
ciated with decrease in air pressure (test 3).

The volume change processes associated with a metastable-
structured soil are shown in Fig. 16.6. The decrease in air
pressure in test 3 reduced the matric suction and allowed more
water to flow into the specimen. The intake of water appears
to have reduced the normal and shear stresses between the soil
particles. As a result, the soil structure underwent a decrease
in volume (i.e., a collapse phenomenon).

An increase in water pressure (or a decrease in matric
suction) caused an increase in the overall volume in test 4.
Figure 16.7 shows that the soil has a stable structure and is
expansive. On the other hand, an increase in water pressures
(or a decrease in matric suction) causes the soil structure to
decrease in volume or collapse when the soil structure is
metastable (Fig. 16.8).

16.4.3 Theoretical Analyses of Consolidation
Test Results

Attempts were made to best fit the theoretical analyses of
volume change with the results from laboratory experiments
(Fredlund and Rahardjo, 1986). Approximate coefficients of
volume change were selected for the soil structure, air, and
water phases based on the laboratory results. Table 16.3
summarizes the approximate coefficients of volume change
for each of the five specimens.

Figure 16.7 Soil structure and water phase volume changes asso-
ciated with increase in water pressure (test 4).
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Figure 16.8 Soil structure and water phase volume changes asso-
ciated with increase in water pressure (test 5).

The coefficients of volume change for each phase were
obtained by dividing the amount of deformation at the end
of each process by the change in the stress state variable.
A sign (i.e., positive or negative) is attached to each of the
coefficients of volume change based on the direction of the
volume change (i.e., increase or decrease) associated with
each phase and the change in the stress state variables.

Table 16.3 indicates that the coefficients of volume change
for the soil structure have negative signs for a stable-
structured soil (i.e., tests 1, 2, and 4) and positive signs for
a metastable-structured soil (i.e., tests 3 and 5). A negative
coefficient of volume change suggests there is an increase in
volume for a decrease in the stress state variable, while a
positive coefficient of volume change indicates the converse.

The theoretical simulation of the laboratory results was
performed by assuming one-dimensional transient flow pro-
cesses. The pore-water and pore-air pressure equations (i.e.,
Eqs. 16.40 and 16.42) can be solved simultaneously using
an explicit central finite difference technique. The coeffi-
cients of permeability for air and water were assumed to be
constant during the transient process.

The volume changes associated with the water and air
phases during a transient process were computed using
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Figure 16.9 Theoretical simulation of consolidation test on unsat-
urated compacted kaolin (test 1).

Eqs. 16.3 and 16.4. The coefficients of volume change used
in the calculations were assumed to be constant throughout
the process. The soil structure volume change was obtained
by adding the volume changes associated with the water and
air phases.

Figures 16.9–16.13 show the results of the theoretical sim-
ulation of tests 1–5. The fitting was accomplished by using
various combinations for the coefficients of permeability for
the water and air phases. The combinations of constant values
for the water and air coefficients of permeability that gave the
best-fit results for each test are shown in each figure. Compar-
isons between the numerical simulations and the laboratory
results were made for tests 4 and 3 (i.e., Figs. 16.14 and 16.15).
The results indicate reasonably close agreement between the
numerical simulations and the laboratory test results.

Some discrepancies were observed in the simulation of the
transient processes. The disagreements may be due to one
or more reasons. For example, the assumption was made
that the coefficients of permeability were constant through-
out each process. In general, the numerical simulations and
the laboratory results show the anticipated volume change
behavior with elapsed time.

16.4.4 Tests on Silty Sand

One-dimensional consolidation tests were conducted on silty
sand using a special K0 cylinder designed by Rahardjo (1990).

Table 16.3 Coefficients of Volume Change for Each Specimen

Soil Structure Water Phase Air Phase

Test No. ms
1 ×10−4 kPa−1 ms

2 ×10−4 kPa−1 mw
1 ×10−4 kPa−1 mw

2 ×10−4 kPa−1 ma
1 ×10−4 kPa−1 ma

2 ×10−4 kPa−1

1 −1.17 −3.52 −0.80 −2.41 −0.37 −1.11
2 −0.006 −0.032 −0.131 −0.657 +0.125 +0.625
3 +0.76 +3.80 −0.30 −1.49 +1.06 +5.29
4 −0.09 −0.35 −0.15 −0.61 +0.06 +0.26
5 +0.26 +1.04 −1.20 −4.81 +1.46 +5.85
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Figure 16.10 Theoretical simulation of laboratory test involving
increase in air pressure (test 2).
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Figure 16.11 Theoretical simulation of laboratory test involving
decrease in air pressure (test 3).

The K0 cylinder allowed for the simultaneous measurement of
pore-air and pore-water pressures at various depths along the
soil specimen. The top and bottom of the soil specimen were
connected to a low- and a high-air-entry disk, respectively.
Air flowed upward and water flowed downward during the
consolidation test. The total and water volume changes were
independently monitored.

16.4.5 Presentation of Consolidation Results
on Silty Sand

Slurry specimens of silty sand were subjected to a gradual
increase in net normal stress and matric suction. The speci-
mens were then subjected to an increase in total stress under
undrained conditions. After excess pore-air and pore-water
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Figure 16.12 Theoretical simulation of laboratory test involving
increase in water pressure (test 4).
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Figure 16.13 Theoretical simulation of laboratory test involving
increase in water pressure (test 5).

pressures were established, the air and water phases were
subsequently allowed to drain during a consolidation test.
The pore-air and pore-water pressures were observed to
reduce to their values prior to undrained loading. In other
words, the net normal stress increased with elapsed time and
matric suction returned to its original value at the end of the
consolidation process.

Figure 16.16 presents the results of pore pressure and vol-
ume change measurements during the consolidation test. The
initial volume-mass properties of the soil specimen and its
stress state variables are shown in Table 16.4.

The results shown in Fig. 16.16a indicate that the excess
pore-air pressures dissipated almost immediately throughout
the soil specimen. The rapid dissipation of air pressures
was observed in every consolidation test performed on the
silty sand (Rahardjo, 1990). On the other hand, the excess
pore-water pressure dissipation occurred in a time-dependent
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Figure 16.14 Comparisons between theoretical simulation and
laboratory test data for test 4 with increase in water pressure.
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Figure 16.15 Comparisons between theoretical simulation and
laboratory test data for test 3 with decrease in air pressure.

manner (i.e., a transient process), as demonstrated in
Fig. 16.16a. The water volume change (i.e., 10.5 cm3),
exceeded the time-dependent total volume change (i.e.,
6.0 cm3), as shown in Fig. 16.16b. However, the soil
structure underwent an immediate volume decrease of
9.0 cm3 during the undrained loading prior to pore pressure
dissipation. The immediate volume change was caused by
compression of the soil structure and the air. The overall
volume change was larger than the water volume change in
response to an increase in total stress.

Another set of results from a consolidation test on the
silty sand is presented in Fig. 16.17. The total stress was
increased under constant-water-content conditions prior to
consolidation. As a result, only excess pore-water pressures
were developed during loading. The excess pore-water pres-
sure dissipation during the consolidation process is shown
in Fig. 16.17a for various depth and time intervals. The
pore-water pressure isochrones were best fitted with the
transient water flow equation. There was no measurable
air flow during the transient process. The coefficients of
permeability and volume change for the water phase were
assumed to be constant during the consolidation process.
The best-fit constant coefficient of consolidation cw

v was
1.2 × 10−6 m2/s. There was good agreement between the

Table 16.4 Initial Soil Properties and Stress State
Variables for S1FG Consolidation Test on Silty Sand

Initial Volume-Mass Properties

S 98.0 %
e 0.578
w 21.2 %
n 0.366

Stress State Variables (kPa)
σ 184.3
ua (top) 119.5
uw (bottom) 106.7
σ − ua 64.8
ua − uw 12.8

numerical simulation of consolidation and the experimental
results, as demonstrated in Fig. 16.17a.

The total water volume changes during the consolidation
process (i.e., Fig. 16.17b) are similar to those presented in
Fig. 16.16b. The net normal stress remained constant during
the consolidation process following constant-water-content
loading while the matric suction increased due to the dissi-
pation of the excess pore-water pressures. The total volume
change and water volume change were simulated using Eqs.
16.2 and 16.3, respectively. The best-fit coefficients of vol-
ume change were found to be 8 × 10−6 and 3.8 × 10−5 kPa−1

for ms
2 and mw

2 , respectively. The above examples verify the
unsaturated soil theory of consolidation.

16.5 DIMENSIONLESS CONSOLIDATION
PARAMETERS

The simultaneous solution of the pore-water and pore-air
PDEs (i.e., Eqs. 16.17 and 16.36) can be generalized in
terms of dimensionless numbers similar to those used for
saturated soils. The dimensionless numbers are the average
degree of consolidation and the time factor for the water
and air phases. The average degree of consolidation for the
water phase is defined as

Uw = 1 −

∫ 2d

0
uw dy∫ 2d

0
uw0 dy

(16.43)

where:

Uw = average degree of consolidation with respect to the
water phase,

uw0 = initial pore-water pressure,
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Figure 16.16 Pore pressures and volume changes during consolidation test on silty sand (No.
SIFG): (a) pore-air and pore-water pressure isochrones; (b) total and water volume changes (from
Rahardjo, 1990).

uw = pore-water pressure at any time, and
d = length of drainage path (note: double drainage was

assumed).

The time factor for the water phase is defined as

Tw = cw
v t

d2
(16.44)

where:

t = elapsed time.

Similarly, the average degree of consolidation and the
dimensionless time factor with respect to the air phase are

defined as

Ua = 1 −

∫ 2d

0
ua dy∫ 2d

0
ua0 dy

(16.45)

and
Ta = ca

v t

d2
(16.46)

where:

Ua = average degree of consolidation with respect to the
air phase,

Ta = time factor with respect to the air phase,
ua0 = initial pore-air pressure, and
ua = pore-air pressure at any time.
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Figure 16.18 shows the water phase degree of
consolidation–time factor curves for various air-water inter-
action constants. Similar curves for the air phase are shown
in Fig. 16.19. The interactive constant in the air phase PDE
was assumed to be constant for the calculation of pore-
air pressure dissipation. The curves show a smooth
transition toward the case of a completely saturated soil
(Terzaghi, 1943) and the case of a completely dry soil
(Blight, 1971).

The relationships between these dimensionless numbers
(Figs. 16.18 and 16.19) can be used as a general solution
for one-dimensional consolidation. Appropriate curves
corresponding to the air and water phases can be used
for different coefficient-of-consolidation and soil constant
values.

16.6 COUPLED FORMULATIONS AND
THREE-DIMENSIONAL CONSOLIDATION

One PDE has been used for analyzing water flow with
respect to time and another PDE has been used for analyzing
air flow with respect to time. It is possible to use an iter-
ative process to ensure that both the water phase and air
phase PDEs have converged; however, the total stress equi-
librium equations were not taken into consideration. The
assumption was made that since the total stresses were not
changed during the transient process there was no need
to consider the stress equilibrium equations. This is a rea-
sonable assumption, but the analysis does not constitute a
rigorous formulation and solution of the consolidation pro-
cess in unsaturated soils.
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Figure 16.19 Dimensionless time factor versus degree of consol-
idation curves for air phase.

A rigorous formulation of two- and three-dimensional
consolidation requires that the continuity equation for water
and air flow be coupled with the equilibrium equations. The
resulting equations need to then be solved simultaneously.
Biot (1941) formulated the coupled consolidation process
for a special case of an unsaturated soil. The derivation
was based on the assumption that occluded bubbles of air
existed in the pore fluid during the consolidation process.
The coupled formulation of consolidation was then solved
for the one-dimensional case.

The following sections present the equations for the cou-
pled theory of consolidation for an unsaturated soil. Con-
sider a referential element of unsaturated soil subjected to
two-dimensional unsteady-state air and water flow, as shown
in Fig. 16.20. The partial differential flow equations for the
air phase and the water phase can be derived by equating the
time derivative of the relevant constitutive equations to the

divergence of the flow rate as described by the appropriate
flow laws.

16.6.1 Stress, Water, and Air Coupling
for Three-Dimensional Consolidation

Following is a three-dimensional formulation of coupled
consolidation of an unsaturated soil. The formulation is sim-
ilar to the derivation presented by Biot (1941). Some of the
terms have been changed for consistency with more recent
terminology used in unsaturated soils. The coupled formula-
tion for three-dimensional consolidation is presented for the
case where the air phase is continuous (Dakshanamurthy et
al., 1984). The constitutive relations for the soil structure,
the water phase, and the air phase are required when writing
the equilibrium and continuity equations. These constitutive
relations are first summarized in their elasticity forms prior
to formulating the coupled consolidation equations.

16.6.2 Constitutive Relations for Unsaturated Soil

The stress state and deformation state variables can be linked
by suitable constitutive relations that incorporate soil prop-
erties in the form of coefficients. There are three available
constitutive relations for an unsaturated soil, namely, one
for the soil structure, one for the water phase, and one for
the air phase (see Chapter 13).

16.6.3 Soil Structure Constitutive Relationship

The constitutive equation for the soil structure is presented
assuming that the soil behaves as an isotropic, linear elastic
material. The soil structure constitutive relationship written
for normal strains in the x -, y-, and z -directions can be
written in the following incremental form:

dεx = d(σx − ua)

E
− μ

E
d(σy + σz − 2ua) + d(ua − uw)

H
(16.47)

dεy = d(σy − ua)

E
− μ

E
d(σx + σz − 2ua) + d(ua − uw)

H
(16.48)

dεz = d(σz − ua)

E
− μ

E
d(σx + σy − 2ua) + d(ua − uw)

H
(16.49)

The constitutive equations for shear deformations are

dγxy = dτxy

G
(16.50)

dγyz = dτyz

G
(16.51)

dγzx = dτzx

G
(16.52)

where:

εx = normal strain in the x-direction,
εy = normal strain in the y-direction,
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Figure 16.20 Two-dimensional unsteady-state air and water flow.

εz = normal strain in the z-direction,
σx = total normal stress in the x-direction,
σy = total normal stress in the y-direction,
σz = total normal stress in the z-direction,

σx − ua = net normal stress in the x-direction,
σy − ua = net normal stress in the y-direction,
σz − ua = net normal stress in the z-direction,

μ = Poisson’s ratio,
E = modulus of elasticity or Young’s modulus for

the soil structure with respect to a change in
σ − ua ,

H = modulus of elasticity for the soil structure with
respect to a change in ua − uw,

γxy = shear strain on the z-plane (i.e., γxy = γyx),
γyz = shear strain on the x-plane (i.e., γyz = γzy),
γzx = shear strain on the y-plane (i.e., γzx = γxz),
τxy = shear stress on the x-plane in the y-direction

(i.e., τxy = τyx),
τyz = shear stress on the y-plane in the z-direction

(i.e., τyz = τzy),
τzx = shear stress on the z-plane in the x-direction

(i.e., τzx = τxz), and
G = shear modulus.

The change in volumetric strain, dεv, can be written as
the summation of the normal strain changes:

dεv = dεx + dεy + dεz (16.53)

where:

dεv = volumetric strain change (i.e., dVv/V0),
dVv = total volume change of a soil element, and
V0 = initial total volume of a soil element.

Rearranging Eqs. 16.47, 16.48, and 16.49, the change in
net normal stresses can be expressed as a function of normal
strain and matric suction changes:

d
(
σx − ua

) = 2G(dεx + α dεv) − βd
(
ua − uw

)
(16.54)

d
(
σy − ua

) = 2G(dεy + α dεv) − βd
(
ua − uw

)
(16.55)

d
(
σz − ua

) = 2G(dεz + α dεv) − βd
(
ua − uw

)
(16.56)

where

G = E

2(1 + μ)

α = μ

1 − 2μ

β = E

H(1 − 2μ)
or β = 2G

H

1 + u

1 − 2u

16.6.4 Water Phase Constitutive Relations

The constitutive equation for the water phase defines the
change in volume of water in an unsaturated soil element
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for specified changes in total stress, pore-air, and pore-water
pressures:

dVw

V0
= d(σx − ua)

Ew
+ d(σy − ua)

Ew

+ d
(
σz − ua

)
Ew

+ d
(
ua − uw

)
Hw

(16.57)

where:

dVw = water volume change in the soil element,
Ew = water volumetric modulus associated with a

change in σ − ua , and
Hw = water volumetric modulus associated with a

change in ua − uw.

Substituting Eqs. 16.54, 16.55, and 16.56 into Eq. 16.57
allows the water volume change in the soil to be written as

dVw

V0
= βw1 dεv + βw2 d

(
ua − uw

)
(16.58)

where

βw1 = E

Ew (1 − 2μ)
βw2 = 1

Hw
− 3β

Ew

16.6.5 Air Phase Constitutive Relations

The constitutive equation for the air phase defines the change
in volume of air in an unsaturated soil element for spec-
ified changes in the total stress, pore-air, and pore-water
pressures:

dVa

V0
= d(σx − ua)

Ea

+ d(σy − ua)

Ea

+ d(σz − ua)

Ea

+ d(ua − uw)

Ha

(16.59)

where:

dVa = air volume change in the soil element,
Ea = air volumetric modulus associated with a change

in σ − ua , and
Ha = air volumetric modulus associated with a change

in ua − uw.

Substituting Eqs. 16.54, 16.55, and 16.56 into Eq. 16.59
allows the air volume change to be written as

dVa

V0
= βa1 dεv + βa2 d

(
ua − uw

)
(16.60)

where

βa1 = E

Ea(1 − 2μ)
βa2 = 1

Ha

− 3β

Ea

16.6.6 Coupled Consolidation Equations
for Unsaturated Soil

The derivation of the theory of coupled consolidation is
based on the assumption that the air phase is continuous.
Several other assumptions used in the derivation are similar
to those adopted by Terzaghi (1943) and Biot (1941). The
assumptions can be listed as follows: (1) material is isotropic,
(2) reversibility of stress-strain relations, (3) linearity of
stress-strain relations, (4) strains are small, (5) pore-water is
incompressible, (6) coefficients of permeability with respect
to water and air phases are functions of the volume-mass
soil properties during the consolidation process, and (7) the
effects of air diffusing through water, air dissolving in the
water phase, and the movement of water vapor are ignored.

There are five unknowns of deformation and volumetric
variables to be solved in a three-dimensional consolida-
tion problem. The variables are the displacements in the
x -, y-, and z -directions (i.e., u , v , and w , respectively)
and the water and air volume changes (i.e., dVw and dVa).
Displacements in the x -, y-, and z -directions are used to
compute the total volume change. The five unknowns can
be obtained from three equilibrium equations and two con-
tinuity equations (i.e., the water and air phase continuities).
These equations are summarized in the following sections.

16.6.7 Stress Equilibrium Equations

The stress state for an unsaturated soil element should satisfy
the following equilibrium conditions:

∂σx

∂x
+ ∂τyx

∂y
+ ∂τzx

∂z
= 0 (16.61)

∂τxy

∂x
+ ∂σy

∂y
+ ∂τzy

∂z
= 0 (16.62)

∂τxz

∂x
+ ∂τyz

∂y
+ ∂σz

∂z
= 0 (16.63)

The effect of the body force is assumed to be negligible.
Substituting Eqs. 16.54, 16.55, and 16.56 into Eqs. 16.61,
16.62, and 16.63 gives the following form for the equilib-
rium equations:

G∇2u + G

1 − 2μ

∂εv

∂x
− β

∂
(
ua − uw

)
∂x

+ ∂ua

∂x
= 0

(16.64)

G∇2v + G

1 − 2μ

∂εv

∂y
− β

∂
(
ua − uw

)
∂y

+ ∂ua

∂y
= 0

(16.65)

G∇2w + G

1 − 2μ

∂εv

∂z
− β

∂
(
ua − uw

)
∂z

+ ∂ua

∂z
= 0

(16.66)
where

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
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16.6.8 Water Phase Continuity

The continuity equation for the water phase can be obtained
by equating the time derivative of the water phase constitu-
tive equation to the divergence of Darcy’s flow law:

βw1
∂εv

∂t
+ βw2

∂(ua − uw)

∂t
= −

[
kw

ρwg
∇2uw

+ 1

ρwg

(
∂kw

∂x

∂uw

∂x
+ ∂kw

∂y

∂uw

∂y
+∂kw

∂z

∂uw

∂z

)
+ ∂kw

∂y

]
(16.67)

16.6.9 Air Phase Continuity

The continuity equation for the air phase can be obtained
from the time derivative of the air phase constitutive
equation and the net mass rate of air flow as described by
Fick’s law:

βa1
∂εv

∂t
+ βa2

∂
(
ua − uw

)
∂t

= −
[

D∗
a

ρaūa

∇2ua + 1

ρaūa

×
(

∂D∗
a

∂x

∂ua

∂x
+ ∂D∗

a

∂y

∂ua

∂y
+ ∂D∗

a

∂z

∂ua

∂z

)
+ (1 − S)n

ūa

∂ūa

∂t

]
(16.68)

where:

D∗
a = coefficient of transmission for the air phase,

ρa = density of air,
ūa = absolute pore-air pressure (i.e., ūa = ua + ūatm),
ua = gauge pore-air pressure,

ūatm = atmospheric pressure (i.e., 101 kPa),
S = degree of saturation, and
n = porosity.

The solution of a coupled analysis for two-phase flow
through an unsaturated soil involves the simultaneous solu-
tion of Eqs. 16.64, 16.65, 16.66, 16.67, and 16.68.

16.7 WATER, AIR FLOW, AND NONISOTHERMAL
SYSTEMS

Air flow and water flow may not only occur as a result of a
load being applied to the soil. It is also possible that moisture
infiltration and temperature fluctuations may produce ther-
mal gradients within a soil mass that result in fluid flow.
Nonisothermal conditions are closely related to microcli-
matic changes in the field. Seasonal temperature changes can
cause air and water flow and consequently volume changes
within a soil mass. A nonisothermal condition often occurs
under highway and airfield pavements or under the shallow
foundations of lightweight structures.

Following is a summary of the formulation of one-
dimensional flow under nonisothermal conditions in an
unsaturated soil. Temperature gradients are incorporated
into the formulation of flow. Water vapor flow is also

incorporated into the formulation since vapor flow can be
relevant. Surface boundary conditions for the air, liquid water,
water vapor, and heat flow equations are also summarized.
The soil-atmospheric boundary conditions incorporate the
microclimatic conditions at a site.

16.7.1 Air Phase Partial Differential Equation

The differential equation for one-dimensional, K0, air
flow during consolidation requires that one term be added
when dealing with nonisothermal conditions. The term
takes into consideration the effect of temperature changes
on air flow. Pore-air pressures are consequently affected.
One-dimensional air flow in the y-direction can be expressed
as follows (Dakshanamurthy and Fredlund, 1981):

∂ua

∂t
= −Ca

∂uw

∂t
+ ca

v
∂2ua

∂y2
+ Cat

∂T

∂t
(16.69)

where:

Ca = interaction coefficient associated with the air
phase PDE, that is, (ma

2/ma
1k)/[1 − ma

2/ma
1k −

(1 − S) n/
(
ūam

a
1k

)
]

ma
1k = coefficient of air volume change with respect to a

change in net normal stress, d
(
σy − ua

)
, for K0

loading,
ca

v = coefficient of consolidation with respect to the air
phase, that is,

D∗
a

ωa/RTK

1

ūam
a
1k

(
1 − ma

2/ma
1k

) − (1 − S) n
,

Cat = interaction temperature coefficient associated with
the air phase PDE, that is

1

T

[
(1−S)nūa

(1−ma
2/ma

1k)ūam
a
1k + (1−S)n

]
,

TK = absolute temperature (i.e., TK = T + 73.16), K,
T = temperature, ◦C, and
t = time.

The above equation does not take into account any non-
linear variation which might be present in the coefficient of
transmission, D∗

a . Variations in the coefficient of transmis-
sion with respect to space (i.e., ∂D∗

a/∂y) are assumed to be
negligible.

16.7.2 Fluid and Vapor Flow Equation
for Water Phase

The differential equation for fluid and vapor flow under non-
isothermal conditions is similar to the water flow equation
for one-dimensional consolidation with the addition of one
term. The additional term accounts for the water vapor flow
due to diffusion and advection processes (Wilson, 1990).
Water vapor flow can be relevant under nonisothermal con-
ditions. The one-dimensional fluid and vapor flow equation
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for the water phase in the y-direction can be expressed as
follows:

∂uw

∂t
= −Cw

∂ua

∂t
+ 1

ρwgmw
2

∂

∂y

(
kw

∂uw

∂y

)

+ ūa + ūv

ūa

1

ρwmw
2

∂

∂y

(
Dv

∂ūv

∂y

)
(16.70)

where:

Cw = interaction coefficient associated with the water
phase partial differential equation [i.e., (1 − mw

2 /
mw

1k)/(m
w
2 /mw

1k)],
uv = partial pressure of water vapor in air, and
Dv = diffusion coefficient of the water vapor through the

soil, kg·m/kN·s.

The coefficient of water vapor diffusion Dv can be calcu-
lated as follows (Philip and de Vries, 1957; de Vries, 1975;
Dakshanamurthy and Fredlund, 1981; Wilson, 1990):

Dv = αβ

(
Dvm

ωv

RTK

)
(16.71)

where:

α = tortuosity factor for the soil (i.e., ε = β2/3),
β = cross-sectional area of the soil available for water

vapor flow [i.e., (1 − S) n],
Dvm = molecular diffusivity of water vapor in air [i.e.,

0.229
(
1 + TK/273

)1.75 × 10−4 (m2/s)] (from
Kimball et al., 1976), and

ωv = molecular mass of water vapor (i.e., 18.016 kg/
kmol).

The above equation indicates that the diffusion coefficient
Dv is a function of soil properties (i.e., S and n), which in
turn are a function of matric suction ua − uw. In addition,
Dv is also a function of temperature T K . Similarly, the coef-
ficient of permeability kw is also a function of soil properties
that may vary with respect to location in the soil mass. If the
variations in the kw and Dv coefficients with respect to space
are considered to be negligible, Eq. 13.70 can be simplified
as follows:

∂uw

∂t
= −Cw

∂ua

∂t
+ cw

v
∂2uw

∂y2
+ cwv

v
∂2ūv

∂y2
(16.72)

where:

cw
v = coefficient of consolidation with respect to the water

phase [i.e., kw/
(
ρwgmw

2

)
] and

cwv
v = coefficient of consolidation with respect to the water

vapor phase (i.e.,

(
ūa + ūv

)
ūa

Dv

ρwmw
2

).

16.7.3 Heat Flow Equation for Unsaturated Soils

A Fourier diffusion equation can be used to describe heat
transfer in soils as described in Chapter 10 (Jame and Norum,
1980; Fredlund and Dakshanamurthy, 1982; Wilson, 1990).
The following form of the heat flow equation was proposed
by Wilson (1990):

ζ
∂T

∂t
= ∂

∂y

(
λ

∂T

∂t

)
− Lv

(
ūa + ūv

ūa

)
∂

∂y

(
Dv

dūv

∂y

)
(16.73)

where:

ζ = volumetric specific heat of the soil as a function of
water content, (J/m3/◦C),

λ = thermal conductivity of the soil as a function of water
content, (W/m/◦C), and

Lv = latent heat of vaporization of water (i.e., 2,418,000
J/kg).

The above equation describes the heat flow due to con-
duction and the latent heat transfer caused by phase changes.
Convective heat flow is considered to be negligible (Jame
and Norum, 1980; Wilson, 1990). The volumetric specific
heat of the soil, ζ , can be calculated using the relationship
given by de Vries (1963):

ζ = ζsθsolid + ζwθ + ζaθa (16.74)

where:

ζs = volumetric specific heat capacity of the soil solids
(i.e., a typical value is 2.235 × 106 J/m3/◦C for fine
sands; de Vries, 1963),

θsolid = volumetric solid content (i.e., Vs/V0),
Vs = volume of soils solids in the soil,
V0 = total volume of the soil,
ζw = volumetric specific heat capacity for the water phase

(i.e., 4.154 × 106 J/m3/◦C for water at 35◦C; Wil-
son, 1990),

θ = volumetric water content (i.e., Vw/V0),
Vw = volume of water in the soil,
ζa = volumetric specific heat capacity for the air phase,
θa = volumetric air content (i.e., Va/V0), and
Va = volume of air.

The third term on the right-hand side of Eq. 16.74 is small
and can be considered negligible (de Vries, 1963). The ther-
mal conductivity of the soil, λ, can be estimated using the
following expression (de Vries, 1963):

λ = fsθsλs + fwθλw + faθaλa

fsθs + fwθ + faθa

(16.75)

where:

fs, fw, fa = weighting factors for the solid, water, and
air phases, respectively, and
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λs, λw, λa = thermal conductivities of the solid, water,
and air phases, respectively.

Typical thermal conductivities for sand particles and water
are 6.0 and 0.57 W/m/◦C, respectively (de Vries, 1963;
Jame, 1977; Wilson, 1990). The thermal conductivity of air,
λa , consists of two components (Jame, 1977; Wilson, 1990):

λa = λdry air + λwater vapor (16.76)

where:

λdry air = 0.025 W/m/◦C, and
λwater vapor = varies linearly between 0 and 0.0736 W/m/

◦C for volumetric water content θw between
0 and 12.1%.

The weighting factors f can be calculated using the
assumption that the soil particles are ellipsoidal in shape.
The weighting factor for the continuous medium (i.e., air
or water) is equal to 1.0. Water can be selected as the
continuous medium with the fw value equal to 1.0. The
weighting factors for the solid and air phases can then be
calculated in accordance with the following relationship:

f = 1

3

3∑
i=1

[
1 +

(
λ

λw
− 1

)
gi

]−1

(16.77)

where:

f = fa , fs ,
λ = λa , λs , and
g = depolarization factors for the ellipsoid (i.e., g1, g2,

and g3, where g1 + g2 + g3 = 1); the values of g1,
g2, and g3 are independent of particle size and depen-
dent only on the ratio of the length of the ellipsoid
axes.

Wilson (1990) used equal depolarization factors of 1/3

when computing the weighting factors for a sandy soil. In
this case, the sand particles were assumed to have spher-
ical shapes. The depolarization factors g1 and g2 for the
air phase were assumed to decrease linearly from 0.333 to
0.105 for volumetric water content θ ranging from 23.6 to
12.1%, respectively, and from 0.105 to 0.015 for θ values
ranging from 12.1 and 0%, respectively (Jame, 1977).

Figure 16.21 illustrates the thermal conductivity λ varia-
tion for Beaver Creek sand with respect to volumetric water
contents as computed using Eqs. 16.75, 16.76, and 16.77.
The thermal properties of the unsaturated soil are presented
as functions of the water content of the soil; however, these
properties can also be written as functions of the stress state
(e.g., soil suction). Writing the thermal properties as a func-
tion of the stress state is more consistent with the manner
in which hydraulic properties are handled in geotechnical
engineering.

0 5 10 15 20 25
Gravimetric water content, w (%)

0

1

2

3

T
he

rm
al

 c
on

du
ct

iv
ity

, λ
, (

W
/m

/°
C

)
Figure 16.21 Thermal conductivity versus water content for
Beaver Creek sand (from Wilson, 1990).

16.8 TWO-DIMENSIONAL STRESS-
DEFORMATION AND SATURATED-UNSATURATED
SEEPAGE ANALYSIS

The most common volume change problem is related to
swelling and shrinking associated with expansive soils.
There are two physical processes involved when dealing with
expansive soils: (i) water movement and (ii) deformation
analysis. There is the movement of water either into the
ground or out of the ground. The movement of water into
the ground might be due to precipitation (i.e., rainfall or
snowmelt). The movement of water out of the ground is
through evaporation and evapotranspiration.

There is also a stress-deformation analysis which allows
the calculation of displacements resulting from a change in
the stress state of the soil. There are two PDEs that need to
be solved for a two-dimensional stress-deformation analysis
(i.e., one for the x-direction and one for the y-direction). The
combined stress-deformation and water seepage PDEs can
be solved in either a coupled or uncoupled manner.

Chapter 14 showed how the stress-deformation PDEs for
one-, two-, and three-dimensional analyses could be per-
formed when the initial and final boundary conditions were
known. It was the total amount of heave or settlement that
was the desired outcome from that analysis. In this chapter,
the case of two-dimensional problems involving expansive
clay will once again be analyzed; however, this time the
movement of water infiltration with respect to time will be
analyzed in combination with volume changes (i.e., stress-
deformation analysis).
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16.8.1 Partial Differential Equations
for Two-Dimensional Expansive Soil Example
as Uncoupled Analysis

Vector notation will be used for designation of the x-, y-, and
z-directions in order to shorten the lengths of the equations.
The water continuity equation for an unsaturated soil can be
written as follows:

∂(θ)

∂t
+ ∇ (

vw

) = 0 (16.78)

where:

∇ = (∂/∂x)i + (∂
/
∂y)j + (∂/∂z)k, the divergence oper-

ator, and
vw = vx

wi + vy
wj + vz

wk, Darcy’s flux.

The governing equation for the water phase is obtained
by substituting the time derivative of the water phase con-
stitutive equation and Darcy’s law into the water phase
continuity equation 16.78:

βw1
∂εv

∂t
+ βw2

∂
(
ua − uw

)
∂t

− ∇
[
kw∇

(
uw

ρwg
+ Y

)]
= 0

(16.79)

Equation 16.79 can be written as follows for the two-
dimensional case:

βw1
∂εv

∂t
+ βw2

∂
(
ua − uw

)
∂t

= ∂

∂x

[
kwx

∂

∂x

(
uw

ρwg

)]

+ ∂

∂y

[
kwy

∂

∂y

(
uw

ρwg
+ Y

)]
(16.80)

The analysis of seepage and volume change in an unsatu-
rated, expansive soil requires information on the soil struc-
ture and water phase constitutive surfaces, the coefficient of
permeability function, and the water storage of the soil. The
transient water flow process in a swelling soil is influenced
by the expansiveness of the soil structure (Vu, 2003). The
effects of changes in suction are less when soil suction is
high but increase significantly as suction approaches zero.

The swelling-versus-time formulation can be decoupled
by first solving for changes in matric suction with respect
to time. In this case, no consideration is given to changes in
overall volume and net normal stresses are not allowed to
change during the seepage process. The constitutive surface
for the water phase can be represented by the SWCC and
Eq. 16.80 takes on the following form:

mw
2

∂
(
ua − uw

)
∂t

= ∂

∂x

[
kwx

∂

∂x

(
uw

ρwg

)]

+ ∂

∂y

[
kwy

∂

∂y

(
uw

ρwg
+ Y

)]
(16.81)

Equation 16.81 applies for both transient and steady-state
seepage conditions in saturated and unsaturated soils. Two

unsaturated soil property functions are required when solv-
ing transient seepage problems: coefficient of water volume
change (or water storage modulus) and coefficient of perme-
ability. The coefficient of water storage and the coefficient
of permeability can be assumed to mainly be functions of
soil suction.

The coefficient of water storage is the arithmetic slope
of the SWCC and is obtained by differentiating the SWCC
with respect to matric suction (i.e., mw

2 = dθ/dψ). Numer-
ous equations have been proposed to simulate the SWCC
and any one of these equations can be used for determin-
ing the water storage function mw

2 . The Fredlund and Xing
(1994) equation for the SWCC is used to illustrate the appli-
cation of the SWCC to the swelling process:

θ = θs

[
1

ln
(
e + (ψ/af )nf

)
]mf

(16.82)

where:

ψ = soil suction, kPa,
e = natural log base, 2.71828,
θs = volumetric water content at saturation,
θ = volumetric water content at any soil suction,

af = parameter designating the inflection point along the
SWCC, kPa,

nf = parameter related to the rate of desaturation at the
inflection point on the SWCC, and

mf = parameter which is related to the residual water con-
tent of the soil.

The coefficient-of-permeability functions, kwx and kwy can
be estimated using the SWCC and the saturated coefficient
of permeability. There are several empirical equations that
have been proposed for the coefficient of permeability for
an unsaturated soil (e.g., Gardner, 1958b; Fredlund et al.,
1994b; Leong and Rahardjo, 1997a). The permeability
power function proposed by Leong and Rahardjo (1997a)
is used to illustrate the swelling process. The permeability
function for the y-direction, kwy, can be written as follows
based on the Fredlund and Xing (1994) equation for the
SWCC:

kwy = ksy

[
1

ln
(
e + (ψ/af )nf

)
]pmf

(16.83)

where:

p = estimated parameter based on the analysis of a data
set of measured permeability functions (Leong and
Rahardjo, 1997a; Fredlund et al., 2001) and

ksy = saturated water coefficient of permeability in the y-
direction (an equation similar to Eq. 16.83 can also
be written for the x-direction using the saturated
coefficient of permeability in the x-direction, ksx).
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The transient water flow equation 16.81 along with the
equation for the SWCC (Eq. 16.82) and the permeability func-
tion (Eq. 16.83) can be used to compute pore-water pressure
profiles (i.e., matric suctions) at various times during an infil-
tration process. The matric suction profiles are then used in
an uncoupled manner with the stress-deformation equation
to calculate overall volume changes. Deformations due to
changes in matric suction at any elapsed time are calculated
based on the initial suction profile and the matric suctions at
subsequent times.

16.8.2 Partial Differential Equations for
Two-Dimensional Expansive Soil Example
as Coupled Analysis

The transient saturated-unsaturated seepage equation can also
be fully coupled with a stress-deformation analysis. In this
case, the equations of overall static equilibrium for the soil
must be solved. Relevant stress-deformation equations for the
coupled formulation are presented in vector notation:

∂σij

∂xj

+ bi = 0 (16.84)

where:

σij = components of the net total stress tensor and
bi = components of the body force vector.

Substituting the strain-displacement relationship and the
stress-strain relationship into the equilibrium equation 16.84
gives the following governing equations for general three-
dimensional problems (i.e., equations for x -, y-, and z -
directions):

G∇2ui + G

1 − 2μ

∂εv

∂xi

− β
∂

(
ua − uw

)
∂xi

+ ∂ua

∂xi

+ bi = 0

(16.85)
where

β = ms
2

ms
1

= E/H

1 − 2μ

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
(Laplace operator)

εv = ∂ui

∂xi

= ∂u

∂x
+ ∂v

∂y
+ ∂w

∂z

G = E

2(1 + μ)

Equations 16.79 and 16.85 form a system of coupled
equations for the theory of swelling in three dimensions for
an unsaturated, swelling soil with a continuous air phase.
The equations have a similar form to those presented by
Biot (1941) for a soil with occluded air bubbles. Equation

16.85 can be written as follows for two-dimensional plane
strain problems:

∂

∂x

(
c11

∂u

∂x
+ c12

∂v

∂y

)
+ c33

∂

∂y

(
∂u

∂y
+ ∂v

∂x

)

− ds

∂
(
ua − uw

)
∂x

+ bx = 0 (16.86)

c33
∂

∂x

(
∂u

∂y
+ ∂v

∂x

)
+ ∂

∂y

(
c12

∂u

∂x
+ c12

∂v

∂y

)

− ds

∂
(
ua − uw

)
∂y

+ by = 0 (16.87)

where

c11 = c22 = (1 − μ)E

(1 + μ)(1 − 2μ)

c22 = μE

(1 + μ)(1 − 2μ)

c33 = E

2(1 + μ)

ds = E

(1 − 2μ)H

Equations 16.86 and 16.87 can be used to compute dis-
placements in the horizontal and vertical directions under an
applied load and/or due to changes in matric suction. The
solution of the seepage equation 16.80 and the soil struc-
ture equilibrium equations 16.86 and 16.87 can be obtained
using either an uncoupled or coupled procedure.

The solutions for uncoupled and coupled volume change
problems in expansive soils have been studied for various
example problems by Vu (2003) and Vu and Fredlund (2003a).
Both uncoupled and coupled solutions were presented for the
case where the elasticity parameters E , H , the coefficients of
water volume change mw

1 and mw
2 , and the coefficient of per-

meability kw were functions of both stress state variables. The
coupled and uncoupled solutions appeared to yield essentially
the same answers for the amount of heave in a swelling soil.

An uncoupled solution is used when solving the following
example problem involving heave below a floor slab built on
grade. The initial and subsequent boundary conditions must
be designated when solving the stress-deformation equations
(i.e., Eqs. 16.86 and 16.87). The boundary conditions include
the initial matric suctions, initial total stress conditions, and
elasticity parameter functions associated with the volume
change of the soil. The results from a seepage analysis (i.e.,
for changes in soil suction) can be used as input to the stress-
deformation solution.

16.8.3 Case History of Slab-on-Grade with Shallow
Perimeter Footings on Regina Clay

The methodology for the prediction of heave in an expansive
soil was applied to data collected by the Prairie Regional Sta-
tion of the Division of Building Research (DBR), National
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Research Council of Canada, Saskatoon, Canada, on a slab-
on-grade in Regina, Saskatchewan. A two-dimensional heave
analysis was used to simulate the volume change problems
associated with the heave of a floor slab for a light indus-
trial building. The history of the site and details pertaining to
soil testing and performance monitoring were presented by
Yoshida et al. (1983).

Construction of the building and instrumentation took place
during the month of August 1961. Instrumentation installed
at the site included a deep benchmark, vertical movement
gauges, and a neutron moisture meter access tube. Vertical
ground movement was monitored at depths of 0.58 m, 0.85 m,
and 2.39 m below original ground level. The building owner
noticed heave and cracking of the floor slab in early August
1962, about a year after construction. The owner also noticed
an unexpected increase in water consumption of approxi-
mately 35,000 L. The loss of water was traced to a leak in a
hot-water line beneath the floor slab, which was subsequently
repaired. The location of the cracking and contours of heave
for the floor slab are shown in Fig. 16.22.

Laboratory analyses were performed on samples from a
borehole advanced on August 1961 for the installation of
the deep benchmark. Laboratory tests evaluated the Atter-
berg limits, in situ water content, grain-size distribution,
swelling indices, and corrected swelling pressures of the
soil. The liquid limit was found to be 77%, the plastic limit
was 33%, and the natural water content was 29%. The spe-
cific gravity Gs was 2.82 and the unit weight of the soil was
18.88 kN/m3.

Constant-volume oedometer tests on three samples were
used to evaluate initial void ratios, swelling indices, and cor-
rected swelling pressures. Table 16.5 presents the oedometer
test results and water contents of samples collected at differ-
ent depths. The average initial void ratio was 0.962 and the
average swelling index was 0.090. These values were used
in the heave analyses. Figure 16.23 shows the distribution
of the corrected swelling pressure with depth. A straight
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Figure 16.22 Floor plan of study site and contours of measured
heave (NMM = neutron moisture meter; GMG = ground move-
ment gauge; DBM = depth benchmark) (from Yoshida et al., 1983).

Table 16.5 Constant-Volume Oedometer Data

Corrected
Initital Void Swelling Swelling

Depth (m) Ratio, e0 Index, Cs Pressure, P ′
s (kPa)

0.69 0.927 0.095 490
1.34 0.985 0.081 325
2.20 0.974 0.094 81

Source: From Yoshida et al. (1983).

line can be used to represent the apparent distribution of the
corrected swelling pressure with depth. Figure 16.24 shows
the distribution of gravimetric water content with depth mea-
sured on August 21, 1961, using a neutron moisture meter
access tube.

0
0 200 400 600 800 1000

0.5

1.0

1.5

2.0

2.5

D
ep

th
 (

m
)

Pressure or suction (kPa)

Corrected
swelling pressure

In situ
overburden

Estimated
initial matric suction

P ′s = 271.5y + 681.5
(ua - uw)0 = 381y + 888

Figure 16.23 Distribution of corrected swelling pressure and estimated initial matric suction
with depth.
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Figure 16.24 Distribution of in situ gravimetric water content measured on August 21, 1961.

The case history is presented as a two-dimensional anal-
ysis to illustrate the prediction of heave in expansive soils.
Estimation of the initial matric suction condition is presented
in Table 16.6 and shown graphically in Fig. 16.23. A straight
line can be used to represent the distribution of the initial
matric suction with depth.

The initial degrees of saturation and volumetric water con-
tents were calculated from the measured initial densities of
the soil. The measured water contents and degrees of satura-
tion at various values of matric suction were used to estimate
the SWCC. The Fredlund and Xing (1994) equation for a
SWCC (Eq. 16.82) in terms of volumetric water content
showed the following fitting parameters: θs = 49.3%, af =
300 kPa, nf = 0.6, and mf = 0.7. The Fredlund and Xing

Table 16.6 Estimation of Initial Matric Suction from
Corrected Swelling Pressure

At Various Depths

Variable 0.69 m 1.34 m 2.20 m

Overburden pressure
(σy − ua)initial (kPa)

13.03 25.30 41.54

Initial void ratio e0 0.927 0.985 0.974
Corrected swelling

pressure P ′
s (kPa)

490 325 81

Gravimetric water
content w (%)

25 29 31

Degree of saturation S
(%)

76 83 90

Volumetric water
content θ (%)

36.6 41.2 44.3

Estimated field suction
(ua − uw)initial (kPa)

627 361 44

Note: S = wGs/e and θ = wGs/(1 + e).

(1994) fitting parameters for the degree-of-saturation data
were af = 300 kPa, nf = 0.5, and mf = 0.7 (Fig. 16.25).
A coefficient-of-permeability function for compacted Regina
clay was measured by Shuai (1996). The coefficient-of-
permeability function was described using the Leong and
Rahardjo (1997) equation SWCC 16.83 and is presented in
Fig. 16.26.

The analysis examines a cross section A-A through the
building (see Fig. 16.22). The lower boundary is selected at
2.3 m depth since the test results showed that there would be
no tendency for swelling below this depth (Fig. 16.23).

The geometry and boundary conditions for the seepage
analysis are shown in Fig. 16.27. It was observed that water
leaked from the water line along a 2-m length of the line.
It was assumed that the initial suction conditions did not
change outside the edges of the concrete slab or below the
lower boundary. A moisture flux equal to zero was specified
elsewhere along the boundaries.

Matric suction conditions were predicted for various
elapsed times (i.e., 5, 20, 50, and 100 days and at steady-state
conditions).

16.8.4 Computer Simulations of Slab-on-Grade
with Shallow Strip Footings

Deformation of the slab took into consideration the applied
building loads and the reduction in suction due to wetting.
Deformations in the soil mass due to the slab loading were
assumed to be immediate while deformations due to wetting
were time dependent. Figure 16.28 shows the stress path fol-
lowed in the analysis. The stress-deformation analysis was
first performed to calculate the displacements and induced
stresses related to the loading of the slab and building. The
deformations due to changes in matric suction were then pre-
dicted for various elapsed times using soil suction profiles
obtained from the seepage analysis.

The stress-deformation analysis was also performed for
cases where the pore-water pressures go to zero as well as
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Figure 16.25 SWCC for Regina clay in terms of volumetric water content and degree of
saturation.

Leong and Rahardjo equation (1997)
ks = 7.9 × 10−10, a = 553.5 kPa,
n = 1.09, m = 2.12, p = 1.06
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Figure 16.26 Estimated permeability function for Regina clay.
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Figure 16.27 Geometry and boundary conditions for transient seepage analysis.

when the groundwater level rises to ground surface, resulting
in a hydrostatic pore-water pressure distribution. Hydrostatic
conditions present the uppermost limits of possible total
heave.

Figure 16.29 shows the geometry and boundary conditions
for the stress-deformation analysis. A load equal to 5.76 kPa
was applied on the 100-mm-thick concrete slab. This sur-
charge is made up of 180 mm of fill with a unit weight of

18.88 kN/m3 and 100 mm of concrete with a unit weight
of 23.6 kN/m3. A load of 15 kN/m was applied along the
perimeter beam. The perimeter load includes the weight of
footing and the load of the upper structure. The soil was
free to move in a vertical direction and fixed in the horizon-
tal direction at the left and right sides. The lower boundary
was fixed in both directions. A Young’s modulus of 10 GPa
and Poisson’s ratio of 0.15 were used for the concrete slab.
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Figure 16.28 Stress path followed in swelling of soil (i.e., stress
state versus deformation path).

A parametric study was undertaken to assess the effect of
varying numerous input variables to the analysis.

Figure 16.30 presents changes of matric suction with time
at various points in the soil. Matric suctions decreased sig-
nificantly during the first 30 days of wetting and approached

steady-state conditions after about 150 days. The total amount
of water that leaked from the water line with time is presented
in Fig. 16.31. A loss of 35 m3 of water is equivalent to about
3.5 m3 of water over each meter of width of the floor. This
amount of water is more than the amount of water required
for steady-state conditions to be attained under the specified
boundary conditions.

Figure 16.32 presents pore-water pressure profiles under
the center of the slab for various times and also for the case
where the final pore-water pressure goes to zero and then a
hydrostatic condition. Figure 16.33 shows the matric suction
distribution in the soil at steady-state conditions. The matric
suction at steady-state conditions is about 20 kPa under the
center of the slab.

Figure 16.34 shows contours of vertical displacements due
to loading. Less than 1 mm of settlement is predicted due to
the loading at the center of the slab. The induced net normal
stress was used to calculate the final net normal stress state
in the soil. The soil was loaded with an initial net normal
stress and field matric suctions estimated from the oedometer
tests. The sum of the initial net normal stress and the initial
matric suction equivalent was used along with the swelling
index for the prediction of displacements and stress states.
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Figure 16.35 Measured and predicted vertical displacements with depth near center of concrete
slab.

Figure 16.35 compares the predicted vertical displace-
ments at various final suction conditions with the measured
total heave at the center of the slab. The agreement between
the predicted and the measured heave at different depths
differ to some degree. The amounts of heave measured at
depths of 0.58 and 0.85 m correspond to the predicted heave
at 100 days, while the total heave of 106 mm at ground sur-
face corresponds to the case when the pore-water pressure
goes to zero under the slab. An uplift of 106 mm represents
the maximum heave observed on the slab. The maximum
heave observed at the cross section under consideration is
only 80 mm (Fig. 16.22). The distribution of horizontal dis-
placements at different final suction conditions right under
the water line is presented in Fig. 16.36.

Figure 16.37 compares the predicted vertical displacement
at various final matric suction conditions with the measured
total heave at the top surface of the slab. The total heave
predicted under steady-state conditions agrees well with the
measured heave. There were some unknown loads near the
perimeter of the floor slab that could not be taken into

consideration in the study. The maximum predicted heave
was 107 mm when assuming that the final pore-water pres-
sure increases from a negative value to zero. The maximum
heave of 130 mm is predicted for the case when the final
pore-water pressures are assumed to be hydrostatic.

Figure 16.38 shows the measured and predicted water con-
tents under the center of the slab. The final water contents
predicted at steady-state conditions is about 3% less than the
measured final water contents. When the pore-water pres-
sure increases to zero, the predicted final water content is
about 2% more than the measured values. The distribution
of water contents in the soil predicted at steady-state condi-
tions is shown in Fig. 16.39. Figures 16.40 and 16.41 present
contours of horizontal and vertical displacements predicted
under steady-state conditions.

Several stress-deformation analyses were performed to
study the effect of each of the above parameters on the
solutions and to gain confidence in their significance to the
analysis. For each case, only the parameter under consider-
ation was allowed to vary while all other parameters were

2.5

2.0

1.5

1.0

0.5

0.0

D
e

pt
h

 (
m

)

−6 −4 −2 0 2 4 6
Horizontal displacements (mm)

Loading
50 days

u w

Figure 16.36 Distribution of horizontal displacements with depth for different suction conditions
under water line.



840 16 consolidation and swelling processes in unsaturated soils

5 7 9 11 13 15

Distance (m)

-25

0

25

50

75

100

125

150

V
e

rt
ic

al
 d

is
pl

a
ce

m
e

nt
s

(m
m

)

Loading

5 days

50 days

Hydrostatic

Measured

Steady-
state

wu
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kept unchanged at values representing the “median case.”
Table 16.7 shows the values of the parameters that were used
in the parametric study. The displacements were calculated
for the case of steady-state seepage.

Figures 16.42 and 16.43 present the predicted vertical dis-
placements at the surface of the slab and under the center of
the slab, respectively, for various values of Poisson’s ratio.
The predicted total heave increases with an increasing value
for the assumed Poisson’s ratio. For a change in Poisson’s
ratio from 0.35 to 0.45, the variation in maximum total heave
predicted is about ± 7%.

Figures 16.44 and 16.45 present the predicted vertical dis-
placements at the surface of the slab and under the center of

Table 16.7 Values of Parameters Used in Parametric
Study ................

Lower Median Upper
Parameter Values Case Values

Poisson’s ratio, μ 0.30, 0.35 0.40 0.45, 0.49
Swelling index, Cs 0.085 0.090 0.095, 0.100
Initial void ratio, e0 0.920 0.962 1.000
Coefficient of earth

pressure at rest,
K0

0.400 0.667 1.000

Young’s modulus of
concrete, Ec

5 GPa 10 GPa 20 GPa

the slab, respectively, for various values of swelling index
Cs . The predicted total heave increases with increasing val-
ues for swelling index. For a change in swelling index from
0.085 to 0.095, the variation in the maximum total heave
predicted is about ±5%.

Figures 16.46 and 16.47 present the predicted vertical dis-
placements at the surface of the slab and under the center of
the slab, respectively, for various values of initial void ratio.
The total heave predicted increases with decreasing values
for initial void ratio. For a change in initial void ratio vary-
ing from 0.92 to 1.00, the variation in maximum total heave
predicted is about ±2%.

Figures 16.48 and 16.49 present the predicted vertical dis-
placements at the surface of the slab and under the center
of the slab, respectively, for various values of the coeffi-
cient of earth pressure at rest, K0. The total heave predicted
increases with a decreasing value for the coefficient of earth
pressure at rest. For a change in the coefficient of earth pres-
sure at rest from 0.4 to 1.0, the variation in maximum total
heave predicted is about ±2%.

Figures 16.50 and 16.51 present the predicted vertical dis-
placements at the surface of the slab and under the center of
the slab, respectively, for various values of Young’s mod-
ulus for concrete slab. The maximum total heave predicted
increases with a decreasing value of Young’s modulus for
concrete. For a change in Young’s modulus for the concrete
from 5 to 20 GPa, the variation in maximum total heave
predicted is about ±3%. However, the distribution of heave
at the surface of the slab changes considerably with the stiff-
ness of the slab. The concrete slab with the lowest Young’s
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Figure 16.43 Measured and predicted vertical displacements with depth near center of slab for
various values of Poisson’s ratio μ.
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Figure 16.45 Measured and predicted vertical displacements with depth near center of slab for
various values of swelling index Cs .
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Figure 16.46 Measured and predicted vertical displacements at surface of slab for various
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Figure 16.48 Measured and predicted vertical displacements at surface of slab for various
values of coefficient of earth pressure at rest, K0.
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various values of coefficient of earth pressure at rest, K0.
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various values of Young’s modulus for concrete slab, Ec.

Table 16.8 Results of Parametric Study

Variation of
Parameter Range Predicted Heave (%)

Poisson’s ratio, μ 0.35–0.45 ±7
Swelling index, Cs 0.085–0.95 ±5
Initial void ratio, e0 0.92–1.0 ±2
Coefficient of earth

pressure at rest, K0

0.4–1.0 ±2

Young’s modulus of
concrete, Ec

5–20 GPa ±3

modulus would suffer more differential heave. The cracking
of the slab may result in larger maximum heave values.

The results of the parametric study are summarized in
Table 16.8. It can be seen that swelling index and Poisson’s
ratio are the factors that have the greatest effect on the solu-
tion. The value of Young’s modulus for concrete appears to
control the shape of the deformed slab.

16.9 COMPUTER SIMULATION OF EDGE LIFT
AND EDGE DROP OF SLABS-ON-GROUND

Residential foundations such as slabs-on-ground are often
constructed on unsaturated, expansive soils and have to resist
deformations associated with changes in matric suction in the
soil. Residential foundations are lightly loaded and therefore
susceptible to changes in matric suction.

The soil beneath an impervious cover can deform into either
an edge-drop mode or an edge-lift mode (Fig. 16.52). Edge
drop occurs when the matric suction in the soil surround-
ing the slab gradually increases due to evaporation and/or
evapotranspiration. There is generally more volume decrease

around the perimeter of the slab than under the interior of
the slab. The edge region of the slab is more strongly influ-
enced by climatic changes and imposed watering conditions.
Edge lift occurs when the matric suction in the soil decreases
due to the infiltration of water into the soil around the edges
of the slab. An uncoupled analysis was performed to solve
the required seepage and stress-deformation conditions cor-
responding to edge drop and edge lift.

An example problem is analyzed to illustrate soil shrink-
age around the edge of a cover as a result of evaporation
from the surrounding soil surface (Fredlund et al., 2006).
The saturated-unsaturated seepage analysis is first performed
to provide the negative pore-water pressures with elapsed
time. The pore-water pressure results are then input to the
stress-deformation analysis.

The selected geometry consists of a single soil region 12 m
wide by 3 m deep, as shown in Fig. 16.52. Either a flexible
cover or a more rigid concrete cover can be analyzed. Let
us first consider a flexible cover that extends 6 m from the
left symmetrical boundary. The initial suction profile was

Flexible impervious cover

Flexible
impervious cover

Infiltration Infiltration

(a)

(b)

Evaporation

Datum

Datum

Evaporation

Figure 16.52 Deformation pattern associated with (a) drying,
edge-drop, and (b) wetting, edge-lift, modes.
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assumed to be 400 kPa at the bottom boundary, decreasing
to 20 kPa at ground surface. The vertical edge boundaries
were assumed to be no-flow boundaries. An evaporation flux
rate of 10 mm/day was applied to the uncovered ground
surface outside the flexible slab. The soil properties used in
the seepage analysis are shown in Table 16.9.

The left and right stress-deformation boundary conditions
are free to move vertically while the bottom boundary is
fixed. The initial vertical total stress state was determined
from the total unit weight multiplied by the depth
below ground surface. The soil properties used in the
stress-deformation analysis are shown in Table 16.10.

16.9.1 Comparing Ground Displacements for Edge
Drop Example Using Flexible or Stiff Concrete Slab

The combined seepage and stress-deformation analysis was
performed for conditions of a flexible slab on the ground
surface as well as the case of a more rigid concrete slab.
Figure 16.53 shows a comparison of the vertical displace-
ments along the ground surface when modeling a flexible
slab and a concrete slab with a modulus of elasticity of 100
GPa. The vertical displacements along the ground surface
were used to compute the differential deflection at the base
of the concrete slab, as shown in Fig. 16.53.

Table 16.9 Assumed Soil Properties for 2D Edge-Drop
Seepage Analysis

Soil Properties Values

Coefficient of permeability at
saturation, ks

1 × 10−8 m/s

Volumetric water content at saturation, θs 0.45
Parameters for SWCC (Fredlund and

Xing, 1994) and permeability function
(Leong and Rahardjo, 1997a)

af = 300 kPa,
nf = 1.5,
mf = 1,
p = 1

Table 16.10 Assumed Soil Properties for 2D
Edge-Drop Stress Analysis ................

Soil Properties Values

Total unit weight, γ 17.2 kN/m2

Initial void ratio, e0 1.0
Swelling index, Cs 0.15
Swelling index, Cm 0.13
Poisson’s ratio, μ 0.4
Coefficient of earth pressure at rest, K0 0.33

The calculated differential deflections are presented in
Table 16.11. A differential deflection of 5.33 mm was pre-
dicted after five days of evaporation when the ground surface
cover was flexible. When modeling a concrete slab with a
modulus of elasticity of 20 MPa there was a decrease in
the differential deflection to 4.94 mm. Increasing the elastic
modulus of the concrete slab resulted in a small decrease
in deflection for the concrete slab. A modulus of 100 GPa
for the concrete slab decreases the differential deflection to
about 4.27 mm after 5 days of drying.

The initial modeling of the concrete slab for edge drop did
not allow for separation between the soil and the concrete
slab. It is possible, however, for the soil to separate from
the concrete giving rise to an air gap. The length of the air
gap is known as the moisture variation distance em. A trial-
and-error procedure was used to compute the length of the
air gap separation between the soil and the concrete slab.

16.9.2 Methodology Used to Determine Separation
Distance between Slab and Underlying Soil
for Edge-Drop Case

The potential separation between the concrete slab and the
underlying soil can be modeled based on a variety of assump-
tions related to the interaction between the soil and the con-
crete slab. A stress-deformation analysis was performed using
the changes in matric suction from a seepage analysis as input
to the analysis.

Let us first assume that the slab is flexible and the ver-
tical displacement along the ground surface is computed.
The analysis is then repeated taking the elastic properties
of the concrete slab into consideration. The concrete slab is
assumed to remain in contact with the soil at all points. The
vertical displacements and vertical stresses can be computed
along the ground surface.

There will be a point along the bottom of the concrete slab
where tensile stresses start to develop. A distance of sepa-
ration can be assumed and then a check can be made to see
if any of the vertical stresses go into tension (Fig. 16.54).
The stress analysis can again be performed and the results
again examined for tensile stresses. This trial-and-error pro-
cess can be repeated until the analysis shows that there are
no tensile stresses between the soil and the concrete slab.
In this way, the length of the gap between the soil and the
concrete slab becomes a “review” boundary condition. The
soil-concrete slab separation distance can be assumed to be
equivalent to the moisture variation distance em .

The results of the analysis with no separation between the
soil and the concrete slab (Fig. 16.53) can be compared with
the results where separation was allowed between the soil and
the slab (Fig. 16.55). The results show that tensile stresses
existed over a distance of approximately 0.6 m from the edge
of the slab. The effect of allowing a separation of 0.01 m
between the soil and the slab is shown in Fig. 16.55. The
results in Fig. 16.55 illustrate the difference in the deformed
shape of the concrete slab depending upon the assumption
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Figure 16.53 Comparison of vertical displacement at ground surface for edge-drop case con-
sidering flexible slab and stiffened concrete slab with elastic modulus Ec of 100 GPa.

Table 16.11 Differential Deflection for Edge-Drop
Example Considering a Flexible Slab Cover and
Concrete Slab for Varying Elastic Modulus Values

Day 1 Day 3 Day 5
Elastic Deflection Deflection Deflection
Modulus (mm) (mm) (mm)

Flexible cover 2.09 3.87 5.33
20 MPa 1.80 3.55 4.94
10 GPa 1.50 3.48 5.10
100 GPa 1.29 3.16 4.27

made concerning the interaction between the soil and the
underside of the concrete. The deformed shapes can be used
to calculate moments and stresses in the concrete slab.

16.9.3 Interpretation of Edge Moisture Variation
Distance em and Differential Soil Movement ym

There are two variables that play a primary role in the design
of slabs-on-ground: (i) horizontal moisture variation distance

em (also referred to as the edge penetration distance) and
(ii) vertical differential soil movement ym. These variables
are used for the design of a concrete slab-on-ground.

The edge moisture variation distance em is defined as the
distance measured inward from the edge of the slab of a
shallow foundation where the water content of the soil varies
due to drying and wetting influences around the perimeter.
The selection of the em distance requires, in essence, the
point where changes in matric suction becomes negligible
or more accurately the point where the volume change of
the soil becomes insignificant.

It is suggested that the edge moisture distance might be
defined using a plot of the change in matric suction versus
the horizontal distance from the edge of the concrete slab,
as shown in Fig. 16.56. The change in matric suction imme-
diately below the concrete slab is plotted on a logarithmic
scale. A threshold value of matric suction change might be
used to estimate the moisture variation distance em. There
are other possible criteria that might also be used for the
selection of the edge moisture variation distance.

The differential soil movement ym is defined as the
maximum vertical differential soil movement that is likely
to occur. The vertical distance ym might be determined

Separation length = 0.6 m

Slab Separation width = 0.01 m

Soil

Figure 16.54 Modeling separation of concrete slab and expansive soil under soil-drying
conditions.
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Figure 16.56 Suggested approach to estimation of edge moisture distance em.

from a plot of the vertical displacement along the ground
surface.

The edge-drop case can also be modeled through use of a
“no-tension” finite element at the interface between the soil
and the underside of the concrete slab. The edge moisture
variation distance em can still be defined in terms of the
distance from the edge of the concrete slab to the point
where the contact vertical stresses become positive.

The above example is simply meant to illustrate how prob-
lems associated with edge drop might be analyzed using a
combined seepage and stress-deformation numerical model.

16.9.4 Methodology for Modeling Edge-Rise Case

The edge rise case occurs when the soil beneath the edge
of the concrete slab swells as a result of moisture infiltration.
There may once again be a loss of contact beneath the soil and
the bottom of the concrete slab. The zone over which there is
a loss of contact will depend upon the pattern of swelling in
the underlying soil. The use of a no-tension element can once
again be used when modeling the interface between the soil

and the concrete slab. Further studies should be undertaken
into how best to use the climatic conditions in a particular
region to obtain appropriate design conditions for slabs-on-
ground.

16.10 THEORY FOR SIMULATION OF SWELLING
PRESSURE DEVELOPMENT

The development of swelling pressure in laboratory testing is
another example of the application of combined seepage and
stress-deformation analyses in unsaturated soil mechanics.
Numerous methods have been proposed for the prediction
of the swelling pressure and the amount of heave of an
expansive soil. However, there have been few attempts to
numerically simulate the swelling process and the develop-
ment of the swelling pressure. Complicating the swelling
pressure simulation is the variety of different stress paths
used in the laboratory to measure swelling pressure.

The swelling pressure measured in the laboratory may dif-
fer significantly depending on the test procedure used for its
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measurement (Brackley, 1975; Sridharan et al., 1986). The
ability to numerically simulate the development of swelling
pressure should assist in determining the test procedure that
should be used in the laboratory. Such a simulation model
was developed by Shuai and Fredlund (1997). The model
can be used to study factors that influence the swelling pro-
cess and the development of the swelling pressure.

The swelling process involves two primary processes: the
transient water flow process and the soil volume change
(i.e., stress-deformation) process. These two processes are
interrelated and governed by the following basic equations:
(i) force equilibrium equations for the soil, (ii) constitutive
equations for unsaturated soils, and (iii) continuity equation
for the pore fluids. These equations have already been pre-
sented in Chapter 16 and will not be repeated. Relevant
equations for the uncoupled and uncoupled formulations
appear in Eqs. 16.78–16.87. Details of the theoretical for-
mulation can also be found in Shuai and Fredlund (1997).

The following assumptions are made in the derivation:
(i) the soil is isotropic, (ii) strains are infinitesimal, and
(iii) permeability with respect to the air phase is significantly
greater than permeability with respect to the water phase.
Consequently, the pore-air pressure is always equal to the
surrounding atmospheric air pressure (i.e., ua = 0). Conse-
quently, the net normal stress (σ − ua) becomes equal to the
total vertical stress σ and matric suction ua − uw becomes
equal to the negative pore-water pressure uw. The above
assumptions allow the constitutive equations to be rewritten
in terms of the strain associated with the soil structure.

The transient water flow process is linked to the soil vol-
ume change process during the swelling process and the two
processes are solved simultaneously for the simulation of the
swelling process along a variety of stress paths.

16.10.1 Specialization of Three-Dimensional Swelling
to K 0 Loading Case

Displacements in the x- and z-directions (i.e., displacements
u and w, respectively) are equal to zero for K0 loading.
Assuming that the pore-water pressure uw and the displace-
ments do not change across the x- and z-directions, the
displacement in the y-direction, v , can be calculated. The soil
compressibility moduli ms

2, ms
1, mw

1 , and mw
2 were defined

in Chapter 13. The soil volume change and the transient
water flow equations are simplified to the following forms:

∂2v

∂y2
= −ms

2
∂uw

∂y
(16.88)

mw
1
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1
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∂t

(
∂v

∂y
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= 1

ρwg
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∂y

(
kw

∂uw

∂y

)

+
(

mw
2 − ms

2 · mw
1

ms
1

)
∂uw

∂t
(16.89)

Equations 16.88 and 16.89 are the governing equations
that can be used to simulate the one-dimensional swelling
process (Shuai and Fredlund, 1997).

16.10.2 Illustration and Verification of Numerical
Swelling Pressure Model

The one-dimensional swelling process can be solved using
Eqs. 16.88 and 16.89. These equations were previously used
to simulate one-dimensional swelling and consolidation. Dif-
ferent boundary conditions need to be applied when simulat-
ing the processes associated with free-swell oedometer tests
and constant-volume oedometer tests. Laboratory tests on
compacted Regina clay are used to illustrate the simulation
of the swelling pressure tests. Specimens of Regina clay pre-
pared with a molding water content of 26% and an initial
void ratio of 0.96 were used for the numerical simulations
and verification of the theoretical formulation.

Figure 16.57 shows the measured and computed deflec-
tion versus time curves for two 100-mm-high specimens and
two 20-mm-high specimens subjected to free-swell oedome-
ter test conditions. A comparison between the computed and
measured matric suction profiles for the 100-mm-high spec-
imen subjected to free-swell oedometer test conditions is
presented in Fig. 16.58. Matric suctions were measured by
placing Whatman No. 42 filter papers between the soil lay-
ers of the specimen and measuring the water content of the
filter papers after the test. In general, the computed values
for matric suction are in good agreement with the measured
values. There are some differences between the computed
and measured matric suction profile noted during the middle
stage of the test (i.e., t = 5300 min). There are also some
differences in the matric suctions measured and predicted
in the upper portion of the specimen; however, the mea-
sured results are reasonably close to the computed matric
suctions.

Figure 16.59 shows the measured and computed vertical
stress versus elapsed time curves for two 100-mm-high
specimens and two 20-mm-high specimens subjected to
constant-volume oedometer test conditions. The measured
and computed profiles of matric suction from within the
soil specimens are presented in Fig. 16.60. The results show
good agreement between the measured and computed matric
suction values.
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Figure 16.57 Computed and measured deflection versus time
curves for free-swell oedometer tests.
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Figure 16.58 Computed and measured matric suction profiles for free-swell oedometer test.
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Figure 16.60 Computed and measured matric suction profiles for
constant-volume oedometer test.

16.10.3 Application of Numerical Swelling
Pressure Model

The proposed swelling model can be used to perform a
parametric study of factors which may influence the swelling
process. The influence of the coefficient of permeability on
the swelling process is shown in Fig. 16.61. Each curve
was calculated using a different value for the saturated
coefficient of permeability ks while the other soil moduli and

the unsaturated permeability function variables remained
unchanged. The saturated coefficients of permeability were
set to 4.0 × 10−10, 4.0 × 10−11, and 4.0 × 10−12 m/s. The
height of the specimen is 20 mm. The computed curves
presented in Fig. 16.61 show that the permeability of the soil
strongly influences the rate of swelling. The highest saturated
coefficient of permeability shows that it requires about
450 min for the swelling pressure to be developed. In contrast,
a saturated coefficient of permeability of 4.0 × 10−12 m/s
shows that 42 days is required for the development of the
swelling pressure.

The effect of the drainage distance on the rate of devel-
opment of the swelling pressure is shown in Fig. 16.62.
The specimen that was only allowed access to water from
the bottom of the soil specimen took four times longer to
develop its swelling pressure than the specimen that had
access to water from the top and bottom sides of the speci-
men. Similar observations were made by Mesri et al. (1994)
for Taylor shale from Texas. It was assumed that there were
no difficulties associated with the confinement of air bub-
bles within the soil specimen when wetting occurred from
both the top and bottom of the specimen.

The free-swell model can also be used in a parametric
manner to study the influence of factors associated with
the test procedure. The influence of steady-state evaporation



16.11 rheological model for unsaturated soils 851

0.1 1 10 100 1000 10,000 100,000

Matric suction (ua  -uw) (kPa)

0.0

0.5

1.0

1.5

2.0

2.5

D
e

fle
ct

io
n

(m
m

)

k
k
k

s  = 4.0 x 10−10 m/s

s  = 4.0 x 10−11 m/s

s  = 4.0 x 10−12 m/s

Figure 16.61 Computed swelling rates in free-swell oedometer test using different saturated
coefficients of permeability.

0.1 1 10 100 1000 10,000

Time (t) (min)

0

100

200

300

N
e

t n
o

rm
a

l s
tr

es
s

(k
P

a
)

        Access to water from bottom
        Access to water from bottom and top

Figure 16.62 Time rate for development of swelling pressure depending on length of
drainage path.

from the surface of a soil specimen placed in an oedometer
was investigated using the proposed free-swell model. A
20-mm-thick soil specimen was assumed to have a surface
water loss due to evaporation at a rate of 2 × 10−8 m/s (i.e.,
1.72 mm/day). The computed deflection versus elapsed time
curves presented in Fig. 16.63 show that the evaporation of
water from the surface of the soil significantly reduced the
total heave and the rate of swelling in a free-swell test.

The computed matric suction profiles are presented in
Fig. 16.64. The initial matric suction throughout the soil
specimen was 600 kPa. The computed results show that
matric suction increases due to moisture loss due to evap-
oration during early stages of the test. The volume of the
soil specimen decreases in the upper part of the specimen.
The matric suction at the surface reaches 2600 kPa after
120 min of swelling and then decreases. The matric suction

at the surface of the soil specimen at the end of the test has
decreased to about 15 kPa.

16.11 RHEOLOGICAL MODEL
FOR UNSATURATED SOILS

Rheological models can serve an important role in visual-
izing the physical processes associated with consolidation
and swelling. The Kelvin model, for example, proved to
be useful in communicating the time-dependent response of
a saturated soil to an applied load. The instantaneous and
time-dependent processes of an unsaturated soil are more
complex than those of a saturated soil and it is important to
be able to visualize unsaturated soil behavior. The proposed
rheological model for an unsaturated soil might never be
used to solve practical geotechnical engineering problems;
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Figure 16.63 Computed deflection versus time for free-swell oedometer test with and without
evaporation from surface of soil specimen.
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however, the rheological models can serve a role as a visu-
alization tool.

It was shown in the previous chapter that two linear rhe-
ological models connected in series can be used to simulate
instantaneous and time-dependent processes in an unsatu-
rated soil. One linear model simulates the solid phase com-
bined with the water phase while a second linear model
simulates the solid phase combined with the air phase. The
two rheological models can be connected in series to sim-
ulate the time-dependent behavior (i.e., consolidation and
swelling) of a layer of unsaturated soil.

The total stress applied to the two linear rheological
models connected in series acts equally on both elements
and represents the role of the two independent stress state
variables, σ − uw and σ − ua . The stress in the Maxwell
and Hookean portions of each linear element must always
add to the total stress applied. This condition satisfies the

conservative energy requirement (i.e., σ = σH + σM , where
σM = stress on the Maxwell portion of the linear element,
σH = stress on the Hookean portion of the linear element
which represents either the pore-water pressure uw or the
pore-air pressure ua and σ = total stress applied to the
linear element).

The total strain ε is equal to the sum of the strain in
the linear element associated with the σ − uw stress state
variable εw and the strain in the linear element associated
with the σ − ua stress state variable εa (i.e., ε = εw + εa).
The Hookean portion and the Maxwell portion of each
linear rheological element must always deform equal
amounts

16.11.1 Constitutive Relations for Rheological Model

Let us first consider the linear rheological element associ-
ated with the stress state variable σ − uw. The total stress
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applied can be written in terms of the stress in the Hookean
portion plus the stress in the Maxwell portion of the
model:

σ = σH + ηw

(
ε̇w − ε̇c

)
(16.90)

where:

εc = strain in the Hookean spring of the Maxwell
portion of the model which is related to the com-
pressibility of water,

εw = strain in the dashpot due to the flow of water,
ε̇w, ε̇c = derivatives of εw and εc, respectively, and

ηw = dashpot constant for the water phase.

Constitutive relations can be written for the components
of the rheological model.

σH = κwεw (16.91)

σM = cwεc (16.92)

where:

κw = Hookean spring constant related to the compress-
ibility of the soil with respect to a change in σ − uw
and

cw = Hookean spring constant related to the bulk com-
pressibility of water.

Equation 16.90 can be rearranged to give a rate of strain
condition for the linear rheological element associated with
σ − uw:

ε̇ = σ̇M

cw
= σ̇ − σ̇H

cw
= 0 − σ̇H

cw
= −κw

cw
ε̇w (16.93)

A similar rate of strain condition can be written for the
linear rheological element associated with σ − ua .

16.11.2 Differential Equations for linear Rheological
Elements of Single Layer

The stress-strain equation for the linear rheological element
associated with σ − uw can be written as

εw = σ

κw + cw

{
1 + cw

κw

[
1 − exp

(
− κwcw

ηw

(
κw + cw

) t

)]}

(16.94)

The stress-strain equation for the linear rheological ele-
ment associated with σ − ua can be written as

εa = σ

κa + ca

{
1 + ca

κa

[
1 − exp

(
− κaca

ηa

(
κa + ca

) t

)]}

(16.95)

16.11.3 Mathematical Model for Multilayer System

A transient flow process such as consolidation takes place as
a result of total load (or stress) being applied to the soil. In
an unsaturated soil with one-way drainage through the top,
both water and air will move upward from a lower layer
toward an uppermost, lower pressure boundary. The water
and the air phases are assumed to be continuous through-
out the soil. This process is illustrated using the three-layer
system shown in Fig. 16.65.

The linear rheological elements associated with the stress
state variables σ − uw and σ − ua in the n-layer strata can
be separated into two parts. An equivalency for the linear
rheological elements is shown in Fig. 16.66. For simplicity,
the compressibility of the air phase and the permeability of
the water phase are assumed to be constant values.

The compressibility of water and air is simulated using
Hookean springs. In both the water and air phases, only
the bottom layer is truly a linear rheological element. The
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Figure 16.65 Three-layer rheological system demonstrating one-
dimensional consolidation process in unsaturated soil.
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other layers are a slight modification of a linear rheological
element in that the pressure in one piston is fed into the adja-
cent piston in a series manner. The water phase differential
equations can be written as

ε̇i = −κw

cw

(
żi − żi+1

)
i = 1, 2, . . . , n − 1 (16.96)

ε̇n = −κw

cw

(
żn − 0

)
(16.97)

where:

z1(t), z2(t), . . . , zn(t) = positions of the n pistons,
respectively, and

ε1(t), ε2(t), . . . , εn(t) = strains of the n pistons, respec-
tively.

In the first layer of the linear rheological element asso-
ciated with the stress state variable σ − uw, the total stress
σ is divided between the pore-water pressure and the stress
acting in the spring representing the soil structure. That is,

σ = κw

(
z1 − z2

) + ηw

(
ż1 − ε̇1 − ε̇2 − · · · − ε̇n

)
(16.98)

Substituting Eqs. 16.96 and 16.97 into the conservation
equation 16.98 gives

σ = κw

(
z1 − z2

) + ηw
cw + κw

cw
ż1 (16.99)

The total stress σ also acts on the second piston associated
with the linear rheological element for the stress state vari-
able (σ − uw) of the second layer. However, the Hookean
stress κw(z1 − z2) developed in the first layer is the only
stress which causes the piston in the element of the sec-
ond layer to move downward. This stress is again divided

between the spring stress and pore-water pressure increment
in the second layer. The rates of strain for the second layer
can be rewritten in terms of the water phase dashpot con-
stant and the spring constants corresponding to the water
phase and the soil structure:

κw

(
z1 − z2

) = κw

(
z2 − z3

) + ηw
cw + κw

cw
ż2 (16.100)

Similar equations can be written for the third and subse-
quent layers. For the n-th layer,

κw

(
zn−1 − zn

) = κwzn + ηw
cw + κw

cw
żn (16.101)

Equations 16.99–16.101 represent a system of linear differ-
ential equations for the linear rheological element associated
with the stress state variable σ − uw of the unsaturated soil.
The system of linear differential equations for the response
of the linear rheological element associated with the stress
state variable σ − uw can be written in matrix form as

ż = Az + b z(0) = z0 (16.102)

where

A = κwcw

ηw

(
κw + cw

)

⎡
⎢⎢⎢⎢⎢⎢⎣

−1 1 0 0 · · · 0
1 −2 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 1 −2 1
0 · · · · · · 0 1 −2

⎤
⎥⎥⎥⎥⎥⎥⎦

b = σcw

ηw

(
κw + cw

)

⎡
⎢⎢⎢⎢⎢⎢⎣

1
0
·
·
·
0

⎤
⎥⎥⎥⎥⎥⎥⎦

z0 = σ

κw + cw

⎡
⎢⎢⎢⎢⎢⎢⎣

n

n − 1
·
·
·
1

⎤
⎥⎥⎥⎥⎥⎥⎦

The nonzero initial condition (i.e., z(0) = z0) is due to the
compressibility of water. If water is assumed to be incom-
pressible, the cw term goes to infinity and z0 becomes a
zero vector and the system of linear differential equations
reduces to the equation for the Kelvin model for saturated
soils (Xing et al., 1995).

The system of linear differential equations for the linear
rheological element associated with the stress state vari-
able σ − ua has the same form as Eq. 16.102 for the stress
state variable σ − uw with the subscript w replaced by the
subscript a .
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The total strain for the unsaturated soil is the summation
of the solutions for the linear rheological elements associated
with the stress state variables σ − uw and σ − ua . The total
strain ε (t) is given by

ε (t) = zw1 (t) + za1 (t)

zw1 (∞) + za1 (∞)
(16.103)

where:

zw(t) = (zw1(t), . . . , zwn(t)) = solution
for the σ − uw portion,

za(t) = (za1(t), . . . , zan(t)) = solution
for the σ − ua portion, and

zw1(∞) and za1(∞) = limits of zw1(t) and za1(t),
respectively, as time goes to
infinity.

The pore-water pressure uwi(t) and the pore-air pressure
uai(t) in the i th layer are respectively given by the following
equations:

uwi(t) = σ − κw[zwi(t) − zw(i+1)(t)] (16.104)

uai(t) = σ − κa[zai(t) − za(i+1)(t)] (16.105)

16.11.4 Closed-Form Solution for Rheological Model

The closed-form solution for Eq. 16.90 can be expressed as

z(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

z1 (t)

z2 (t)

·
·
·

zn (t)

⎤
⎥⎥⎥⎥⎥⎥⎦

= eAtz0 +
t∫

0

eA(t−s)b ds (16.106)

The coefficient matrix A of the initial-value problem given
by Eq. 16.102 is tridiagonal and satisfies the condition of
a Jordan matrix. According to the Sturm theorem (Dickson
1939), A has n real distinct eigenvalues. The n correspond-
ing eigenvectors form the fundamental matrix for the system
of differential equations (i.e., Eq. 16.102). Matrix theory
reveals that all the eigenvalues are negative. The solution of
Eq. 16.102 has the following form:

z1 (t) = α0 +
n∑

i=1

αie
λi t (16.107)

where:

αi = constant (i = 0, 1, . . . , n)
λi = eigenvalue of A (λi < 0; i = 1, 2, . . . , n)

Equation 16.107 implies that the consolidation process
is primarily governed by the eigenvalues of A. The n

eigenvalues of A are uniquely determined by the soil
parameters since only κw and ηw appear in the coefficient
matrix A. The external load or stress σ only affects the
magnitude of the strain.

16.11.5 Numerical Solution for Proposed Rheological
Model for Unsaturated Soils

A numerical solution was formulated for solving the two
systems of linear differential equations using the Runge-
Kutta method. The unsaturated soil simulated using the rhe-
ological model does not have to be homogeneous. Each layer
can have its own soil parameters. A numerical solution is
preferred if the soil is divided into a large number of layers.

16.11.6 Comparison of Rheological Model
with Experimental Data

The rheological model was compared to experimental results
measured on compacted kaolin. The compacted kaolin had
a dry unit weight of 13.19 kN/m3, void ratio of 1.07, water
content of 34.3%, and degree of saturation of 78.9% (Fred-
lund and Rahardjo, 1993a). The soil specimen was simulated
using a 10-layer rheological model with approximate soil
parameters obtained from a consolidation test where the total
stress was increased from 101.1 to 202.2 kPa.

The water phase constitutive relation can be written as

dVw/V0

d
(
σ − ua

) = mw
1 + mw

3

d
(
σ − uw

)
d

(
σ − ua

) (16.108)

where:

dVw/V0 = change in the volume of water in the soil spec-
imen with respect to the initial volume of the
soil specimen,

mw
1 = coefficient of water volume change with

respect to a change in net normal stress, and
mw

3 = coefficient of water volume change with
respect to a change in the stress state variable
σ − ua .

The following relationships for the water phase rheologi-
cal model can be inferred:

ηw = γw

kw
�z κw = 1

�z

(
1

mw
1 + mw

3

)
(16.109)

where:

kw = coefficient of permeability with respect to water,
γw = unit weight of water, and
�z = thickness of each of the layers.

Similarly, the air phase relationships are

ηa = γa

ka

�z κa = 1

�z

(
1

ma
1 + ma

3

)
(16.110)
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Figure 16.67 Comparison of measured data to rheological simulation for percent consolidation
versus logarithm of time plot for compacted kaolin (Fredlund and Rahardjo, 1993a).
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where:

ka = coefficient of permeability with respect to air,
γa = unit weight of air,
ma

1 = coefficient of air volume change with respect to a
change in net normal stress, and

ma
3 = coefficient of air volume change with respect to a

change in the stress state variable σ − ua .

The plot of percent consolidation versus the logarithm of
time is shown in Fig. 16.67. The pore-water pressures in each
layer are presented as a function of the logarithm of time in

Fig. 16.68. The percent consolidation versus the depth into the
soil is shown in Fig. 16.69. The theoretical curves computed
using the rheological model (i.e., Eq. 16.102) are in close
agreement with the experimental data.

The rheological model is not meant to be used for solv-
ing practical engineering problems. However, it serves an
important role in assisting the geotechnical engineer in visu-
alizing anticipated unsaturated soil behavior. In this sense,
the presentation of the rheological simulation model is a
good way to close off the book and open the way for the
visualization of the many unsaturated soil mechanics prob-
lems still waiting to be solved.



APPENDIX

Units and Symbols

The universal and consistent system of units The Interna-
tional System of Units (SI) is used throughout the book. This
version of the metric system is described in the American
Society for Testing and Materials (ASTM) (1966) Metric
Practice Guide and in ASTM Standard for Metric Prac-
tice. The SI system, which was formally recognized by the
General Conference on Weights and Measures, Rome, in
1960, has now been adopted in many countries (e.g., Great
Britain, Australia, New Zealand, Canada, and most Euro-
pean countries).

The SI system is based on seven basic units to cover the
entire spectrum of science and engineering. The units are
comprehensive and coherent. These basic units are length
(meter), mass (kilogram), time (second), electric current
(ampere), thermodynamic temperature (Kelvin), luminous
intensity (candela), and amount of a substance (mole). All
units are independent of the nature of the physical process
being considered. Only the first three units, as well as
temperature, are used in this book.

Other physical quantities can be derived from the basic
units. For example, the unit of force is a newton. The unit
of force is derived from Newton’s second law, F = Ma ,
where mass M is in kilograms and acceleration a is in
meters per square second. The correct unit to express the
weight of an object is the newton, and weight is a func-
tion of gravitational acceleration. It is recommended that a
mass designation be used in engineering practice whenever
possible.

Confusion is generated when the word “weight” is used
to refer to obtaining the “mass” of an object. A laboratory
balance, for example, is used to compare two masses with
the objective of obtaining an unknown mass. This process
is commonly referred to as “weighing the object.”

The unit weight of a soil is another derived unit used
in engineering practice. It is preferable, however, to
use the density of a soil multiplied by acceleration due

gravity. Acceleration due to gravity can generally be taken
as 9.807 m/s2.

Table A.1 contains a list of derived units of interest to
geotechnical engineering. Pressure or stress has derived
units of pascals or newtons per square meter. This unit
is relatively small and is often used in conjunction with
a prefix. Table A.2 lists prefixes which can be used to
indicate multiples and submultiples of basic or derived
units. The prefixes are used to render numbers lying within
the range of 10-9–109.

In soil science, the picofarad has been used to desig-
nate negative pore-water pressures (Glossary of Soil Science
Terms, 1975). The picofarad was defined as the logarithm
of the negative pore-water pressure expressed as the height
of a column of water in centimeters. This unit is now con-
sidered obsolete (Johnson, 1981) and is not used in this
book. Rather, negative pore-water pressure is expressed in
standard SI units (e.g., kilopascals).

There is often need to convert variables to other units
although the book is written using the SI designation of
units. Table A.3 contains some conversion factors useful in
making conversions between the SI (metric) system and the
British Engineering system of units.

The symbols used throughout this book are, for the most
part, consistent with those used in soil and rock mechanics.
The extensive list of symbols published by the Interna-
tional Society for Soil Mechanics and Foundation Engineer-
ing (ISSMFE, 1977) has been used as a guide. However,
it has been necessary to extend some of the symbols for
unsaturated soil mechanics. For example, the soil has two
fluid phases, and it becomes necessary to carry a subscript
to differentiate the air and water phases (e.g., ua and uw ).

All symbols are defined upon their first usage in the book.
Some of the definitions are repeated from one chapter to
another. Some of the main symbols used in the book are
summarized in Table A.4.
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Table A.1 Derived Units Common to Geotechnical Engineering

Physical Quantity SI Unit Symbol

Acceleration Meters per square second m/s2

Area Square meter m2

Density Kilograms per cubic meter kg/m3

Discharge, flux Cubic meters per second m3/s
Force Newton N
Length Millimeter mm
Length Meter m
Mass Kilogram kg
Moment or torque Newton meter Nm
Permeability Meters per second m/s
Power Watt W
Pressure Newtons per square meter (i.e., pascal) Pa
Stress Newtons per square meter (i.e., pascal) Pa
Temperature Kelvin K
Time Second s
Unit weight Newtons per cubic meter N/m3

Velocity Meters per second m/s
Viscosity (dynamic) Newton second per square meter Ns/m2

Volume Cubic meter m3

Volume Liter L
Weight Newton N
Work (energy) Joule J

Table A.2 Prefixes for Basic and Derived Units

Factor Prefix Symbol

109 Giga G
106 Mega M
103 Kilo k
102 Hecto h
101 Deka da
10−1 Deci d
10−2 Centi c
10−3 Milli m
10−6 Micro μ

10−9 Nano n

Table A.3 Conversion Factors for British Engineering
and SI System

British System SI

Length
1 inch, in. 25.4 mm = 0.025 m
1 foot, ft 0.3048 m
1 yard, yd 0.9144 m

Mass
1 pound mass,
1 bm (avoirdupois) 0.4536 kg
1 slug
(1 lb-force/ft2) 14.59 kg

Force
1 lb-force 4.448 N

Stress and pressure
1 psi (lb-force/in.2) 6.895 × 103 Pa or 6.895 kPa
1 atmosphere 1.013 × 105 Pa or 101.3 kPa
1 bar 1 × 105 Pa or 100 kPa

Density
1 lb-mass/ft3 16.018 kg/m3
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Table A.4 List of Symbols

Description Symbol Unit

Absolute air pressure ūa kPa
Absolute temperature T K K
Actual evaporation AE mm/day
Air-entry bubbling pressure ub kPa
Air-entry suction ψaev kPa
Air pressure ua kPa
Angle indicating rate of shear strength change with

respect to suction
φb degree

Atmospheric pressure ūatm kPa
Average molecular weight of air ωa g/mol
Axial (vertical) strain εa %
Bishop’s average soil skeleton stress σ ∗

ij kPa
Bishop stress parameter χ decimal
Capillary height hc m
Capillary meniscus curvature Rs m
Coefficient of active earth pressure K a —
Coefficient of air permeability ka m/s
Coefficient of consolidation for air phase ca

v m2/s
Coefficient of consolidation for water phase cw

v m2/s
Coefficient of diffusion D m2/s
Coefficient of earth pressure at rest K 0 —
Coefficient of passive earth pressure K p —
Coefficient of permeability at saturation ks m/s
Coefficient of water permeability kw m/s
Coefficient of air volume change with respect to net

normal stress
ma

1 1/kPa

Coefficient of air volume change with respect to soil
suction

ma
2 1/kPa

Coefficient of soil structure volume change with respect to
net normal stress

ms
1 1/kPa

Coefficient of soil structure volume change with respect to
soil suction

ms
2 1/kPa

Coefficient of water volume change with respect to net
normal stress

mw
1 1/kPa

Coefficient of water volume change with respect to soil
suction

mw
2 1/kPa

Coefficient of volume change of saturated soil mv 1/kPa
Compressibility of water cw 1/kPa
Contact angle α degrees
Degree of saturation S %
Density of air ρa kg/m3

Density of any fluid ρf kg/m3

Density of water ρw kg/m3

Density of soil particles ρs kg/m3

Density of water with salts ρws kg/m3

Deviator stress σ1 − σ3 kPa
Dew-point temperature t d

oC
Diameter of 10% passing D10 mm
Diameter of 50% passing D50 mm
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Table A.4 (Continued )

Description Symbol Unit

Diffusion coefficient of vapor Dv* m2/s
Dry density ρd kg/m3

Effective stress σ ′ = σ − uw kPa
Effective angle of internal friction φ′ degree
Effective cohesion c′ kPa
Geometric mean parameter xg m
Geometric standard deviation σ g m
Gravitational acceleration g m/s2

Gravitational energy E g
Hydraulic conductivity of air ka m/s
Hydraulic conductivity of water kw m/s
Hydraulic conductivity (x-direction) kwx m/s
Hydraulic conductivity (y-direction) kwy m/s
Hydraulic head h m
Hydraulic head gradient iw —
Hydraulic or total head hw m
Intrinsic permeability K m2

Isothermal compressibility of air ca 1/kPa
Kronecker delta or substitution tensor δij kPa
Latent heat of fusion of water L J/m3

Latent heat of vaporization of water Lv J/kg
Liquid limit LL %
Mass of air Ma kg
Mass of dissolved air in water Md kg
Mass of solids Ms kg
Matric suction ua − uw kPa
Mass of water Mw kg
Major principal stress σ1 Pa
Minor principal stress σ3 kPa
Molecular mass of air ωa kg/kmol
Natural number e = 2.71828
Net major normal stress σ1 − ua kPa
Net normal stress σ − ua kPa
Net minor normal stress σ3 − ua kPa
Osmotic suction π kPa
Parameter on grain size for fitting fine portion mgr —
Parameter on grain size for steepest slope ngr —
Parameter on grain size inflection point agr mm
Particle diameter d mm
Particle diameter for minimum size dm mm
Particle diameter for residual portion dr mm
Percentage of particles passing by mass Pp(d) %
Plastic limit PL %
Plasticity index, PI I p %
Poisson ratio μ —
Potential evaporation PE mm/day
Potential transpiration PT mm/day
Pore-air pressure ua kPa

(continued overleaf )
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Table A.4 (Continued )

Description Symbol Unit

Pore-air pressure parameter (secant) B ′
ah —

Pore-air pressure parameter (tangent) Ba —
Pore-water pressure uw kPa
Pore-water pressure parameter (secant) B ′

wh —
Pore-water pressure parameter (tangent) Bw —
Porosity n %
Porosity with respect to water phase nw %
Porosity with respect to air phase na %
Preconsolidation pressure σ p kPa
Radial strain εr %
Radiation, net Rn MJ/m2/day
Radiation, short wave Rc mm/day
Radiation, total solar Ra MJ/m2/day
Radius of capillary tube r m
Ratio of specific gas constants δ —
Relative air hydraulic conductivity kra —
Relative humidity, RH hr %
Relative water hydraulic conductivity kwr —
Salt content s g/kg
Saturated (water) hydraulic conductivity ks m/s
Saturated water vapor pressure uair

v0 kPa
Shear strains γ xy , γ yz , γ zx degrees
Shear strength fitting parameter κ —
Shear stress τ kPa
Shrinkage curve curvature csh —
Shrinkage curve minimum void ratio ash —
Shrinkage curve slope bsh —
Soil compression index C c —
Soil pore shape parameter η —
Soil suction ψ kPa
Soil suction at residual conditions ψ r kPa
Soil suction on drying curve ψd kPa
Soil suction on wetting curve ψw kPa
Swelling index C s —
Specific heat capacity C s kJ/kg K
Specific gravity of solids Gs —
Specific volume v0
Specific volume of air va0
Strain longitudinal in x-direction εx %
Strain longitudinal in y-direction εy %
Strain longitudinal in z-direction εz %
Surface tension of water Ts mN/m
Swelling pressure Ps kPa
Swelling pressure, corrected P ′

s kPa
SWCC af fitting parameter (Fredlund and Xing) af kPa
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Table A.4 (Continued )

Description Symbol Unit

SWCC nf fitting parameter (Fredlund and Xing) nf —
SWCC mf fitting parameter (Fredlund and Xing) mf —
SWCC correction function (Fredlund and Xing) C r —
Temperature (Celsius) T oC
Temperature (Kelvin) TK K
Thermal conductivity λs W/m K
Time t s
Total cohesion c kPa
Total density ρ kg/m3

Total energy E J
Total hydraulic head hw m
Total normal stress σ kPa
Total stress tensor σij kPa
Total suction ψ kPa
Total unit weight γt kN/m3

Undrained shear strength cu kPa
Unfrozen volumetric water content θu decimal or %
Unit weight of water γ w kN/m3

Unit weight of soil γ kN/m3

Universal gas constant R J/mol K
Vapor pressure uair

v kPa
Velocity energy E v
Viscosity (absolute of kinematic) ν m
Void ratio e N·s/m2

Volume of air V a m3

Volume of dissolved air in water Vd m3

Volume of soil element, total initial V 0 m3

Volume of solids V s m3

Volume of water V w m3

Volumetric air content θa decimal or %
Volumetric coefficient of solubility h —
Volumetric residual water content θ r %
Volumetric specific heat of solids ζs J/(m3 ◦C)
Volumetric specific heat of water ζw J/(m3 ◦C)
Volumetric strain εv %
Volumetric water content θ decimal or %
Water content, gravimetric w %
Water content, residual gravimetric wr %
Water content, residual volumetric θ r decimal or %
Water content, saturated gravimetric ws %
Water content, unfrozen θu %
Water content, volumetric θ decimal or %
Water pressure uw kPa
Water vapor pressure uv kPa
Universal gas constant R J/(mol K)
Young modulus E kPa
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AASHTO, see American Association of State
Highway and Transportation
Organization

Absolute humidity (AH), 54–55
Active depth of swelling, 763
Active earth force, 621–623
Active earth pressures, 613–618

and changes in suction, 625–626
coefficient of, 615
distribution of, 615–618
and tension zone depth, 615, 616

Active season, for moisture flux, 277, 278
Active zone, 759
Actual evaporation (AE), 305–318

coupled solutions, 307–316
example calculations, 317–318
experimental-based relationship to PE,

315–317
at ground surface, 284–286
uncoupled solutions, 313–317
water balance in, 305
Wilson-Penman equation, 307–314

Adaptive grid refinement (AGR), 324, 325
Adsorption branch of SWCCs, see Wetting

SWCCs
Advective flow, 460–461
AE, see Actual evaporation
AGR (adaptive grid refinement), 324, 325
AGWA-II thermal conductivity sensors, 130,

131, 139, 140
Air:

compressibility of, 787–789
concentration of, 452–453
density of, 53, 453, 463–464, 816
dissolved, 461, 790
free, 460–461, 790
mass of, 815
properties of, 53–57
thermal conductivity of, 489–490
vapor pressure in, 340–341
volume of, 549, 675, 676, 815

Air bubble collapse theory, 792
Air closure soil suction value, 221
Air coefficient of permeability:

defined, 451
direct measurement of, 465–468
estimation procedures, 474–480
and Fick’s law/Darcy’s law, 454–456
for steady-state air flow, 461

Air content, volumetric, 479, 480
Air degree of saturation, 472–475
Air diffusion through water:

about, 458–460

direct measurement of, 467–472
with diffused air volume indicators,

469–470
and diffusion through high-air-entry

disks, 467–469
Air-entry value:

and air coefficient of permeability, 454
and capillary model, 65, 66
of high-air entry ceramic disks, 113
and matric suction estimation, 172
and net mean stress, 698–700
and shear strength, 589–590, 596–597, 602
and volume change, 264
on wetting front, 444–446
and zones of SWCC, 189, 221

Air flow, 450–486
advective flow and flow by diffusion in soil,

460–461
constitutive relations, 78
coupled with physical processes, 484, 486
diffusion of air in water, 458–460
direct measurement, 465–472

air coefficient of permeability, 465–468
air diffusion through water, 467–472

estimation of properties, 472–480
air coefficient of permeability, 474–480
air storage function, 479, 480
measured air permeability functions,

475–480
soil-air characteristic curve, 472–474

Fick’s law and Darcy’s law, 451–458
and air coefficient of permeability,

454–456
and intrinsic permeability, 456–458
Klinkenberg effect, 458

in nonisothermal systems, 829–831
partial differential equations for, 461–465
saturated-unsaturated air flow problems,

480–486
air flow boundary value, 480–481
coupled air flow with physical processes,

484, 486
one-dimensional, 481
two-dimensional, 481–485

in theory of consolidation, 783
theory of free air flow, 450–451

Air flow well:
Baehr and Hult analysis, 483–485

Air permeability, 465, 475–479
Air phase:

constitutive relationships in:
and air phase partial differential equation,

816

for rheological model, 855, 857
continuity of, 828
in derivation of equations for

consolidation/swelling, 813
partial differential equations for, 815–817,

829
volume changes in, 672–673

Air sparging, 450
Air storage function, 479, 480
Air temperature, soil temperature from,

499–500
Air-water interface, 57–66

capillary phenomenon, 63–66
contractile skin at, 57, 58
diffusion of air in water, 61
surface tension at, 61–63
water vapor, 58–59

Air-water mixtures, 788–794
capillary equation for, 791–794
components of, 789–790
compressibility of, 789–791

Akaike information criterion statistical
indicator, 216–217

Albedo coefficient, 301
Aldrich example, 516, 518–519
Alkalinity, thermal conductivity suction

sensors and, 148–149
Alternative cover systems, 322–323
Ambient temperature, 140–144
American Association of State Highway and

Transportation Organization (AASHTO),
539, 737

compaction curves, 73, 738
standard and modified conditions, 112

American Society for Testing and Materials
(ASTM), 858

D427 standard, 774
D2325 standard, 725
D2435 standard, 774
D4546 standard, 723, 744, 774
D5298–94 standard, 155, 160
D5334–08 standard, 501, 503
D6836–02 standard, 235, 252
E104–02 standard, 250, 252
E833 standard, 155, 156

Anisotropic seepage:
coefficient of permeability for, 351–353
partial differential equations for, 346

Anisotropy:
and coefficient of permeability, 351–353
and permeability function, 338

Approximate linear shear strength equation,
526
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Arid areas, 7, 8
Aridity index, 291
Arya and Paris method for SWCC, 256,

260–262
Atmospheric flux conditions, 285–286
Atmospheric pressure, 298–299
At-rest earth pressure, 612
Atterberg limits, 34, 42
August-Roche-Magnus equation, 55–56, 289,

290
Auxiliary function, in dynamic programming

method, 643, 644
Average degree of consolidation for water

phase, 823–825
Axis translation technique:

and evidence for stress state variables,
85–86

for shear strength measurement, 537, 539,
541–544

for soil suction measurement, 126–129

Backfilling, with nonexpansive soil, 767–768
Bacterial growth, filter paper method and, 157
Bao shear strength equation, 596–597
Barcelona cell, 242–243
Basic volume-mass relationship, 70–71
Bearing capacity, 626–632

of layered systems, 631–632
for shallow foundations, 14–15
soil parameters and design suction, 628
stress state variables approach, 628–629
total stress approach, 629–631

Bending point(s):
for Fredlund Pham SWCC equation, 228
for Gitirana and Fredlund SWCC equation,

231–232
Bimodal equations:

Gitirana and Fredlund SWCC equation, 232
for grain-size distribution curves, 36, 39–41

Bishop’s effective stress equation, 83, 85
Blaney and Criddle equation for potential

evaporation, 293
Body forces, 87, 88
Boiling, 52–53, 546
Bosen equation, 56, 289–290
Boundary conditions:

for air flow, 465, 480–481
for stress-deformation and seepage analysis,

836–837
Boundary effect zone, of SWCC, 190, 195,

196
Boundary value problems:

components of, 18
for heat flow, 510–511
for water flow, 399–403

Bousinesq stress analysis, 778, 779
Bowen ratio, 300
Boyle’s law, 60, 787
Brooks and Corey equation for SWCC, 174,

201, 204
Brooks and Corey power law, 206
Brutsaert equation for SWCC, 201
Bubble pumps, 469
Bulk density, see Total density
Bulk modulus, 677
Burdine model of permeability function,

383–386
Bw parameter, 598–600

Calibration:
of chilled-mirror apparatus, 252–253
for filter paper method, 154–161
of Peltier-type psychrometers, 151

of thermal conductivity suction sensors,
132–139

Calorimeters, 504–505
Campbell equation for SWCC, 201
Capacitance-type sensors, of water content,

168
Capillary barrier covers (CBCs), 323
Capillary breaks, soil cover systems and,

15–17
Capillary component of free energy, see

Matric component of free energy
Capillary fringe, 188
Capillary head, 188
Capillary height, 63–64
Capillary law, 205
Capillary model, SWCC and, 185
Capillary phenomenon, 63–66
Capillary potential, 185
Capillary pressure, 64
Capillary rise, 64–65, 365–374
Capillary zone, 29
Cavitation, 52–53, 119–120
CBCs (capillary barrier covers), 323
Centipoises, 457
Childs and Collis-George model of

permeability function, 380–385
Chilled-mirror method for SWCC

determination, 251–253
Chilled-mirror psychrometers, 153–154
Chunam, 448
Clapeyron equation, 494
Classification tests, 9
Clay:

consolidation tests on, 818–821
void ratio and soil suction for, 46–48
volume-mass constitutive relations for, 200

Clear sky radiation, 302
Climate:

classification of sites based on, 274–281
and moisture and thermal flux boundaries,

6–7
and in situ soil suction, 95

Closed-form equation, for heave analysis,
763–764

Closed-form solution, for rheological model,
855

Coarse soils, thermal conductivity estimation
for, 507–509

Coefficient of active earth pressure, 615
Coefficient of compressibility, 666, 685–686
Coefficient of consolidation, 810
Coefficient of diffusion, 61, 340, 341, 830
Coefficient of earth pressure at rest, 774–775
Coefficient of lateral earth pressure, 95–99
Coefficient of osmotic permeability, 107
Coefficient of passive earth pressure, 618
Coefficient of permeability, 331–340.

anisotropic, 351–353
changes in, 327
and degree of saturation, 332–335
and equations for steady-state water flow,

345
fluid and porous medium components,

331–332
for freezing zone, 494, 495
for high-air-entry ceramic disks, 114, 547
and hysteresis, 336–340
and infiltration, 437
lower limit of, 341–344
major, 351, 353
and matric suction, 334–336
minor, 352, 353
and numerical modeling of transient

conditions, 445, 446

and one-dimensional steady state flow in
unsaturated soil, 347–348

relative, 388–394
for stress-deformation and

saturated-unsaturated seepage
analysis, 832

and volume-mass relations, 332
water, 356–357
in wetting-front column test, 368

Coefficient of transmission, for air flow, 453,
462, 463, 817

Coefficient of volume change, 687
and air phase partial differential equation,

816–817
and consolidation test results, 820–821
elastic parameter functions from, 771–772

Cohesion:
and bearing capacity, 627
total, 613, 628, 636
total cohesion method, 651–655

Cohesion bearing capacity factor, 627
Cohesion intercept, Mohr-Coulomb failure

envelope, 528, 529, 533–535
Collapsible pores, 695, 702–703
Column tests, with single-specimen

pressure-plate devices, 248–250
Compacted kaolin clay, 605–608, 818–821
Compacted soil, 73–76

air permeability of, 455–456
shrinkage curve for, 46

Comparative swelling pressure studies,
747–752

Compatibility, and strain-displacement,
716–717, 768

Compensator, for pressure plate cell, 245
Compressibility:

of air-water mixtures, 788–794
components of, 789–790
effects of dissolved air on, 790
effects of free air on, 790
limitations of capillary equation for,

791–794
coefficient of, 666, 685–686
estimation of elastic properties from,

732–733
isothermal, 787–789
of pore liquids, 787–788

Compressibility equation, 789
Compressibility form of volume-mass

constitutive relations, 679–685
with other stress state variables, 681
sign convention for, 682–683
verification of uniqueness of constitutive

surfaces, 681–685
Compressible soils, SWCCs of, 240–241
Compression:

isotropic, 677
unconfined compression strength,

590–593
virgin compression portion of void ratio,

779
Compression indices:

correlations of, 732–733
unloading-reloading, 695, 696, 701, 703
virgin, 695, 696, 699, 702, 703

Conductive heat flow, 486–488, 495–500
Conductivity, hydraulic, 457, 488
Confining pressure, in triaxial tests,

562–564
Conservation of angular momentum,

714–716
Conservation of linear momentum, 89,

714–716
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Consolidated drained direct shear tests:
interpretation of results, 566–567
nonlinear shear strength vs matric suction

in, 571–572
test procedure, 565–566

Consolidated drained triaxial tests:
procedure, 552–553
shear strength measurements in, 539
strain rates for, 580
typical laboratory results, 568–570

Consolidated undrained triaxial test, 553,
559–561

Consolidation, 809–831, 851–857
average degree of, 823–825
coefficient of, 810
coupled formulations and three-dimensional,

825–829
dimensionless consolidation parameters,

823–825
finite difference technique for solving

equations, 817–819
in nonisothermal systems, 829–831
one-dimensional, 809–811, 817–819
osmotic, 107
osmotically induced, 107
preconsolidation pressure, 740, 742–744
and rheological model for unsaturated soils,

851–857
constitutive relations in, 852–853
differential equations for linear elements,

853
numerical solution for, 855

and stress/seepage in coupled vs. uncoupled
systems, 809–817

derivation of equations for unsaturated
soil, 812–817

physical relations for, 811–812
theory of, 582, 785–786
three-dimensional, 825–829

Constant-volume oedometer tests, 736, 737
and numerical swelling pressure model, 849
for stress state of unsaturated soils, 742–744
swell pressure from, 753–754

Constant-water-content triaxial tests, 537, 538
nonlinear shear strength vs. matric suction

in, 571–575
procedure, 553
strain rates for, 580
typical laboratory results, 569–570

Constitutive relations (constitutive
relationships):

defined, 31
heat flow, 487, 488
incorporation into physical processes, 77–78
in rheological model for unsaturated soils,

852–853
soil structure, 769, 826–827
and SWCC equation, 270
for three-dimensional consolidation, 826
volume-mass, 198–200, 673–685

and change in volume of air, 675, 676
compressibility form, 679–685
elasticity form, 673–674
isotropic loading, 675, 677
K0 loading, 678
plane strain loading, 678
plane stress loading, 679
triaxial loading, 677–678
uniaxial loading, 677
in water phase, 674–675

water phase, 769–770
and one-dimensional consolidation, 811,

814

for rheological model, 855
and three-dimensional consolidation,

827–828
Constitutive surfaces:

degree of saturation, 668, 685, 707, 780
loading of, 722–723
on semilogarithm plot, 690–693
in stress and deformation studies, 666–670
uniqueness of, 681–685
void ratio and water content:

deformation coefficients for, 685–686
equations for, 778–781
in Pham and Fredlund volume-mass

model, 706–707
volumetric deformation indices for, 690,

691
volume-mass form of, 686–687

Contact angle, 63, 65
Contact filter paper procedure, 154
Continuity requirement, 671, 796, 811, 828
Continuously air-filled pore, 700
Continuum mechanics, state variables and, 81,

87
Contractile skin:

at air-water interface, 57, 58
and development of SWCC, 185
equilibrium equation for, 90
surface tension of, 61–63

Convection, 486
Convergence, modeling of cover systems and,

324, 325
Corrected swelling pressure, 739, 740,

764–766
Correction factors:

for Fredlund and Xing equation, 175–176,
200, 211–212, 227–228

for Rassam and Cook equation, 599–600
Correlation models, for estimation of

permeability function, 376
Côté and Konrad model of thermal

conductivity estimation, 507–509
Coupled systems:

actual evaporative flux in, 307–316
consolidation equations in, 825–829
moisture-and-heat-flow solutions in, 286
partial differential equations for, 19
stress/seepage in, 809–817

Coupling matrix, 784
Cover systems, 15–17

challenges with modeling, 321–326
and ground surface moisture boundary flux

conditions, 274
stratigraphy and geometry of, 282

Critical slip surface:
in dynamic programming method, 643–647
in free body diagram for slope stability,

632–633
restrictions on shape of, 647
trial-and-error search for, 634–635

Critical state shear strength equations,
525–526

CS-229 thermal conductivity sensor, 131, 133,
140, 144–145

Curve-fitting parameters, for SWCC equations,
230–231

Dalton’s law, 58
Dams:

construction and operation of, 12, 13
seepage through, 407–414
water flow through earth dam, 418–423

Darcy’s law for air flow, 451–458
and air diffusion through water, 460

and intrinsic permeability, 456–458
Klinkenberg effect, 458

Darcy’s law for water flow through
unsaturated soil, 331–344

coefficient of permeability, 331–340
and degree of saturation, 332–335
fluid and porous medium components,

331–332
and hysteresis, 336–340
lower limit of, 341–344
and matric suction, 334–336
and volume-mass relations, 332

water vapor flow, 338, 340–341
Databases, grain-size distribution for SWCC

in, 262–263
Decision analysis, slope stability in, 662–663
Deep infiltration, 8, 321
Deformable soils, volume-mass relations for,

194–195
Deformation, 587. See also Stress-deformation

analysis
Deformation coefficients, 685–693

for constitutive surfaces on semilogarithmic
plot, 690–693

for unloading surfaces, 687, 689–690
for void ratio and water content surfaces,

685–686
Deformation state variables, 31–32, 83–84,

670
Deformation stress state, 198
Degassing, 52
Degree of saturation. See also Air degree of

saturation
air, 472–475
and air coefficient of permeability, 454–455
and changes in other volume-mass

properties, 71
and coefficient of permeability, 332–335
defined, 67, 68
effective, 334, 377
in effective stress equation, 83
in field and laboratory, 5–6
matric suction vs., 509–510
for pore fluid other than water, 72
residual, 334
and shear strength, 595, 596
soil suction vs., 48
and SWCC, 192
in thermal conductivity estimation, 506

Degree of saturation constitutive surfaces, 668,
685, 707, 780

Density:
of air, 53, 453, 463–464, 816
dry, 69–70, 74, 737–738
probability density function, 36
of salt-water mixtures, 50–51
of soil, 69–70, 73
of solids, 48–49
total, 69–70, 73
of water, 50

Dependent models of SWCC hysteresis, 696
Depth of potential heave, 759
Desaturation stages, SWCC, 220–221
Desiccation, 739
Desiccators, vacuum, 249–251
Design stage (implementation), 10
Design suction, 628
Desorption, Zapata model for estimating, 268
Desorption branch of SWCCs, see Drying

SWCCs
Deviator stress, 523
Dew point, relative humidity from, 55–56,

289, 290
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Dew-point method, see Chilled-mirror method
Dielectric-based methods, for in situ water

content, 167–169
Differential equations, for Linear elements of

rheological model, 853
Differential soil movement, for edge drop,

847–848
Diffused air mass, 471
Diffused air volume indicators (DAVI),

469–473
Diffusion:

of air in water, 458–460
direct measurement of, 467–472

coefficient of, 61, 340, 341, 830
Fick’s law of diffusion, 61, 459
flow by, 460–461
through high-air-entry disks, 467–469
vapor diffusion term, 308

Diffusion coefficient of permeability, 460
Diffusivity constant, 491, 492
Dirichlet-type boundary conditions, 499
Direct high-suction tensiometers, 119–126

accuracy and response time of, 122–123
conditioning of water for, 122
design of, 121–122

Direct measurement:
of air flow, 465–472

air coefficient of permeability, 465–468,
475–480

air diffusion through water, 467–472
of high suction, 119–126

applied vs. measured suctions, 122–123
conditioning of water for tensiometers,

122
design of tensiometers, 121–122
history and theory, 119–121

of low suction, 114–120
function of tensiometers, 114–116
jet-fill tensiometers, 116, 117
quick-draw tensiometers, 118, 119
small-tip tensiometers, 116–118
tensiometer field performance, 118, 119

of matric suction, 112
of in situ water content, 166
of thermal properties, 500–505

Direct shear tests, 565–567
interpretation of results, 566–567
multistage, 540, 586, 587
procedure, 565–566
relaxation of matric suction for, 552
strain rate for, 578–587

and displacement rate, 585–586
for multistage testing, 586, 587

typical laboratory results, 576–578
Dirichlet boundary conditions, 18, 406, 465
Displacement:

horizontal shear displacement rate, 585–586
in stress-deformation and seepage analysis,

837–846
Dissolution, 59–61
Dissolved air, in air-water mixtures, 790
Double oedometer method, 736
Drained shear tests, 546, 555
Driving potential:

for air flow, 451
for water flow, 329–330

Dry air, 53
Dry density, 69–70, 74, 737–738
Drying:

of slurry soil, 701–703
and stress state history, 739–740
and volume change of pores, 697–700

Drying curve suction, 146–148

Drying permeability function, 360–363
Drying pore-size distribution (DPD), 694–695,

702
Drying SWCCs, 178–179

column tests for, 248, 249
curve-fitting model for, 701
and hysteresis, 217–219
percent shift for, 176–179
shear strength parameters for, 598–600
volumetric pressure plate extractor for,

238–239
Dry soil:

coefficients of volume change in, 814,
816–817

pore voids in, 797
stress state variables for, 92
thermal conductivity, 507–509

Dynamic programming:
and decision analysis, 663
to locate critical slip surface, 633
method of slices vs., 23, 646
for slope stability:

Dynamic viscosity, 456, 457

Earth dams, 407–414, 418–423
Earth force, 621–625

active, 621–623
passive, 624–625

Earth pressures:
active, 613–617, 620–621, 625–626
coefficient of earth pressure at rest, 774–775
extended Rankine theory, 613
passive, 617–621, 625–626
prediction of, 612–613
and shear strength, 612–621
and swelling pressure, 626
and tension zone depth, 615, 616

Edge drop, of slabs-on-grade, 845–848
Edge penetration distance, 847–848
Edge rise, of slabs-on-grade, 848
Effective angle of internal friction, bearing

capacity and, 628
Effective degree of saturation, 334, 377
Effective pore-size diameter, 187
Effective stress:

defined, 81–82
equations for, 82–83
and theory of consolidation, 810

Elasticity, 731
and compressibility, 732–733
incremental, 768–778

evaluation from volume change indices,
771–775

one-dimensional solution with, 775–778
two-dimensional solution with, 778

and soil suction, 734
Elasticity form of volume-mass constitutive

relations, 673–674
Elastic models of stress-deformation analysis,

718–719
Elastic theory, 95–98
Elastoplastic models of stress-deformation

analysis, 719–720
Elastoplastic systems, 105
Electrical resistance sensors, 129–130
Empirical coefficient, for net radiation

equations, 302–303
Empirical constant, 334
Empirical equations:

of permeability function, 378–379
for thermal conductivity, 506

Empirical factors, for frozen and unfrozen
soils, 508, 509

Empirical interslice force function, 638–639
Empirical model of permeability function, 375
Energy, conservation of, 81
Energy head, total, 330
Engineering protocols, 26–28
Environmental changes, on natural slopes, 12,

14
Equalization time, for filter paper method, 160,

161
Equilibrium:

force, 637–638
independent phase, 89–90
moment, 637, 639, 640
for multiphase system, 89
Newtonian, 81, 89
for one-phase solid, 87–89
of phases in unsaturated soil, 30
plastic equilibrium analysis, 611–613
soil structure, 90–91, 770–771
stress equilibrium equations for

consolidation, 828
for wavy plane, 93–94

Estimation procedures:
for air flow properties, 472–480

air coefficient of permeability, 474–480
air storage function, 479, 480
measured air permeability functions vs.,

475–480
soil-air characteristic curve, 472–474

for elastic properties, 732–733
for net radiation, 300–303
for permeability function, 375–397

and amount of water in soil, 376–378
correlation with soil parameters, 394–397
and direct measurement, 374
empirical equations, 378–379
numerical integration for relative

coefficient of permeability,
388–394

regression techniques for best-fit function,
396, 397

statistical models, 380–388
terminology for, 378
and water storage modulus for transient

modeling, 397
for pore-water pressures, 758
for relative humidity, 289
for shear strength, 588–612

calculation of shear strength functions,
610

linearization of shear strength, 610–611
measured vs. estimated shear strength,

602–609
shear strength equations, 591–602
SWCC and shear strength, 589–593

soil suction, 169–183
matric suction, 169–173
osmotic suction, 182–183
with SWCC, 171–181
total suction, 181

for soil temperature, 499–500
for stress-deformation properties, 731–735
SWCC, 253–265

grain-size distribution for, 254–263
two-point method, 263–265

for swelling index, 732
for thermal properties, 505–510
for unsaturated soil properties, 8–9

Eulerian description of relative movement, 671
Evaporation:

actual, 305–318
in boundary value problems, 18
coupled solutions, 307–316
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example calculations, 317–318
experimental-based relationship to PE

and, 315–317
at ground surface, 284–286
limiting function, 314–315
and runoff, 290–291
uncoupled solutions, 313–317
water balance in, 305
Wilson-Penman equation, 307–314

defined, 291
net evaporative flux, 320–321
pan, 292
potential, 291–296

Blaney and Criddle equation, 293
in climatic classification, 275, 276,

279–280
comparison of calculations for, 303–305
experimental-based relationship of actual

and, 315–317
from limiting function for actual

evaporation, 314–315
Monteith equation, 293
Penman equation, 292–296
and PT/AE, 291
Thornthwaite equation, 292

steady-state, 850–852
Evapotranspiration, 318
Excavation, backfilling with nonexpansive soil

and, 767–768
Expansive soils:

and earth pressures, 612
ground movements with, 15–16
and heave, 735–738, 832–836
numerical modeling of problems with,

778–782
oedometer-based testing of, 736–737
profile of, 32–34
stress-deformation analysis in, 735–736,

832–845
swelling pressure of, 738–739
zones of wetting in, 759

Experimental-based procedure, for AE
determination, 305

Extended Mohr-Coulomb failure envelope,
526–536

nonlinearity of, 535
plotting, 526–529
relationship of tan φb and χ , 536
and shear strength in terms of other stress

state variables, 529–530
and stress point envelopes, 530–535

Extended Rankine theory of earth pressures,
613

Extended shear strength method, 655–658
Extraterrestrial radiation, 302

Factor-of-safety equations, 642–651
in GLE determination of slope stability,

637–640
and force equilibrium, 637–638
and interslice force function, 638–639
and moment equilibrium, 637
solving, 639–640

and normal force, 637
in optimization determination of slip

surface, 642–651
example, 647–651
theory for, 643–647

Failure envelope (shear strength):
and failure criteria, 522–524

Failure envelope, extended Mohr-Coulomb,
526–536

nonlinearity of, 535

plotting, 526–529
relationship of tan φb and χ , 536
and shear strength in terms of other stress

state variables, 529–530
and stress point envelopes, 530–535

Fick’s law for air flow, 451–458
and air coefficient of permeability, 454–456
and intrinsic permeability, 456–458
Klinkenberg effect, 458
and water vapor flow, 338, 340

Fick’s law of diffusion, 61, 459
Field measurements:

with tensiometers, 118, 119
with thermal conductivity suction sensors,

138–140
Field monitoring, 27, 325
Filter paper method for total suction

measurement, 154–164
calibration techniques, 155–161
in engineering practice, 163–164
measurement techniques, 155–156
principle of, 154–155
total and matric suction calibration curves,

161–163
Final design protocols, 27
Final pore-water pressures, for heave analysis,

758
Final stress state, 758, 763
Finite difference form of seepage differential

equation, 399–401
Finite difference technique, 325, 817–819
Finite elements, 17
Finite element analysis, with dynamic

programming, 646
Finite element method, for seepage analysis,

404–414, 416–417
Fitting parameters:

for shear strength estimation, 601–602
for SWCC, 265–269

Flow by diffusion, 460–461
Flownets, 403–404
Flow rate, 360, 407, 417
Flow rule, 719
Fluid and vapor flow equation, 829–830
Fluid medium, coefficient of permeability in,

331–332
Footings:

strip, 835–845
Force(s):

actuating, 647
body, 87, 88
factor-of-safety equations with respect to,

637–640
interslice force function, 638–639
normal force equation, 636–637
resisting, 647
seepage, 90

Foundations, bearing capacity for, 14–15
Fredlund and Pham equation for SWCC,

175–176, 215, 216
Fredlund and Xing equation for SWCC, 175,

202, 474–475
correction factor, 200, 203

M.D. Fredlund equation for shrinkage curve,
43–44

Fredlund linear shear strength equation,
592–593

D.G. Fredlund nonlinear shear strength model,
593–594

D.G. Fredlund shear strength estimation,
594–595

Free air, 460–461, 790
Free air flow, theory of, 450–451

Free-body diagram, for slope stability,
632–634

Free energy, 109–111
Free-swell oedometer test, 736, 744, 751,

849–852
Freezing (temperature):

effect on thermal conductivity sensors, 145
Freezing soils, 492–495

around pipelines, 511–514
differential equations for, 498
thermal conductivity estimation, 506, 507

Frequency analysis, of slope instability
hazards, 664–665

Frequency-domain methodology for measuring
water content, 168–169

Friction angle:
associated with net normal stress, 592, 593
effective, 628

Frost depth, 516, 518–519
FTC-100 thermal conductivity sensors, 131,

133–136, 146
Functional parameter regression method for

SWCC, 255–256
Future stress states, 739, 741

Gamma ray attenuation method of measuring
water content, 167

Gap-graded soils, grain-size distributions for,
35, 40

Gardner equation for SWCC, 174, 201,
203–204

Gardner permeability equation, 336
Gaseous cavitation, 52
Gas slippage, 458
General limit equilibrium (GLE) method of

slope stability, 635–642
factor-of-safety equations from, 637–640
interslice force function, 638–639
mobilized shear force equation, 636
normal force equation, 636, 637
and other methods of slices, 640, 642
pore-water and pore-air pressures in,

640–642
Geometric mean method, for thermal

conductivity of soils, 507
Geometry, moisture flux boundary conditions

and, 282
Gibbs free energy equation, 197–198
Gitirana and Fredlund equation for SWCC,

231–234
GLE method of slope stability, see General

limit equilibrium method of slope
stability

Goh shear strength estimation, 597–600
Golder Basic pressure plate cell, 246–248
Grain-size distribution curves, 34–41

application of, 40, 41
bimodal equation, 36, 39–41
lognormal-type equation for, 34
unimodal equation, 35–39

Grain-size distribution for SWCC, 254–263
Arya and Paris method, 256
with databases, 262–263
M.D. Fredlund model, 256–260
functional parameter regression method,

255–256
modified Kovacs model, 255–256
physio-empirical method, 256–260
terms associated with, 255

Granular materials, SWCC for, 267–269
Gravimetric water content, 68

and changes in other volume-mass
properties, 71, 199
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Gravimetric water content, (continued)
as deformation state variable, 679
dimensionless, 192, 193
normalized, 193
for pore fluid other than water, 72
in situ measurement, 165–166
and SWCC, 192–193. See also Pham and

Fredlund equation for SWCC
Gravitational energy, 329
Grid elements, in dynamic programming, 643
Ground movements, 15–16, 741
Ground surface:

as boundary condition, 273
net evaporative flux at, 320–321
slope stability and slip surfaces near,

660–662
water balance at, 283–285

Ground surface moisture flux boundary
conditions, 273–326

actual evaporative flux, 305–318
coupled solutions, 307–316
example calculations, 317–318
experimental-based relationship to PE

and, 315–317
limiting function, 314–315
uncoupled solutions, 313–317
Wilson-Penman equation, 307–314

atmospheric pressure, 298–299
climatic classification of sites, 274–281

partitioning of year for, 277–278
Thornwaite system, 274–277

and cover systems modeling, 321–326
geometry and stratigraphy, 282
latent heat of vaporization, 298
net evaporative flux, 320–321
net radiation, 299–303
potential evaporative flux, 291–296,

303–305
precipitation, 286–287
psychrometric constant, 298
relative humidity, 287–290, 303
runoff, 290–291
saturated-unsaturated water flow for REV,

282–283
transpiration flux, 318–320
water flow problems with, 437

Groundwater table, see Water table
Guan and Fredlund direct high-suction

tensiometer, 121

Hanging column, 245, 247
Hazard assessment, slope stability in, 663–665
Head boundary conditions, water flow

problems with, 399–401
Heap leach process, 71–73, 76–77, 784
Heat, quantity of, 505
Heat capacity:

specific, 49, 51, 56, 504
and specific heat, 491
volumetric, 498, 503–504, 510

Heat flow, 487–519, 830–831
direct measurement of thermal properties,

500–505
estimation of thermal properties, 505–510
and freezing/thawing soils, 492–495
and moisture boundary conditions, 285–286
partial differential equations for, 495–500

and actual evaporation, 307–308, 314,
316

and freezing/thawing of soils, 498–499
steady-state flow, 496–497
transient-state flow, 497–498
with vapor flow, 499

processes in unsaturated soils, 487–488
theory of, 488–492
thermal problems, 510–519

one-dimensional, 511, 512
two-dimensional, 511–517

Heat flux boundary conditions, 499–500
Heat of vaporization, 298, 318, 491
Heave:

and expansive soils, 735–738
prediction of, in expansive soil, 832–836
and stress history, 738–756
total, 735–738, 757

Heave analysis, 756–768
case histories, 761–762
closed-form equation with constant swelling

pressure, 763–764
estimation of pore-water pressures for, 758
for excavation of profile and backfilling

with nonexpansive soil, 767–768
one-dimensional calculations, 759–761
and parametric analysis, 763
and swelling pressure, 764–766
for wetting from top to specified depth, 765,

766
zone of subsoil wetting, 758–759

Henry’s law, 60
Heterogeneous anisotropic seepage:

coefficient of permeability for, 351–353
partial differential equations for, 346
three-dimensional flow from, 349, 350
two-dimensional flow from, 348–349

Heterogeneous isotropic seepage:
partial differential equations for, 345–346
three-dimensional flow from, 350
two-dimensional flow from, 349

High-air-entry disks:
diffusion through, 467–469
impedance factor of, 583–585
pore-water control with, 544–545
properties of, 112
saturation procedure, 546–547
in triaxial cells, 545–546

High-intensity rainfall conditions, slope
stability in, 658–660

Highly shrinking soils, 739, 740
Highly swelling soils, 739, 740
High suction:

direct measurement of, 119–126
applied vs. measured suctions, 122–123
conditioning of water for tensiometers,

122
design of tensiometers, 121–122
history and theory, 119–121
moisture transfer with tensiometer,

125–126
preapplied matric suction, 123–125

vacuum desiccators for, 249–251
High-volume change soil:

Pham and Fredlund SWCC equation for,
227–228

SWCC data for, 221–224
Hilf’s analysis, 800–805
Hookean portion, of linear rheological

element, 852
Horizontal moisture variation distance, for

edge-drop, 847
Horizontal shear displacement rate, in direct

tests, 585–586
Horizontal stresses, earth pressures and, 613,

614, 617, 618, 626
Humidity ratio, 54
Hydraulic conductivity, 457, 488
Hydraulic gradient, in wetting-front column

test, 368

Hydraulic head:
and engineering design protocols, 7, 28
in saturated-unsaturated water flow

problems, 283, 399–401, 403–404
total energy head, 330

Hydraulic head gradient:
and Darcy’s law, 331
finite element method for, 406–407
in instantaneous profile method, 359–360
for unsteady-state seepage, 417
for water flow in unsaturated soil, 327–329

Hydrostatic conditions, matric suction
estimates in, 170, 171

Hygrometer, 288
Hysteresis effect, 28

for coefficient of permeability, 336–340
for filter paper method, 158–161
and loading/unloading sequences, 732
for matric suction estimation, 172, 176–178
and relationships of volumetric deformation

coefficients, 687, 689–690
for SWCC, 172, 217–219
for thermal conductivity suction sensors,

145–148
and uniqueness of constitutive surfaces, 682

Hysteresis model of SWCC, 696, 704

Ideal gas law, 31, 53, 60
Immiscible mixture, air and water as, 57
Impedance factor, of high-air-entry disks,

583–585
Inactive season, for moisture flux, 277, 278
Incompressible soils, SWCCs of, 240–241
Incremental constitutive equation for water

phase, 675
Incremental elasticity, 768–778

evaluation from volume change indices,
771–775

one-dimensional solution with, 775–778
and swelling theory, 768–771
two-dimensional solution with, 778

Independent models of SWCC hysteresis, 696
Independent phase equilibrium, 89–90
Indirect measurement:

of matric suction, 112, 113
of soil suction, 129–130, 154

Induced pore pressure problems, 786
Infiltration:

deep, 8, 321
and matric suction, 437–439
net, 8, 284, 321
and nonlinear differential seepage equation,

401–403
during rainfall, 439–440
transient infiltration analysis, 648, 650–651

Initialization of stress state, on SWCC,
219–220

In situ designation, of stress states, 94–95
In situ estimation, of soil suction, 179–181
In situ measurement:

of water content, 165–169
Instantaneous profile methods, 358–366

apparatus and procedure, 359
computations, 359–360
in situ use, 363–365

Integrity, of cover systems, 326
Intermediate stress, in Mohr circle, 102, 103
International System of Units (SI), 858–859
Interslice force function, 638–639
Interslice normal force, 638
Interslice shear force, 638
Intrinsic permeability, 331–332, 456–458
Inverse relative distance, 302
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Irmak equations, 302–303
Isothermal compressibility, of air, 787–789
Isothermal transient flow analysis, 812–813
Isotropic compression, 677
Isotropic loading:

constitutive surfaces under, 667
tangent pore pressure parameters with,

805–806
and volume-mass constitutive relations, 675,

677
Isotropic seepage:

partial differential equations for, 345–346
three-dimensional flow for, 350
two-dimensional flow for, 349

Isotropic soil, 797
K0 loading in, 798–800
steady-state air flow in, 463

Jet-fill tensiometers, 116, 117
Johansen model of thermal conductivity

estimation, 506–507

K0 loading:
constitutive surfaces from, 667–668, 685
deformation-stress state line for, 198
and drained vs. undrained loading, 798–800
one-dimensional consolidation with, 811
in simulation of soil compaction, 74
three-dimensional swelling with, 849

κ factor equation, 594, 595
κ parameter, 593, 597–598
κ ′ parameter, 597, 598
Kelvin equation, 30, 62–63, 181
Kelvin model, 851
Kersten estimation model of thermal

conductivity, 505–506
Kf line, 531
Khalili and Khabbaz shear strength estimation,

596
Kinematical restrictions, on critical slip

surface, 647
Klinkenberg effect, 458

Lagrangian description of relative movement,
671

LAI (leaf area index), 18, 319
Laliberte equation for SWCC, 201
λ′ parameter, 596
Laplacian equation, 62, 403
Latent heat of fusion, 493
Latent heat of vaporization, 298, 318
Lateral earth force, 621
Lateral earth pressure:

coefficient of, 95–99
coefficient of earth pressure at rest, 774–775
and shear strength, 611

Layered hill, seepage in slope of, 418,
429–437

Layered systems, bearing capacity of, 631–632
Leaf area index (LAI), 18, 319
Leong and Rahardjo permeability function,

394–396
Limit equilibrium analysis, 611, 632. See also

General limit equilibrium (GLE) method
of slope stability

Limiting function method, for actual
evaporation, 305, 314–315

Linear form of shear strength equation, 525
Linearization, of shear strength functions,

610–611
Linear momentum, conservation of, 89,

714–716

Linear rheological elements:
constitutive relations for, 852–853
differential equations for, 853
in multilayer system, 853–855
in series, 807, 852

Linear variable differential transformers
(LVDTs), 550–551

Line of intercepts, for extended
Mohr-Coulomb failure envelope, 527,
528

Liquid state, of water, 57
Loading. See also K0 loading; Undrained

loading
of constitutive surfaces, 722–723
drained, 796–802
initial pore pressures with, 807–808
isotropic, 667, 675, 677, 805–806
plane strain, 678
plane stress, 679
and soil suction, 701
triaxial, 677–678
uniaxial, 677

Loading after swell procedure, 752, 753
Lognormal-type equation, for grain-size

distribution curves, 34
Long-wave radiation (outgoing), 301–302
Lowe equation, for saturation vapor pressure,

297–298
Low suction, 114–120

function of tensiometers, 114–116
jet-fill tensiometers, 116, 117
quick-draw tensiometers, 118, 119
small-tip tensiometers, 116–118
on SWCC, 195–197
tensiometer field performance, 118, 119

Low-volume change soil, 221
LVDTs (linear variable differential

transformers), 550–551

McKee and Bumb equation for SWCC, 202,
204

Major coefficient of permeability, 351, 353
Major stress:

at failure, 523–524
in Mohr circle, 102, 103
principal, 98, 100

Mass:
of air, 815
basic volume-mass relationship, 70–71
conservation of, 77, 81
mass relations, 68. See also Volume-mass

relations
model to predict removal of, 78–79
volume-mass relations with mass losses,

76–79
Mass rate of air flow:

and air coefficient of permeability, 457–459
net, 462, 815
in soil, 452, 453
for steady-state air flow, 461–463
for transient air flow, 463–464

Matric component of free energy, 110
Matric suction:

and air coefficient of permeability, 455–456
and bearing capacity, 629–631
and capillary effects, 64, 66
and coefficient of permeability, 334–336
constitutive surfaces with, 668, 669
and degree of saturation, 333–334, 509–510
and earth force, 622–623
and earth pressure, 615–617
and extended Mohr-Coulomb failure

envelope, 527–529, 535

friction angle associated with, 592, 593
and high-air-entry disks, 545
in Mohr circle, 100
and one-dimensional consolidation, 812
osmotic vs., 105–106
in pressure plate devices, 234–235
and shear strength, 520, 551–552, 562, 563,

571–578, 596–597
for stress-deformation and seepage analysis,

25, 26, 837
in uniqueness tests, 683–685
water flow problems with, 437–449

Matric suction equivalent, 739
Maximum deviator stress, 523
Maximum principal stress ratio, 524
Maxwell portion, of linear rheological

element, 852
MCs (monolithic covers), 323
Mean stress:

net, 697–701
Measured suction, applied vs., 122–123
Measurement:

of air flow, 465–472
air coefficient of permeability, 465–468,

475–480
air diffusion through water, 467–472

of dew point, 289
of pan evaporation, 292
and permeability function, 374
of relative humidity, 288
of shear strength, 536–587

with direct shear tests, 565–567
measured vs. estimated shear strength,

602–609
with triaxial tests, 551–565

of soil suction, 109–149
axis translation technique, 126–129
components of soil suction, 110–112
direct measurements of high suction,

119–126
direct measurements of low suction,

114–120
indirect measurement, 129–130
matric suction, 112–114
theory related to, 109–110
with thermal conductivity suction sensors,

130–149
of stress-defomation properties,

721–730
loading of constitutive surfaces,

722–723
pressure plate drying tests, 723–725
procedures and equipment, 722
shrinkage tests, 725
and volume change index determination,

725–730
of thermal properties, 500–505
of total suction, 149–164

filter paper method, 154–164
psychrometers, 149–154

of water flow, 354–374
Metastable soil, sign convention for

deformation of, 683
Mineralogy, in thermal conductivity

estimation, 507, 508
Minor coefficient of permeability, 352, 353
Minor principal stress, 99, 100
Minor stress:

at failure, 523–524
in Mohr circle, 102, 103

Miscible mixture, air and water as, 57
Mixing term, in potential evaporation, 291,

294, 295
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Mobilized shear force, 636
Modified Kovacs (MK) model of SWCC,

255–256
Modified triaxial tests:

shear strength measurement with, 537
Modulus of elasticity, 674
Mohr circles, 98–105

construction of, 100–102
and extended Mohr-Coulomb failure

envelope, 526–527
stress invariants, 102–105

Mohr-Coulomb failure envelope, extended,
526–536

nonlinearity of, 535
and other stress state variables, 529–530
plotting, 526–529
relationship of tan φb and χ , 536
and stress point envelopes, 530–535
for unsaturated soils, 524–526

Moist air, 53
Moisture flux:

and Darcy’s law, 341
at ground surface, 273
and infiltration during rainfall, 439–440
partial differential equations for, 307,

313–316
Moisture flux boundary conditions. See also

Ground surface moisture flux boundary
conditions

and limiting function for actual evaporation,
314, 315

and Wilson-Penman equation for actual
evaporation, 309, 313

Moisture-flux-only solutions, for actual
evaporation, 286

Moisture index, 275–277
Moldrup air permeability tests, 476–479
Molecular mass of air, 53
Moment equilibrium, factor-of-safety

equations with respect to, 637, 639, 640
Monolithic covers (MCs), 323
Monteith equation, for potential evaporative

flux, 293
Mualem model of permeability function,

386–387
Multilayer systems, rheological model for,

853–855
Multiphase systems, equilibrium for, 89
Multistage direct shear tests, 540, 586, 587
Multistage triaxial tests, 540
Municipal solid waste (MSW), 76–79, 784

Natural slopes, environmental changes on, 12,
14

Near-vertical excavations, stability of, 14
Neck pore diameter, 693
Negative pore-water pressures:

measuring, 118, 119, 127
in slope stability analyses, 660–662
total cohesion method for slopes with,

651–655
Net evaporative flux, 320–321
Net horizontal stress, earth pressures and, 613,

614, 617, 618
Net infiltration, 8, 284, 321
Net intermediate stress, in Mohr circle, 102,

103
Net long-wave radiation (outgoing), 301–302
Net major stress:

at failure, 523–524
in Mohr circle, 102, 103

Net mass rate of air flow, 462, 815
Net mean stress, 697–701

Net minor stress:
at failure, 523–524
in Mohr circle, 102, 103

Net moisture flux, at ground surface, 273
Net normal stress:

constitutive surfaces with, 668, 669
and deformable vs. nondeformable soils,

194–195
and extended Mohr-Coulomb failure

envelope, 526–527
and initial matric suction, 774
from Mohr circle, 99–101
and three-dimensional consolidation, 827

Net radiation:
at ground surface, 285
and moisture flux boundary conditions,

299–303
in potential evaporation, 291, 294, 296

Net short-wave radiation (incoming), 301
Net normal stress, friction angle with, 592, 593
Neumann boundary conditions, 273, 406, 465
Neumann-type boundary conditions, 499, 500
Neutron scattering method of measuring water

content, 166
Newtonian equilibrium, 81, 89
Noncollapsible pores, 695, 702, 703
Noncontact filter paper procedure, 154
Noncontacting transducers, 550
Nondeformable soils, volume-mass relations

for, 194–195
Nonexpansive soil, backfilling with, 767–768
Nonisothermal systems, 437, 829–831
Nonlinear partial differential equations,

convergence of, 19–20
Nonlinear strength, matric suction vs.,

571–575
Normal force equation, for slope stability,

636–637
Normalization equation, for thermal

conductivity sensors, 144
Normalized gravimetric water content, 193
Normalized thermal conductivity, 506
Normal strain, 671, 716–717
Normal stress:

on slip surface:
in dynamic programming method, 644
method of slices determination, 634–635

Null-type tests, of state variables, 85, 86
Numerical analysis, of air flow, 484, 486
Numerical integration (for relative coefficient

of permeability), 388–394
results vs. experimental data, 389–394

Numerical modeling, 440–449
of cover systems, 321–326
of expansive soil problems, 778–782
partial differential equations for, 21
of steady-state conditions, 440–444
of transient conditions, 443–449

and air-entry value on wetting front,
444–446

and water storage, 446–447
Numerical solution, from rheological model,

855
Numerical swelling pressure model,

849–852

Oberg and Sallfors shear strength estimation,
595–596

OCR (overconsolidation ratio), 740–741, 774
Oedometer. See also Constant-volume

oedometer tests
correction for compressibility of, 744–745
double oedometer method, 736

free-swell oedometer test, 736, 744, 751,
849–852

modifications of, 723, 724
in situ stress-state tests, 741–747
testing of expansive soils with, 736–737

One-dimensional air flow:
steady-state, 461–462, 481
transient, 463–464

One-dimensional analysis, of cover systems,
282

One-dimensional consolidation, 809–811,
817–819

One-dimensional formulations for heave
analysis, 756–768

closed-form equation with constant swelling
pressure, 763–764

estimation of pore-water pressures for, 758
for excavation of profile and backfilling

with nonexpansive soil, 767–768
with incremental elasticity, 775–778
one-dimensional heave calculations,

759–761
theory of heave analysis, 757
total heave analysis calculations, 757–758
total heave and swelling pressure, 764–766
for wetting from top to specified depth, 765,

766
One-dimensional heat flow:

steady-state, 496–497
transient, 497, 498, 511, 512

One-dimensional heave, 757, 759–761
One-dimensional steady-state water flow,

346–348, 398–403
One-phase solid, equilibrium for, 87–89
Open pore diameter, 693
Optimality, principle of, 645
Optimal path, 645, 646
Optimal point, 645
Optimization procedures (for slope stability

determination), 634, 642–651
example, 647–651
theory, 643–647

Optimum water content, 73
Osmosis, 107
Osmotically induced consolidation, 107
Osmotic component of free energy, 110
Osmotic consolidation, 107
Osmotic flow, 107
Osmotic permeability, coefficient of, 107
Osmotic suction:

defined, 112
measurement, 164–165
and relative humidity, 311
in soil suction estimation, 182–183
and state variables, 105–108

Overall volume change, 78
defined, 671–672
and shear strength measurement, 549–551

Overburden pressure, 613, 618, 626
Overconsolidation ratio (OCR), 740–741, 774

Packing porosity, 257–259
Pan evaporation, 292
Partial differential equations (PDEs), 17–26

for air flow, 461–465
for boundary value problems, 18
for finite element mesh for tailings pond,

21, 23
for heat flow, 495–500

and actual evaporation, 307–308, 314,
316

and freezing/thawing of soils, 498–499
and heat flow problems, 511
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steady-state flow, 496–497
transient-state flow, 497–498
with vapor flow, 499

for numerical modeling of soils, 21
for stress-deformation analysis, 713–721

and conservation of linear and angular
momentum, 714–716

and constitutive laws for unsaturated
soils, 717

elastic models, 718–719
elastoplastic models, 719–720
strain displacement and compatibility,

716–717
for stress-strain relationships, 717–718

for stress-deformation and seepage analysis,
23, 25–26, 832–833

and theory of consolidation, 810–811
for two-dimensional seepage analysis, 21, 22
for uncoupled processes, 20–21
for water flow, 344–354

and actual evaporation, 307, 313–316
and modeling of cover systems, 323–324
steady-state water flow, 344–350
transient seepage, 351–354

Particle sizes, 40, 66
Passive earth force, 624–625
Passive earth pressures, 617–621

and changes in suction, 625–626
coefficient of, 618
defined, 611
deformation associated with, 620–621
distribution of, 619–620

Past stress states, 739
PDEs, see Partial differential equations
PDF (probability density function), 36
PE, see Potential evaporation
Pedo-transfer function (PTF), 255
Peltier-type psychrometers, 150–151
Penman equation, for potential evaporative

flux, 292–296, 301, 303–305
Penman-Monteinth method, for potential

evaporation, 301–302
Percent shift, of SWCC boundary curves,

176–179
Percolation, 8, 344
Pereira and Fredlund equation for SWCC, 202
Permeability:

air, 465, 475–479
intrinsic, 331–332, 456–458
of liquid water at residual conditions,

341–342
Permeability function. See also Coefficient of

permeability
defined, 336, 378
drying, 360–363
estimation procedures, 375–397

and amount of water in soil, 376–378
correlation with soil parameters, 394–397
data fit for, 389, 393–394
and direct measurement, 374
empirical equations, 378–379
minimum value of function, 397
numerical integration for relative

coefficient of permeability,
388–394

regression techniques for best-fit function,
396, 397

statistical models, 380–388
terminology for, 378
and water storage modulus for transient

modeling, 397
and infiltration, 439
water vapor, 342–344

from wetting-front column tests, 372–374
Permittivity, see Dielectric constant
Pham and Fredlund equation for SWCC, 202,

224–231
data fit for, 228, 229
for entire curve, 227–228
parameters of, 225–227

Pham-Fredlund volume-mass constitutive
model, 693–713

assumptions for, 695–697
formulation for drying of slurry soil,

701–703
hysteresis model for SWCC, 704
parameters for, 707
for saturated-unsaturated soils, 704–707

Phase properties of unsaturated soil, 48–66
air phase, 53–57
air-water interface, 57–66

capillary phenomenon, 63–66
contractile skin at, 57, 58
surface tension at, 61–63
types of interactions at, 58

and heat flow, 488
solid phase, 48–49
and thermal conductivity, 510
water phase, 49–53

Physical processes, air flow coupled with, 484,
486

Physical relations, for stress/seepage, 811–812
Physio-empirical method, for SWCC

determination, 256–260
Piezometric lines, 640, 642
Plane strain loading, 678
Plane stress loading, 679
Plant limiting factor (PLF), 320
Plastic equilibrium analysis, 611–613
PLF (plant limiting factor), 320
Point, stress state at, 88
Poisson’s ratio, 732, 774
Pole point, of Mohr circle, 102
Pores:

shape of, 693–694
volume changes in, see Volume changes

Pore-air, flow of dissolved, 461
Pore-air pressure, 453

consolidation test results, 819–820, 822–824
and dam construction, 12, 13
finite analysis technique for, 818–819
induced pore pressure problems, 786
in matric suction, 112
in rheological model, 855
and shear strength measurements, 522, 539,

547
and slope stability, 640–642
and static compaction, 74
and stress-deformation analysis, 720
in triaxial tests, 553, 555, 559–563

Pore-fluid:
and coefficient of permeability, 345
compressibility of, 787–788

Pore pressure parameters, 783–808
and coupled vs. uncoupled solutions,

784–786
derivation of, 794–796
for drained vs. undrained loading, 796–802

equations vs. experimental results,
802–806

and Hilf’s analysis, 800–802
and K0 loading, 798–800
and total stress/soil anisotropy, 797–798

and rheological model of representative
compressibilities, 807–808

secant, 794–795, 802–803

tangent, 794–795, 805–806
for uncoupled undrained loading, 786–794

compressibility of air-water mixtures,
788–794

compressibility of pore liquids, 787–788
Pore shape parameter, 699
Pore-size distribution:

and capillary rise, 65
coefficient of permeability based on,

384–386
drying and wetting, 694–695
theory of, 205–207

Pore voids, 797
Pore-water, air flow through, 459
Pore-water pressure, 6, 7

consolidation test results, 819–820, 822–824
and dam construction, 12, 13
estimation of, 758
and expansive soils, 15
finite analysis technique for, 818–819
induced pore pressure problems, 786
measurements of, in triaxial tests, 555
in rheological model, 855
and shallow foundations, 15
and shear strength measurements, 522, 539,

544–546
and slope stability, 632, 640–642
for steady-state seepage, 414–416
in stress-deformation analysis, 720
and tensiometer readings, 115
in triaxial tests, 553, 559–563
and water storage, 446–447

Pore-water vapor conductivity, 308
Porosity, 66–67, 90, 257–259
Potential evaporation (PE), 291–296

Blaney and Criddle equation, 293
in climatic classification, 275, 276, 279–280
comparison of calculations for, 303–305
experimental-based relationship of actual

and, 315–317
from limiting function for actual

evaporation, 314–315
Monteith equation, 293
Penman equation, 292–296
and PT/AE, 291
Thornthwaite equation, 292

Potential transpiration (PT), 291
Preapplied matric suction, 123–125
Precipitation. See also Rainfall

in climate classification, 278–280
and ground surface moisture flux boundary

conditions, 286–287
Preconsolidation pressure, 740, 742–744
Preliminary engineering design protocols, 27
Present stress states, 739
Pressure energy component, of driving

potential, 329
Pressure membrane extractor, 239
Pressure-plate devices:

measuring stress-defomation properties with,
723–725

measuring SWCC with, 234–249
drying tests, 239
results from, 239–242
single-specimen devices, 242–249
Tempe cells, 236, 238
volumetric devices, 238–239

Pressure plate test, 239
Primary variable, of PDEs, 19
Principal planes, 98, 102
Principal stress ratio, 524
Principle of optimality, 645
Probability density function (PDF), 36
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Problematic soils, 6
Proportionally bearing capacity factor, 627
Pseudocoupled solutions, 785
Psychrometers, 149–154

chilled-mirror, 153–154
Peltier-type, 150–151
performance of, 151–153
wet-loop-type, 153

Psychrometric constant, 298
PT (potential transpiration), 291
PTF (pedo-transfer function), 255

Quantification:
of boundary conditions for water phase, 770
of moisture and thermal boundary fluxes, 7,

8
Quantity of heat, 505
Quick-Draw tensiometers, 118, 119
Quick soil, 93

Radiation:
heat transfer by, 486
net, see Net radiation

Radiological-based methods, for water content
measurement, 166–167

Radius, capillary, 64–65
Rainfall:

infiltration during, 439–440
and matric suction, 437–439
slope stability in high-intensity, 658–660
and water balance at ground surface,

286–287
Rankine theory of earth pressures, extended,

613
Rassam and Cook shear strength estimation,

599–601
Rawls and Brakensiek pedo-transfer function,

261
Rebound curve:

equation for, 757, 779
and unloading of soil after compression,

755–756
Recharge, infiltration?, 8
Reference pore-size distribution curve, 694,

702
Reference stress state, 694
Referential elemental volume (REV), xv

and partial differential equation, 17
saturated-unsaturated water flow for,

282–283
and volume-mass relations with lost mass,

77
Referential elements, 31, 84, 796
Regina clay, as high-volume-change soil,

221–224
Regression analysis, of SWCC, 214–217
Regression techniques, for best-fit permeability

function, 376, 396, 397
Relative coefficient of permeability, 388–394
Relative compressibility, 807–808
Relative humidity (RH):

concentration of water vapor, 54
defined, 59
from dew-point measurements, 55–56, 289,

290
Edelfsen and Anderson equation, 310–311
and ground surface moisture flux boundary

conditions, 287–290, 303
measurement of, 288
in pressure plate devices, 235
and SWCCs from vacuum desiccators, 249
and temperature, 288–289
and upper limit on SWCC, 197, 198

and Wilson-Penman equation for actual
evaporation, 309–310

Representative compressibilities, rheological
model of, 807–808

Residual conditions:
for high-volume change soil, 223
liquid water permeability at, 341–342
shear strength at, 600
on SWCC, 196–197
and volume change, 264

Residual degree of saturation, 334
Residual suction, 270, 473, 590
Residual value, on SWCC, 189, 221
Residual zone, of SWCC, 190, 196
Resisting force, critical slip surface and, 647
Retaining walls, 612, 621, 625–626
Retention curves, 189. See also Soil-water

characteristic curve (SWCC)
Return function, in dynamic programming

method, 644
REV, see Referential elemental volume
RH, see Relative humidity
Rheological model, 851–857

closed-form solution for, 855
constitutive relations in, 852–853
differential equations for linear elements,

853
experimental data vs., 855–857
for multilayer systems, 853–855
numerical solution for, 855
and pore pressure parameters, 807–808

Richards pressure plate apparatus, 186
Rising height, of wetting front, 369, 370
Root distribution, 320
Root transpiration sink, 320
Runoff, 290–291

SACC, see Soil-air characteristic curve
Salt concentration, osmotic suction and,

182–183
Salt-water mixtures, density of, 50–51
Samingan air permeability tests, 475–479
Sampling disturbance:

correction for, 745–747
and preconsolidation pressure, 742–744

Saturated salt solutions, 249, 250
Saturated soil(s):

coefficient of permeability for, 332, 348,
349, 354

coefficients of volume change in, 814, 816
equilibrium for structure in, 90–91
Pham-Fredlund volume-mass constitutive

model for, 704–707
shear strength of, 521–522
stress state variables for, 92–93
volume-mass relations in, 679

Saturated-unsaturated air flow problems,
480–486

air flow boundary value, 480–481
coupled air flow with physical processes,

484, 486
one-dimensional, 481
two-dimensional, 481–485

Saturated-unsaturated seepage analysis,
831–845

partial differential equations for, 832–833
for slab-on-grade with shallow perimeter

footings, 833–836
Saturated-unsaturated water flow problems,

397–449
with earth dam, 418–423
with ground surface moisture flux

conditions, 437

groundwater seepage below lagoon, 418,
424–428

with matric suction, 437–449
infiltration during rainfall, 439–440
numerical modeling, 440–449

one-dimensional, 398–403
with flux boundary conditions, 401–403
with head boundary conditions, 399–401

seepage in layered hill slope, 418, 429–437
steady-state seepage analysis, 404–416

with finite element method, 404–407
with infinite slope, 414–416
for two-dimensional problems, 407–414

two-dimensional, 403–404
with steady-state water flow, 407–414
with unsteady-state water flow, 416–417

Saturated vapor pressure, 55
Saturation. See also Degree of saturation

procedure for high-air-entry disks, 546–547
Saturation vapor pressure, 297–298
Scheinost pedo-transfer function, 261
Schleicher and Shuell No. 589 filter paper:

factors affecting calibration of, 156–158,
160, 161

total and matric suction calibration curves,
161–163

Search grid, in dynamic programming, 643
Secant pore pressure parameters, 794–795,

802–803
Seebeck effect, 150
Seepage:

defined, 344
heterogeneous anisotropic:

coefficient of permeability for, 351–353
partial differential equations for, 346
three-dimensional flow from, 349, 350
two-dimensional flow from, 348–349

heterogeneous isotropic:
partial differential equations for, 345–346
three-dimensional flow from, 350
two-dimensional flow from, 349

and slope stability in high-intensity rainfall
conditions, 658–660

and stress in coupled vs. uncoupled systems,
809–817

derivation of equations for unsaturated
soil, 812–817

as three-dimensional flow, 349, 350
two-dimensional seepage analysis, 21, 22
as two-dimensional steady-state flow,

348–349, 407–414
unsteady-state:

in anisotropic soil, 351–353
partial differential equations for, 351–354
two-dimensional water flow problems

with, 416–423
Seepage analysis:

and slope stability, 657–658
stress, deformation, and seepage combined

analysis, 23, 25–26
and thermal analysis, 497
and two-dimensional stress-deformation,

831–845
partial differential equations for, 832–833

Seepage force, 90
Semiarid areas, 7, 8
Semiempirical approach to stress-deformation

relationships, 673
Semilogarithmic plot, constitutive surfaces on,

690–693
Sensitivity analysis, of slope instability

hazards, 664–665
Separation distance, for edge-drop, 846–847
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SFCC (soil-freezing characteristic curve), 494,
495, 512

Shallow foundations, bearing capacity for,
14–15

Shear deformations, constitutive equations
with, 673–674

Shear force, 636, 638
Shear strain, 672, 717
Shear strength, 520–665

bearing capacity, 626–632
soil parameters and design suction, 628
stress state variables approach, 628–629
Terzaghi theory, 627–628
total stress approach, 629–631

and bearing capacity in layered systems, 632
in dynamic programming method, 644
equations, 591–602

best-fit, 592–594
categorization of, 591–592
and theory, 524–526
for unsaturated soil, 594–602

estimation of, 588–612
calculation of shear strength functions,

610
in engineering practice, 611–612
linearization of shear strength, 610–611
measured vs estimated shear strength,

602–609
shear strength equations, 591–602
SWCC and shear strength, 589–593

functions, 610–611
measurement of, 536–587

with direct shear tests, 565–567
equipment design for, 541–551
triaxial test, 551–565
typical laboratory results, 566–578

of saturated soil, 521–522
slope stability, 632–665

applications of, 651–662
determination with method of slices,

634–635, 640, 642
factor-of-safety equations, 642–651
force equations, 636–639
free-body diagram for, 632–634
General Limit Equilibrium method,

635–636, 640, 642
and hazard assessment/decision analysis,

662–665
and pore-water/pore-air pressures,

640–642
in terms of other stress state variables,

529–530
theory of, 520–536

extended Mohr-Coulomb failure
envelope, 526–536

failure criteria and failure envelope in,
522–524

and shear strength of saturated soil,
521–522

and strain, 522
Shear stress, 100, 102, 644
Short-wave radiation (incoming), 301
Shrinkage curve:

and constitutive surfaces, 733–735
defined, 34
for deformable vs. nondeformable soils, 194
equation for, 42–48
estimation of, 44, 46
mathematical representation of, 43–46
void ratio vs. soil suction calculation, 46–48

Shrinkage limit, 42, 43, 734
Shrinkage tests, 725
Sigmoidal equations, SWCC, 215

Sign convention, for compressibility form,
682–683

Simple homogeneous shape, slope stability for,
647–649

Simplified steady-state measurement of
permeability, 358

Simulation:
of edge lift and edge drop of slabs-on-grade,

845–848
of soil compaction, 74
of stress-deformation and seepage analysis,

835–845
of swelling pressure development, 848–851

Single-specimen pressure-plate devices,
242–249

Barcelona cell, 242–243
column tests, 248–250
Fredlund cell, 243, 246, 247
Golder Basic cell, 246–248
modified triaxial tests, 248, 249
Wille Geotechnik cell, 243–245

Sinks, hydraulic head, 406
Slabs-on-grade:

edge lift/drop of, 845–848
one-dimensional heave with, 761–762
with shallow perimeter footings, 833–836

Slip surfaces, near ground surface, 660–662
Slope stability, 632–665

applications of, 651–662
extended shear strength method, 655–658
in high-intensity rainfall conditions,

658–660
slip surfaces near ground surface,

660–662
total cohesion method, 651–655

and hazard assessment/decision analysis,
662–665

method of slices determination, 632–642
factor-of-safety equations, 637–640
force equations, 636–639
free-body diagram for, 632–634
and pore-water/pore-air pressures,

640–642
optimization procedures for determination,

642–651
example, 647–651
theory, 643–647

Slurry soil, drying of, 701–703
Small-tip tensiometers, 116–118
Soil-air characteristic curve (SACC), 472–474,

479, 480
Soil anisotropy, see Anisotropy
Soil-atmospheric models, 18, 307, 320–321,

783
Soil collapse, 11
Soil compaction, 73–76
Soil density, 69–70, 73
Soil-freezing curve (SFCC), 494, 495, 512
Soil moisture retention curves, see Soil-water

characteristic curve (SWCC)
Soil parameters:

and bearing capacity, 628
correlation of permeability function with,

394–397
and Fredlund and Xing SWCC equation,

208–211
Soil properties, determination of, 8–9
Soil property function, 255
Soil structure constitutive relationship, 769,

826–827
Soil structure equilibrium, 90–91, 770–771
Soil suction:

and air coefficient of permeability, 474–475

and coefficient of permeability, see
Permeability function

components of, 110–112
degree of saturation vs., 48
and elasticity modulus, 734
estimation, 169–183

matric suction, 169–173
osmotic suction, 182–183
with SWCC, 171–181
total suction, 181

and loading-unloading processes, 701
measurement, 109–149

axis translation technique, 126–129
components of soil suction, 110–112
direct measurements of high suction,

119–126
direct measurements of low suction,

114–120
indirect measurement, 129–130
matric suction, 112–114
theory related to, 109–110
with thermal conductivity suction sensors,

130–149
typical values and measuring devices, 112

shear strength associated with, 520, 594, 595
and unsaturated soil properties, 270
void ratio vs., 46–48
and water content, 315

Soil tortuosity term, 308
Soil vapor extraction, 450
Soil-Vision Systems, 21
Soil-water characteristic curve (SWCC),

184–272
air permeability functions from, 475–480
application of, 269–271
chilled-mirror method, 251–253
classification tests for estimation of, 9
curve-fitting model for, 701
defined, 189, 255
desaturation stages, 220–221
and engineering design protocols, 27–28
for engineering practice, 271–272
equations, 200–216

Fredlund-Xing equation, 207–214
regression analysis of, 214–217
soil suction estimates from, 172–176
and theory of pore-size distribution,

205–207
estimating soil suction with, 171–181

drying and wetting SWCCs, 178–179
and hysteresis effect, 172
in situ use, 179–181
typical values, 179

estimation, 253–265
grain-size distribution for, 254–263
two-point method, 263–265

fitting parameters of, to soil properties,
265–269

Gitirana and Fredlund equation, 231–234
from grain-size distribution function, 40
as hazard gauge for slope instability,

663–664
in heat flow analyses, 488
history of, 184–188
hysteresis in, 217–219, 704
initialization of stress state, 219–220
interpretation, 221–224
and modeling of cover systems, 324
Pham and Fredlund SWCC equation,

224–231
pressure-plate devices for measuring,

234–249
for drying tests, 239
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Soil-water characteristic curve (SWCC),
(continued)

results from, 239–242
single-specimen, 242–249
Tempe cells, 236, 238
volumetric, 238–239

and shear strength, 588–593
shear strength parameters for, 598–600
and soil-freezing curve, 494, 495
terminology, 189–190
and thermal properties of soil, 510
and unsaturated soil property functions,

188–189, 224
vacuum desiccators, 249–251
and volume-mass constitutive surfaces, 733
volume-mass relations, 190–200

constitutive, 198–200
for deformable and nondeformable soils,

194–195
designation of amount of water in soil,

191–193
and stress state designation, 195–197
upper limit for soil section, 197–198

Soil-water systems, soil suction in, 110–111
Solar inclination, 302
Solid phase, of unsaturated soil, 48–49
Solid state, of water, 57
Solution stage (implementation), 10
Spanner psychrometers, see Peltier-type

psychrometers
Specific gravity, 49, 72
Specific heat, 491, 503–504
Specific heat capacity, 49, 51, 56, 504
Specific humidity (SH), 54
Squeezing technique for measuring osmotic

suction, 164–165
Stable-structured soil, sign convention for

volumetric deformation of, 683
Stages, in dynamic programming method, 643
Stage-set system, in dynamic programming,

643
States of matter, 48, 58
State parameters, 82
State points, in dynamic programming method,

643
State variables, 80–183

basis for, 80–81
defined, 31
deformation, 83–84
and nature of soil, 30–32
and osmotic suction, 105–108
osmotic suction measurement, 164–165
in situ water content measurement, 165–169

dielectric-based methods, 167–169
direct method, 166
radiological-based methods, 166–167

soil suction estimation, 169–183
matric suction, 169–173
osmotic suction, 182–183
with SWCC, 171–181
total suction, 181

soil suction measurement, 109–149
axis translation technique, 126–129
components of soil suction, 110–112
direct measurements of high suction,

119–126
direct measurements of low suction,

114–120
indirect measurement, 129–130
matric suction, 112–114
theory related to, 109–110
with thermal conductivity suction sensors,

130–149

typical values and measuring devices, 112
stress:

background on, 81–83
basis for, 84–87
Mohr circles for, 98–105
and representation of stress states, 94–98
for unsaturated soils, 87–94

total suction measurement, 149–164
filter paper method, 154–164
with psychrometers, 149–154

State variable stage (implementation), 9, 10
Static compaction, pore pressure and, 74
Statistical models of permeability function,

375, 376, 380–388
Burdine model, 383–386
Childs and Collis-George model with

modifications, 380–385
Fredlund, et al. model, 387–388
Mualem model, 386–387

Steady-state air flow:
partial differential equations for, 461–463
problems, 481–486

Steady-state air permeability measurement,
465

Steady-state evaporation, 850–852
Steady-state heat flow, partial differential

equations for, 496–497
Steady-state water flow:

measurement of, 354–358
numerical modeling of, 440–444
partial differential equations for, 344–350

and coefficient of permeability for
unsaturated soil, 345

heterogeneous anisotropic seepage, 346
heterogeneous isotropic seepage, 345–346
one-dimensional flow, 346–348
three-dimensional flow, 349–350
two-dimensional flow, 348–349
water storage and release in unsaturated

soil, 346
problems with, 404–416

with finite element method, 404–414
with infinite slope, 414–416
one-dimensional flow, 398–403
two-dimensional flow, 403–404, 407–416

Steep slopes, with slip surfaces near ground
surface, 662

Store-and-Release cover systems, 17, 322–323
Strain. See also Stress-strain relationships

and deformation from earth pressures, 620,
621

and derivation of equations for
consolidation/swelling, 813

and displacement, 716–717, 768
at failure, 581
in rheological model, 852, 855
and shear strength, 522
stress vs., 523, 524
volumetric, see Volumetric strain

Strain rate, for direct shear tests, 578–587
and displacement rate, 585–586
for multistage testing, 586, 587
suitability, 581–585

Stratigraphy, geometry of cover systems and,
282

Stress:
in consolidated drained triaxial tests, 554
and initial matric suction, 774
in one-dimensional consolidation, 809–811
partial differential equations for, 23–25
seepage, stress, and deformation combined

analysis, 23, 25–26
and seepage in coupled vs. uncoupled

systems, 809–817

derivation of equations for unsaturated
soil, 812–817

physical relations for, 811–812
shear, 100, 102, 644
in three dimensional consolidation, 826
total, see Total stress
void ratio as function of, 780–781

Stress-deformation analysis, 666–782
about, 666–670
deformation coefficient relationships,

685–693
for constitutive surfaces on

semilogarithmic plot, 690–693
and determination of coefficients, 687
for unloading surfaces, 687, 689–690
for void ratio and water content surfaces,

685–686
for volume-mass form of constitutive

surfaces, 686–687
estimation of stress-deformation properties,

731–735
incremental elasticity, 768–778

evaluation with volume change indices,
771–775

one-dimensional solution with, 775–778
and swelling theory, 768–771
two-dimensional solution with, 778

measurement of stress-defomation
properties, 721–730

loading along constitutive surfaces,
722–723

oedometer modifications, 723, 724
pressure plate drying tests, 723–725
procedures and equipment, 722
shrinkage tests, 725
and volume change index determination,

725–730
and numerical modeling of expansive soil

problems, 778–782
partial differential equations for, 713–721

and conservation of linear and angular
momentum, 714–716

and constitutive laws for unsaturated
soils, 717

elastic models, 718–719
elastoplastic models, 719–720
strain displacement and compatibility,

716–717
for stress-strain relationships, 717–718

PDEs for, 21
Pham-Fredlund volume-mass constitutive

model, 693–713
assumptions for, 695–697
formulation for drying of slurry soil,

701–703
hysteresis model for SWCC, 704
parameters for, 707
predictions for literature data sets,

712–713
predictions on artificial soils, 707–712
for saturated-unsaturated soils, 704–707
stress states and pore volume behavior,

694–695
volume change of pore with stress paths,

697–701
for problems, 735–738
stress, seepage, and deformation combined

analysis, partial differential equations
for, 23, 25–26

and stress history in unsaturated soils,
738–756

two-dimensional stress-deformation and
saturated-unsaturated seepage
analysis, 831–845
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volume change and deformation, 670–673
volume-mass constitutive relations, 673–685

Stress equilibrium equations, for
three-dimensional consolidation, 828

Stress history in unsaturated soils, 738–756
about, 739–740
comparative swelling pressure studies,

747–752
constant-volume test for, 742–744
future stress state and ground movements,

741
oedometer test for in situ stress state,

741–747
other swell pressure tests, 752–755
past, present, and future states of stress, 739
in situ stress state, 741–747
unloading soil after compression, 755–756

Stress invariants, for Mohr circles, 102–105
Stress paths:

change in volume of pore with, 697–701
and deformation from earth pressures,

620–621
Pham and Fredlund volume mass model

results for, 707–712
in unconfined compression test, 564, 565
in undrained triaxial test, 562

Stress point envelopes, 530–535
Stress points, 104–105
Stress states:

designation of, 195–197
future, 739, 741
initialization of, on SWCC, 219–220
past and present, 739
and pore volume behavior, 694–695
representation of, 94–98
in situ, 741–747
in total heave analysis, 757–758
transition from saturated to unsaturated

conditions for, 92–93
Stress state variables:

approximate linear shear strength equation
in terms of, 526

background on, 81–83
basis for, 84–87
and bearing capacity, 628–629
compressibility form with, 681
defined, 31
Mohr circles for, 98–105
and representation of stress states, 94–98
shear strength in terms of other, 529–530,

539, 592, 593
and shear strength measurement, 540–541
for unsaturated soils, 87–94

Stress-strain relationships:
and elasticity form, 673
for linear rheological elements, 853
in stress-deformation analysis, 717–718

Stress tensors, 82, 89, 91
Stress-versus-strain equation, 97
Strip footings, bearing capacity for, 626
Structure, equilibrium for, 90–91
Subsoil wetting, zone of, 758–759
Suction:

active earth pressure distribution:
with constant suction, 615, 616
with linear decrease in suction to water

table, 615–617
applied vs. measured, 122–123
design, and bearing capacity, 628
passive earth pressure distribution:

with constant suction, 619
with linear decrease in suction to water

table, 619–620

soil, see Soil suction
and stability of flat slopes, 661–662
total, see Total suction
zero, 781–782

Sunset hour angle, 302
Supersaturated state, of water vapor, 59
Surcharge bearing capacity factor, 627
Surcharge load, 616, 617
Surcharge pressure, 747–755
Surface forces, 87, 88
Surface tension, 30, 61–64
SWCC, see Soil-water characteristic curve
Swelling index, 732, 733

determination of, 772–774
and prediction of heave, 739
and void ratio, 756

Swelling pressure:
closed-form equation for heave analysis

with, 763–764
comparison of measurement methods,

754–755
corrected, 739, 740, 764–766
and earth pressure, 626
of expansive soils, 738–739
and sample disturbance, 744–747
simulation of development, 848–851
and stress history in unsaturated soils,

752–755
and surcharge pressure, 747–754
and total heave analysis, 764–766

Swelling process, 831–857
consolidation vs., 809
and edge lift/drop of slabs-on-grade,

845–848
and rheological model for unsaturated soils,

851–857
differential equations for linear elements,

853
numerical solution for, 855

theory for simulation of swelling pressure
development, 848–851

two-dimensional stress-deformation and
saturated-unsaturated seepage
analysis, 831–845

partial differential equations for, 832–833
for slab-on-grade with shallow strip

footings, 835–845
Swelling theory, and incremental elasticity,

768–771
Swell-under-load procedure, 752, 753
Symbols (used in text), 860–863

Tailings pond, finite element mesh for, 21, 23
Tangent pore pressure parameters, 794–795,

805–806
TDR (time-domain reflectometry)

methodology, 167–169
Tempe cells, 236, 238
Temperature:

and density, 50, 51
and determination of actual evaporation,

306–307
as Dirichlet-type boundary condition, 499
effects on thermal conductivity suction

sensors, 140–146
and experimental-based AE/PE, 316
and limiting function for actual evaporation,

314
and net radiation, 299–300
for partial differential equations for heat

flow, 499–500
and relative humidity, 288–289
and saturation vapor pressure, 297–298

surface temperatures above and below
freezing, 512, 514–517

and Wilson-Penman equation for actual
evaporation, 308–310, 313

Temperature correction coefficients, 142–144
Tensile strength, of water, 119
Tensiometers, 114–119

conditioning of water for, 122
design of, 121–122
field performance of, 118, 119
function of, 114–116
jet-fill, 116, 117
moisture transfer with, 125–126
Quick-Draw, 118, 119
small-tip, 116–118

Tension cracks, 616–618, 621, 623
Tension zone depth, 623
Terzaghi, Karl, xv, 2, 30, 81, 187–188
Terzaghi bearing capacity theory, 627–628
Tetens equation, for saturation vapor pressure,

297–298
Thawing soils, 492–495, 498
Theory of consolidation, 582, 785–786
Theory of pore-size distribution, 205–207
Thermal, mechanical, flow (TMF) models,

783–784
Thermal boundary condition:

and experimental-based AE/PE, 316
and limiting function for actual evaporation,

314
and Wilson-Penman equation for actual

evaporation, 308–309
Thermal conductivity:

of air, 56
estimation of, 505–510
and heat flow processes, 488–491
hydraulic vs., 488
measurement of, 500–503
and partial differential equations, 496–498
and phase properties of unsaturated soil, 510
of solids, 49
of unsaturated soil, 830–831
of water, 51

Thermal conductivity suction sensors, 130–149
calibration of, 132–139
chemical effects, 148–149
field measurements, 138–140
hysteresis effects, 145–148
temperature effects, 140–146
theory of operation, 131–132

Thermal diffusivity, 491, 492
Thermal flux balance, at ground surface, 285
Thermal flux boundary, 6–8
Thermal needle probe, 501, 503
Thermal problems, 510–519

Aldrich example of vertical column, 516,
518–519

boundary value heat flow problem, 510–511
one-dimensional, 511, 512
two-dimensional, 511–517

with chilled pipeline, 511–514
with surface temperatures above and

below freezing, 512, 514–517
Thermal properties:

of air, 56–57
direct measurement of, 500–505
estimation of, 505–510
of solids, 49
of water, 51–52

Thornthwaite equation, for potential
evaporative flux, 292, 303–305

Thornthwaite system of climatic classification,
274–277
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Three-dimensional air flow, 463, 464
Three-dimensional consolidation process,

825–829
Three-dimensional heat flow, 497–498
Three-dimensional heave analysis, 770
Three-dimensional swelling, 849
Three-dimensional water flow, 349–350
Time-domain reflectometry (TDR)

methodology, 167–169
Time factor for water phase, 824
Time to failure measurements, 567, 582–585
TMF (thermal, mechanical, flow) models,

783–784
Torres model for SWCC of granular materials,

268–269
Tortuosity factors, for water vapor, 342, 343
Total cohesion, 613, 628, 636
Total cohesion method, 651–655
Total density, of soil, 69–70, 73
Total energy head, 330
Total heave:

for expansive soils, 735, 736
factors affecting, 737–738
theory of, 757

Total heave analysis:
calculations, 757–758
and swelling pressure, 764–766

Total lateral earth force, 621
Total strain, in rheological model, 852, 855
Total stress:

and compressibility of air-water mixture,
793–794

for drained vs. undrained loading, 797–798
friction angle with, 592, 593
in rheological model, 852, 854
on slip surface, 645
in triaxial tests for shear strength, 555
in undrained tests of shear strength,

561–562
Total stress approach to bearing capacity,

629–631
Total suction, 105

and actual evaporation, 311–312
calibration curve for, 161–163
in estimation of soil suction, 181
and free energy of soil-water, 109–110
independence of components, 106
measurement, 149–164

filter paper method, 154–164
psychrometers, 149–154

of soil-water, 111
and unconfined compression strength,

590–593
Total volume change, see Overall volume

change
Transient air flow, 463–465
Transient heat flow, 497–498
Transient infiltration analysis, 648, 650–651
Transient seepage, see Unsteady-state seepage
Transient slope stability analysis, 658–660
Transient water flow:

derivation of consolidation equations for,
812–813

numerical modeling of, 443–449
in swelling process, 849
water storage modulus for modeling, 397

Transition zone, of SWCC, 190, 195, 196
Transmission, coefficient of, 453, 462, 463,

817
Transpiration, 291, 318
Transpiration flux, 318–320
Trial-and-error procedure, locating critical slip

surface with, 634–635

Triaxial cells, 465–467, 545–546, 550
Triaxial loading, 677–678
Triaxial shear strength tests, 551–565

direct shear tests vs., 565
failure criteria for, 523–524
interpretation of results, 554–565
mean net total stress from, 105
measuring SWCC with modified, 248, 249
multistage, 540, 586, 587
procedure, 551–554
strain in, 522, 579–585
typical laboratory results, 568–575

Triple point of water, 58
Tropical residual soil profile, 32, 33
True effective stress, 108
Two-dimensional air flow:

steady-state, 462–463, 481–485
transient, 464

Two-dimensional heat flow:
steady-state, 497, 512, 514–517
transient, 497, 498

Two-dimensional heave analysis, 770–771,
778

Two-dimensional seepage analysis, 21, 22
Two-dimensional stress-deformation and

seepage analysis, 831–845
edge lift and edge drop of slabs-on-grade,

845–848
partial differential equations for, 832–833

Two-dimensional water flow:
problems, 403–404, 407–414, 416–417
steady-state, 348–349, 407–414
unsteady-state, 351, 416–417

Two-phase porous materials, thermal
conductivity of, 508

Two-point method, for SWCC, 263–265
Tyler and Wheatcraft pedo-transfer function,

262

Unconfined compression strength, 590–593
Unconfined compression triaxial test,

543–544, 554, 563–565
Uncoupled systems:

actual evaporative flux in, 307, 313–317
partial differential equations for, 19–21
pore pressure parameters for, 784–786
stress/seepage in, 809–817
two-dimensional unsteady-state water flow,

351
Uncoupled undrained loading, 786–794

compressibility of air-water mixtures,
788–794

components of, 789–790
effects of dissolved air on, 790
effects of free air on, 790
limitations of capillary equation for,

791–794
use of pore pressure parameters in

compressibility equation, 789
compressibility of pore liquids, 787–788

Undisturbed soil, shrinkage curve for, 46
Undrained loading:

pore pressure parameters for, 796–802
equations vs. experimental results,

802–806
and Hilf’s analysis, 800–802
and K0 loading, 798–800
and total stress/soil anisotropy, 797–798

uncoupled, 786–794
compressibility of air-water mixtures,

788–794
Undrained shear strength, bearing capacity

and, 630

Undrained shear strength tests:
and air diffusion through high-air-entry

disks, 467, 468
high-air-entry disk installation for, 546
shear strength measurements in, 539
triaxial, 559–563

Unfrozen soils:
partial differential equation for heat flow in,

496–498
thermal conductivity estimation, 506–507

Unfrozen water content:
in freezing soils, 493–494
measurement of, 504–505

Uniaxial loading, 677
Uniform soils, grain-size distributions for, 35
Unimodal equation:

for grain-size distribution curves, 35–39
for SWCC, 231–232

Uniqueness:
of constitutive surfaces, 681–685

Units, 858–859
U.S. Bureau of Reclamation (USBR) method,

800
U.S. Department of Agriculture (USDA), 34
Unit weight, 70
Unloading procedure:

after compression, 755–756
swelling pressure measurements in, 754

Unloading-reloading compression index, 695,
696, 701, 703

Unloading surfaces, deformation coefficients
for, 687, 689–690

Unsaturated salt solutions, relative humidity
and, 250

Unsaturated soil, 29–79. See also specific
topics

characteristics of, 17
classification, 34–48
coefficient of permeability for, 332
coefficients of volume change in, 814–815,

817
constitutive laws for, 717
defined, 29
as four-phase mixture, 29–30
heat flow in, 487–488, 830–831
phase properties, 48–66
profiles of, 32–34
rheological model for, 851–857
shear strength equations for, 594–602
soil compaction, 73–76
state variables of, 30–32
stress state variables of, 87–94
volume and mass variables, 66–73

Unsaturated soil mechanics, xv, 1–28. See also
specific topics

applications, 12–17
characteristics of unsaturated soil, 17
dam construction and operation, 12, 13
ground movements with expansive soils,

15–16
natural slopes with environmental

changes, 12, 14
road and railroad structures, 17
shallow foundations, 14–15
soil cover systems and capillary breaks,

15–17
vertical and near-vertical excavations, 14
waste retention ponds, 14

degree of saturation in field and laboratory,
5–6

determination of soil properties, 8–9
emergence of, 3–4
in engineering practice, 1–2
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engineering protocols in, 26–28
implementation in geotechnical engineering:

challenges with, 4–5
stages of, 9–11

moisture and thermal flux boundary
conditions, 6–8

need for, 11–12
partial differential equations, 17–26

for boundary value problems, 18
convergence of nonlinear, 19–20
for finite element mesh for tailings pond,

21, 23
for numerical modeling of soils, 21
solving, 19
for stress, seepage, and deformation

combined analysis, 23, 25–26
stress and shear strength applications of,

23–25
for two-dimensional seepage analysis, 21,

22
for uncoupled processes, 20–21

Unsaturated soil property functions (USPFs),
xv

in boundary value problems, 18
defined, 717
estimation of, 271
and soil suction, 270
and SWCC, 188–189, 224

Unsaturated soil zone, 5–6
Unsteady-state seepage (transient seepage):

in anisotropic soil, 351–353
partial differential equations for, 351–354
two-dimensional water flow problems with,

416–423
USBR (U.S. Bureau of Reclamation) method,

800
USDA (U.S. Department of Agriculture), 34
USPFs, see Unsaturated soil property functions

Vacuum desiccators, 249–251
Vadose zone, 5–6
Vanapalli shear strength estimation, 594
Van Genuchten–Burdine equation for SWCC,

174–175, 202, 217, 385–386
Van Genuchten equation for SWCC, 174, 201,

205
regression analysis on, 215–217
and SACC, 474

Van Genuchten–Mualem equations:
for permeability, 386–387
for SWCC, 174, 201, 217

Van Genuchten–Mualem model of coefficient
of air permeability, 474

Van’t Hoff equation, 107
Vapor diffusion term, 308
Vapor flow, heat flow with, 499
Vaporization curve, of water, 58–59
Vaporous cavitation, 52
Vapor pressure:

in the air, 340–341
in saturated conditions, 288, 341
of the soil, 312

Vapor state, of water, 57. See also Water vapor
Velocity:

of air flow, 451
of vapor flow, 499

Vereecken pedo-transfer function, 261, 262
Verification and monitoring stage

(implementation), 10
of cover designs, 325
of design with field monitoring, 27

Vertical column, Aldrich example of, 516,
518–519

Vertical displacements, in stress-deformation
and seepage analysis, 837–846

Vertical net normal stress, 94–95
Vertical stresses, earth pressures and, 626
Vilar shear strength estimation, 600–602
Virgin compression index, pore:

assumptions about, 695, 696
and drying process with net mean stress, 699
equation for, 702, 703, 779

Viscosity:
of air, 57
dynamic, 456, 457
of water, 52

Void ratio:
and changes in other volume-mass

properties, 71, 199
defined, 67
as deformation state variable, 679
as function of stress, 780–781
minimum, 46
and net normal stress/zero suction, 781–782
for pore fluid other than water, 72
soil suction vs., 46–48
and swelling index, 756
in total heave analysis, 758, 765

Void ratio constitutive surfaces:
deformation coefficients for, 685–686
equations for, 778–781
in Pham and Fredlund volume-mass model,

706–707
on semilogarithm plot, 690–693
uniqueness of, 685
volumetric deformation indices for, 690, 691

Volume:
basic volume-mass relationship, 70–71

Volume, of air, 675, 676, 815
Volume change. See also Coefficient of

volume change
constitutive relations of, 795–797
and deformation, 670–673
limiting, 722, 723
overall, 78, 549–551, 671–672
and residual conditions, 264
soil classification based on, 221–224,

227–228
with stress paths, 697–701, 704
and stress states, 694–695
in swelling process, 849

Volume change index, 725–730, 771–775
Volume-mass constitutive relations, 670,

673–685
stress-deformation analysis, 673–685

and change in volume of air, 675, 676
compressibility form, 679–685
elasticity form, 673–674
isotropic loading, 675, 677
K0 loading, 678
plane strain loading, 678
plane stress loading, 679
triaxial loading, 677–678
uniaxial loading, 677
in water phase, 674–675

Volume-mass form, of constitutive surfaces,
686–687

Volume-mass relations, 68–73
basic volume-mass relationship, 70–71
changes in, 71
and coefficient of permeability, 332
with mass losses, 76–79
with pore fluid other than water, 71–73
soil density and unit weight, 69–70
and SWCC, 190–200

for deformable and nondeformable soils,
194–195

designation of amount of water in soil,
191–193

and stress state designation, 195–197
upper limit for soil suction, 197–198

Volume porosity, 90
Volumetric air content, 479, 480
Volumetric coefficient of solubility, 61,

459–460
Volumetric deformation coefficients

(coefficient of compressibility), 666,
685–686

Volumetric deformation indices, 690, 691
Volumetric deformation properties, sign

convention for, 682–683
Volumetric heat capacity, 498, 503–504, 510
Volumetric pressure-plate devices, 238–239
Volumetric requirement, 77, 84
Volumetric specific heat, 503–504, 510, 830
Volumetric strain:

and change in volume of air, 675
defined, 84, 672
and elasticity form, 674
and K0 loading, 678
in plane strain loading, 678
and three-dimensional consolidation, 828

Volumetric water content:
and coefficient of permeability, 381–383
defined, 67, 68
and deformable vs. nondeformable soils,

194
and estimation of permeability function,

377–378
and Fredlund and Xing equation for SWCC,

210, 214
and gravimetric water content, 166
and SWCC, 191–192
and unit weight, 70

Waste retention ponds, 14
Waste rock management, 784
Water:

air above water surface, 303
cavitation of, 52–53
and coefficient of permeability, 331
compressibility of, 788
conditioning of tensiometers, 122
designation of amount of water in soil,

191–193
permeability function and amount of water

in soil, 376–378
permeability of liquid water at residual

conditions, 341–342
pore fluid other than water, 71–73
properties of, 49–53
release and storage in unsaturated soil, 346
states of, 57
tensile strength of, 119
thermal conductivity of, 490–491
volume-mass constitutive relations in,

674–675
Water balance, at ground surface, 283–285
Water content:

and estimation of permeability function,
376–378

gradient for water flow in unsaturated soil,
328

gravimetric, see Gravimetric water content
optimum, 73
in situ measurement of, 165–169
and soil suction, 315
unfrozen, 504–505
unfrozen, in freezing soils, 493–494
volumetric, see Volumetric water content
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Water content constitutive surfaces:
deformation coefficients for, 685–686
equations for, 779–780
on semilogarithm plot, 690–693
volumetric deformation indices for, 690, 691

Water-entry value, pore volume and, 699, 700,
705

Water flow, 327–397. See also
Saturated-unsaturated water flow
problems

conceptual models of, 186–187
constitutive relations, 77–78
Darcy’s law for unsaturated soil, 331–344

coefficient of permeability, 331–340
water vapor flow, 338, 340–341

direct measurement, 354–374
and estimation of permeability function,

374
laboratory methods, 354–365

estimation of permeability function,
375–397

and amount of water in soil, 376–378
correlation with soil parameters, 394–397
data fit for, 389, 393–394
and direct measurement, 374
empirical equations, 378–379
minimum value of function, 397
numerical integration for relative

coefficient of permeability,
388–394

regression techniques for best-fit function,
396, 397

statistical models, 380–388
and water storage modulus for transient

modeling, 397
in nonisothermal systems, 829–831
partial differential equations for, 344–354

steady-state water flow, 344–350
transient seepage, 351–354

stress-deformation uncoupled from, 784
theory of, 327–330
through earth dam, 418–423
wetting-front column technique, 365–374

calculation of permeability function from,
372–374

Watermark soil suction sensor, 130
Water phase:

average degree of consolidation for,
823–825

coefficient of permeability, 356–357
continuity of, 828
diffusion of air through, 459
equilibrium equation for, 90
fluid and vapor flow equation for, 829–830
time factor for, 824, 825
volume changes in, 672–673

Water phase constitutive relationship, 769–770
and one-dimensional consolidation, 811, 814
for rheological model, 855
for three-dimensional consolidation,

827–828
volume changes in, 795–796

Water phase partial differential equations:
for multilayer rheological system, 854
for one-dimensional consolidation, 813–815
for transient flow, 353–354

Water potential, 185
Water storage:

and infiltration, 439
and numerical modeling of transient

conditions, 446–447
and pore-water pressure, 446–447
and release in unsaturated soil, 346
for transient modeling, 397
in wetting-front column test, 367

Water storage soil property, 346
Water table:

and active earth pressure distribution,
615–617

and bearing capacity, 628–629
and passive earth pressure distribution,

619–620
Water vapor:

at air-water interface, 58–59
coefficient of diffusion, 340, 341, 830
permeability functions for, 342–344
properties of, 54–55

Wavy plane, equilibrium for, 93–94
Weather, analysis of, 277–281
Weather hazard model, 663–665
Weight, unit, 70
Well-graded soils, grain-size distributions for,

35
Wet-loop-type psychrometers, 153
Wetting:

and stress state history, 739–740
from top to specified depth, 765, 766
zone of subsoil, 758–759

Wetting-band concept, 437–438
Wetting curve suction, 146–148
Wetting front:

air-entry value on, 444–446
depth of, 438
rising height of, 369, 370

Wetting-front column technique, 365–374
calculation of permeability function from,

372–374
Wetting pore-size distribution (WPD),

694–695
Wetting process, volume change of pore in,

697–698, 700–701
Wetting SWCCs, 178–179, 203

column tests for, 248
equations for, 200
and hysteresis, 217–219
percent shift for, 176–179
shear strength parameters for, 598–600
volumetric pressure plate extractor for,

239
Whatman No. 42 filter paper:

factors affecting calibration, 156–158, 160,
161

total and matric suction calibration curves,
161–163

Wille Geotechnik cell, 243–245
Wilson-Penman equation, for actual

evaporative flux, 307–314
WP4-T Water PotentiaMeter, 153–154,

252–253
WPD (wetting pore-size distribution),

694–695

yd drying path parameter, 598–600
Yield stress, volume change of pore and, 700,

701, 704
Young-Laplace equation, 30
y shear strength parameter, 598–600
yw wetting path parameter, 598–600

Zapata correlation model for SWCC,
267–268

Zero air voids curve, 70
Zero flux boundary conditions, 7
ζ parameter, 596–597
Zone of seasonal moisture fluctuation, 759
Zone of subsoil wetting, 758–759


