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Preface

The constitutive relation of soil takes the stress-strain law of soil as the research
object, which is an important theoretical basis of geotechnical engineering science.
At present, most of the existing elasto-plastic constitutive models of soil are based on
the theory of plastic potential, and it is the only way to find the analytical expression
of plastic potential. However, these models can not fully and accurately reflect the
characteristics of soil, such as the impact of compression, dilatancy, especially the
stress path.

In view of this, the numerical modeling of expansive soil, sand and clay is studied.
Numerical modeling has many advantages over traditional modeling methods. The
constitutive equation of soil is extracted directly from the triaxial test data, which
overcomes the difficulty of finding the analytical expression of plastic potential. In
the modeling, the initial state and loading path of soil are freely selected, so that the
influence of any initial state and stress path on the constitutive relationship can be
considered.

Water content is the main reason for the expansion and contraction of expansive
soil and the influence of strength. It has been proved by practice that the expansive
soil has water migration and transformation with the change of climate, geological
environment and engineering construction activities. Therefore, under the influence
of water, the properties of expansive soil change, showing different characteristics.
The variability of shear strength of expansive soil is mostly related to the action of
water. The anisotropic expansion caused by water absorption of expansive soil may
produce deviating stress. The uneven expansion caused by different water absorp-
tion distribution may also cause the damage of expansive soil. Therefore, in engi-
neering practice, the initial water content of expansive soil is regarded as an important
criterion to predict the expansion potential.

The physical property test and Mineral chemical composition test of expansive
soil are carried out. The conventional triaxial compression drainage (DCTC) and
undrained (UCTC) tests with different water content and unit weight are carried
out. The elastic-plastic constitutive equation of expansive soil under different water
content conditions is established by numerical modeling method, and the constitu-
tive equation is embedded in the finite element program. The deformation of the
triaxial test soil sample is divided into three parts The stress-strain curve is obtained.
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Compared with the corresponding test results, the two are in good agreement. At the
same time, the three-dimensional surface of the stress-strain relationship in thewhole
stress field (P, q) under two different water contents is drawn. Through comparison,
it is found that there is a significant difference between the two, which confirms that
the influence of water content on the constitutive relationship of expansive soil is
relatively obvious.

The cyclic loading tests of sand under the following three stress paths are carried
out: equal principal stress ratio path (ertc), conventional path (DCTC) and equal P
(dptc) stress path. The elastic-plastic constitutive equation of sand under three stress
paths is established by numerical modeling method, and the constitutive equation is
embedded in the finite element program. The accuracy of the model is verified by
comparing the finite element calculation results of triaxial test soil sample deforma-
tion with the corresponding test results. The stress-strain relationship curve in the
whole stress field (P, q) under three stress paths is drawn By comparing the surface
and yield locus, it can be seen that there are significant differences among them, and
the differences reflected by the stress-strain relation surface and yield locus have the
same trend of change,which proves that the influence of stress path on the constitutive
relation cannot be ignored.

The triaxial loading tests of four stress paths of clay are carried out: DCTC,
dptc, UCTC and drtc. The elastic-plastic constitutive model of clay under these four
stress paths is established, and the stress-strain relationship in the whole stress field
is given, which is visualized as stress field Space strain surface in. Especially, the
elastic-plastic constitutive model of clay under the condition of p-reduction path and
undrained condition is established, which provides a practical constitutive model
for soil excavation engineering and corresponding soil engineering under undrained
condition. Through the visualization of stress-strain relationship and numerical simu-
lation, it is further shown that the numerical modeling method can comprehensively
describe the deformation characteristics of soil under different stress paths.

Comparing the deformation results of normal consolidated soil under four stress
paths, it is found that there are significant differences in stress range, strain peak
value, shape of strain surface and change trend of volume yield locus, while the
shear yield locus is similar, which are caused by the correlation of stress paths. At
the same time, it shows that the stress path correlation can not be ignored in the soil
constitutive relationship, and the numerical modeling method is an effective method
to describe the stress path correlation.

By comparing the shear and volume yield trajectories of normally consolidated
soils under different stress paths, it is shown that the stress paths have a significant
impact on the evolution process of strain hardening of clays. At the same time, it is
not accurate to describe the stress-strain relationship of soils by assuming the fixed
form of yield surface in the traditional modeling method of elastoplastic constitutive
model of soils.

The results show that the numerical modeling is better than the traditional
modeling method. It not only describes the dilatancy and compression of soil, but
also reflects the influence of different initial states and stress paths. The numerical
modeling method is feasible, effective and has a broad development prospect.
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Brief Introduction of the Book

The constitutive model of soil is the basic key problem in the theory and practice
of geotechnical engineering. This book abandons the traditional idea of looking
for plastic potential as the only way to model, and adopts numerical method to
model. Firstly, the triaxial compression tests of expansive soil, sand and clay under
different stress paths are introduced; then the elastoplastic constitutive equations of
expansive soil, sand and clay under various stress paths are established by numer-
ical modeling method; finally, the constitutive equations are embedded in the finite
element program, and verified by comparing the finite element calculation results of
the triaxial test soil samples with the corresponding test results, so the accuracy of
the model is obtained.

This book can be used as a reference for teachers, scientific researchers and engi-
neering designers of colleges, universities and scientific research institutes engaged
in geotechnical engineering and engineering geology.
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Chapter 1
Introduction

Constitutive relationship is a mathematical model reflecting the macroscopic prop-
erties of matter. The most familiar constitutive relations reflecting pure mechanical
properties are Hooke’s law, Newton’s law of internal friction, Saint Venant’s law of
ideal plasticity, etc., and those reflecting thermodynamic properties are Clapeyron’s
equation of state of ideal gas, Fourier’s equation of heat conduction, etc. The consti-
tutive equation is the mathematical expression of constitutive relation. In many liter-
atures, constitutive relation and constitutive equation are often not distinguished. The
establishment of constitutive equation is one of the important contents in the study
of rational mechanics.

1.1 Constitutive Relationship of Soil

The constitutive relation of soil is the relation between stress tensor and strain tensor.
In general, it refers to a group of relations that relate the deformation parameters
of soil to the parameters of internal force. Specifically speaking, it refers to a set
of relations, also known as constitutive equation, which links the strain tensor of
deformation with the stress tensor. For different soil, there are different constitutive
relations under different deformation conditions, also known as different constitutive
models, which is a comprehensive reflection of the macro mechanical properties of
soil.

Since 1963when Roscoe and others proposed the Cam claymodel, the research of
soil constitutive relationship has developed rapidly. Especially in the past 20 years,
the numerical method to solve engineering problems has been basically mature and
widely used, which makes the complex engineering problems can be solved practi-
cally. However, in solving these engineering problems, the key problem is still the
engineering characteristics of soil, that is, the constitutive relationship between stress
and strain of soil and time, that is to say, the constitutive relationship of soil is also the
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2 1 Introduction

primary problem in the numerical analysis of soil mechanics and geotechnical engi-
neering. The purpose of this book is to put forward the numerical modeling method
of soil constitutive relation based on the discussion of soil constitutive relation of
stress, strain and time.

1.2 Mechanical Properties of Soil

Soil is a kind of sediment formed in various natural environments by continuous
and solid rock particles with different sizes formed under weathering and different
transportation methods. In the long geological age, many types of rocks and soils
have been formed due to various internal and external forces. The rock undergoes
weathering, denudation, transportation and deposition to form soil, while the soil
undergoes compaction and consolidation, and cementation and hardening can also
generate rock again.

The material components of soil include solid mineral particles as soil skeleton,
water in pores, dissolved substances and gas. Therefore, soil is a three-phase system
composed of particles (solid phase), water (liquid phase) and gas (gas phase)
(Fig. 1.1). The particle size and mineral composition of all kinds of soil are very
different, and the quantity proportion of the three phases of soil is not the same, and
the complex physical and chemical effects of soil particles and the surrounding water
occur. Therefore, in order to study the properties of soil, it is necessary to understand
the three-phase composition of soil and the structure and structure of soil in natural
state.

The actual soil Idealized soil

Fig. 1.1 Three phase diagram of soil
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According to whether there is cohesive force between soil particles, soil can be
divided into cohesive soil and non cohesive soil. According to the stress history,
clayey soil can be divided into normal consolidated clay and overconsolidated clay.
The overconsolidated ratio of normal consolidated clay is OCR = 1, and the over-
consolidated clay OCR > 1. Cohesionless soil mainly includes gravelly soil, sandy
soil, silt, etc.

The track of stress state change in the process of soil loading is called stress path,
and the track of strain state change is called strain path. The whole historical process
of stress change in soil from the beginning of formation to a certain point when it is
studied is called stress history. The pore ratio, water content, structure and material
composition, stress history and stress path all affect the mechanical properties of
soil. It mainly includes the following features.

1. Nonlinearity of stress-strain relationship

The macro deformation of soil is not due to the deformation of particles themselves,
but to the change of the position between particles. In this way, under different stress
levels, the strain increment caused by the same stress increment will not be the same,
that is to say, it shows strong nonlinearity.

Figure 1.2 shows the general results of the conventional triaxial compression test
of soil. Among them, the solid line represents dense sand or overconsolidated clay,
and the dotted line represents loose sand or normally consolidated clay. It can be seen
from the figure that the stress of normal consolidated clay and loose sand increases
with the increase of strain, but the rate of increase becomes slower and slower, and
finally approaches an asymptote; in the test curve of dense sand and over consolidated
soil, the stress begins to increase with the increase of strain, and after reaching a peak,
the stress decreases with the increase of strain, and finally tends to be stable. In plastic
theory, the former is called strain hardening (or work hardening), and the latter is
called strain softening (or work softening). The strain softening process is actually an
unstable process, sometimes accompanied by the appearance of localized shear band
of stress, and its stress–strain curve is sensitive to some influencing factors. Because

Fig. 1.2 Typical triaxial compression test curve of soil with different compactness



4 1 Introduction

the stress–strain relationship is not a single value function, the mathematical model
to reflect the strain softening of soil is generally complex and difficult to describe
accurately; the numerical calculation method to reflect the strain softening is also
difficult.

2. Dilatancy of soil

When the soil is compressed in the same direction or in the same ratio, the porosity is
reduced, so the larger volume compression occurs. Most of this volume compression
is irreversible. It can be seen from Fig. 1.2b that in triaxial test, the increase of
deviating stress of dense sand or overconsolidated clay results in the increase of
axial strain, but in addition to a small amount of volume compression (positive
strain) at the beginning, obvious volume expansion (negative strain) occurs. In the
conventional triaxial compression test, the average increment of principal stress � P
= / 3 is always positive in the loading process, which can not be the elastic rebound
of volume. Therefore, the volume strain can only be caused by shear stress, which
is called shear dilatancy. The generalized dilatancy refers to the volume change
caused by shear, including volume expansion and volume contraction. The latter is
often referred to as shearing. In fact, the dilatancy of soil is caused by the change
of the mutual position of soil particles caused by the shear stress, which makes the
arrangement change and the pores between particles increase (or decrease), so that
the volume changes.

3. Elastoplasticity

When the soil is loaded and unloaded to the original stress state, it will not return
to the original strain state. Part of the strain is recoverable, part of the strain is non
recoverable plastic strain, and the latter often accounts for a large proportion, which
can be expressed as. Where, represents elastic strain, represents plastic strain. As
shown in Fig. 1.3, the monotonic loading test curve is represented by dotted line;
the cyclic loading test curve is represented by solid line. It can be seen that every
stress cycle has recoverable elastic strain and irrecoverable plastic strain, namely
permanent deformation.

For undisturbed soil with strong structure, such as hard clay, its deformation may
be almost “elastic” within a certain stress range, and plastic deformation will occur
only when it reaches a certain stress level, i.e. the yield condition. Generally, the
elastic and plastic deformation of soil occur almost at the same time in the process
of loading, and there is no obvious yield point, so it is also called elastic–plastic
material.

Another characteristic of soil in the stress cycle is the existence of hysteresis loop.
InFig. 1.3, the stress–strain curve drops sharply at the initial stage of unloading.When
it reduces to a certain deviation stress, the unloading curve slows down, and then the
loading curve begins to steep and then slows down. This forms a hysteresis loop,
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Fig. 1.3 Triaxial compression test curve under monotonic and cyclic loading

and the closer the failure stress is, the more obvious the phenomenon is. Another
noteworthy phenomenon in Fig. 1.3 is the volume shrinkage of the specimen during
unloading. Because the average principal stress P of soil is reduced during unloading,
it is obvious that the unloading volume shrinkage can not be explained by elastic
theory. It is believed that this is mainly due to the recoverability of soil shear expan-
sion deformation and the change of soil structure caused by loading. In a word, the
deformation of soil is not completely elastic even in the unloading reloading process
under the same stress path.

4. Anisotropy and soil structure

The so-called anisotropy refers to the different physical and mechanical properties
of materials in different directions. In the process of soil deposition, the needle, sheet
and rod shaped particles with length width ratio greater than 1 tend to be arranged
horizontally under the action of gravity and are in a stable state; in addition, in the
subsequent consolidation process, the vertical stress caused by the vertical gravity of
the overlying soil and the horizontal stress generated by the horizontal earth pressure
are not the same, and the anisotropic consolidation will also produce the soil. The
anisotropy of soil is mainly manifested as transverse isotropy, that is to say, the
properties in all directions of the horizontal plane are basically the same, while the
vertical and horizontal properties are different. The anisotropy of soil can be divided
into initial anisotropy and induced anisotropy. The anisotropy caused by natural
deposition and consolidation can be classified as initial anisotropy. In the indoor
gravity field, various sample preparation processes will also make the soil sample
have different degrees of initial anisotropy, as shown in Fig. 1.4.
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Fig. 1.4 Anisotropy of sand

5. Rheology

The stress–strain relationship of cohesive soil is affected by time, not only the dissipa-
tion of pore pressure and the consolidation of soil based on the principle of effective
stress, but also the rheology of soil. The phenomena related to the rheology of soil are
creep and stress relaxation of soil (Fig. 1.5). Creep refers to the phenomenon that the
strain increases gradually with time under the condition that the stress state remains
unchanged; stress relaxation refers to the phenomenon that the stress in the material
decreases gradually with time while the strain remains unchanged. Under the action
of a certain constant stress, the strain of soil increases continuously, but when the
stress value is small, the deformation of sample tends to be stable gradually; when the
constant stress is large, the strain will accelerate suddenly after the relative stability,
and finally reach creep failure. This creep strength is lower than that of conventional
test, sometimes only about 50% of the latter. The creep of clayey soil increases with
the increase of plasticity, activity and water content.

Fig. 1.5 Creep and stress relaxation of soil



1.2 Mechanical Properties of Soil 7

Under the condition of confining compression, the compression due to
the rheology of soil is called secondary consolidation, long-term secondary
consolidation.

The normal consolidated soil shows the characteristics of overconsolidated soil,
which is called as overconsolidated soil or “old clay”. The compression curve of
structural soil is shown in Fig. 1.6.

6. Influence of stress level, stress history and stress path

(1) Effect of stress level

The so-called stress level generally has two meanings: one is the absolute value of
the confining pressure; the other is the ratio of the stress (usually shear stress) to the
failure value, that is s = q/QF. The stress level here refers to the confining pressure.

As shown in Fig. 1.7, with the increase of σ 3, the strength and rigidity of sand
are obviously improved, and the shape of stress–strain curve is also changed. Under
very high confining pressure, even if the soil is very dense, it is similar to the stress–
strain curve of loose sand: there is no dilatancy and strain softening phenomenon. It
should be pointed out that the shear strength of excavated soil increases with normal
stress or confining pressure, but the stress ratio or internal friction angle of sand
at the time of failure often decreases with the increase of confining pressure. The
phenomenon that the deformation modulus of the soil increases with the confining
pressure is also known as the compressibility of the soil. Because soil is composed
of broken particles, the restraint provided by confining pressure is very important
for its strength and rigidity. This is also one of the important characteristics of soil
different from other materials.

Fig. 1.6 Compression curve of structural soil
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Fig. 1.7 Triaxial compression test curve of medium dense sand under different confining pressures

(2) The influence of stress history

Stress history includes not only the consolidation and crustal movement of natural
soil in the past geological years, but also the stress process of soil in laboratory
(or in engineering construction and operation). For cohesive soil, it generally refers
to its consolidation history. If the maximum preconsolidation pressure (effective
stress) of cohesive soil in its history is greater than the consolidation pressure at
present, then it is overconsolidated clay. If the current consolidation pressure is the
maximum consolidation pressure in its history, then it is normally consolidated soil.
As mentioned above, the rheology of the soil makes the cohesive soil under long-
term load.Although the consolidation stress has not changed in history, the secondary
consolidation makes the soil show the character of over consolidation. This is also
an effect of stress history.

(3) Influence of stress path

It can be seen from the stress–strain curves of triaxial tests with different stress paths
that they are obviously affected by stress paths. For example, a triaxial test of two
stress paths for loose sand is shown in Fig. 1.8. Their starting point a and ending
point B are the same, but path 1 is from a-1-b; path 2 is a-2-b. A large axial strain
occurred in path 1. This is because the stress at point 1 is closer to the failure line
than that at point B, which results in larger axial strain. Wood used box true triaxial
apparatus to conduct shear test on the remolded saturated clay under the condition of
isotropic consolidation and OK direction, and then continued the test on the different
stress paths of KM, kn and KL starting from point K to obtain the strain path. It can
be seen that the direction of strain path is consistent with the direction of stress path
when the load is in the original direction of OK. However, when the stress path turns,
the cohesive soil seems to have “memory” for the path just passed, or the strain path
has inertia along the OK direction. Only after a long distance on the new stress path,
the direction of the strain path gradually approaches.
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Fig. 1.8 Stress–strain curve of loose sand under different stress paths

1.3 Development and Current Situation of Soil Constitutive
Model

The properties of soil can be expressed by several kinds of constitutive models,
such as various modulus, elastic formula, super elastic formula, sub elastic formula,
internal time theory and plastic formula, among which plastic based model is the
most common. In addition to the basic physical properties of soil, such as void ratio,
water content, soil structure and minerals, the current and prior stress state and stress
path of soil also have an important impact on the properties of soil, sometimes the
impact of stress path is even decisive.

The purpose of the constitutive model is to get the incremental relationship of
stress–strain, and the parameters can only be determined in the main space, which
requires the application of certain assumptions, and different assumptions constitute
different constitutive theories. The methods of building soil constitutive model can
be divided into analytical method and numerical method. In recent 20 years, the
research of analytical method mainly focuses on the constitutive model based on
modified Cambridge model, the constitutive model based on generalized potential
theory, the constitutive model considering internal structure and the constitutive
model considering the coupling effect of temperature water soil force. The research



10 1 Introduction

of numerical methodmainly focuses on damage theorymodel, neural networkmodel
and other mathematical statistics based models.

In the following, the research of geotechnical constitutive relationship at home
and abroad in recent years is summarized.

1.3.1 Analytical Method

1. Constitutive model based on modified Cambridge model

Roscoe (1968) [1] of the University of Cambridge, UK, established a Cambridge
model to describe the normally consolidated soil. The model uses the cap yield
surface and related flow criteria, and takes the plastic soil strain as the hardening
parameter. Roscoe and Burland modified the Cambridge model, proposed the modi-
fied Cambridge model, and obtained the elliptical yield track. Mita et al. (2004) [2]
proposed a new soil Hvorslev MCC constitutive model. Compared with the tradi-
tional queuing critical model (MCC), this model overcomes the disadvantage that
MCC is not suitable for three-dimensional space, and can better predict the peak
deformation of soil at the supercritical point. Woodward and Berenji (2001) [3]
extended Sekiquchi OHTN model to clay, silt and sand in three-dimensional space
by adding a variable stress tensor and hardening parameter H. The model can reflect
the phenomenon of dilatation and shrinkage of soil caused by initial stress. Oettl
et al. (1998) [4] simulated the stress state of tunnel excavation and concrete lining
on the basis of plane finite element analysis. Through the application of four soil
constitutive models - linear elastic model, elastic–plastic model, Mohr Coulomb
criterion and cap model in the simulation, the different effects of the four models on
the prediction of tunnel displacement and stress distribution are compared. Lade and
Inel (1997) [5] believe that there is a kinematic hardening constitutive model in the
stress reversal test of sand. In this model, the interaction between rotation and yield
surface is considered to fit the experimental data, and the behavior from isotropy to
kinematic hardening under monotonic loading and tension is well simulated.

Yao et al. (2009, 2011a, 2015) [6–8] proposed a unified hardening model
of soil based on the modified Cambridge model, with the transformation stress
method and unified hardening parameters as the basic elements. In this model, the
transformation stress method based on SMP criterion, lade criterion or generalized
nonlinear strength theory is used to realize the organic combination of the model
and strength criterion and the three-dimensional of the model. Based on the concept
of true strength and the determination method of potential strength, the theoretical
calculation formula of the critical state stress ratio of unsaturated clay at different
temperatures is derived, and the normal considering the temperature effect is
established The constitutive model of consolidated unsaturated soil is extended to
over consolidated unsaturated soil, and the generalized nonlinear strength criterion
and the transformation stress three-dimensional method satisfying the thermody-
namics law are proposed, thus realizing the reasonable three-dimensional of unified
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hardening (Uh) constitutive model. Chen et al. (2015) [9] introduced the overconsol-
idated remolded soil constitutive model into the construction of the elastic–plastic
constitutive model of marine sedimentary soft clay, taking into account the char-
acteristics of the tensile strength and evolution of marine sedimentary undisturbed
soft clay, the strength envelope of soft clay, and further modified the expression to
make the model more consistent with the strength and deformation characteristics
of marine undisturbed soft clay. Yao et al. (2011a) [10] combined the Barcelona
constitutive model with the uh constitutive model of overconsolidated soil proposed
by Yao Yangping et al. To make it suitable for overconsolidated unsaturated soil.
The model can reflect the hardening, softening, shear shrinkage, shear expansion
characteristics of overconsolidated unsaturated soil and the influence of different
stress paths on the deformation characteristics of overconsolidated unsaturated soil.
Based on the critical state theory, Yao Yangping and Yu Yani (2011) introduced
state parameters and parameters of modified yield function to adjust the hardening
parameters and shear expansion equation, and used the power function relationship
between sand isotropic consolidation line and critical state line in void ratio and
effective stress to describe the stress–strain response of sand in a large density
and effective stress range. Yao Yangping and Yu Yani (2011) [11] based on the
UH model of overconsolidated soil, extended the asymptotic state constitutive
model applicable to saturated sand to the overconsolidated soil constitutive model
considering the asymptotic state characteristics, and realized the three-dimensional
model by using the transformation stress method. Hou Wei et al. (2008) [12] put
forward a unified hardening overconsolidation model which can describe the shear
shrinkage, shear expansion, hardening and softening characteristics of overconsoli-
dated soil on the basis of the lower loading surface and the theoretical framework of
Cambridge model, and introduced the parameters related to the soil structure into the
overconsolidated soil model to establish the structural overconsolidated soil model.

The Cambridge model creates the critical state theory of soil mechanics, but it is
based on the construction of a single yield surface, which can only reflect the shear
shrinkage, but not the shear expansion. Therefore, some yield surfaces, double yield
surfaces and triple yield surfaces are proposed to reflect the characteristics of soil
such as shear shrinkage and shear expansion, hardening and softening, and critical
state.

2. Constitutive model based on generalized potential theory

Yang Guanghua [13] and others began to explore new theoretical methods of soil
constitutive model since 1988. They established the theoretical basis of the constitu-
tive model from the mathematical point of view, established a unified mathematical
connection with the existingmodeling theory, and proposed the generalized potential
theory.

Based on the generalized potential theory, Wen Yong [14] proposed solutions
to the limitations of the traditional plastic potential theory in describing the non
uniqueness of the increment direction of plastic strain and the non coaxial problem
of soil, and proposed solutions to the limitations of Duncan Chang model based
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on the generalized Hooke law and the hyperbolic function fitting test curve. Tang
Shuai (2013) [15] studied the decomposition criterion of plastic strain increment,
deduced the expression method of stress–strain relationship from the mathematical
basis, abandoned three basic assumptions of yield criterion, flow rule and hardening
rule in the process of building the model, and established a multiple potential surface
model. Yao Jie (2010) [16] analyzed the characteristics of the constitutive matrix of
each model family based on the generalized potential theory, studied the decompo-
sition criteria of plastic strain increment, proposed and established the constitutive
model considering quasi elastic plastic deformation, and decomposed the traditional
non recoverable plastic strain increment into the quasi elastic plastic deformation
part with elastic strain characteristics and the pure plastic part conforming to the
traditional plastic theory. Zhou Aizhao and Lu Tinghao (2008) [17], based on the
generalized potential theory, regard the contact surface problem of soil and struc-
ture as a two-dimensional problem in space, use two linearly independent potential
function gradient vectors to represent the vector composed of two components of
plastic strain increment, and use the plastic state equation to replace the traditional
yield surface, and establish a new elastoplastic model of the contact surface of double
potential surface.

According to the generalized potential theory, the modeling ability of geotech-
nical materials can be extended. The generalized potential theory has the advantages
of clear mathematical principle and convenient modeling. It does not need to be
based on the plastic postulate, but also contains the traditional classical theory as
its special case. It should be a more promising method for further development and
improvement.

3. Constitutive model considering internal structure

For the anisotropic consolidated clay, the influence of the internal structure of the
material on the constitutive relationship is very obvious. The traditional isotropic
consolidated soil model can not truly and accurately reflect the response of the
material. It is necessary to introduce the rotation hardening theory to reflect the
anisotropy of the material on the yield surface to a certain extent.

Yang et al. (2015) [18] in the constitutive relation of rotational hardening, the non
related flow relation of materials is realized by explicitly defined plastic potential
function. The evolution rule of rotational hardening is controlled by plastic body
strain and plastic shear strain together. The initial rotation angle is no longer equal
to the initial stress ratio. A new set of formulas is proposed to determine the initial
rotation angle of yield surface and plastic potential surface. Sang and Salgado (2015)
[19] proposed a sand boundary interface model considering fabric and its evolution,
and proposed a new phase transition line (PTL) in e-p space to reflect shear expansion
and shear shrinkage, which is determined by fabric. Dafalias and Taiebat (2013) [20]
introduced rotational hardening on the basis of modifying the Cambridge model.
By explicitly defining the dissipation potential function to describe the non related
flow relationship in the loading process, the value range and critical state of the
rotational hardening formula were discussed. The initial rotation angle was corrected
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by K0 test. It was pointed out that the rotation degree of the yield surface reflected
the anisotropic level of the material According to the theory of anisotropic critical
state, materials should have unique critical state fabric, so the degree of rotational
hardening must meet the unique requirements. Two kinds of rotation hardening laws
are put forward: one is that the yield surface in critical state returns to horizontal
symmetry; the other is that the yield surface has critical state rotation angle. Sun
et al. (2004) [21] proposed a dynamic model to describe the deformation of fine clay
under the action of pile foundation. It is also pointed out that the axial bearing capacity
NY is related to the depth of the foundation. Manzari and Dafalias (1997) [22] put
forward the double-sided plastic expression of soil under the frame of critical state
soil mechanics, established the constitutive model of sand in the full stress space, and
applied the model to simulate the deformation of sand under monotonic and cyclic
loading, drainage and undrained conditions.

Chen Yanni (2016) [23] proposed a new dissipative potential function considering
the shape change and rotation of the yield surface, and obtained the yield function of
the real stress space based on the analysis of the dissipative potential function of the
modified Cambridge model and the α non correlation model. At the same time, the
boundary interface theory was introduced to realize the elastic–plastic response of
the overconsolidated soil at the initial stage of loading. Starting from Wheeler’s s s-
clay1 model, Wang Lizhong and Shen Kailun (2008) [24] studied the comprehensive
effect of plasticity anisotropy, structure and evolution rule of clay, introduced the
concept of rotation limit curve, and added the parameter describing the evolution
rate of anisotropy to explore the influence of rotation hardening on the mechanical
deformation of soil. Kong Liang et al. (2008) [25] improved the modified Cambridge
model on the basis of rotation hardening and unified hardening theory. The model
only added one soil parameter compared with the modified Cambridge model, but
it can reflect the soil deformation characteristics of monotonic loading and cyclic
loading; it is applicable to both clay and sand. Wei Xing and HuangMaosong (2007)
[26] introduced rotation hardening parameters and shape parameters on the basis
of modifying Cambridge model, improved Wheeler’s rotation hardening evolution
formula, and ensured that rotation hardening increment in critical state was 0. Kaolin
and Boston clay were simulated respectively. Jie Yuxin et al. (2004) [27] proposed a
plastic constitutive model of anisotropic soil with non associated flow rules, which
successfully simulated the mechanical response of normally consolidated clay under
undrained conditions; Wang Jianhua and Yaominglun (1996) [28] established an
incremental elastoplastic model in the form of total stress according to the theory of
non isotropic hardening modulus field for the dynamic deformation characteristics
of soft clay The method of determining model parameters by dynamic triaxial test
results is presented. HuangWenxi et al. (1981) [29] proposed that thework hardening
law and yield function can be directly determined from the test data, so as to meet the
orthogonality and ensure the uniqueness of the solution. Xu Riqing et al. (1996) [30]
used the smooth closed egg function as the yield surface and the edge interface, and
established the internal relationship between them with the strength development
degree, so as to establish the edge interface constitutive model.
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At present, there is no unified system for the study of rotational hardening at home
and abroad. Due to the lack of experimental and theoretical basis, the mathematical
expression of the law of rotational hardening is quite different, which can not be
unanimously recognized, and needs further development.

4. Constitutive model considering coupling effect

The soil in natural state is under certain temperature, hydraulic condition and complex
stress condition, but different temperature and hydraulic condition have great influ-
ence on the stress–strain state of soil, so it is unscientific to study the constitutive
model of remolded soil in laboratory.

Oka et al. (2002) [31] used the elastic viscoplastic constitutive model to study
the influence of microstructure of saturated clay immersed in water on its dilatancy
and permeability. Thomas and Cleall (1999) [32] put forward a constitutive model
which can reflect the heat flow, humidity and gas deformation in the expansive
soil, and carried out the heat simulation experiments of humidity, water pressure and
mechanics related to the expansive soil, which proved that themodel can simulate the
plastic deformation of the expansive soil in the drywet cycle state.Rosa andWulfsohn
(1999) [33] proposed a plastic constitutive model to describe the dynamic response
of narrow tools to cultivated land. According to Stallebrass and Taylor (1997) [34],
the stress–strain response of overconsolidated soil depends not only on the current
and past stress history, but also on the current and past stress paths. An elastic–
plastic constitutive model is proposed to predict the deformation of overconsolidated
soil. Katti and Desai (1996) [35] proposed a constitutive model of cohesive soil
under undrained cyclic loading. The model considers the influence of dynamic water
pressure, and can truly predict the strain of sand under initial stress or disturbed state.

KongLingming andYaoYangping (2015) [36] introduced the influence of temper-
ature change on clay volume and strength parameters into the isotropic stress–strain-
time relationship of overconsolidated soil, established the stress–strain-time–temper-
ature relationship under the condition of isotropic stress, deduced the hardening law
of yield surface, and combined it with the yield equation and flow law of the unified
hardening model of overconsolidated soil, established the heat of overconsolidated
soil Viscoelastic plastic constitutive model. Ma Tiantian et al. (2014) [37] estab-
lished the coupling constitutive model of unsaturated soil on the basis of modifying
the Cambridgemodel by using the generalizedMises criterion, applied the Songgang
Zhongjing (SMP) criterion to themodel tomake it reasonable three-dimensional, and
effectively extended themodel from the axisymmetric stress state to the general stress
state. Liu Yan et al. (2014) [38] established the numerical model of the unsaturated
soil coupling model by using the implicit integration method, obtained the consistent
tangent modulus of the hydraulic mechanical coupling unsaturated soil, considered
the influence of saturation in the hardening equation, and considered the influence
of plastic body change in the soil water characteristic curve, so that the model can
reflect the capillarity and elastoplasticity in the unsaturated soil Coupling behavior
of deformation phenomenon. Ma Tiantian et al. (2014) modified the coupling consti-
tutive model of capillary hysteresis and plastic deformation of unsaturated soil to
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allow for the influence of residual air content. Jin Xu and Zhao Chenggang (2011)
[39] proposed the concept of coupling disturbance variable reflecting the influence
of external force and infiltration, established the constitutive model applicable to
unsaturated structural soil, considered the coupling effect of water hysteresis and
soil deformation, and the influence of saturation change on structural deterioration,
and gave the evolution equation of coupling disturbance variable. The first mock
exam of Wang Na (2010) [40] is based on the generalized effective stress prin-
ciple of unsaturated soils and the volume change model of unsaturated soils. A
elasto-plastic constitutive model which can simulate the hydraulic and mechanical
coupling of unsaturated soils is proposed. YaoYangping and Zhu Enyang (2010) [41]
constructed a coupling stress which can comprehensively consider the interaction of
the average stress and the generalized shear stress based on the interaction of the
average stress and the generalized shear stress of the soil when they cause the plastic
strain. Based on the analysis of the existing stress–strain test rules of the clay, the
one-dimensional constitutive relationship between the plastic volume strain and the
coupling stress of the clay was deduced Department.

At present, the effects of coupling on constitutive model are mainly hydraulic soil
coupling, temperature stress coupling and stress–strain coupling, which are mainly
the products in some specific environment. They are not universally applicable and
have certain limitations.However, the researchonmulti field couplingof temperature,
water stress, stress and strain has started, and it is expected to establish multi field
coupling cooperation Using the unified theoretical basis of soil constitutive model.

5. Constitutive model established by other analytical methods

Shively (2015) [42] proposed a critical state equation considering the effect of initial
void ratio, and established a constitutive model of coarse-grained soil based on state
parameters by constructing plastic modulus. Sheng et al. (2008) [43] put forward
SFG model, which has simple parameters, wide application and can describe the
influence of net stress and suction interaction on soil body change, but the model
can not describe the plastic expansion phenomenon of expansive soil. Dafalias and
Manzari (2004) [44] established a sand plastic model with uniaxial stress control
consistent with critical state, and extended it from uniaxial state to multiaxial state.
Calvello et al. (2004) [45] studied how to select appropriate parameters and optimize
the accuracy of soil constitutive model with back analysis technology. Taking the
ChicagoQuaternary ice age clay elastoplasticmodel as the research object, discussed
the factors affecting the accuracy of the model. Ensan et al. (2003) [46] established
a macro elastic–plastic constitutive model of multi-layer soil, which considered the
stress relaxation of soil interface, and showed the stress–strain state of soil interface
through numerical simulation. Li andDing (2002) [47] proposed a three-dimensional
microstructure deformation model under cyclic loading of sand on the basis of
studying the three-dimensional micro mechanical properties of fine-grained soil.
Dafalias et al. (2002) [48] studied the triaxial test of textile reinforced soil under
small strain cyclic load, and proposed the nonlinear elastic constitutive model of soil.
Zhang et al. (2001), Wan and Guo (1998), Boulon and Alachaher (1995) [49–51]
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introduced several new constitutive models of sand. Oettl et al. (1998), Chowdhury
et al. (1999), Stallebrass and Taylor (1997), Wheeler and Sivakumar (1995) [4, 34,
52, 53] introduced several new constitutive models of clay. Goto et al. (1999) [54]
proposed to describe a new nonlinear model with three material parameters. All
parameters can be obtained from the test data. The calculated results are basically
consistent with the stress–strain relationship measured by the test. Ortiz and Pandolfi
(1999) [55] proposed a finite deformation constitutivemodel of cohesionless granular
soil. Li et al, Adachi et al. (1998) [56, 57] put forward the elastic–plastic constitutive
model of geological materials under strain softening. The model not only considers
the stress history, but also considers the influence of time. Through the test results of
the model on soft sedimentary rock, it shows that the model can not only describe the
influence of time, but also consider the strain softening behavior of geological mate-
rials. Krogsboll (1998) [58] put forward a soil constitutivemodel, which can describe
the properties of soil under different deformation rates, and give the influence of time
effect on the constitutive relationship of cohesive soil. Fox and Berles (1997) [59]
put forward a piecewise linear finite difference model CS2 model under large strain
of consolidated soil. Niemunis and Krieg (1996) [60] established the viscoplastic
constitutive model of normally consolidated soil under uniaxial compression, and
improved the one-dimensional creep theory. Bardet (1996) [61] used the concept of
point memory to describe the stress–strain curve of soil under monotonic load, which
was successfully applied to simulate the strain state of several sand and clay under
cyclic loading. Leidwanger-Rabis et al. (1995) [62] proposed an elastic viscoplastic
model to predict the long-term settlement of mega structures, andmodified themodel
parameters that affect the settlement sensitivity. Duncan and Chang (1970) [63]
combined Duncan Chang model with Drucker Prager/Mohr Coulomb yield criterion
elastic–plastic constitutive model, and put forward a nonlinear elastic–plastic model,
which overcomes the shortcomings of traditional elastic–plastic model that can not
consider the non-linear behavior of geotechnical materials before plastic yield and
is not applicable to the stress level close to yield or failure state.

Based on the triaxial test of coarse-grained soil, Wei Guomin et al. (2016) [64]
established a dual yield surface model of coarse-grained soil based on state parame-
ters, and deduced its stress–strain expression. Themodel can reflect the peak strength,
dilatancy, strain hardening or softening laws of coarse-grained soil under different
initial void ratio conditions. Zhang Bo et al. (2015) [65] based on the generalized
plastic theory and the concept of hvorslev surface and overconsolidation parameters,
established a generalized plastic constitutive model which can reflect the deforma-
tion characteristics of overconsolidated soil. Li Wugang et al. (2015) [66] deduced
the neutral loading surface (NL yield surface) equation of expansive soil under the
framework of SFGmodel, established the constitutivemodel of expansive soil, which
reflected the micro level deformation of soil with the total deformation, no longer
distinguished the structural deformation of micro level and macro level, and reduced
the parameters of the constitutive model of unsaturated expansive soil. Based on the
existing unsaturated soil model framework, Liu Yan et al. (2013) [67] introduced the
influence of gas phase dissipation, considered the influence of the change of closed
gas pressure in the hardening equation, and established an elastic–plastic constitutive
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model for unsaturated soil under the condition of high saturation using the general-
ized effective stress principle. Based on the SFGmodel, LiuMin (2011) [68] adopted
the effective stress derived from the expression of work as the stress state variable,
selected the continuous model which can reflect the relationship between the current
void ratio and saturation, established the modified SFG model, carried out simula-
tion calculation through MATLAB, and verified the applicability of the model. Shen
Cunke et al. (2010) introduced plastic work into the energy equation of the process
of soil stress and deformation, deduced the soil flow rule; adopted the straight-
line yield track and non associated flow rule, calculated the hardening function by
the undrained stress path, and established a coarse-grained soil constitutive model
considering particle breakage. Jia Yufeng et al. (2010) [69, 70] established the stress–
strain relationship considering the energy consumption of particle crushing based on
the triaxial test, and deduced the unified constitutive model considering the shear
dilatancy of coarse-grained soil with particle crushing by using the correlation flow
law. Sun Haizhong and HuangMaosong (2009) [71] improved the traditional consti-
tutivemodel of fine-grained soil, and established an elastic–plastic constitutivemodel
which can better describe the strain softening characteristics and shear dilatancy of
coarse-grained soil by adopting the form of double yield surface. Li Guangxin et al.
(2008) [72] introduced moisture content into the hardening parameters of Tsinghua
model to establish the Tsinghua elastic–plastic model of unsaturated soil, studied
the relationship between stress–strain and strength of soil under the condition of
unsaturated humidification, and verified that the model can predict the relationship
between stress-deformation and strength of unsaturated soil with different moisture
content by the method of adding ice chips in dry soil. Miao Linchang (2007) [73]
used the concept of average soil skeleton stress to deduce the relationship between
the stiffness parameters of unsaturated soil and the change of suction, obtained the
LC yield surface function and hardening law of unsaturated soil, and extended the
average soil skeleton stress to obtain the elliptic yield function of triaxial stress state.
The quantitative parameters of soil structure proposed by Xie Jiedu et al. (2000)
[74] introduced the deformation constitutive relation and strength constitutive rela-
tion of soil, and obtained the constitutive relation based on structural parameters to
describe the basic law of soil deformation strength for the first time, which brought
new characteristics to the study of soil mechanical properties. Zhang Ying and Deng
Anfu (1997) [75] took Chongqing red clay as the research object. By analyzing the
stress–strain relationship of Chongqing red clay under different stress path loading
conditions, four kinds of constitutive models of Chongqing red clay were verified by
using the “constitutive relationship image program of soil”. It was considered that
the nonlinear elastic (Chengdu University of science and Technology) K-G model
and Yin Zongze double yield model. The surface elastic–plastic model can reflect the
stress–strain constitutivemodel ofChongqing red clay and provide the corresponding
model parameters.
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1.3.2 Numerical Method

1. Damage theoretical model

In the past, many theories and models of soil mechanics were established on the
basis of laboratory tests on remolded soil, while the existing in nature and engi-
neering practice are basically undisturbed soil. The influence of soil structure on soil
mechanical properties is of great significance, and the damage theoretical model of
soil is developed on this basis.

YangMinghui et al. (2015) [76] introduced the statistical damage theory, assuming
that the unsaturated soil is a combination of many micro elements whose strength is
subject to Weibull random distribution, used the extended Mohr Coulomb criterion
to simulate the bearing capacity of micro elements, established the statistical damage
evolution equation of the unsaturated soil, and then derived the statistical damage
constitutivemodel of the unsaturated soil. SunLong (2014) [77] applied the statistical
damage theory to the unsaturated soil based on the study of themechanical and defor-
mation characteristics of the unsaturated soil triaxial system, constructed the micro
element strength expression by using the extended Mohr Coulomb strength criterion
of the unsaturated soil, and proposed the constitutive model of the unsaturated soil
based on the statistical damage theory. Jiang Mingjing et al. (2013) [78] based on
the mechanical theory of rock and soil damage, by considering the micro mecha-
nism of soil structural damage, defined the structural yield surface which is similar
to the geometry of the remolded soil yield surface, introduced the damage parame-
ters to characterize the structural damage, determined the hardening law during the
loading process of the structural soil, and established the constitutive model of the
structural soil. Zhang Lezhong and He Qingfeng (2012) [79] based on the routine
triaxial test of Yan’an Q2 loess under different confining pressure and water content,
and considering the influence of damage threshold value on the damage variable of
Yan’an Q2 loess, established the statistical damage constitutive model by using the
statistical damage theory of rock. Xie Xing et al. (2008) [80] based on the uniaxial
unconfined compression test of Q2 loess with different water content in Xi’an area,
according to the Weibull statistical distribution theory and the hypothesis principle
of equivalent effect change, and considering the damage threshold value of loess,
deduced the damage constitutive equation of loess under the condition of uniaxial
compression. Li Dongwei et al. (2007) [81] proposed the viscoplastic damage vari-
able of frozen clay subject to DP yield criterion based on frozen soil test, and derived
the viscoelastoplastic damage coupling constitutive equation of frozen soil under the
related flow rule.

Generally speaking, using damage mechanics to analyze the deformation and
failure of structural soil conforms to the process of people’s understanding of
things frommacroscopic tomicrocosmic, from phenomenon to essence. The damage
mechanics model and damage evolution equation have also successfully explained
the process of deformation and failure of structural soil on the meso level. However,
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there are still some bottlenecks that restrict the development and engineering appli-
cation of structural soil damage mechanics. How to apply structural soil damage
theory to practical engineering is still a research topic of many scholars.

2. Neural network model

In recent years, with the development of nonlinear science, a large number of
nonlinear theories have been introduced into the study of soil constitutive model.
Neural network has the ability of highly nonlinear mapping, large-scale informa-
tion processing and self-learning. Some scholars use neural network to carry out the
numerical modeling of soil constitutive relationship.

Wang Chenghua et al. (2013) [82] established a BP neural network constitutive
model of coarse-grained soil with average principal stress P and generalized shear
stress Q as network input vector and body strain and shear strain as network output
vector byoptimizingnetwork structure and large-scale triaxial consolidationdrainage
shear test of coarse-grained soil using improved BP neural network algorithm. Chen
Changfu et al. (2008) [83] obtained the stress–strain relationship of grass-roots rein-
forced soil by the indoor triaxial test method, and established the BP neural network
constitutivemodel of plain soil andmixed grass-roots reinforced soil based on the test
results. The model has good generalization ability and can fully reflect the nonlinear
relationship of geotechnical materials. Lin Fusheng (2007) [84] studied the specific
implementation process of the neural network method to simulate the constitutive
relationship of coarse-grained soil, and discussed the convergence of the network
model curve and the extension of the network model.

Sadoun (2001) [85] uses radial basis function to estimate solar radiation. Szecsi
(1999) [86] uses neural network to simulate ultrasonic sensor. Lau et al. (2000)
[87] established the neural network model of the amplifier. Kong et al. (2000) [88]
improved die parameters by using neural network. Qian et al. (2002), Li et al. (2002)
[89, 90] introduced the application of neural network in materials science. Kim et al.
(2001) [91] combined genetic algorithm and neural network method to simulate
the nonlinear grinding process of cement. Chassiakost, Masri (1996) and Alehossein
(2001) [92, 93] introduced the application of neural network in structural engineering.
Shahin et al. (2001), Sidarta and Ghaboussi (1998) [94, 95] described the application
of neural network in geotechnical andmining engineering. Ellis et al. (1995) [96] used
the nested adaptive neural network to train the test data of non-uniform materials,
and applied the trained model to the finite element analysis to predict the stress–
strain relationship of sand. Shin and Pande (2000) [97] carried out undrained triaxial
compression test of sand, and trained the stress–strain relationship of sand with
different grain size grading and stress history by using neural network. Wang Jingtao
(2002) [98] introduced the application of neural network in concrete.

Ren Qingyang and Wang Jingtao (2005b, 2006) [99, 100] used neural network
method to establish the numerical constitutivemodels of expansive soil and sandy soil
respectively. Zhou Baochun (2008) [101] established a numerical model of consti-
tutive relationship of clay under different stress paths. Cheng Tao et al. (2009) [102]
studied the numerical modeling of clay under different consolidation conditions.
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Li Qinglai (2001) [103] used neural network method to establish a nonlinear
constitutive model of clay. Luo Yidao et al. (2001) [104] applied the theory of arti-
ficial neural network and probability method to the construction of deep foundation
excavation information, and compiled the deifc systemof deep foundation excavation
information construction software with Borland C++ Builder 5.0.

Wang Jingtao (2002) introduced the artificial neural network into the actual
geotechnical engineering, established the appropriate artificial neural networkmodel,
analyzed the measured data in the dynamic compaction high fill engineering of the
11th bid section ofYunchengSanmenxia expressway, andpredicted the shear strength
of unsaturated soil with the simple and easy obtained real data such as water content
and density.

She Yuexin et al. (2003) [105] proposed for the first time an elastic–plastic model
for establishing the constitutive relation of rock and soil by using numerical method.
He believed that the establishment of the constitutive relation of rock and soil is
essentially an inverse problem, which can be directly determined by the triaxial test
data, rather than by looking for the solution expression of the plastic potential.

Sun Jun et al. (2003) [106] analyzed the generalized regression neural network
(GRNN), derived the relationship between the parameters of the network and the
parameters of the square index correlation function, and proposed the method of
calculating the correlation distance and fitting the correlation curve based on GRNN.

He Xiang et al. (2003) [107] based on the application of soft science theory
to the deformation prediction and analysis of geotechnical engineering problems,
combined with the construction deformation monitoring and prediction practice of
the North Anchorage Foundation of Runyang Yangtze River Highway suspension
bridge, carried out the multi-step rolling prediction research of the artificial intelli-
gence neural network for the deformation of the deep and large anchorage founda-
tion pit in the site system, which ensured the construction of the project Safety and
environmental maintenance of.

Zhang Xueyan (1993) [108] elaborated the limitations of the classical slope
stability analysis method, comprehensively considered the factors affecting the slope
stability, and established the slope stability prediction method based on the artifi-
cial neural network. Genetic algorithm is used to optimize the structure of neural
network to improve its nonlinear mapping ability and generalization ability, so as to
improve the prediction accuracy. Based on the neural network trained by the existing
engineering examples, the new slope stability problem is predicted.

Neural network model is built on the basis of current test data, which makes it
have strong pertinence, but it is a kind of fuzzy analysis, without introducing basic
mechanical equations and axioms, and may bring about calculation instability. In
addition, in order to apply the neural network model to the analysis of geotechnical
engineering, it is necessary to collect a large number of data to establish a sample
database, that is, to do a large number of stress path tests, because the integrity and
rationality of the sample database is the key to the success of model building, which
limits the application of the neural network model in practical engineering.
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3. Constitutive model established by other numerical methods

WuMengxi et al. (2017) [109] conducted triaxial and lateral compression tests based
on Duncan E-B model, studied the influence of particle loss on the stress–strain rela-
tionship, established the quantitative relationship expression between model param-
eters and particle loss, and thus realized the quantitative description method of the
impact of particle loss on the stress–strain relationship. Dong Qipeng et al. (2014)
[110] used mathematical statistical method to study the multi-scale relationship
between coarse-grained soil fabric, contact force, branch vector and coarse-grained
soil fabric with direction and size, and constructed the expression of coarse-grained
soil micro parameter fabric, contact force, branch vector and coarse-grained soil
stress through probability statistics, least square method, orthogonal decomposition
and other methods.

1.3.3 Research on the Constitutive Relationship of Expansive
Soil

1. Influence of water content on strength of expansive soil

The expansive soil in nature is often in unsaturated state, and it has the properties
of water absorption expansion, water loss shrinkage and repeated deformation. The
strength of expansive soil has a direct impact on the safety of the project, which is
the characterization of the ability of expansive soil to resist shear failure. Therefore,
the strength index is an important parameter in the engineering design of expansive
soil area. Many scholars at home and abroad have done a lot of work on the strength
of expansive soil, and made a lot of valuable research results. Most of the researches
on the strength of unsaturated expansive soil take Mohr Coulomb criterion as the
failure criterion. Based on Bishop formula and Fredlund formula, the test data are
deduced.

Chaney et al. (1996) [111] considered that the unsaturated shear strength is the
result of the interaction of the strength parameters of saturated soil and the matric
suction, and expressed the unsaturated shear strength byFredlund formula.Bruyn and
Thimus (1996) [112] conducted triaxial shear tests on clay under different confining
pressures and temperatures, and obtained the change rule of shear strength with
temperature. Ajdari et al. (2010) [113] studied the shear strength characteristics of
expansive soil through the soilwater characteristic curve.MiaoLinchang et al. (1999)
[114] conducted an experimental study on the remolded samples of expansive soil,
and considered that the water content is the key factor affecting the strength, and the
larger thewater content is, the lower the strength is. ZhanLiangtong andWuHongwei
(2007) [115] studied the influence of suction on the shear strength of expansive soil
by controlling suction direct shear test; Kong Lingwei et al. (2010) [116] tested the
deformation and strength characteristics of the remolded expansive soil in Jingmen



22 1 Introduction

with unsaturated soil triaxial apparatus, and found that the strength is ten points
sensitive to the wetting effect. Xu Bin et al. (2011) [117] through direct shear test
and triaxial test on remolded expansive soil, thought that for the same expansive
soil, water content, density and fracture are three factors that affect the strength of
expansive soil, among which water content and fracture have a greater impact on the
strength, while density has a smaller impact on the strength. Zou Weili et al. (2012),
Xiao Jie et al. (2013) [118, 119] through the shear strength test of remolded expansive
soil, found that the strength parameters measured under low stress conditions are
reasonable for the stability analysis of expansive soil slope. Zhang Lianjie et al.
(2015) [120] analyzed the influence of water content and overburden pressure on the
shear strength of Yanji remolded expansive soil.

Aitchison (1965) [121] proposed a moisture diffusion equation (shch) to describe
the volume expansion and contraction deformation of expansive soil, which can
predict the volume strain caused by moisture change caused by water absorption.
The successful application of this model in the United States, Saudi Arabia and
Australia shows that it is effective.

Bratton et al. (1990, 1991) [122, 123] discussed the influence of the humidity
change of deep expansive soil on the actual project and the influence factors of the
expansion and contraction deformation prediction of expansive soil subgrade under
the concrete exposed surface. Dhowian et al. (1985) [124] monitored the change
of moisture content of expansive soil in the field and put forward the change trend
of moisture content. El garhy (1999) [125] described the influence of water change
on the stability of expansive soil foundation through the settlement observation.
Fredlund et al. (1993, 1997, 1997) [126–128] analyzed the influence of suction on the
deformation of expansive soil raft foundation, and put forward different constitutive
equations of expansive soil considering the influence of humidity. Lee and Wray
(1995) [129] introduced the mechanism of soil and water action in expansive soil
and the treatment ofwater. Lytton (1995),McKeen et al. (1976, 1980, 1990),Mitchell
(1979), Pufahl and Lytton (1992) [130–135] proposed several models to predict the
change ofmoisture content of expansive soil with seasons and other factors. Richards
(1992, 1997), Ridley and Wray (1995), Russam and Coleman (1991), Wray (1989,
1995, 1998) and Mohandes (2000) [136–143] studied the suction in expansive soil
respectively, and proposed several constitutive models of suction control.

2. Study on the expansion characteristics of expansive soil

The research on the expansion characteristics of expansive soil is mainly through the
expansion force test and expansion rate test, and the expansion rate test is divided
into the loaded expansion rate test and the unloaded expansion rate test.

Puffala et al. (2006) [144] studied the expansion and contraction properties of
expansive soil according to the soil water characteristic curve. Erzin and Erol (2007)
[145] obtained the relationship curve between matrix suction and expansion force
by means of experiment and regression analysis. Xu Yongfu and Shi Chunle (1997)
[146] took Ningxia expansive soil as test soil samples and carried out a large number
of expansion deformation tests, and obtained the relationship between expansion
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rate and water content, vertical load and dry density. Yao Huayan et al. (2010) [147]
selected the expansive soil of a certain engineering section to do the indoor no-load
expansion rate test, studied the expansion time history characteristics of the expansive
soil under the side limit condition, and obtained the empirical relationship between
the no-load expansion rate of the expansive soil and the initial moisture content and
compactness. Hu Jin et al. (2011) [148] studied the expansion rate of undisturbed
expansive soil in the Daoxu reach of Wushen navigation through the indoor no-load
expansion rate test, and divided the no-load expansion rate and time change curve into
three stages: accelerated expansion stage, constant expansion stage and stable stage.
Xin Zhiyu et al. (2014) [149] carried out the no-load expansion rate test of expansive
soil in a construction site of Hefei under different initial moisture content conditions.
The relationship between the expansion rate and the initial moisture content was
fitted by using the 4-parameter Weibull model, and the relationship between the
expansion index of expansive soil and the initial moisture content of soil sample was
analyzed. Zhou Baochun et al. (2014) [150] took Jingmenweak expansion rate under
different compactness as the sample, studied the characteristics of expansion time
history curve under no-load condition, and fitted the curve with 3-parameter logistic
function.

3. Study on seepage theory of expansive soil

The study of seepage in expansive soil is a very important aspect, but it has been
ignored for a long time in the development of traditional soil mechanics. With more
andmore geotechnical engineering encountering the seepage problem of unsaturated
soil, such as the stability analysis of embankment under the condition of water level
rising and falling, the sliding failure of soil slope after rainfall, the research of seepage
control measures of foundation pit and the transport of pollutants in the soil, the
research on this aspect is gradually deepening.

Li Jiwei et al. (2014) [151] proposed that the study of unsaturated seepage mainly
includes the occurrence and migration of water in unsaturated state and the hydraulic
properties of rock and soil. In practical research, the unsaturated seepage area is
constantly changing under the influence of external conditions, and the location of
the seepage surface, the strength index, saturation and permeability coefficient of
the soil in the seepage field will also change, which brings some difficulties to the
analysis of the unsaturated seepage problem.

Lam et al. (1987) [152] put forward the saturated unsaturated seepage equa-
tion, and used the finite element method to simulate the complex transient seepage
problem. Peters and Ratcliffe (1998) and Montrasio (2009) [153, 154] combined
the finite element analysis of saturated unsaturated seepage with the limit equilib-
rium analysis method to comprehensively consider the change of air pressure, and
analyzed the stability of the slope.

Zhang Peiwen et al. (2003) [155] systematically introduced the numerical simu-
lation of saturated unsaturated unsteady flow, simulated the change of matrix suction
in the slope during the rainfall process, effectively dealt with the rainfall boundary,
and provided a quantitative analysis method for the stability study of rainfall type
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landslide. Zhang Guangcheng et al. (2007) [156] developed saturated unsaturated
seepage program with APDL language in ANSYS software, and analyzed the influ-
ence of reservoir water level drop on landslide stability. Niu Wenjie et al. (2009)
[157] calculated the safety factor of dam slope by considering unsaturated seepage,
which is larger than that calculated only considering saturated seepage. Li Yi et al.
(2012) [158] calculated the saturated unsaturated flow field through the secondary
development of FLAC3D, and demonstrated the effectiveness and feasibility of this
method.

1.4 Question Raising

From the previous summary, it is not difficult to see that the traditional soil consti-
tutive models are mostly based on the test data according to different theoretical
assumptions. There are two main problems in this traditional calculation mode: first,
if it is easy to model and solve the parameters, it is necessary to make the model
simple, but it can not meet the needs of reflecting complex engineering problems.
For example, Duncan Chang model only uses the information of the initial elastic
modulus and the failure stress, and can not reflect the influence of clay dilatancy,
compression and stress path. Second, in order to accurately reflect the constitutive
relationship of soil, the model must contain a large number of parameters. Relying
on the traditional calculation mode, only a large number of assumptions can be
introduced to solve these parameters. This brings many limitations to the application
of the model. In the final analysis, it is caused by the limited ability of traditional
computing mode to extract information.

To sum up, numerical methods such as artificial neural network have opened
up a new way for the study of related problems. Using the numerical method to
establish the constitutive model successfully avoids the process of artificial looking
for the plastic potential function formathematicalmodeling, and eliminates the use of
various empirical assumptions for the convenience of determining parameters, thus
greatly improving the simplicity and applicability of the model. Moreover, because
of using most of the experimental data to train the network, rather than only using
a few data points to determine the parameters of the model, it is obvious that the
numerical modeling method has greater fault tolerance than the traditional modeling
method.

In the traditional constitutivemodel, the relationship between constitutive relation,
initial condition and stress path is not considered. However, the test results show that
the influence of initial condition and stress path on the deformation of foundation can
not be ignored. It has been shown that initial conditions such as water content have an
important influence on the deformation of expansive soil. At the same time, Lambe
(1967) [159] analyzed the relationship between the settlement and the stress path of
the tank foundation, and pointed out that the strain in the vertical direction is not only
related to the load size, but also to the load path. However, the influence of initial
conditions and stress paths on the constitutive relationship can not be realized by the
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traditional calculationmode.Themethodof extracting information byneural network
is qualitatively different from the traditional theory, and it can introduce the factor
of stress path into the calculation model, and express the influence energetically. It
can be said that this constitutive model, which can reflect the influence of initial
conditions and stress paths, has more practical engineering significance.

1.5 Main Research Work

The first part: Taking expansive soil as the test object, triaxial compression test
is carried out under different water content and drainage conditions, and network
training samples are obtained. The dual yield surface model is selected as the basic
framework of the constitutive model, and the elastoplastic constitutive equation
of expansive soil with different water content is established. The trained model is
embedded in the finite element program, and the strain response of the test expansive
soil sample is calculated to verify the correctness of the model. The stress–strain
curves of two kinds of expansive soil with different water content in the whole stress
field (P, q) are drawn by visualization. Through comparison, it is found that there are
obvious differences between them, which shows that the influence of water content
on the constitutive relationship of expansive soil is quite obvious.

The second part: take sand as the test object, design three kinds of common stress
paths in the project, and obtain the network training samples through the triaxial test
of sand. As the same as the expansive soil model, the double yield surface model
is selected as the basic framework of the constitutive model, and the elastic–plastic
constitutive equation of sand under three stress paths is established. The trained
equation is embedded in the finite element program, and the strain response of the
test sand sample is calculated to verify the correctness of themodel. At the same time,
through visualization, the stress–strain relation surface and yield locus in the whole
stress field (P, q) are drawn. Through the comparison of stress–strain relation surface
and yield locus under the three paths, it is found that there are significant differences
among them,which proves that the influence of stress path on the constitutive relation
cannot be ignored.

In the third part, the elastic–plastic constitutive model of clay under the four
stress paths is established, and the stress–strain relationship in the whole stress field
is given, which is visualized as the spatial strain surface in the stress field. Especially,
the elastic–plastic constitutive model of clay under the condition of p-reduction path
and undrained condition is established, which provides a practical constitutive model
for soil excavation engineering and corresponding soil engineering under undrained
condition.Through thevisualizationof stress–strain relationship andnumerical simu-
lation, it shows that the numerical modeling method can describe the deformation
characteristics of soil under different stress paths comprehensively. In addition, from
the theoretical basis, basic framework and prediction results of the model, the numer-
ical modeling method is compared with the traditional method, which shows that the
numerical modeling method is superior to the traditional modeling method.
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The book is divided into eight chapters. Current chapter is the introduction, which
mainly describes the application of geotechnical constitutive relation and numerical
modeling theory in geotechnical engineering in recent years at home and abroad,
the research background, reason and main research work of this book. In Chap. 2,
the stress–strain theory of soil is introduced, and the constitutive models of general
soil and expansive soil are briefly introduced. Chapter 3 focuses on the numer-
ical modeling method and its basic inverse problem theory, briefly introduces the
concept, characteristics and algorithm of neural network, and compares the advan-
tages and disadvantages of radial basis function and BP neural network. In Chap. 4,
the triaxial tests of expansive soil with different water content and drainage condi-
tions are described, as well as the establishment and verification of numerical model.
In Chapter 5, the triaxial test process of sand under three stress paths is described, and
the establishment and verification of numerical model are presented. In Chap. 6, the
triaxial tests and numerical modeling of clay under four stress paths are described.
Chapter 7 summarizes the influence of stress path and stress history on soil consti-
tutive relation, and the influence of stress path on effective shear parameters of clay.
Chapter 8 summarizes the research work of this book and looks forward to the future
research.
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Chapter 2
The Constitutive Relationship of Rock
and Soil and Its Influencing Factors

The central part of numerical processing of a physical problem is the description of
some physical quantities, such as the relationship between stress–strain and time,
which are called constitutive relations. This chapter lists some relationships which
have been widely and successfully applied in geotechnical engineering. We first
discuss some basic concepts that are applicable to any material.

2.1 Soil Stress–Strain

2.1.1 Stress

Equation (2.1) represents the micro-element of a larger continuum in soil. The force
is transferred on six surfaces of the micro element and can be expressed as stress
tensor:

σij =
⎡
⎣

σxx τxy τxz

τyx σyy τyz

τzx τzy σzz

⎤
⎦ (2.1)

τxy = τyx

τyz = τzy

τzx = τxz

pi j =
⎡
⎣
p 0 0
0 p 0
0 0 p

⎤
⎦ (2.2)
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Fig. 2.1 Soil stress

The symbol of Eq. (2.1) is commonly used in continuummechanics. In continuum
mechanics, the stress is positive when the direction of the external normal of the
force and its acting surface are either positive or negative, which makes the tensile
force positive, as shown in Fig. 2.1. Since pressure is more common than tension in
geotechnical engineering problems, it is usually assumed that the pressure is positive.
Equation (2.2) is the tensor expression of pore pressure.

If the same symbol is used for the total stress and pore pressure, the effective
stress:

σ = σ − p (2.3)

or

⎡
⎣

σ xx τ xy τ xz

τ yx σ yy τ yz

τ zx τ zy σ zz

⎤
⎦ =

⎡
⎣

σxx τxy τxz

τyx σyy τyz

τzx τzy σzz

⎤
⎦ −

⎡
⎣
p 0 0
0 p 0
0 0 p

⎤
⎦ (2.4)

The stresses discussed later in this book are all effective stresses.
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2.1.2 Strain

Corresponding to stress, the strain of soil can be expressed as:

εi j =
⎡
⎣

εxx γxy γxz

γyx εyy γyz

γzx γzy εzz

⎤
⎦ (2.5)

where,

γxy = γyx

γyz = γzy

γzx = γxz

Strain is the result of stress, the change in the magnitude and direction of the
stress can produce strain. Strain can be divided into elastic strain, viscous strain and
plastic strain, or can be divided into volume strain and shear strain. Strain is not only
affected by the properties of the material itself, but also affected by complex factors
such as previous stress, current stress and stress changes.

2.2 Constitutive Relation Model of Soil

From a macro point of view, the discontinuity in the soil microstructure can be
ignored. Therefore, the study of soil constitutive model belongs to the category
of constitutive theory of continuum mechanics in theory. The basic equations of
continuum mechanics can be used to solve the problems of soil mechanics. These
equations include equilibrium equation or motion equation, compatibility condition
of strain and displacement (geometric equation), constitutive equation of material.
The equilibrium equation and geometric equation have nothing to do with the prop-
erties of materials, while the constitutive equations of materials are different due to
the different properties of materials. Therefore, once the constitutive equation of the
material is known, the response of the material medium to the external load can be
determined by adding the balance equation and the coordination equation.

Themodels established for practical application are all formed by generalizing the
real situation. These generalized models are based on a certain scope of use and basic
assumptions; it is very difficult to establish amodel that is completely consistent with
the real situation.

In recent years, with the rapid development of soil plastic mechanics, a relatively
complete system has gradually formed. Therefore, the so-called new model is only a
model established on the basis of summarizing the experience of the original model
and improving its shortcomings for specific problems.
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The constitutive model of soil can be divided into elastic model and plastic model,
and the plastic model can be divided into elastic–plastic model, viscoelastic-plastic
model, internal time plastic model and so on. According to the different material
parameters used in the model, the constitutive relationship of soil can be divided into
E-v type model,K-G type model, λ-μ type model and so on. If the constitutive model
of soil is classified from the expression mode, it can be divided into two types: full
quantity type and incremental type. The full constitutive relationship is to establish
the constitutive relationship between the total stress (total stress) and the total strain
(total strain); the incremental constitutive relationship is to establish the constitutive
relationship between stress increment (dσ i j) and strain increment (dεi j).

Since the plastic constitutive relationship is related to the stress history and stress
path, the plastic constitutive relationship is incremental in nature. The full quantity
type is just a special case of the incremental type.

2.2.1 Elastic Model

Elastic models can be divided into linear elastic models and nonlinear elastic models.
(1) Linear elasticmodel. Love proposed a linear elasticmodel, which assumes that

the stress of soil is proportional to the strain, obeys Hooke’s law, and the strength is
infinite. Based on this theory, the linear elastic constitutive relation can be expressed
as:

σij = De
ijklεk1 (2.6)

or

εi j = Ce
i jk1σk1

where, De, Ce are stiffness matrix and flexibility matrix, respectively. For extremely
anisotropic materials, they contain 81 constants; for orthotropic materials, they
contain 9 constants; for transversely anisotropicmaterials, their constants are reduced
to 5; and for isotropic materials, they contain only two constants. The linear elastic
models have beenwidely used in geotechnical numerical calculations. But in general,
this model is too simplified and has a smaller scope of application.

(2) Nonlinear elasticmodel. If geotechnical materials are regarded as elasticmate-
rials, the constitutive relationship is essentially closer to nonlinear elasticity, while
linear elastic materials are only a simplification of stress–strain relationship of soil.
Therefore, if the geotechnicalmaterials are regarded as elasticmaterials, the nonlinear
elastic constitutive relationship should be used to simulate it, which is more realistic.
The nonlinear elastic constitutive relationship can be roughly divided into three types:
Cauchy elastic model, hyper elastic model and sub elastic model. Among them, the
essence of the Cauchy elastic model is that the stress (or strain) of the elastic material
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depends exclusively on the current strain (or stress); The hyper elastic model is a
kind of constitutive equation established by strain energy function or complemen-
tary energy function of material; The secondary elastic model is established when
the stress state of elastic material is not only related to the strain state, but also to the
stress path to the state. Among the above three models, the simple variable modulus
sub elastic model is the most widely used.

In the study of stress–strain relationship, the nonlinear elastic analysis of soil has
been studied a lot. For example, For example, Desai et al. used nonlinear analysis of
ax symmetric foundation on layered clay, and Duncan et al. used the assumption that
Poisson’s ratio is a constant, which makes the elastic modulus change with the stress
state. Clough used constant bulk deformation modulus and varying shear modulus
obtained from triaxial tests to analyze the displacement of ottsebrook dam during
construction. Taylor introduced the method that shear modulus is related to stress
invariant. On the basis of these studies, some nonlinear models of rock and soil
are gradually established, for example, the nonlinear sub elastic model proposed by
Duncan and Zhang Jinrong (also known as Duncan Chang model); The sub elastic
and variable modulus model (I-Kmodel for short) that considers the shear expansion
of rock and soilwas proposed by Izumi andKamemura.Among the existing nonlinear
models, the Duncan Chang model is widely used and representative.

The Duncan-Chang model assumes that the stress–strain relationship is hyper-
bolic, so it is also called the hyperbolic model, as shown in Fig. 2.2. In the Fig. 2.2, Ei
is the initial elastic modulus, (σ1−σ3)ua is the maximum principal stress difference;
εa is the axial strain, and εa = ε1.

Among them, the tangent modulus Et and Poisson’s ratio vt vary with the stress
level.As long as Et andvt of different stress levels are reasonably determined through
experiments and calculations, the stress–strain analysis and calculation can be carried
out according to the incremental generalized Hooke’s law. The mathematical expres-
sion of the Duncan-Chang model is very simple and the concept is clear; there are
only 8 experimental constants, and the physical and geometric meanings are clear; To
a certain extent, it also reflects the nonlinear elasticity of geotechnical materials and
its characteristics related to stress path, so it is widely used in engineering and has

Fig. 2.2 Duncan Chang model



38 2 The Constitutive Relationship of Rock and Soil …

accumulated a lot of experience. However, its disadvantage is that it does not consider
the dilatancy and compressive rigidity of geotechnical materials, and the influence
of intermediate principal stress on deformation and strength. In view of the above
shortcomings of Duncan Chang model, scholars at home and abroad have proposed
many improvements. Skermer proposed a nonlinear model considering the effect of
intermediate principal stress, in which the elastic modulus and Poisson’s ratio are
changed according to the variation of confining pressure and deviator stress. The
confining pressure here is assumed to be the mean value of the small principal stress
and the medium principal stress, and the deviator stress is the difference between
the large principal stress and the confining pressure. Shen Zhujiang [1] treated the
volume strain caused by shear dilatancy as initial strain, changed the q−ε1 curve into
strain softening curve with hump, and proposed a nonlinear model with Mt−Et−ρ

three parameters. Where Mt is the tangent compression modulus and ρ is the shear
expansion coefficient.

In order to make the E-V model reflect the change of certain stress path, Yudhbir
established a nonlinear model based on the triaxial test results and elastic theory,
which can reflect the changes of E and ν under different stress paths. Schulhse and
Teosen proposed amodel that describes the principal stress ratio K as a constant stress
path based on the E-v model. Liu Zude and others in China use power function to
describe the stress–strain relationship. Using the data obtained from the undisturbed
London clay test, Wroth concluded that the parameters K and G of the soil elastic
model are mainly determined by P ′, and the overconsolidation ratio has a relatively
small effect on them.

The K −G model separates the spherical tensor component and the partial tensor
component of stress and strain. The bulk modulus K is used to reflect the volume
change of soil, and the shear modulus G is used to reflect the shear deformation of
soil. In recent years, more and more researches have been done on K − G model
because of its clear physical meaning and easy connection with stress. Domaschuk
and Valliappan suggested that bulk modulus K and shear modulus G should be used
instead of E and v commonly used in engineering when performing nonlinear elastic
analysis. Assuming that the soil is isotropic and the stress–strain directions coincide,
the average stress and volumetric strain are related to the volumetric deformation
modulus K as follows: σm = K εv, while the relationship between stress Deviator
and strain deviator by shear modulus is as follows: S′i j = 2Gε′i j . On this basis,
the Domaschuk-Valliappan model was established. Naylor believes that the bulk
deformation modulus increases with the increase of the average normal stress; while
the shear modulus increases with the increase of the average normal stress, and
decreases with the increase of the shear stress. He suggested that the expressions of
K and G in nonlinear elastic analysis are:

Kt = KI + αk p (2.7)

Gt = GI + αG p + BGq (2.8)
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where, αk, GI , K I , αG and BG are all the test constants.
The above models assume that the soil is isotropic, but the real soil is mostly

anisotropic. On the basis of considering both reality and simplification, the common
method is to assume that the soil has the transverse isotropy or orthotropic of the
symmetry axis. Graham and Houlsby proposed a matrix equation for transversely
isotropic soils expressed by triaxial stress invariants:

[
δP ′

δQ′

]
=

[
Km

J

J

3Gm

][
δεv

δεs

]
(2.9)

where, Km , Gm and J can be obtained by triaxial test of transversely isotropic soil
samples.

Shen Zhujiang [2] of the Nanjing Institute of Hydraulic Research and others
expressed the stress–strain relationship of soil with the following two nonlinear
functions:

εv = f1(p, q) (2.10)

ε = f2(p, q) (2.11)

where, P , q, εν and ε are octahedral stresses and their corresponding strains,
respectively. Rewritten as incremental as:

dεv = ∂ f1
∂p

dp + ∂ f1
∂q

dp (2.12)

dε = ∂ f2
∂p

dp + ∂ f2
∂q

dp (2.13)

Compared with the classical elastic theory, the above two formulas respectively
point out: ➀ pure shear can produce volumetric strain; ➁ Changes in the sum of
normal stresses can cause shear strain. This reflects the shear shrinkage and dilatancy,
and negates the assumption caused by the existence of two elastic constants E and ν.

The f 1 function can be obtained by isotropic consolidation, conventional unidi-
rectional consolidation tests, and other consolidation tests that keep n = q

/
p

constant. The f 2 function can be obtained by a triaxial compression drain test with
p equal to a constant.

Whether linear elastic model or nonlinear elastic model, their common basic
feature is that the stress and strain are reversible, or reversible in incremental sense.
This model can get more accurate results when used for monotonous loading. But
when it is used to solve complex loading problems, its accuracy often cannot meet
the needs of engineering. The common shortcomings of this elastic model limit
the application of the elastic model, so it limits the development of elastic–plastic
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constitutive model and its wide application in various geotechnical problems. At
present, the elastoplastic constitutive model of soil based onmodern plasticity theory
is a more complete and widely used model.

2.2.2 Plastic Model

1. Elastoplastic model

The yield criterion is an important concept of plastic mechanics, which is the basis
of judging the elastoplasticity of materials. Therefore, before discussing the elastic–
plastic model, the existing yield criteria are summarized. The existing yield surfaces
can be roughly divided into two types: The existing yield surfaces can be roughly
divided into two types: one is a single-opening yield surface, also called a cone yield
surface; the other is a closed yield surface that is currently widely used, also called a
hat yield surface. The open cone yield surface mainly reflects plastic shear deforma-
tion. Most of the classical yield surfaces belong to this type, such as Tresca criterion,
Mises criterion,MohrCoulombcriterion,Drucker Prager criterion, etc.However, one
of the distinguishing characteristics of geotechnical materials different from metal
materials is that pure hydrostatic pressure can also produce plastic volumetric strain.
The yield surface with a single opening can not reflect the plastic volumetric strain.
Therefore, in recent years, whether the original yield surface is modified or the new
yield surface is proposed, most of them are the hat yield surface which overcomes
some shortcomings of single yield surface, and can describe the properties of soil
more truly and fit the test data under various loading paths properly. It can be widely
used for different purposes, and has adaptability and flexibility, so it has been widely
developed and applied in recent years.

Although there are many kinds of yield surfaces, it can be found that they are
convex in the two planes, and most of them take the double shear stress strength
theory proposed by Yu Maohong [3] as the outer boundary, and the Mohr Coulomb
single shear strength theory as the inner boundary. The shapes on themeridian surface
can be roughly divided into the following types: egg shape with both ends round,
water drop shape with one tip at one end and Olive shaped with two tips at both ends.

Yu Maohong [4] proposed the yield and failure criteria of double shear stress for
metal materials and geotechnical materials respectively. Based on themodification of
the original criterion, the yield surface of generalized double shear stress elliptical cap
was proposed later. In this criterion, the effects of intermediate principal stress, Rhode
angle and hydrostatic pressure on Yield and failure are considered, and different
strength (S-D) effectswith different tensile and compressive strengths are considered,
and the edges and corners of the original model are rounded. The parameters in the
criterion are easy to determine or can be converted from the material parameters of
Tresca criteria and Mohr–Coulomb criteria. The criterion has clear mechanical and
physical significance, and has a wide application prospect for geotechnical materials.
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According to the elastoplastic theory, the total strain can be divided into two parts:
elastic strain and plastic strain, and the incremental form is dεi j = dεi jv + dεi jp.
Among them, the elastic strain can be calculated by the generalized Hooke’s law, and
the plastic strain can be calculated by the plastic increment theory. It is necessary
to know the yield function, flow rule and hardening law of the material to calculate
the plastic strain by plastic increment theory, and the plastic potential function of
the material should be known for the material subject to the unrelated flow rule. The
elastoplastic constitutive equation can be expressed as:

dσi j = Dep
i jkldεi jkl

where, Dep
i jkl is the elastic–plastic stiffness matrix, and its general expression is:

Dep
i jkl = Di jkl −

Di jpg
∂g

∂σpg

∂φ

∂σrs
Drskl

A + ∂φ

∂σmn
Dmnuv

∂g
∂σuv

(2.14)

where, g is the plastic potential function; Φ is the yield function; A is the hardening
parameter; D is the elastic modulus tensor.

For ideal plastic material, the hardening parameter A in Eq. (2.14) is always zero,
and the plastic potential function is the same as the yield function, that is, g and Φ

in the equation can be expressed by the function F.
The ideal plastic model can be divided into two types: frictionless constitutive

model independent of hydrostatic pressure and frictional constitutivemodel related to
hydrostatic pressure. Friction here refers to the increase of yield limit of material due
to hydrostatic pressure.Among them, the representativeMisesmodelwithout friction
and Drucker Prager model with friction are compared. The Mises ideal plasticity
model ismainly suitable formetalmaterials. It does not consider themain constitutive
properties of geotechnicalmaterials, such as dilatancy and compressibility, so it is not
suitable for geotechnical materials or only suitable for undrained total stress analysis
of pure cohesive soil with ϕ = 0. Its importance lies in the fact that it is the basis of
constructing friction type ideal plastic model and isotropic or non isotropic complex
geotechnical constitutive model.

The Drucker-Prager model is established on the basis of generalized Mises yield
criterion considering hydrostatic pressure. It is the earliest proposed elastic–plastic
model suitable for geotechnical materials. Although it does not reflect the different
strength of triaxial tension and compression, hydrostatic pressure can cause the yield
of geotechnical materials and the influence of Rhode angle of stress on plastic flow,
its greatest advantage of this method is that the influence of hydrostatic pressure on
the yield and strength of materials and the dilatancy of geotechnical materials are
considered in a simple way, moreover, the model parameters are few and the calcu-
lation is simple. Many subsequent isotropic or unequal plastic models of geotech-
nical materials are established on the basis of modification and expansion. So far,
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there are many kinds of elasto-plastic models, which are not listed here, but some
representative elastic–plastic models are introduced.

Roscoe [5] of Cambridge University proposed the concepts of state boundary
surfaces and critical state line. Based on the work hardening theory of plastic
mechanics, Roscoe et al. [6] established the elastoplastic model of soil for normal
consolidation reshaped clay, called Cambridge model. Burland proposed the modi-
fied Cambridge model, and then Roscoe and Burland extended it to the general
three-dimensional stress state. Because it is the first soil stress–strain calculation
model established by incremental plasticity theory and has achieved certain results,
it has become a well-known elastoplastic model of soil.

The central concept of Cambridge model is the concept of state boundary surface.
In the p-q–v space, the space surface formed by the path of triaxial consolidation
drained or undrained test along the normal consolidation curve with the change of
consolidation pressure is called Roscoe surface or state boundary interface, but not
completely the same as yield surface or loading surface; For normally consolidated
or weakly overconsolidated clays, the failure surface is the surface formed by the
critical state line and its projection line in the p-q plane. For the strong overconsol-
idated soil with strain softening property, the failure point is generally at the stress
peak point above the critical state line. The plane formed by the intensity peak point
in the p-q–v space is called the failure surface of this kind of strain-softening mate-
rial, which is called the Hvorslev surface. After normalization in p-q plane, Roscoe
surface, Hvorslev surface and tensionless wall form a complete normalized state
boundary line. The model adopts the associated flow law, in which there are three
model parameters, A, K and M, which can be measured by conventional triaxial
test. The advantage of Cambridge model is that the basic assumptions have certain
experimental basis, and the concept is clear. For example, the critical state line,
state boundary and elastic wall have clear geometric and physical meanings, and
the hydrostatic yield characteristics, compressive stiffness (normal weak overcon-
solidated clay) and shear dilatancy (strong overconsolidated clay) of geotechnical
materials are considered, moreover, the model parameters are easy to obtain. The
disadvantage of this model is that the influence of intermediate principal stress is not
considered due to the adoption of C-M failure criterion, and there are sharp corners
on the failure surface, and the direction of plastic strain increment at the sharp corner
is difficult to determine.

Lade [7] andDuncan put forward a ladeDuncanmodel of yield surface, calledL-D
model for short. Themodel takes into account the dilatancy and compressibility of the
material, the different characteristics of triaxial compression and tensile strength, and
the influence of the intermediate principal stress or the Rod angle on yield and failure;
The yield surface is smooth and easy to calculate. There are 9 calculation parameters
or material parameters in the model, which can be measured by conventional triaxial
test. However, the yield surface of the model is a cone with a straight line as the
generatrix in the principal stress space, so it can not reflect the characteristics of yield
curve changing with hydrostatic pressure, nor can it reflect the yield phenomenon
under proportional loading. In order to overcome the shortcoming of single yield
surface in L-D model, lade modified the L-D model into lade model with two yield
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surfaces, which is called L-model for short. Aiming at the deficiency of L-D model,
the model is modified in the following aspects.

(1) In order to reflect the yield phenomenon under proportional loading and to
overcome the excessive shear dilatancy on the yield surface of linear cone, the
yield surface of L-D model is changed to curved conical yield surface fp, and
the plastic flow on the yield surface obeys the unrelated flow law.

(2) A spherical cap yield surface fc is added to the cone opening end of the conical
surface of the L-Dmodel to consider the yield properties of geotechnical mate-
rials under hydrostatic pressure and the shear shrinkage properties of some
materials. The plastic flow on fc obeys the orthogonal law.

(3) In order to adapt to the cohesive force or certain tensile strength of overconsoli-
dated clay and other materials, a cohesive force is added to the original normal
stress component. The modified L model takes into account the hydrostatic
pressure yield characteristics, dilatancy and compressibility of geotechnical
materials, the characteristics related to the yield curve and hydrostatic pres-
sure curve, the influence of intermediate principal stress and Rhode angle on
Yield and failure, and the uncorrelated flow rule for plastic expansion strain
is adopted to avoid excessive dilatancy. The yield surface is smooth, which is
conducive to numerical calculation. Although there are 14 parameters in the
model, which affect its application in practical engineering, it is more compre-
hensive in theory and worthy of reference, which is the reason why this book
highlights it.

The models introduced above are all elastoplastic model of isotropic hardening.
This kind of model is relatively simple, and the differences among the models are
mainly reflected in several aspects such as yield criterion, hardening parameter and
flow rule. They usually think that when the stress path is in the yield surface, only
elastic deformation occurs. However, in fact, when the stress point is in the yield
surface, the irreversible plastic deformation may occur with the change of stress
state. Especially for the case of periodic loading and reverse unloading, it is more
important to consider the possible plastic deformation of the stress path in the yield
surface. In order to truly describe the constitutive characteristics of soil under cyclic
loading, some researchers have proposed a multiple yield surface model. In the multi
yield surfacemodel, themixed hardening is often used in the yield surface hardening,
so the mixed hardening form is summarized first.

The simple form of isotropic hardening can only describe the change of yield
surface caused by subsequent loading, and it does not consider Bauschinger effect,
initial anisotropy and anisotropy caused by stress of the soil. The reason why it can
be widely used in traditional models is that it is more intuitive and clear to a large
extent, while the simple movement hardening exaggerates the Bauschinger effect of
the soil. The so-called Bauschinger effect means that in the initial deformation stage,
the positive yield stress is equal to the reverse yield stress, which is equal to σ s, but
after strain strengthening, the absolute value of reverse yield stress decreases less
than σ s. The Bauschinger effect of soil is shown in Fig. 2.3.
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Fig. 2.3 Bauschinger effect of soil

At the same time, themixed hardeningmodel of isotropic hardening and kinematic
hardening is considered. The loading surface of the model can be translated in the
stress space, and can be enlarged or reduced with similar shape. When uniaxial
compression and then reverse loading, the tensile direction can also be hardened,
but the hardening strength is not as large as great of compression, and the degree
of weakening is not as strong as that of kinematic hardening. Therefore, the mixed
hardening model can best reflect the real characteristics of soil, especially when the
soil is subjected to periodic or reverse loading.

Mixedhardening is a combinationof isotropic hardening andkinematic hardening.
In the traditional elastoplastic constitutive model, the law of isotropic hardening is
widely used, while the use of kinematic hardening is less. The following is a brief
introduction to the kinematic hardening law which is seldom used at present.

Motion hardening can be roughly divided into the following two types.

(1) Prager’s law of hardening

In this hardening law, Prager assumes that the moving stress increment dξ i j of the
central position of the loading surface is related to dε

p
i j , namely:

dξi j = Cdε p
i j (2.15)

where, C is the proportional coefficient reflecting the material properties. Generally,
C is a constant, which can be determined by uniaxial tension and compression exper-
iments. It can be seen from the hardening formula that Prager hardening is linear
kinematic hardening, and the direction of dξ i j and dε

p
i j is the same, which means

that the center of loading surface is along the direction of plastic strain increment or
the direction of normal outside loading plane.
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(2) Ziegler’s law of hardening

Prager’s law of kinematic hardening can’t reflect the special case that the increment
of a certain component of σ i j is not necessarily equal to zero when dσ ′

i j = 0. For
example, for the conventional triaxial compression experiment, the Prager kinematic
hardening law can not be reflected in the case of dε

p
3 �= 0, dε3 �= 0, while dσ3 = 0,

dσ1 �= 0. Therefore, Ziegler modified Prager’s law of kinematic hardening. In
Ziegler’s law of hardening, it is assumed that the center of the loading surface moves
in the direction of σ i j − ξ i j , that is:

dξi j = dμ
(
σi j − ξi j

)
(2.16)

where, dμ is the proportional constant, which is generally a function of generalized
plastic strain increasing dγ p. A is a function of the distance between the current stress
point and the stress point reached by the next movement or the distance between the
two stress points. As Ziegler’s law of kinematic hardening can better reflect the
hardening characteristics of geotechnical materials, Ziegler’s law of kinematic hard-
ening is more commonly used in the non isotropic hardening model of geotechnical
materials.

Themultiple yield surface model considers that the movement of the yield surface
in the stress space is translational and isometric, and it is assumed that there are a
cluster of overlapping and disjoint geometrically similar yield surfaces f 0, f 1, f 2,
…, fn in the stress space. And each yield surface moves in the stress space in the
form of mixed hardening (Fig. 2.4). When the stress moves from the initial point 0
to f , the elastic strain first occurs, and when the stress reaches f 0, the plastic flow
begins. Then, f0 moves towards f1 again until they contact. the plastic flow at this
time is controlled by the hardeningmodulus related to f 0. Once f0 contacts with f 1, f 1
becomes an effective yield surface. This process will continue with further loading.

Fig. 2.4 Schematic diagram of the multiple yield surface model and its movement rules in the
stress space
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Prevost generalized the multi-yield surface model and proposed a generalized multi-
yield surface model under drained and undrained conditions. In this kind of model,
the overlapped yield surfaces can not only shift, but also shrink and expand in the
same direction without crossing each other. Irrelevant flow rules are also used in
the drainage model. The equation of multiple yield surfaces in the model is often
expressed as:

fi = 3

2

(
Si j − αm

i j

)2 + C2
(
P − βm

)2 − (
km

)2 �= 0 (2.17)

In the generalizedmultiple yield surfacemodel, since each yield surface represents
a certain value of hardening modulus, the position of the yield surface at a certain
moment not only reflects the past stress history of materials, but also represents the
current size and distribution of plastic modulus field in the stress space. In addition,
with the generation and development of plastic strain, the yield surface expands,
shrinks and moves in a certain rule. It can not only simulate the anisotropic work
hardening characteristics of materials, but also describe the phenomenon of irre-
versible plastic deformation under cyclic loading, such as unloading nonlinearity,
reloading and reverse loading. In a word, although the multiple yield surface model
does not break out of the framework of classical plastic mechanics, it can describe
some real characteristics of soil which can not be described by classical plastic theory,
and has universality and flexibility.

At present, most of the multi yield surface models are mainly based on the char-
acteristics of soil under cyclic and repeated loading and unloading. In fact, the simu-
lation of this characteristic is also the original intention of the original multi yield
surface model. Among the existing multi-yield surface models, Morz and Lwan,
Pender [8], Dafalias [9–12] andNorris [13] are themost representative. Among them,
the models proposed by Morz and Lwan are the earliest. These models systemati-
cally give the basic equation of multi yield surface models, and most of the models
proposed later are developed on this basis. Although the multi yield surface model
has some advantages over the conventional elastoplastic model, it has a disadvantage
that can not be ignored, that is, the location, size and plastic modulus of each yield
surfacemust be defined, updated andmemorized during calculation,whichmakes the
calculation more complex and requires high memory of the computer, which makes
the model difficult to be used in engineering practice. This application inconvenience
leads people to find a simpler model, and thus a boundary surface model is proposed.
The boundary interface model simplifies the nested yield surfaces in the multi yield
surface model. Only one boundary surface and one or two yield surfaces are consid-
ered, which inherits the theoretical advantages of the multi yield surface model. In
application, the method of tracking the hardening modulus field by the multi yield
surface model is replaced by the interpolation equation of plastic modulus, which
greatly simplifies the model and enhances its practicability. The boundary surface
model was first proposed by Dafalias and Popov [14] and applied to cyclic loading
of metal materials. The boundary surface model assumes that there is a boundary
surface in the stress space, which limits the movement range of the stress point and
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Fig. 2.5 Schematic diagram of boundary surface model and its movement in stress space

yield surface (Fig. 2.5). This surface is mostly elliptical. It contains a yield surface
geometrically similar to the boundary surface. In the process of plastic loading, both
the boundary surface and the yield surface can expand and contract isotropically
and can translate in the stress space. The loading surface can contact and be tangent
to the boundary surface, but cannot cross it. The equation of the loading surface is
generally defined as:

f
(
σi j − ai j , qn

) = 0 (2.18)

where, ai j is the coordinate of the center of the loading surface; qn is the plastic
internal variable, such as plastic strain.

The main difference between the boundary model and the multiple yield surface
model is that the hardening modulus of the yield surface is a function of the distance
between the current stress point on the yield surface and its conjugate point on the
boundary surface in the boundary surfacemodel,which is determined by some simple
interpolation equation. At present, most of the boundary surfacemodels proposed are
two surface models, that is, one boundary surface contains a yield surface. Compared
with the multiple yield surface model, the boundary surface model does not need
to “memorize” the positions and sizes of multiple yield surfaces, which is relatively
simple. However, the interpolation rule used to replace the plastic modulus of the
original hardening modulus field has great a priori.

2. Viscoelastic plastic model

In order to describe the influence of time on the stress–strain relationship of soil, it
is necessary to use a class of time-dependent models to describe the properties of
soil, such as viscoelastic model, viscoplastic model, viscoelastic-plastic model and
so on. Viscoelasticity is the property of both elasticity and viscosity. The phenomena
of creep and stress relaxation are well known and paid special attention to. The
characteristic of viscoelasticity is that there are not only stress and strain terms, but
also their time derivative terms in the constitutive equation. For linear viscoelastic
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materials, the general expression of the constitutive equation is:

a0α + a1σ̇ + · · · + amσ (m) = b0ε + b1ε̇ + · · · + bnε(n) (2.19)

where, ai and bi are parameters related to material properties. The commonly used
and simple viscoelastic models are Maxwell model, Kelvin model and three element
viscoelastic model. Maxwell model is also called relaxation model. It consists of
a linear spring and a Newtonian adhesive pot in series. The stress acting on the
two elements is the same, and the total strain is the sum of the two elements. The
constitutive model of the material described in this model is:

dε

dt
= 1

E

dσ

dt
+ σ

η
(2.20)

The Maxwell model can only describe the relaxation characteristics of materials,
but not the creep characteristics of materials. The Maxwell’s body has no aftereffect
and flows at a fixed speed when the shear stress is constant, which is equivalent
to Newtonian ideal viscous liquid. Kelvin body, also known as creep viscoelastic
body, is composed of a linear spring and a Newtonian adhesive pot in parallel. Under
the condition of parallel connection, the strains of the two elements are the same,
and the total stress is the sum of the stresses of the two elements. The constitutive
equation of the Kelvin model is σ = Eε + ηdS/dt , Kelvin body can be regarded
as an elastic solid with viscous property and has aftereffect property, but it has no
relaxation property. When the shear strain is constant, its properties are equivalent
to that of elastic solid. Kelvin model can also be used to represent the damping
oscillation caused by internal friction, that is, the energy loss caused by damping.
The three-element model can more comprehensively reflect the characteristics of
linear viscoelastic solids. It has different composition methods. Among them, the
three-element model composed of linear spring and Kelvin model in series is called
L-body model for short, and the three-element model composed of sticky pot and
Maxwell model in parallel is called j-bodymodel for short. The constitutive equation
can be uniformly expressed as:

σ+p1σ̇ = q1ε̇ + q2ε̈ (2.21)

For L-body model:

p1 = (η1 + η2)/E1, q1 = 2η2, q2 = 2η1η2/E1

For J-body model:

p1 = η1/E1, q1 = (η1 + η2), q2 = 2η1η2/E1
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In addition to the above models, there are more complicated viscoelastic plastic
models for the comprehensive simulation of soil properties, which will not be
discussed here.

3. Plastic Endochronic Theory

In the classical plastic theory, it is always assumed that there is a yield surface or a
loading surface corresponding to the hardening or softening process. However, the
experiments of geotechnical materials show that there is no obvious yield point in
theory when the soil is compressed or sheared, and the residual deformation often
occurs from the beginning of loading. Therefore, in this sense, the simplified yield
surface theory is often different from the real situation of soil deformation. Valanis
[15] proposed the plastic endochronic theory (plastic endochronic theory) which also
used incremental theory, but there is no yield surface. It was first proposed for metal
materials, and thenBazant andValanis popularized it to engineeringmaterials such as
geotechnical engineering and concrete. The plastic endochronic theory is equivalent
to the mixed theory of classical linear viscoelastic theory and incremental plastic
theory. Its basic feature is the introduction of the concept of internal time and internal
time measurement reflecting the cumulative nonlinear strain of the material. and the
change of constitutive relation caused by the change of endochronic system replaces
the yield criterion and hardening law of incremental plasticity theory without the
concept of yield surface. Endochronic theory is a relatively new theoretical system,
which is still improving and developing.

With the development of soil constitutive model, the research of soil constitutive
model under simple loading condition has become more and more mature, while the
research on soil constitutive model under complex loading conditions is still under
development. At present, the research of soil constitutive model tends to consider
the complex stress path and the constitutive relationship under complex loading
condition, and most of the models have strong pertinence, rather than a general and
versatile constitutive model of soil.

2.3 Constitutive Model of Expansive Soil

Soil mechanics is a discipline that combines engineering mechanics with soil prop-
erties. This broad expression can cover all kinds of soils. But the classical soil
mechanics focuses on silt, clay and sand in its development process. There are many
kinds of soils encountered in engineeringpractice, and their properties donot conform
to the principles and concepts of classical soil mechanics. Expansive soil is one of
the representative soils. Expansive soils, as a verification of special clays, do not
conform to the deformation theory of general clays. Expansive soil undergoes water
migration and transformation with changes in climate, geological environment, and
engineering construction activities. The properties of expansive soils change with the
change ofwater, showing different characteristics. The variability of shear strength of
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expansive soils is mostly related to the action of water. Expansive soil absorbs water
and causes anisotropic expansion, which may cause deviation stress. The uneven
expansion caused by different water absorption distribution conditions may also
cause the destruction of expansive soil.

2.3.1 Strength Theory of Expansive Soil

In the 1930s, Terzaghi [16] proposed the concept of effective stress. The stress state
variables that control the properties of saturated soil are described as follows: The
stress at any point in the soil can be calculated from the total principal stress σ1, σ2, σ3

acting on that point, the stress in water is uw. The difference between the two is the
effective stress:

σ ′ = σ − uw (2.22)

After Tasighi proposed the concept of effective stress, some effective stress equa-
tion for saturated soils have been put forward successively by scholars, of which
Bishop’s expression has the greatest influence [17]:

σ ′ = (σ − ua)+χ(ua - uw) (2.23)

where, ua is pore pressure andχ is a parameter related to soil saturation. For saturated
soils, χ = 1; for dry soils, χ = 0. The relationship between χ and saturation is
determined experimentally.

Since then, Aitchison [18, 19] proposed the following effective stress equation:

σ ′ = σ+ψp′′ (2.24)

where, p′′ is the difference in pore water pressure; ψ is a parameter ranging from 0
to 1.

Richard adds a component of solute suction to the effective force equation:

σ ′ = σ − ua+χm(hm+ua)+χs(hs+ua) (2.25)

where, χm is the effective stress parameter considering the matrix suction; χs is the
effective stress parameter considering the solute suction; hm is the matrix suction;
hs is the solute suction. This equation is rarely mentioned later because parameter χ

is too complex.
The above research shows that scholars have made great efforts to establish a

single-value effective stress equation for expansive soils. But the experimental results
show that the suggested effective stress equation is not a single value, but is related
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to the stress path. The parameter χ of effective stress is difficult to determine. These
equation have little effect in practice. The result of the parameter χ measured by
strain is inconsistent with the result measured by shear strain. After reassessment of
the various effective stress equation, many researchers prefer to use two independent
stress state variables σ − ua and ua − uw to describe the mechanical properties of
unsaturated soils.

Fredlund [20, 21] and Morgenstern proposed an expansive soil stress analysis
based on continuous multiphase media mechanics, the equation is as follows:

τf = c′+(σ − ua) tan ϕ′+(ua − uw) tan ϕb (2.26)

where, c′ is the effective cohesion; ϕ′ is the effective internal friction angle; ϕb is the
internal friction angle whose strength changes with suction.

Shen Zhujiang obtained the following equation by modifying χ :

τf = c′ + (σ − ua) tan ϕ′ + ua − uw
1 + d(ua − uw)

tan ϕ′. (2.27)

2.3.2 Deformation Theory of Expansive Soil

1. One-dimensional deformation theory

The bulk deformation and strength characteristics of expansive soils are not simply
controlled byσ , ua and uw, but it is controlled by ua and ua−uw. Volumetric variation
of soil reflects strains of soil particles, water and air at the same time. Fredlund [22,
23] obtained according to the one-dimensional compression experiment.

e = e0 − ct lg
(σ − ua)f
(σ − ua)0

− cm lg
(ua − uw)f

(ua − uw)0
(2.28)

w = w0 − dt lg
(σ − ua)f
(σ − ua)0

− dm lg
(ua − uw)f

(ua − uw)0
(2.29)

where, e is the void ratio; w is the water content; 0 and f are the initial state and
final state of the test respectively; c is the compressibility coefficient; d is the water
content index.

The deformation of expansive soil can be divided into the deformation of soil
particles, water and gas, and the corresponding incremental form can be obtained:

dε = ms
1d(σ − ua)+ms

2d(ua − uw) (2.30)
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dθw = mw
1 d(σ − ua)+mw

2 d(ua − uw) (2.31)

dθa = ma
1d(σ − ua)+ma

2d(ua − uw) (2.32)

Loret derives the following formulas from compression tests of pore pressure,
pore water pressure and water content:

dθa = ma
1d(σ − ua)+ma

2d(ua − uw) (2.33)

e = a2 + b2(σ − ua) + c2 lg(ua − uw) + d2(σ − ua) lg(ua − uw) (2.34)

S = a3 − th|b3(ua − uw)[c3 + d3(σ − ua)]| (2.35)

S = a4 − |1 − exp[−b4(ua − uw)]|[c4 + d4(σ − ua)] (2.36)

where, e is void ratio; S is saturation.

2. Three-dimensional deformation theory

(1) Elastic–plastic model

The elasto-plastic constitutive models of expansive soils are developed from the
elasto-plastic constitutive models of saturated soils.

Based on the Cambridge model, Alonso [24] adds a suction parameter to the
stress–strain space to form a generalized yield surface:

F1 = q2 − M2(p + ps)(p0 − p) = 0 (2.37)

F2 = us − us0 = 0 (2.38)

The plastic deformation is taken as the hardening parameter. After derivation, the
incremental form of volume strain εv and generalized shear strain εs can be obtained:

dεv = k

v

dp

p
+ κs

v

dus
us + pat

+μ1+μ2 (2.39)

dεs = dp

3GE
+ μ1

2qa

M2(2p + ps − p0)
(2.40)

where, v = 1 + e, e is the void ratio; GE is the elastic shear modulus.
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μ1 =
∂F1
∂p dp + ∂F1

∂q dp + ∂F1
∂us

dus
∂F1

∂p(0)
p(0)
∂ε

p
v

(2.41)

μ2 = − ∂F2
∂us

dus
∂F2
∂us0

∂us0
∂ε

p
v

(2.42)

The advantage of the elastic–plastic constitutivemodel is that the parameter setting
is easy, but the disadvantage is poor adaptability. It is difficult to describe the proper-
ties of unsaturated soils and the equation is based on the test results of disturbed soils
and cannot reflect the strain softening. According to the hardening law, the volume
shrinks when hardening and expands when softening. The softening of expansive
soils is accompanied by volume shrink age, it directly violates the hardening law.
Therefore, the elastoplastic constitutive model is only applicable to soils without
obvious softening characteristics or super-consolidated soilwith softeningproperties.

(2) Generalized suction model

ShenZhujiang believes that the role of suction is to increase the anti-sliding resistance
between soil particles, and define all factors that increase the anti-skid resistance as
generalized suction. The generalized suction is mainly composed of reduced suction
and cemented suction. The essence of reducing suction is matrix suction, and the
cementation suction is the reflection of structural strength, Shen Zhujiang assumed
that the law of loss of reduced suction and cemented suction is expressed as:

use = use0[(ws − w)/(ws − w0)]
n (2.43)

usb = usb0

[
1+ cosπ

(
q − q0

qmax − q0

)]
(2.44)

where, use0 is the reduced suction of the undisturbed soil; usb0 is the suction of the
undisturbed soil structure; q is the generalized sliding force.

q = (aσm+b)/
(
σm+u

′
s

)
(2.45)

where, σm is the normal stress; σs is the tangential stress and us is the general suction.
The generalized suction model divides the strain into two parts, one part is caused by
the effective stress, and the other part is caused by the loss of suction, the deformed
expression is expressed as:

�ε = CEP�σ
′ + cb(e − es)�u

′
s I + cs�u

′
sS/σs (2.46)
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where, CEP is the elastoplastic flexibility matrix; e is the actual void ratio; es is the
saturated soil void ratio. The advantage of this model is that it is more adaptable, but
the disadvantage is that the law of suction loss is difficult to determine.

(3) Damage mechanics model

Shen Zhujiang proposed a damage mechanics model for expansive soil, and used
it to describe the shear softening characteristics of structured clays and loess with
high void ratios. The model assumes that the undisturbed soil-like linear elastic body
becomes disturbed soil after being completely damaged. This change process can be
expressed as:

σ = (1 − ω)Diε+ωDsε (2.47)

where, Di is the stiffness matrix of the undisturbed soil; Ds is the stiffness matrix of
the disturbed soil; ω is the damage ratio, i.e. the proportion of disturbed soil. Shen
Zhujiang believes that this model can reflect the phenomena of strain softening and
water immersion softening, but whether this model can be popularized and applied
and the disturbed soil is regarded as complete damage remains to be verified.

It can be seen from the research history of the constitutive model of the expansive
soils mentioned above. Since Bishop [17] proposed the effective stress constitutive
model, subsequent studies have not deviated from itsmodel. Onlywith the deepening
and promotion of research, the definition of model parameters becomes more and
more elaborate and complex. Researchers spend a lot of time guessing the mathe-
matical expression of the constitutive model of expansive soil. But no matter which
model is widely recognized and cited, this situation has been plagued by the devel-
opment of expansive soil mechanics. Therefore, it is an urgent task to adopt new
modeling methods in geotechnical forces.

2.4 Influence of Stress Path on Constitutive Relationship
of Rock and Soil

Stress path refers to the process of stress, occurrence, development and change of
soil mass, which is actually a track line of stress change. It is easy to misunderstand
various mechanical indexes obtained by conventional tests. First, the stress state of
soil mass in actual engineering is quite different from that stipulated by laboratory
test. Second, the nature of soil is very complex, its characteristics are not only related
to themagnitude of the force, butmore importantly, it is related to theway andmethod
of force application, the sequence and a series of changes. Therefore, the properties of
soil can be reflected by unconventional tests. In order tomake the problems studied as
close as possible to the actual conditions, both indoor and field tests should simulate
the actual stress process of soil mass as possible. The researcher masters the analysis
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method of stress path, which is especially helpful for experimental design according
to actual situation and obtains corresponding indexes for theoretical analysis.

The stress path of the triaxial test can vary according to the actual situation. It
is much more flexible than unidirectional compression test and direct shear test soil
samples under the defined path.

Conventional triaxial tests are performed by loading the specimen to shear failure
under axisymmetric conditions. The loadingmethod is divided into triaxial compres-
sion test and triaxial tension test. The combination of stresses applied by these two
tests is as follows.

Compression test:

(1) Fixing σ3, increasing σ1, and increasing the sum of principal stress;
(2) Fixing σ1, reducing σ3, and reducing the sum of principal stress;
(3) The sum of principal stress remains unchanged, increase σ1, reducing σ3;

Tensile test:

(1) Fixing σ3, reducing σ1, and reducing the sum of principal stress;
(2) Fixing σ1, increasing σ3, and increasing the sum of principal stress;
(3) The sum of principal stress remains unchanged, reducing σ1,increasing σ3;

The combination of several stress paths is shown in Fig. 2.6. A brief description
of these stress paths is given below.

1. Equal Proportional Loading Path Test

The test starts from the initial hydrostatic pressure state (σ 0
1 = σ 0

2 = σ 0
3 = σc). Then

the soil element undergoes stress increment (or change) in the three principal stress
directions �σ1,�σ2,�σ3. Let σ1 : σ2 : σ3 = a1 : a2 : a3, Where a1 and a2 are
parameters to determine the NP direction of the straight path in Fig. 2.6. Consider all
stress paths described in Fig. 2.6 (load compression (CTC), loaded tension (CTE),
average principal stress constant compression (TC), average principal stress constant
tension (TE), hydrostatic pressure (HC))as a special example of a conventional
linear stress path, the different values of parameters a1 and a2 are used for each
test. For example, the HC path corresponds to a1 = a2 = 1, and the CTC path
corresponds to a1 = a2 = 0.

2. Hydrostatic pressure test

The stress path corresponding to this test remains in the direction of the hydrostatic
pressure axis (σ1 = σ2 = σ3), as shown in Fig. 2.6. In this stress path, the changes
in stress invariants I 1 (or p) and J (or q) are expressed by Eq. (2.48) as:

�I1= 3�σoct= 3σc,�J2 = �τoct= 0 (2.48)

where,�σc is the increment of hydrostatic pressure, which mainly provides the body
strain information of soil.
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Fig. 2.6 Combination of several stress paths

3. Conventional triaxial pressure test

This test method is most commonly used, the two principal stresses of the specimen
are σ2 = σ3 = σc. The stress path corresponding to the increase in the third principal
stress σ1 corresponds to the CTC as described in the triaxial plane and meridian
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plane of Fig. 2.6 respectively. In this case, σ1 is the maximum principal stress, and
σ2 and σ3 are the middle and minimum principal stresses, respectively. The average
principal normal stress and generalized shear stress increments �σoct and �τoct are
expressed as follows:

�σoct = �I1
3

= �σ1

3
,�τoct =

(
2

3
�J2

)1/2

=
√
2

3
�σ1 (2.49)

where, �σ1 is the change value of the large principal stress σ1. Therefore, the slope
of the path,

√
�J2/J1= 1/

√
3 represents the CTC in Fig. 2.6.

4. Conventional Triaxial Tensile Test

The test is performed when σ1 remains unchanged, and the increase of equivalent
values of σ2 and σ3 causes σ1 to become the minimum principal stress. In this case,
�σoct and �τoct are respectively represented as:

�σoct = �I1
3

= 2�σ2

3
,�σoct =

(
2

3
�J2

)1/2

=
√
2

3
�σ2 (2.50)

where, �σ2 is the change value of the large principal stress σ2. Therefore,√
�J2/�I1 = 1

2
√
3
represents the slope of the CTE path in Fig. 2.6.

In addition to the above four more common stress paths, there are also the
following situations: Reduced triaxial compression test (RTC), reduced triaxial
tensile test (RTE), triaxial compression and triaxial tensile test, simple shear test
(SS) and various other triaxial tests. These are shown in Fig. 2.6b. In this book,
triaxial tests on sandy soils are carried out using a stress path of 1–3. Due to time
and test conditions, other stress path tests will not be discussed.
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Chapter 3
Numerical Modeling Methods

In Chap. 2, the establishment process of the rock-soil constitutive model is discussed
in detail. It can be seen from it, whether thesemodels are elastic, plastic, elastoplastic,
or other theoretical forms, these are all regarded as empirical. Although it is solvable
in some practical engineering situations, it is difficult to obtain analytical solutions
due to the many complexities in the natural state of geological bodies. For inhomo-
geneous media, non-linear material properties, in-situ stress conditions, spatial and
temporal variations of material properties, and the arbitrariness of geometric shapes,
discontinuities, and some other complex problems caused by geological features,
this method cannot produce real solutions.

3.1 Inverse Problem Theory and Application
of Geotechnical Constitutive Relation

In the process of human being’s understanding of the world, the occurrence and
development of something will cause the occurrence and change of something else,
named causality. If the cause of a thing is known to infer the result of the thing, it is
called a positive problem; otherwise, it is called an inverse problem to find the cause
from the result.

From the point of view of thinking mode, traditional geotechnical mechanical
analysis method is a positive thinking. That is, proceeding from the necessity of
things, models are established based on experiments to deal with the constitutive
relation, solve under certain limited conditions. This is reflected in the studyof param-
eters, which is sampling-design test-measurement-result analysis. Reflected in the
study of themodel is based on the existing axioms and theorems, plus the assumptions
under certain conditions, to obtain the results through deduction. Positive problem
analysis requires sufficient and accurate data. Displacement back analysis method
developed in 1970s is an inverse problem of reverse thinking. It is based on the
measured displacement value to obtain the rock mechanics parameters and initial
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ground stress through inversion. It opens up a new way to study rock mechanical
parameters and initial ground stress.

3.1.1 General Description of Inverse Problems

Inverse problems are generally divided into two main categories: One is medium
inverse problem, inversion of physical and mechanical parameters of medium. It
corresponds to coefficient inversion in differential equations. For example, constitu-
tive model problem and stress wave detection of pile foundation are media inverse
problems. The second is the inverse problem of force source, which corresponds to
the inversion of inhomogeneous terms in differential equations.

3.1.2 The Inverse Problem of Constitutive Relations

In fact, the process of establishing geotechnical constitutive model is to retrieve the
inherent laws of geotechnical media from their mechanical behavior in limited tests.
So it is an inverse question. The establishment of geotechnical constitutive model
can be roughly divided into four steps.

(1) Determine the basic framework of the model

First, the basic framework of the constitutive model is selected, namely, the type of
the constitutive model. According to the characteristics and accuracy requirements
of different rock-soil constitutive relations, different types of models can be selected.
Such as elastic model, nonlinear model, elastoplastic model, etc.

(2) Parameterization of the model

Constitutive model is a macro description of the phenomena of the constitu-
tive relationship. Based on the established model framework, choose a set of
minimum parameters that fully characterize the constitutive relationship, called
model parameters.

(3) Reverse simulation

Some experiments are designed to invert the actual values of model parameters by
using the measured results of some observable parameters.

(4) Forward simulation

The established model predicts the measurement results of some observable
parameters. This is validation of the model.
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It should be pointed out here that these four steps are not completed in isolation
and one-time, and there is feedback and interaction between each other. The choice
of model parameters is not unique.

3.2 Principle of Interaction Between Plastic Body Strain
and Plastic Shear Strain

Geotechnical materials are natural geological materials and mainly consist of some
mineral particles. There are many cracks and pores between the particles, so the
cohesion between the particles is very low. Its shear resistance is mainly dependent
on internal friction related to normal stress, so it is also called friction material. It
is precisely because of their low ability to resist deformation. Therefore, they are
extremely susceptible to external loads and the surrounding environment. It exhibits
many unique deformation characteristics and is one of the most complex materials
in solid mechanics.

Three basic mechanical characteristics are displayed during the deformation of
rock and soil: Compressibility, dilatancy and stress path dependence. The first two
characteristics are absent in metal deformation. In metals, the stress path correla-
tion is only shown by the difference between loading, unloading and reloading. For
compressibility, as the external confining pressure increases, the shear resistance of
the soil increases. When a hydrostatic pressure is applied to the soil, as the soil is
filled with many voids. It’s these voids that are compressed first, as voids decrease,
the contact area between particles increases, thus increasing the internal friction. As
a result, the shear resistance increases.

For compressibility, the shear capacity of soil increases with the increase of
external confining pressure. When a hydrostatic pressure is applied to the soil, since
the soil is filled with many voids, the first one to be compressed is these voids. The
voids decrease, the contact area between particles increases, and the internal friction
increases. In this way, the shear resistance increases.

For dilatancy, it includes two aspects: Shear shrinkage and dilatancy. During shear
deformation, the particles in the soil can be rearranged and distributed. Under certain
conditions, the volume shrinks. In the opposite case, the bite or crush of particles in
the soil, the expansion of primary fissures or the formation of new fissures in rocks,
which results in volume expansion under certain conditions. The certain conditions
mentioned here are related to two factors, namely the degree of soil compaction and
the external surrounding pressure. The occurrence of shear expansion and contraction
depends on the combination of these two factors.

For the stress path correlation, the constitutive relationship of the soil is related
to the stress path. Based on experiments and theoretical analysis, it has been proved
that. The correlation of the stress path is essentially the comprehensive performance
of compressibility and dilatancy. That is, the stress path dependence includes both
compressibility and dilatancy.



62 3 Numerical Modeling Methods

In order to theoretically explain themechanism of the above-mentioned soil defor-
mation characteristics, at present, the cross action of average normal stress p and
generalized shear stress q is generally used to explain the compression and dilatancy.
That is, the direct effect of p on shear strain and the direct effect of q on volume
strain. However, this cross-effect of p and q cannot explain the non-compressibility
of metal deformation. Since p can directly act on shear strain, compressibility can
also occur in metals. It should be noted that due to the dense metal, there is little
plastic volume deformation at 30,000 atmospheres.1 According to the local action
principle in Noll’s constitutive equation, the generation and transfer of stress in solid
deformation are realized by the deformation of the object. It can be understood that
the effect of p on shear strain is not direct. But it is achieved through body strain.
The plastic volume strain in the metal is approximately zero, so p cannot exert an
influence on the shear strain through it.

It is concluded that: The interaction ofp andq is essentially the interaction between
plastic shear strain and plastic body strain. Themode of such interaction and its effect
on shear resistance are clearly shown in Fig. 3.1.

As can be seen from Fig. 3.1, the action mode of plastic body strain on plastic
shear strain is completely different from the action mode of plastic shear strain on
plastic body strain. The role of the former is not direct, but affects the shear strain by
changing the shear resistance. Shear strain affects volume strain through dilatancy
and shrinkage. However, in all cases, the change in shear strength is due to the action
of plastic body strain. Therefore, it can be concluded that the change of plastic body
strain controls the rise and fall of shear resistance.

From the above analysis, the following conclusions can be drawn: The interaction
between plastic volume strain and plastic shear strain is the source of the three basic
deformation characteristics of rock and soil. At the same time, it is the main source
of complexity and diversity of geotechnical mechanical response.

The goal of establishing geotechnical constitutive model is to describe the
deformation characteristics of geotechnical soils comprehensively and accurately.
To achieve this goal, according to the interaction principle between plastic body
strain and plastic shear strain. The constitutive model should adequately reflect this
interaction.
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3.3 Basic Theory of Modeling

At present, the traditional modeling method of elastic–plastic constitutive relation
of rock and soil is based on plastic potential theory. Some experimental results for
certain types of soil, the analytical expression of the plastic potential function is
found and the model parameters are determined by experiments. In the theory of
metal plasticity, since plastic deformation of metals is purely shear deformation.
Therefore, it is easier to find a suitable analytical expression of the plastic potential
function, such as theMises yield function. The plastic deformation of rock and soil is
quite complex. According to the principle of interaction between plastic body strain
and plastic shear strain. The plastic deformation of rock and soil exhibitsmany unique
properties, the most important of these are compressibility, dilatancy and stress path
correlation. According to traditional modeling methods, it is obviously very difficult
to reflect these characteristics, especially the correlation of stress paths.

Different from traditional modeling methods, numerical modeling is the opposite.
It is not the first step to find the analytical expression of the plastic potential func-
tion, but to invert the constitutive law directly from the test results. The constitutive
equation thus obtained can accurately reflect the basic characteristics of geotech-
nical mechanical response. In fact, this inversion process is a mapping problem.
That is, the “data space” consisting of a large amount of data obtained from exper-
iments is mapped to the corresponding “model space”. According to the inverse
problem theory, four basic steps of geotechnical numerical modeling are proposed.
The general expression of the constitutive relation derived above is taken as the basic
constitutive frame of numerical modeling, which lays a theoretical foundation for
numerical modeling.

3.3.1 The Basic Framework of Numerical Modeling Methods

The stress–strain relationship of soils is expressed by the following two functional
functions:

εv = F1(p, q, p(q)) (3.1)

ε = F2(p, q, p(q)) (3.2)

This stress–strain relationship reflects the coupling relationship between volume
strain and shear strain and the cross effect of p and q. It not only considers the
dilatancy and shrinkage of the soil, but also reflects the influence of the stress path
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on the constitutive relationship. As the model parameters in this book are obtained
by experimental simulation based on the actual stress path of the soil mass, therefore,
the influence of the stress path on the constitutive relationship has been considered,
so the Eqs. (3.1) and (3.2) can be simplified as:

εv = f1(p, q) (3.3)

ε = f2(p, q) (3.4)

In the form of increment:

dεv = ∂ f1
∂p

dp + ∂ f1
∂q

dq (3.5)

dε = ∂ f2
∂p

dp + ∂ f2
∂q

dq (3.6)

Assuming:

A = ∂ f1
∂p

, B = ∂ f1
∂q

,C = ∂ f2
∂p

, D = ∂ f2
∂q

Equations (3.5) and (3.6) can be changed into:

{
dp
dq

}
= 1

AD − BC

[
D
−C

−B
A

]{dεpv
dεps

}
(3.7)

In order to establish the constitutive equation expressed in Eq. (3.7), the key
problem is to determine two unknown functions f1, f2 and their four partial deriva-
tives through mechanical tests A = ∂ f1

∂p , B = ∂ f1
∂q , C = ∂ f2

∂p , D = ∂ f2
∂q . For different

stress paths, this book uses Gaussian fitting method to obtain the stress–strain rela-
tionship of thewhole stress field (p, q) from the triaxial test data set, so as to obtain the
values of four partial derivatives of each point in the stress field. They are expressed
in the form of function series:

f (p, q) =
n∑

k=1

ω(k)exp{−a[(p − pk)
2 + (q − qk)

2]} (3.8)

where, exp
{−α

[
(p − pk)

2 + (q − qk)
2
]}

is a Gaussian function;ω(k) is the weight
on the kth Gaussian center point;α is the adjustment parameter;pk, qk are the coordi-
nates of Gaussian center point in (p, q) stress field;n is the total number of Gaussian
centers.
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3.3.2 Advantages of Numerical Modeling Method

Numerical modeling method has the following advantages.

(1) The numerical modeling method fully reflects the interaction between plastic
volume strain and plastic shear strain of rock and soil, so it can comprehensively
and accurately describe the basic characteristics of rock and soil deformation:
compression, dilatancy and stress path correlation.

(2) Because the stress–strain relationship can be directly extracted from the triaxial
test data and almost all the data obtained from the test can be fully utilized,
the accuracy of the model obtained is high, and it has strong fault tolerance
function.

(3) The stress path can be selected freely in modeling, which can simulate the
actual stress path in geotechnical engineering.

(4) The determination of coefficient function in the model and the whole modeling
process are completed by computer.

There are three preconditions for the generation of numerical modeling methods.

(1) With the development of geotechnical test technology, multi stress path triaxial
apparatus and true triaxial apparatus have appeared and applied, which provide
good test conditions for numerical modeling.

(2) With the increasing of computer capacity and computing speed, it provides a
fast and convenient processing method for numerical modeling.

(3) The development of numerical analysis methods provides a wealth of high-
precision numerical fitting and analysis methods.

With the rapid development of test technology, computer and numerical anal-
ysis method, numerical modeling method has a broad development prospect and
can provide accurate constitutive model for computer simulation of geotechnical
engineering.

3.4 Theory and Principle of Neural Network

The establishment of geotechnical constitutive model is actually an inverse problem,
which is to deduce the constitutive relationship from the test data of soil, that is,
to infer the cause from the results. For a long time, the inverse problem theory of
geotechnical constitutive relation has been developing slowly. The main reason is
the lack of effective inversion tools. It was not until the emergence, development and
maturity of neural network, it is possible to solve this problem.
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Fig. 3.2 Generalized neural
network structure diagram
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3.4.1 Structure of Neural Network

Artificial neural network (Ann) is a new information processing system which is
developed on the basis of modern neuroscience research achievements and according
to the basic functional characteristics of human brain, trying to simulate the function
or structure of biological neural system. It is not a copy of the real biological nervous
system, but only itsmathematical abstraction and rough approximation and imitation.
In essence, it is a kind of dynamic information processing system composed of a
large number of basic information processing units through extensive connection.
The structure of neural network mainly refers to its connection mode. Figure 3.2
shows the general structure of neural network.

3.4.2 Characteristics of Neural Network

Artificial neural network has absorbedmany advantages of biological neural network
and has the following characteristics.

(1) High degree of parallelism. Artificial neural network is composed of many
same simple processing units in parallel. Although the function of each unit
is simple, the parallel activities of a large number of simple processing units
make its information processing ability and effect amazing.

(2) Highly nonlinear global action. Each neuron of artificial neural network
receives a large number of inputs from other neurons, and influences other
neurons through parallel network output. This mutual restriction and interac-
tion between the network realizes the nonlinear mapping from the input state
to the output state space. From the global point of view, the overall network
performance is not a simple superposition of local network performance, but
a collective behavior.
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(3) Good fault tolerance and associative memory ability. Artificial neural network
can realize the memory of information through its own network structure, and
the memorized information is stored in the weights between neurons. The
information content cannot be seen from a single weight, but is stored in a
distributed way. The absence of information from one or a few neurons will not
affect the entire network, which makes the network fault-tolerant and capable
of processing pattern information such as cluster analysis, feature extraction
and defect pattern recovery. It is also easy to perform pattern recognition such
as pattern classification and pattern association.

(4) Strong adaptive and self-learning ability. Artificial neural network can obtain
the weight and structure of the network through training and learning, which
shows strong self-adaptive and self-learning ability.

Neural network is mainly used to reflect the computational model of learning and
information processing, and self-learning is an important functional characteristic
of neural network. It learns through the interaction of examples or the surrounding
environment, and can learn complex nonlinear relations from large amounts of data.

3.4.3 Learning Algorithm of Neural Network

The learning of neural network is divided into directed and unsupervised. Guided
learning requires that input and output target pairs be provided to the network during
the learning period. At present, the application of neural network in geotechnical
engineering is guided learning. This is because in the engineering research, we are
based on the test data first. So the emphasis here is on learning by sample.

The basic idea of learning with samples is shown in Fig. 3.3. The purpose of
learning is to generate a network (ormore generally, a system). As shown in Fig. 3.3b,
the network implements an unknown mapping f : x → y. Given sufficient input and
output pairs (xi , yi ), the learning rules of a network define how to modify the weight
when the expected output is generated from the given input. The learning process

Fig. 3.3 Sample learning process
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will modify the connection weight of the network by the learning algorithm, so as to
obtain a good approximation of f .

There are many neural network algorithms, and the more mature algorithms are
back propagation (BP) algorithm, radial basis function (RBF) algorithm, genetic
algorithm (GA) and simulated annealing algorithm, etc.

3.5 Comparison of BP and RBF Neural Networks

3.5.1 BP Neural Network

BP neural network is the most widely used neural network model. As shown in
Fig. 3.4 (only two hidden layers are shown), it is constructed in a hierarchical
structure, including an input layer, an output layer and one or more hidden layers.

The learning process of network includes forward propagation and back propa-
gation. In the forward propagation process, the input information is processed layer
by layer through the hidden layer, and then transmitted to the output layer, the state
of each neuron only affects the state of the next layer of neurons. If the output layer
can not get the desired output, it turns to the back-propagation process and returns
the error signal along the original connection path, and minimize the error signal
by modifying the weights of neurons in each layer. BP algorithm adopts the most
common gradient descent algorithm among optimization methods, which aims to
minimize the mean square error between the actual output and the expected sample
output. Generally, S-type logical nonlinear functions are used:

Fig. 3.4 BP neural network
structure diagram
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F(x) = 1

1 + e−x
(3.9)

The specific algorithm is as follows (taking a hidden layer as an example, it can
be carried out similarly for multiple hidden layers. Only the main formulas are listed
here).

(1) Initializes weightsW and thresholds θ by setting all weights and thresholds to
smaller random numbers.

(2) Provide learning sample pairs (input and expected output values).
(3) Using S-type function and the following equations to calculate the output of

all the hidden layer x ′
j and output value of the output layer yk . It is assumed

that the hidden layer has n1 units, the output layer has m units, and the input
layer has n units:

x ′
j = f

(
n−1∑
i=0

wi j xi − θ j

)
, 0 < j < n1 − 1 (3.10)

yk = f

⎛
⎝

n1−1∑
j=0

w jk x
′
k − θk

⎞
⎠, 0 < k < m − 1 (3.11)

(4) Adjust weights and use recursive algorithm to reverse propagate errors from
the output layer:

wi j (t + 1) = wi j (t) + ηδ j x j (3.12)

where, η is the learning rate of the network and δ j is the error term of node j .
BP neural network with three layers of Sigmoid nonlinear neurons can approach

any continuous function with arbitrary precision, but there are some inherent
shortcomings in BP neural network.

(1) From the point of view of mathematics, it is a nonlinear optimization problem,
so there is inevitably the problem of local minimum.

(2) The convergence speed of its learning algorithm is slow, and it usually needs
thousands or more iterations.

(3) There is no theoretical guidance for the selection of the number of hidden nodes
in the network, but it is determined by trial and error based on experience.

(4) There is no certain criterion for the selection of learning parameters (step size
and momentum term coefficient).
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Fig. 3.5 RBF neural
network structure diagram G
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3.5.2 RBF Neural Network

As shown in Fig. 3.5, RBF neural network consists of three layers: the first layer
is the input layer, and the transfer function is RBF nonlinear function, which is a
non negative nonlinear function with local distribution attenuating the central radial
symmetry; the second layer is hidden layer, and the transfer function is linear function.
The weight sum and threshold of each neuron in the hidden layer define the position
and width of RBF function. A certain number of hidden layer neurons and the correct
weight of each layer can approach any complex function and meet the design error
requirements; the third layer is the output layer. On the whole, the input to output
of the network is nonlinear, but from the hidden layer to the output layer is linear,
so the weight of the network can be directly solved by the linear equations, which is
also the reason why the RBF neural network has fast approximation speed and can
avoid the local minimum problem.

The output of the kth node in the network output layer is a linear combination of
the output of hidden nodes:

yk=
∑
i

wk jqi − θk (3.13)

where, θk is the threshold value of the kth output node.

3.5.3 RBF Learning Algorithm

The learning process of RBF neural network is to automatically generate one RBF
neuron and adjust the corresponding weight value each time, so as to continuously
increase the number of RBF neurons and adjust the weight until reaching the required
error index and the maximum number of training steps. According to the above
characteristics, for the input x = (

x1, x2, L , xp
)
, RBF function is usually selected is
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Gaussian function, that is, the action function is

α j (x) = exp

(
−

∥∥x − c j
∥∥2

σ 2
j

)
(3.14)

where, c j is the center point of the j th basis function, which can be determined by
clustering analysis according to the input samples according to the self-organizing
map neural network; and σ j is the parameter that can be freely selected, which
determines the width of the basis function around the center point;

∥∥x − c j
∥∥ is the

norm of x − c j . So, with the increasing of
∥∥x − c j

∥∥,α j (x) quickly decay to zero, for
a given input x ∈ Rn , only a small number of processing units whose center is close
to X are activated, that is, to achieve the purpose of local approximation.

The learning algorithms of RBF neural network can be divided into two types:
learning without tutor and learning with tutor. Because in geotechnical engineering,
we only encounter the problem of having a tutor, so this book only introduces the
learning algorithm with a tutor. Learning algorithms with mentors are also known as
supervised learning. When c j is determined, the weight system value between the
hidden layer and the output layer can be determined, which is a system of linear equa-
tions, that is to say, to calculate the weight becomes a linear optimization problem,
which can be obtained by various linear optimization algorithms, such as LMS
algorithm, least square recurrence method, mirror mapping least square method,
etc.

3.5.4 Comparison Between RBF Neural Network and BP
Neural Network

One of the most important functions of neural network is to be able to effec-
tively approximate complex nonlinear functions. There are two approaches: global
approach and local approach. If one or more weights or adaptive adjustable param-
eters of the network affect any output at each point of the input space, it is called
global approximation, and BP neural network is a typical example. For each input
and output data, each weight of the network needs to be adjusted, so the global
approximation is very slow. At the same time, due to the gradient descent method,
there are some shortcomings such as local minimum and slow convergence speed.
For a local region of the input space, if only a few weights affect the output of the
network, it is called local approximation. As the local approximation neural network
has only a small amount of weight adjustment for input and output data, it learns
quickly, among which RBF neural network is a successful example. Table 3.1 shows
the comparison between RBF neural network and BP neural network.
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Table 3.1 Comparison of RBF neural network and BP neural network

Project RBF neural network BP neural network

Approximation way Local approximation A global approach

The rate of convergence Fast, more than 1000 times faster
than BP neural network, no local
minimum

Slow, local minimum

The network structure Three floors, fixed Multiple layers, not fixed

Number of neurons in the hidden
layer

Automatically adjusted by the
program according to the
calculation accuracy

artificial

Requirements for computer
hardware

High, big memory Low, small memory

3.6 Application of Neural Network in Geotechnical
Engineering

In recent years, the development of neural network in geotechnical engineering
mechanics is reflected in the coupling with other numerical methods. In most studies,
the neural network is an independent system, but sometimes the neural network can
be incorporated into the existing numerical methods (which is very difficult) for
calculation. The key of the problem is how to integrate the neural network into the
existing calculation methods, such as finite element method and FLAC and so on, so
as to make the numerical analysis method more applicable.

Simulation is a basicmethod in the researchof engineeringproblems. It candeepen
the understanding of the phenomena and make it possible to carry out engineering
analysis for the phenomena such as material constitutive characteristics. The neural
network (Fig. 3.6) provides this new basic constitutive simulation tool.

Fig. 3.6 Three-layer neural
network constitutive model
of soil
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Here, the material properties (such as experimental data) should be measured
in order to identify the main characteristics. Once the material characteristics are
fully obtained, the main characteristics of the material can be identified, and the
correspondingmathematical model can be established to simulate the characteristics.
In Fig. 3.6, the artificial neurons in the input layer can represent stress state, strain
state or stress increment. The neurons in the output layer can represent the strain
increment. In this new constitutive simulationmethod, the constitutive characteristics
can be directly obtained from structural tests by the learning ability of neural network
and coded. In the training process, the activation values of input layer and output
layer are specified, and the connection strength (or connection weight) is modified
according to the learning rules. When the neural network is trained with a sufficient
amount of data along different paths, it can give the correct strain increment for any
set of stress increments under any stress state.

This new constitutive model provides a mapping from stress increment to strain
increment (control stress model). However, in computational mechanics and finite
element analysis, the inverse mapping from strain increment to stress increment is
also necessary (control strain model). The important characteristic of neural network
computing model is that inverse mapping is easy to obtain.

The training data used in the new neural network computing model must contain
a sufficient number of stress paths as well as the knowledge of nonlinear mapping
that can be acquired by the network. A set of data containing this knowledge is called
a composite array. A neural network that has been trained with a synthetic array of
constitutive properties can use its own inductive ability to give appropriate answers
when looking for stress paths not included in the training array.

The theoretical research of neural network is a new frontier and interdisciplinary
subject. Its emergence and development are influenced by other disciplines, which
in turn will inevitably affect the development of other disciplines. The research
content of artificial neural network is very rich, which includes five aspects: basic
theory, model, algorithm, application and implementation. It is often used in predic-
tion, analysis, optimization, control, diagnosis and identification, classification and
identification. Therefore, it is of great significance to study neural networks.



Chapter 4
Triaxial Test and Numerical Modeling
of Expansive Soil

4.1 Engineering Background and Physical Property Test

This book takes Lin huaigang flood control project as the background. The earth
dam is located at the junction of Huo qiu County and Ying shang County in Anhui
Province. It is a large flood control project in the middle reaches of Huai he River.
The project is of first class and first class. The main dam is 7.7 m long, the maximum
dam height is 17 m, the South auxiliary dam is 10.3 m long and the maximum dam
height is 10 m. The north auxiliary dam is 61.75 m long and the maximum dam
height is 8.5 m, all of which are designed as homogeneous dams. The construction
of the main dam began in September 1958 and was stopped in 1962. During this
period, the 4.7 m earth dam south of the main canal of Huai he River was basically
completed. Due to the lack of any management and maintenance measures after the
shutdown, the dam body is seriously damaged and many transverse cracks are found,
with the maximum width of 5–6 cm.

1. Mineral composition

The mineral composition of the expansive soil in this test includes (clastic) minerals
and clay minerals. By means of X-ray quantitative phase analysis, it was determined
that the majority of granular minerals were quartz, accounting for 25–30%, followed
by feldspar (potassium feldspar and sodiumfeldspar) accounting for 3–10%.The total
amount of granular minerals in soil samples accounts for about 40%, and individual
samples account for more than 50%. Using the same method, the total amount of
clay minerals was determined to be greater than 50% and as high as 60%, among
which the content of Montmorillonite and Mixed layer clay was about 30% and as
high as 36%, and the content of illite was 5–12%, and the crystallization degree was
not very good, as shown in Table 4.1 for details.
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Table 4.1 Mineral composition of expansive soil

Number Sampling
depth (m)

Quartz
(%)

K-feldspar
(%)

Albite
(%)

Montmorillonite
(%)

Illite
(%)

Kaolinite
(%)

B1-1 0.6–0.9 30 5 8 30 16 11

B1-1* 0.6–0.9 30 5 9 28 16 12

B1-4 1.5–1.8 32 8 4 32 17 7

KB1 1.2–1.4 30 3 8 32 20 7

KB1* 1.2–1.4 44 8 2 25 15 6

KT1 1.2–1.5 30 3 8 30 18 11

B1-6 0.7–1.0 29 4 8 32 21 6

Bmix 0.9–1.2 30 3 9 33 20 5

Note The mark with * means compacted soil

2. Chemical composition

The chemical composition of expansive soil ismainly SiO2,Al2O3, Fe2O3 three kinds
of oxides, the total proportion of which exceeds 85%, see Table 4.2. It can be seen
from the table that the silicon-aluminum molecular ratio of expansive soil is greater
than 4.0, indicating that the clay mineral composition is mainly montmorillonite,
which is consistent with the mineral identification results.

3. Cation exchange capacity

Particle exchange adsorption in expansive soil is an important chemical property of
clay minerals. Measuring the cation exchange performance of expansive soil can
qualitatively identify the main clay mineral types that make up the soil, thereby
evaluating the hydrophilicity, expansive soil and strength of the soil. The specific
situation is shown in Table 4.3. It can be seen from the table that the amount of ion
exchange does not change much, generally 20.08–30.16 mol/kg, the specific surface

Table 4.2 Chemical composition content of expansive soil (Unit: %)

Number SiO2 Al2O3 Fe2O3 CaO MgO Na2O K2O Ignition loss SiO2/Al2O3

B1-1 64.14 16.07 5.33 0.83 1.40 1.01 2.30 7.41 6.77

B1-1* 64.88 15.54 5.39 0.83 1.36 1.08 2.26 7.56 7.08

B1-4 63.85 16.24 5.16 1.14 1.64 0.98 2.46 7.91 6.65

KB1 63.92 16.24 5.33 0.94 1.60 1.00 2.40 7.74 6.69

KB1* 73.29 11.56 3.60 0.80 1.01 1.06 1.83 5.60 7.72

B1-6 64.51 16.00 4.84 1.03 1.39 0.87 2.12 7.95 6.80

Bmix 64.60 15.88 5.20 0.97 1.53 1.08 2.41 7.57 6.89

KT1 65.27 16.89 4.83 0.77 1.04 0.88 2.05 7.46 6.54

Note The mark with * means compacted soil
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Table 4.3 Expansive soil cation exchange capacity

Number Ion
exchange
capacity
(mol/kg)

Specific
surface
area
(m2/g)

pH HCO3
− (mol/kg) Organic

matter
content
(g/kg)

SO4
2− (mol/kg)

B1-1 27.48 208 8.28 4.78 6.68 <0.5

B1-1* 27.24 224 8.20 4.48 6.97 <0.5

B1-4 29.52 312 8.45 2.91 10.09 <0.5

KB1 28.72 239 8.23 5.08 4.38 <0.5

KB1* 20.08 148 8.47 1.20 8.81 <0.5

B1-6 30.16 263 8.53 1.20 9.16 <0.5

Bmix 28.28 263 8.48 1.20 7.22 <0.5

Note The mark with * means compacted soil

area is generally 148–312 m2/g, the pH is 8.20–8.53, the organic matter content is
4.38–11.69 g/kg, and the HCO− value is 1.20–5.08 mol/kg.

4. Soluble Salt and Cement

It can be seen from the table that the content of soluble base cations is 1.25–
7.44 mol/kg, with an average of 2.51 mol/kg. Table 4.4 lists the soluble salt and
main free oxide content of the expansive soil in this area. The KT1 sample has a
relatively high soluble salt content of 7.44 mol/kg. The reason may be the shallow
sampling depth. The main cements of expansive soil are free SiO2, Al2O3, Fe2O3,
among which the free SiO2 is 3.09–4.16 g/kg, the free Al2O3 is 6.30–11.10 g/kg, and
the free Fe2O3 content is higher, 11.87–19.87 g/kg. The presence of these cements
can enhance the structural connection between the expansive soil particles and form
a certain structural strength.

Table 4.4 Expansive soil cementing material

Number Cementing material (g/kg) Soluble salt (mol/kg) Total base
(mol/kg)SiO2 Al2O3 Fe2O3 Na+ K+ Mg2+ Ca2+

B1-1 4.16 8.58 19.87 0.91 0.12 0.29 0.12 1.44

B1-1* 4.02 7.70 19.39 0.83 0.09 0.24 0.09 1.25

B1-4 3.88 9.75 12.63 1.50 0.17 0.43 0.25 2.35

KB1 3.71 9.98 16.17 1.28 0.11 0.48 0.09 1.96

KB1* 3.09 6.30 15.99 1.14 0.14 0.42 0.14 1.84

B1-6 3.97 11.10 13.24 2.01 0.08 0.46 0.30 2.85

Bmix 3.13 7.66 17.48 1.33 0.13 0.45 0.12 2.03

KT1 3.43 7.81 11.87 6.73 0.20 0.61 0.26 7.44

Note The mark with * means compacted soil



78 4 Triaxial Test and Numerical Modeling of Expansive Soil

Table 4.5 Description of typical electron microscope photos of expansive soil samples

The sample number Photo id Magnification Instructions

B1-1 001 3600 Flaky illite and curved flaky montmorillonite
show skeleton-like microstructure with pore
size of 1–5 and porosity of over 30%

B1-1* 002 3000 Honeycomb microstructure, mainly clay
minerals, micromontmorillonite and illite, pore
size 1–5, porosity greater than 50%, with
microfractures

B1-4 003 5400 The curved lamellar montmorillonite is
petal-like and the pore size is 5–10

KB1 004 780 The soil has a cellular microstructure

KB1* 005 2600 The mineral composition is curved and
lamellar montmorillonite and lamellar illite

B1-6 006 3200 The soil is lamellar microstructure, the pores
are not fully developed, and the mineral
composition is illite

Bmix 007 3600 Granular minerals (quartz, feldspar
microcrystals) are distributed in the pores of
the soil with a porosity of more than 50%

KT1 008 3600 Curved lamellar montmorillonite microcrystal

Note The mark with * means compacted soil

5. Icrostructure Characteristics

After the soil samplewas naturally dried, it was boiled and ground into thin slices, and
then the mineral distribution characteristics were observed under an optical micro-
scope. At the same time, the soil sample was scanned by electron microscope, and
electron microscope photos of different magnifications were taken. The results are
shown in Table 4.5 and Fig. 4.1. It can be seen from the Fig. 4.1 that the morphology,
size and distribution characteristics of clay minerals such as montmorillonite and
illite, as well as the type of microstructure and the size, shape and microporosity of
pores.

4.2 Basic Physical Property Test of Expansive Soil

In order to obtain the actual stress–strain parameters, in addition to selecting the
appropriate mathematical model, the method for measuring these parameters must
also be planned according to the engineering and soil conditions, that is, the selection
of experimental instruments, the determination of sample preparation methods, and
the clear test Steps, etc., these test details have a greater impact on the test results.
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Fig. 4.1 Different magnification electron microscope photos of expansive soil
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Fig. 4.1 (continued)

The physical index of the soil must be determined before the conventional triaxial
test. The test data are shown in Tables 4.6 and 4.7.

4.3 Triaxial Compression Test of Expansive Soil

1. The sample is saturated

Since the saturation of the sample has a greater impact on the accuracy of the test
results, the vacuum saturation method with better saturation effect is used. The
pumping pressure reaches 1 atmosphere, and the sample is saturated for 48 h and
then taken out. The saturation of the sample can reach about 95%.

2. Sample cutting

(1) Generally speaking, for the consolidated drained shear test, the shear rate
should be controlled within 0.003–0.012% per minute, and for the consoli-
dated undrained shear test, the shear rate should be controlled within 0.05–
0.1%. After many tests, under the premise of not affecting the shear effect, the
consolidation undrained shear test is selected.

(2) When the dynamometer reading shows a peak, shearing should continue until
the axial strain exceeds 5%.When there is no peak in the dynamometer reading,
the shear should be carried out until the axial strain is 15–20%.

3. Triaxial test results of samples in different conditions

Triaxial saturated consolidation drainage and undrained tests were carried out on the
above eight soil samples. The details are as follows: The triaxial saturated consoli-
dation drainage test with sample numbers B1-4, KB1 and KT1 was carried out; the
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triaxial saturated consolidation undrained test with sample numbers B1-1, B1-6 and
Bmix. Due to the limited space, only triaxial tests with confining pressure of 200 kPa
under drainage condition are listed. The test data are shown in Tables 4.8, 4.9 and
4.10. Note that adding black data in the table indicates the start of unloading.

4.4 Triaxial Test Curve of Expansive Soil

Due to space limitations, only the stress–strain relationship curve of the sample
under the drained condition at a confining pressure of 200 kPa and the stress–strain
relationship curve under the undrained condition are listed, as shown in Figs. 4.2,
4.3, 4.4, 4.5, 4.6, 4.7, 4.8, 4.9, 4.10 and 4.11.

4.5 Neural Network Learning and Prediction

This section uses RBF neural network. The learning rule adopted by the RBF neural
network is the Delta rule. The main point is to change the connection weight between
units to reduce the error between the actual output of the system and the expected
output. This rule is also called the Widrow-Hoff learning rule, that is, the minimum
mean square error rule. Nielsen has proved that when each node has different thresh-
olds, a hidden layer network can be used to approximate a continuous function in
any closed interval. Therefore, a three-layer neural network based on the RBF algo-
rithm can complete arbitrary n-dimensional to m-dimensional mapping. Therefore,
a three-layer RBF neural network is selected to realize the function of stress–strain.

4.5.1 Input Layer and Output Layer Design

The input layer acts as a buffer memory, adding data sources to the network. The
number of nodes depends on the dimensionality of the data source, that is, this node
can represent each data source. Therefore, the most difficult design criterion is to
figure out the correct data source. If there is a large amount of unprocessed or false
information in the data source, it will definitely hinder the correct training of the
network. Therefore, to eliminate those useless data and determine the appropriate
number of data sources, roughly the following four steps are required.

(1) Determine the application-related data.
(2) Eliminate data sources that are technically and economically incompatiblewith

actual data.
(3) Eliminate edge or unreliable data sources.
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Fig. 4.2 Triaxial test data of sample B1-4 (confining pressure 200 kPa)

Fig. 4.3 Triaxial test data of sample KB1 (confining pressure 200 kPa)

Fig. 4.4 Triaxial test data of sample KT1 (confining pressure 200 kPa)
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Fig. 4.5 Triaxial test data of sample B1-1 (confining pressure 100 kPa)

Fig. 4.6 Triaxial test data of sample B1-1 (confining pressure 200 kPa)

Fig. 4.7 Triaxial test data of sample B1-1 (confining pressure 300 kPa)
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Fig. 4.8 Triaxial test data of sample B1-6 (confining pressure 100 kPa)

Fig. 4.9 Triaxial test data of sample B1-6 (confining pressure 200 kPa)

Fig. 4.10 Triaxial test data of sample Bmix (confining pressure 100 kPa)
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Fig. 4.11 Triaxial test data of sample Bmix (confining pressure 200 kPa)

(4) Develop a method can combine or preprocess data to make the data more
practical.

Artificial neural networks can only process input and output data expressed
as numerical values, so external information is often transformed into codes. For
example, the external information is “male” and “female”, represented by “1” or
“0”. When designing the input layer and output layer, the scale of the system should
be reduced as much as possible to reduce the learning time and complexity of the
system.

4.5.2 Selection of Hidden Layer Neurons

In this section, based on the triaxial test, the wrong and useless data are eliminated,
and then the octahedral normal stress p and octahedral shear stress q are taken as the
input parameters, and the volume strain εv and shear strain ε are taken as the output
parameters. According to the designed stress path, the test data are selected as the
samples of network training, and the test data are normalized before training.

The neural network generates a RBF neural network neuron every time the error
is retransmitted, and the number of neurons is continuously increased until the error
index or the maximum number of training steps is reached. This is also an advantage
of RBF neural network compared with BP neural network: the hidden layer units in
BP neural network are often determined by human according to experience, and it is
difficult to accurately determine the number of hidden nodes, while the hidden nodes
in RBF neural network are automatically determined by the network according to
the training requirements.
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4.5.3 RBF Algorithm

(1) Determine the center ci of RBF. The center ci of RBF, ci =
(ci1, ci2, . . . , cin)(i = 1, 2, . . . ,m). There are m × n parameters, which can
be used to calculate ci . The idea is to make the ci sample the input data as
evenly as possible, and the ci is also dense where the data points are dense.
The mean clustering method, which is widely used in pattern recognition, is
used to determine its value. The specific calculation steps are as follows.

Step 1: Take m sample values from the learning samples as the initial value
of ci .
Step 2: Group all learning samples according to the nearest RBF center ci .
For every ci and all the sample patterns xu = (

xu1 , x
u
2 , . . . , x

u
n

)
satisfies

min
(∑k

n

(
xuk − x j

k

))
, xu belongs to the subset θ j of ci .

Step 3: Recalculate c jk : c jk = 1
m j

∑
u∈θ x

u
k , where m j is the number of

sample patterns in the subsample set θ j .
Step 4: If ci of RBF center is no longer changed, the trainingwill be stopped,
and the stable value of ci will be calculated. Otherwise, turn to step 2 and
recalculate c jk until it is stable.

(2) Determine the width of RBF σ j : after the training of RBF center ci , we can
obtain the normalized parameters, that is, the width of the basis function σ j ,
which represents a measure of the sample dispersion in the sub sample set
associated with each center, and can be determined by many methods. The
most common method is to make them equal to the average distance between
the RBF center and the sample pattern in the sub sample set, namely, σ 2

j =
1
m j

∑
u∈θ j

∑n
k=1

(
xuk − x jk

)2
.

(3) Action function: the most common action function is Gaussian function:

R j (x) = exp

(

−
∥∥x − c j

∥∥2

σ 2
j

)

BP algorithm can still be used to modify the connection weight. Since R j (x) is
a Gaussian function, it has R j (x) > 0 for any x, thus losing the advantage of local
adjustment weight. In fact,R j (x) is very small when x is far away from ci , so it can be
regarded as 0. Therefore, in fact, only when R j (x) is greater than a certain value can
the corresponding weight be modified. The RBF neural network after such treatment
also has the advantage of fast convergence of local approximation learning. At the
same time, this approximation can overcome the shortcoming that Gaussian basis
function does not have compactness to a certain extent.
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4.5.4 Comparison Between RBF Neural Network and BP
Neural Network

It can be seen from Figs. 4.12 and 4.13 that RBF neural network trains 71 groups
of two-dimensional array data. After 47 steps of training, the network error meets
the accuracy requirement (10−15). While BP neural network trains the same batch of
data, after 50,000 steps of training, the error is still about 100, which is far from the
target. The calculation shows that when the error accuracy is set at 10−3, the network
training is trapped in the local minimum, which can not reach this accuracy.

There are also some problems in RBF neural network that need further study. This
paper makes a comprehensive comparison between them.

Fig. 4.12 Time step error of BP algorithm

Fig. 4.13 Time step error of
RBF algorithm
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(1) Different action functions are used in nonlinear mapping. The action function
of RBF is local and that of BP is global.

(2) It has been proved that RBF neural network has the characteristic of unique
best approximation and no local minimum.

(3) It is a difficult problem to find the center ci of RBF neural network node and
to standardize the parameter σ 2

j .
(4) RBF neural network is used in the identification and control of nonlinear

systems. Although it has the characteristics of unique best approximation and
no local minimum, it is difficult to find the center of hidden node, which is the
reason why RBF neural network is difficult to be widely used.

4.5.5 Prediction Effect of RBF Neural Network

The stress–strain relationship of six kinds of expansive soil samples under confining
pressure of 200 kPa is predicted respectively. Here, the test data under confining
pressure of 100 and 300 kPa are taken as learning samples. After training, they are
used to predict the stress–strain situation of samples under confining pressure of
200 kPa. The results are shown in Figs. 4.14, 4.15, 4.16, 4.17, 4.18 and 4.19.

4.6 Stress Strain 3D Surface

The stress–strain curve of the whole stress field (p, q) can be obtained by drawing
together the shear strain ε, mean normal stress p and generalized shear stress q
under two different water contents: wa = 26%, wb = 21.2%, as shown in Figs. 4.20,
4.21, 4.22 and 4.23. The three-dimensional surface graph is more vivid and intuitive

Fig. 4.14 Comparison of predicted and experimental values of sample B1-4
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Fig. 4.15 Comparison of predicted and values experimental KT1

Fig. 4.16 Comparison of predicted and experimental values of KB1

Fig. 4.17 Comparison of
predicted and experimental
values of sample B1-1
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Fig. 4.18 Comparison of
predicted and experimental
values of sample B1-6

Fig. 4.19 Comparison of
predicted value and test
value of sample Bmix

than the two-dimensional graph, and it can comprehensively express the constitu-
tive relation of soil. From the comparison of the stress–strain curves under the two
water contents, it can be seen that the volume strain surface with water content
of wa = 26% is steeper and smoother than that of the sample with wb = 21.2%;
The shear strain surface with water content wa = 26% is more gentle than that with
wb = 21.2%, and has protrusion in the middle. These differences show that the
influence of water content on the stress–strain relationship is obvious.
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Fig. 4.20 Volume stress–strain surface of specimen a

Fig. 4.21 Volume stress–strain surface of specimen b

Fig. 4.22 Shear stress–strain
surface of specimen a
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Fig. 4.23 Shear stress–strain surface of specimen b

4.7 Establishment of Numerical Model

The stress–strain relationship of soil is expressed by the following two functional
functions:

ε = F2(p, q, p(q)) (4.1)

εv = F1(p, q, p(q)) (4.2)

The stress–strain relationship reflects the coupling relationship between volume
strain and shear strain and the cross effect of p and q, it not only considers the
dilatancy and contraction of soil, but also reflects the influence of stress path on the
constitutive relationship. Since the model parameters in this book are obtained by
experimental simulation based on the actual stress path of soil, the influence of stress
path on the constitutive relationship has been considered, so the above equations can
be simplified as follows:

εv = f1(p, q) (4.3)

ε = f2(p, q) (4.4)

In the form of increment:

dεv = ∂ f1
∂p

dp + ∂ f1
∂q

dq (4.5)
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dε = ∂ f2
∂p

dp + ∂ f2
∂p

dq (4.6)

The results of simultaneous Eqs. (4.5) and (4.6) are obtained:

dp = Fdεv + Gdε (4.7)

dq = Hdεv+Kdε (4.8)

where,

F = D/(AD − CB),G = −B/(AD − CB) (4.9)

H = −C/(AD − CB), K = A/(AD − CB) (4.10)

A = ∂ f1
∂p

, B = ∂ f1
∂q

(4.11)

C = ∂ f2
∂p

, D = ∂ f2
∂q

(4.12)

According to the theory of elasticity, the relationship between the principal stress
σ1, σ2, σ3 and p, q and Rhode angle θ is:

⎡

⎢
⎣

o1
σ2

σ3

⎤

⎥
⎦ =

⎡

⎢
⎣

p

p

p

⎤

⎥
⎦ + 2

3
q

⎡

⎢
⎣

cos θ

cos(θ − 2π/3)

cos(θ + 2π/3)

⎤

⎥
⎦ (4.13)

where, σ1 ≥ σ2 ≥ σ3. The influence of Rhode angle is not considered here, so if θ

= 0, then Eq. (4.13) becomes:

⎡

⎢
⎣

σ1

σ2

σ3

⎤

⎥
⎦ =

⎡

⎢⎢⎢⎢⎢
⎣

p + 2

3
q

p − 1

3
q

p − 1

3
q

⎤

⎥⎥⎥⎥⎥
⎦

(4.14)

The triaxial specimen in this book can be simplified as an axisymmetric problem
because the shape and load of the object are symmetrical to the z-axis, so τθr z =
τθ z = 0. There are four stress components:σr , σz , τr z and σθ . The corresponding four
strain components are:
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Fig. 4.24 Stress transformation of coordinate rotation

εr = ∂u

∂r
, εz = ∂w

∂z
, εθ = u

r
, γ = 2εr z = ∂u

∂z
+ ∂w

∂r

Let z-axis coincide with σ1, then τr z = 0. According to the stress transformation
equation of coordinate axis rotation in elasticity, the relationship between principal
stress σ1, σ2, σ3 and stress σr , σz and σθ can be obtained as follows (the coordinate
transformation is shown in Fig. 4.24):

σr = σ2 sin
2 θ + σ3 cos

2 θ (4.15)

σθ = σ2 cos
2 θ + σ3 sin

2 θ (4.16)

Due to the limitation of experimental conditions, the conventional triaxial test of
expansive soil is carried out in this book. Therefore, σ2 = σ3, so we can get:

σ2 = σ3 = σr = σθ (4.17)

Combining with Eqs. (4.14) and (4.17), the relationship between stress σr , σz , σθ

and p, q in axisymmetric problem can be obtained as follows:

⎡

⎢
⎣

dσz

dσr

dσθ

⎤

⎥
⎦ =

⎡

⎢⎢⎢⎢⎢
⎣

dp + 2

3
dq

dp − 1

3
dq

dp − 1

3
dq

⎤

⎥⎥⎥⎥⎥
⎦

(4.18)

For axisymmetric cases, there are also:
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εv = εr + εz + εθ (4.19)

ε = εa − 1

3
εv = εz − 1

3
(εr + εz + εθ ) (4.20)

The above two types of differentiation can be obtained:

dεv = dεr + dεθ + dεz (4.21)

dε = −1

3
dεr + 2

3
dεz − 1

3
dεθ (4.22)

Combining Eqs. (4.7), (4.8), (4.19), (4.21) and (4.22) can obtain the elastic–plastic
stress–strain relationship of axisymmetric sand samples:

⎡

⎣
dσz

dσr

dσθ

⎤

⎦ =
⎡

⎣
Uzz Uzr Uzθ

Urz Urr Urθ

Uθ z Uθr Uθθ

⎤

⎦

⎡

⎣
dεz

dεr

dεθ

⎤

⎦ = [
Dep

]
⎡

⎣
dεz

dεr

dεθ

⎤

⎦ (4.23)

where, the elements in the elastoplastic stiffness matrix Dep are

Uzz = F + 2

3
H + 2

3
G + 4

9
K

Uzr = F + 2

3
H − 1

3
G − 2

9
K

Uzθ = F + 2

3
H − 1

3
G − 2

9
K

Urz = F − 1

3
H + 2

3
G − 2

9
K

Urr = F − 1

3
H − 1

3
G + 1

9
K

Urθ = F − 1

3
H − 1

3
G+1

9
K

Uθ z = F − 1

3
H+2

3
G − 2

9
K

Uθr = F − 1

3
H − 1

3
G + 1

9
K

Uθθ = F − 1

3
H − 1

3
G + 1

9
K

(4.24)

Here, the average normal stress p and the generalized shear stress q are used as the
input parameters of the designed neural network, taking volume strain εv and shear
strain ε as the output parameters of the network, the mapping effect of functions f1
and f2 will be replaced by a trained network. After the network training is mature,
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the parameters A, B, C, and D in the above matrix can be obtained by the prediction
function of the network, and the elastoplastic stiffness matrix, that is, the numerical
model of the elastoplastic constitutive relationship of expansive soil can be obtained.

4.8 Verification of the Numerical Model

In order to verify the effectiveness and superiority of the neural network-based numer-
icalmodelingmethod, this section incorporates the establishedneural network consti-
tutive model into the finite element program, analyze the triaxial specimen used in
the test, and compare the calculated stress–strain relationship curve with the actual
relationship curve in the test.

According to the derivation in Sect. 4.7, for a trained network, two constitu-
tive equations are obtained by central difference method four coefficients of func-
tional ∂ f1(p, q)

/
∂p, ∂ f1(p, q)

/
∂q, ∂ f2(p, q)

/
∂p, ∂ f2(p, q)

/
∂q, specific steps are

as follows:

(1) Taking the given p1 and q1 as the input of the network, substituting it into the
network can obtain the output y1 and y2;

(2) Using p−	x , q1 as the input of the network, substituting them into the network
can obtain output y′′

1 , y
′′
2 ;

(3) Using p1, q1 − 	x as the input of the network, substituting them into the
network can obtain output y′′

1 , y
′′
2 ;

(4) Using p+	x , q1 as the input of the network, substituting them into the network
can obtain output y11 , y

1
2 ;

(5) Using p1, q1 + 	x as the input of the network, substituting them into the
network can obtain output y21 , y

2
2 ;

Then find the value of ∂ f1/∂p, ∂ f1/∂q, ∂ f2/∂p, ∂ f2/∂q according to the following
formulas:

(
∂ f1(p, q)

∂p

)

1

= y1 − y′′
1

	x
(4.25)

(
∂ f2(p, q)

∂p

)

1

= y2 − y′′
2

	x
(4.26)

(
∂ f1(p, q)

∂q

)

1

= y1 − y′′
1

	x
(4.27)

(
∂ f2(p, q)

∂q

)

1

= y2 − y′′
2

	x
(4.28)

(
∂ f1(p, q)

∂p

)

2

= y11 − y1
	x

(4.29)
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(
∂ f2(p, q)

∂p

)

2

= y12 − y2
	x

(4.30)

(
∂ f1(p, q)

∂q

)

2

= y21 − y1
	x

(4.31)

(
∂ f2(p, q)

∂q

)

2

= y22 − y2
	x

(4.32)

(
∂ f1(p, q)

∂p

)
= 1

2

[(
∂ f1(p, q)

∂p

)

1

+
(
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The size of 	x has a great influence on the derivative value. If it is too small, the
mapping relationship reflected by the network is different from the true constitutive
relationship. As 	x decreases, the difference becomes more and more significant,
and the obtained derivative value will have a larger error; if 	x is too large, the
approximation ability of the network will not be fully applied, and large errors will
also occur, the load step size x = 30 kPa is selected in this book.

After the above four coefficients are calculated, they are applied to the elastic–
plastic matrix

[
Dep

]
derived in Sect. 4.7.

4.8.1 Calculation Model

The test data of triaxial specimen B1-4 under confining pressure of 50 and 300 kPa
along the path of triaxial compression (CTC) were selected, use this as a training
sample to establish a corresponding constitutive model. Substituting the constitutive
model into the finite element, the confining pressure of the triaxial specimen along
the CTC path is analyzed as Stress-strain relationship under 100 kPa. The diameter of
triaxial specimen is 3.91 cm, because the specimen shape and load are axisymmetric,
the nodes on the symmetry axis are only vertical Deformation of direction. The
meshing of the finite element of the calculation model is shown in Fig. 4.25.
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Fig. 4.25 Finite element meshing of triaxial

4.8.2 Calculation Results

Take the calculated value of the sample center point as the calculation result, compare
the calculated εv − p and ε − q curves with the test curve, the result is shown in
Fig. 4.26. The solid line in the Fig. 4.26 is the test curve, and the dashed line is the
calculation curve. It can be seen from the Fig. 4.26 that the calculated stress–strain
curve is quite close to the actual curve in the test. It shows that the neural network

Fig. 4.26 Comparison of finite element calculation value and test value of sample
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numerical model of expansive soil can better reflect the constitutive relationship of
the sample.

4.8.3 Conclusion

Using neural network as a tool, a numerical method for establishing a rock-soil
constitutive model is proposed, and the feasibility and effectiveness of the model are
verified through case analysis. The results show that the numerical modeling method
of rock-soil constitutive relationship has the following advantages:

(1) The stress–strain relationship is directly extracted from the test curve and does
not involve plastic potential theory. Overcome the difficulty of finding the
analytical expression of the plastic potential;

(2) It can reflect the influence of dilatancy, shrinkage and initial conditions, it
provides an effective method for simulating the actual stress path in the soil.



Chapter 5
Soil Triaxial Test and Numerical
Modeling

In this chapter, the triaxial compression test of sand is carried out stress and strain
test data under p path. Then, according to the theory of numerical modeling, the
numerical model of sand under the path of equal principal stress ratio is established.
Finally, the model is verified.

5.1 Sandy Soil Physical Index Determination Test

Before triaxial test of sand, it is necessary to know the physical indexes of sand,
such as density and particle size distribution. The following contents were carried
out particle screening test and density measurement test.

5.1.1 Sand Particle Analysis Test

The test sand is taken from the construction site of high-rise residential buildings in
the West District of Huazhong University of science and technology, which does not
meet the test requirements. Therefore, the original sand is re graded. The result is
medium dense sand.

(1) Drying sample 1000 g is called pick.
(2) The sample is poured into a standard sieve stacked in turn. Then the sieve is

placed on the sieve machine for a sieve time 10–15 min.
(3) Starting with a sieve with the largest aperture, each sieve is removed in

sequence. The samples are weighed on the sieve at all levels and inside the
chassis quality, accurate to 0.1 g.

(4) The difference between the sum of the quality of the sieve and the sand at
the bottom of the sieve should not be greater than 1% with the quality of the
pre-screening sample.

© Science Press 2021
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Table 5.1 Particle size
analysis of sand

Mesh size
(mm)

Residue (g) Screening
allowance (%)

Accumulated
screen residue
(%)

5 0 0 0

2.5 54.73 5.48 5.48

1.25 152.52 15.27 20.75

0.63 351.68 35.21 55.96

Below 0.63 439.87 44.04 100

Note The trial date is April 5, 2002

The standard sieve diameters used in the test are 5, 2.5, 1.25, 0.63 mm and below,
and the results are in Table 5.1.

5.1.2 Surface Density Determination of Sand

The appearance density is commonly known as the weight, which refers to the mass
of the material per unit volume in its natural state. Due to space, the test steps are
omitted. The results of the experiment are in Table 5.2.

The formula for calculating the surface density is

ρ0 = G0

G0 + G2 − G1
(5.1)

Taking the average twice and the surface density is

ρ0 = 2.646 + 2.662

2
= 2.654 (g/cm3) (5.2)

Table 5.2 The test table for the determination of the surface density of sand and soil

Number of trials Dry sand quality
G0 (g)

Dry sand + water
+ bottle quality G1
(g)

Refill the water +
bottle quality G2
(g)

The surface
density ρ0
(g/cm3)

1 300 853.6 667.0 2.646

2 300 858.9 671.6 2.662

Note The trial date is April 8, 2002
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Table 5.3 Sand
accumulation density
determination test table

Number of
trials

Capacity barrel
G1 (g)

Sand +
capacity
bottle ′

2 (g)

Stacked
density ρ′

0
(g/cm3)

1 405.3 1858.5 1.453

2 405.3 1867.4 1.462

Note The trial date is April 10, 2002

5.1.3 Sand Accumulation Density

Stacking density refers to the unit volume mass of powdered or granular material in
the accumulation state. The results of the experiment can be found in Table 5.3.

The calculation formula for stacking density is

ρ ′
0 = G2−G1

1000
(5.3)

Take the average twice, and the stacking density is

ρ ′
0 = 1.453 + 1.462

2
= 1.458 (g/cm3) (5.4)

5.2 Sand Three-Axis Test

5.2.1 Testscheme

Three kinds of stress path triaxial tests are carried out on medium dense sand. The
details are as follows: ➀ Path 1 is equal principal stress ratio path (ERTC). Cyclic
loading tests with k = σ3/σ1 = 0.3, 0.42, 0.5, 0.6 and 0.7 are carried out. ➁ Path
2 is the conventional compression test (DCTC). Under the condition of isotropic
consolidation, the cyclic loading tests of three confining pressures of σ3 = 100 kPa,
200 kPa, 300 kPa, 400 kPa and 500 kPa are carried out. ➂ Path 3 is equal p test
(DPTC). Cyclic loading test with average normal stress p = 100 kPa, 200 kPa,
300 kPa, 400 kPa, 500 kPa are carried out, under isotropic consolidation condition.
The three stress paths are shown in Fig. 5.1.
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Fig. 5.1 Three stress path maps

5.2.2 Sand Sample Preparation

Since the test requires the use of medium dense sand, according to the provisions
of the code for geotechnical engineering investigation, the porosity ratio e in natural
state is taken as the standard for classifying the compactness of sand, as shown in
Table 5.4.

Assuming that the sand sampleweighs 600 g, the sample has a diameter of 6.18 cm
and a height of 12.5 cm, so the calculation volume formula for the sample is

Table 5.4 Sand accumulation density determination test table

Soil Density degree

density Middle density Slow density Loose

Gravel, coarse sand, medium
sand

e < 0.60 0.60 ≤ e ≤ 0.75 0.75 ≤ e ≤ 0.85 e > 0.85

Fine sand, powdered sand e < 0.70 0.70 ≤ e ≤ 0.85 0.85 ≤ e ≤ 0.95 e > 0.95
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Table 5.5 Preparation of
sand sample

Particle diameter rang (mm) Proportion (%) Quality (%)

2.50–5.0 5.48 32.9

1.25–2.50 15.27 91.6

0.63–1.25 35.21 211.3

0–0.63 44.04 264.2

Sum 100 600

V = π × 6.182

4
× 12.5 ≈ 374.95 (cm3) (5.5)

where the solid volume is

Vs = ms

ρ0
= 600

2.654
≈ 226.07 (cm3) (5.6)

The porosity ratio is

e = V − Vs

Vs
= 374.95 − 226.07

226.07
≈ 0.66 (5.7)

The porosity ratio of 0.66 meets the pore ratio range of medium-tight sand in
Table 5.4, so the availage of each sand is seen in Table 5.5.

5.3 Test Data Processing and Analysis

5.3.1 Three-Axis Test Data

Tables 5.6 and 5.7 show the test data under the path of equal principal stress ratio.
Due to space limitation, only the sample data for k = 0.42 and 0.6 are listed.

5.3.2 Determination of Hydrostatic Test Data and K Value

(1) In order to determine the elastic bulk modulusK, it is necessary to carry out the
isotropic consolidation test [1]. The compression test of soil under hydrostatic
pressure p = σ1 = σ2 = σ3 is carried out. Table 5.8 shows the hydrostatic test
data.

(2) Determination of elastic bulk modulus K
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Table 5.8 Hydrostatic test data

Drain tube
readings (mm)

surrounding
pressure (kPa)

Water discharge
(mL)

Body strain (%) lg p (kPa) Kv

47.6 0.00 0 0.00 / 0.38

45.6 0.10 2 054 -100

439 020 3.7 1.01 -0.70

42.7 030 49 135 -052

413 040 63 174 -040

39.9 0.50 7.7 213 -030

39 0.60 8.6 239 -0.22

382 0.70 94 261 -0.15

37.5 0.80 10.1 281 -0.10

37.1 0.90 105 2.93 -0.05

36.8 100 10.8 3.02 0.00

369 090 10.7 2.99 -0.05

37 0.80 10.6 296 -0.10

37.1 0.70 105 2.93 -0.15

372 060 10.4 2.90 -022

37.3 0.50 103 2.87 -0.30

37.4 0.40 102 284 -0.40

376 030 10 2.79 -0.52

37.8 020 9.8 2.73 -0.70

381 0.10 9.5 2.64 -100

37.8 0.20 9.8 2.73 -0.70

37.6 030 10 2.79 -052

372 050 10.4 2.90 -0.30

36.8 0.70 10.8 3.02 -0.15

36.5 0.90 111 3.10 -0.05

363 100 113 3.16 0.00

359 120 117 3.27 0.08

35.6 140 12 3.36 0.15

352 1.60 124 3.48 020

349 1.80 12.7 356 0.26

34.6 2.00 13 3.65 0_30

34.7 1.80 129 3.62 026

34.85 1.60 12.75 3.58 020

35 1.40 12.6 3.54 0.15

35.1 120 125 351 0.08

(continued)
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Table 5.8 (continued)

Drain tube
readings (mm)

surrounding
pressure (kPa)

Water discharge
(mL)

Body strain (%) lg p (kPa) Kv

35.3 1.00 12.3 3.45 0.00 0.61

35.55 0.80 12.05 3.38 − 0.10

35.8 0.60 11.8 3.30 − 0.22

36.2 0.40 11.4 3.19 − 0.40

36.7 0.20 10.9 3.04 − 0.70

36.25 0.40 11.35 3.17 − 0.40

35.95 0.60 11.65 3.26 − 0.22

35.65 0.80 11.95 3.35 − 0.10

35.4 1.00 12.2 3.42 0.00

35.2 1.20 12.4 3.48 0.08

35 1.40 12.6 3.54 0.15

34.8 1.60 12.8 3.59 0.20

34.5 1.80 13.1 3.68 0.26

34.2 2.00 13.4 3.77 0.30

33.9 2.20 13.7 3.86 0.34

33.7 2.40 13.9 3.91 0.38 0.55

33.5 2.60 14.1 3.97 0.41

33.3 2.80 14.3 4.03 0.45

33.1 3.00 14.5 4.09 0.48

33.2 2.70 14.4 4.06 0.43

33.3 2.40 14.3 4.03 0.38

33.4 2.10 14.2 4.00 0.32

33.6 1.80 14 3.94 0.26

33.8 1.50 13.8 3.89 0.18

34 1.20 13.6 3.83 0.08

34.3 0.90 13.3 3.74 − 0.05

34.7 0.60 12.9 3.62 − 0.22

35.3 0.30 12.3 3.45 − 0.52

35.9 0.10 11.7 3.27 − 1.00

35.2 0.30 12.4 3.48 − 0.52

34.7 0.60 12.9 3.62 − 0.22

34.2 0.90 13.4 3.77 − 0.05

33.9 1.20 13.7 3.86 0.08

33.5 1.50 14.1 3.97 0.18

33.3 1.80 14.3 4.03 0.26

(continued)
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Table 5.8 (continued)

Drain tube
readings (mm)

surrounding
pressure (kPa)

Water discharge
(mL)

Body strain (%) lg p (kPa) Kv

32.95 2.20 14.65 4.13 0.34

32.7 2.50 14.9 4.21 0.40

32.5 2.80 15.1 4.27 0.45

32.1 3.20 15.5 4.38 0.51

31.8 3.60 15.8 4.47 0.56

31.4 4.00 16.2 4.59 0.60

31.5 3.60 16.1 4.56 0.56 0.7

31.6 3.20 16 4.53 0.51

31.7 2.80 15.9 4.50 0.45

32 2.40 15.6 4.41 0.38

32.2 2.00 15.4 4.36 0.30

32.5 1.60 15.1 4.27 0.20

32.85 1.20 14.75 4.16 0.08

33.3 0.80 14.3 4.03 −0.10

33.6 0.60 14 3.94 −0.22

33.95 0.40 13.65 3.84 −0.40

34.5 0.20 13.1 3.68 −0.70

34.1 0.40 13.5 3.80 −0.40

33.8 0.60 13.8 3.89 −0.22

33.5 0.80 14.1 3.97 −0.10

33.2 1.00 14.4 4.06 0.00

33 1.20 14.6 4.12 0.08

32.6 1.60 15 4.24 0.20

32.3 2.00 15.3 4.33 0.30

32 2.40 15.6 4.41 0.38

31.8 2.80 15.8 4.47 0.45

31.45 3.30 16.15 4.58 0.52

31.15 3.80 16.45 4.67 0.58 0.69

30.8 4.40 16.8 4.77 0.64

30.2 5.00 17.4 4.95 0.70

30.35 4.50 17.25 4.90 0.65

30.5 4.00 17.1 4.86 0.60

30.7 3.50 16.9 4.80 0.54

30.85 3.00 16.75 4.76 0.48

31.1 2.50 16.5 4.68 0.40

(continued)
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Table 5.8 (continued)

Drain tube
readings (mm)

surrounding
pressure (kPa)

Water discharge
(mL)

Body strain (%) lg p (kPa) Kv

31.35 2.00 16.25 4.61 0.30

31.7 1.50 15.9 4.50 0.18

32.2 1.00 15.4 4.36 0.00

32.9 0.50 14.7 4.15 −0.30

33.4 0.30 14.2 4.00 −0.52

34.2 0.10 13.4 3.77 −1.00

33.6 0.30 14 3.94 −0.52

33.15 0.50 14.45 4.08 −0.30

32.4 1.00 15.2 4.30 0.00

31.9 1.50 15.7 4.44 0.18

31.5 2.00 16.1 4.56 0.30

31.1 2.50 16.5 4.68 0.40

30.9 3.00 16.7 4.74 0.48

30.6 3.50 17 4.83 0.54

30.3 4.00 17.3 4.92 0.60

30 4.50 17.6 5.01 0.65

29.8 5.00 17.8 5.07 0.70

29.5 5.50 18.1 5.16 0.74

29.2 6.00 18.4 5.25 0.78

29 6.50 18.6 5.31 0.81

Note Sample number: 0–1. Test date: July 20, 2002. Force ring correction factor: 2.523 kg/0.01 m.
Initial height: 12.3 cm. Drain initial reading: 47.6 cm3. load rate: 1.0 mm/min

Assuming only elastic deformation occurs when unloading, the lgp-εv curve is
obtained based on the experimental results shown in Table 5.8, as shown in Fig. 5.2.
Assuming that the bounce line is a straight line, then

εv = εvl + kv lg p (5.8)

where, εv1 is the volume deformation when P = 100 kPa; kv is the slope of the
rebound line, kv = tanα. The Formula (5.8) is divided on the rebound line, dεv =
dεev ,dεev = kv × 0.434dp/p. The elastic volume compression modulus K is

K = dp

dεev
= p

0.434kv

(5.9)

From the lgp-εv curve, the slope of spring back line at p = 100 kPa, 200 kPa,
300 kPa, 400 kPa and 500 kPa is kv = 0.38, 0.61, 0.55, 0.7 and 0.67, respectively.
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Fig. 5.2 lgp-εv curve

Then the K value is 606.4p, 755.5p, 1256.8p, 1316.7p and 1669.7p, respectively.
If the K and p is plotted on a double logarithmic curve, which is approximately a
straight line, as shown in Fig. 5.3, then K can be written as

K = K1 pa

(
p

pa

)n

(5.10)

where, Pa = 100 kPa. when p = 100 kPa, k1 = 565.234, n is the slope of the straight
line, n = 0.6437.

K = 565.234p0.6437 (5.11)

Fig. 5.3 The curves of K-p
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5.4 Stress Strain Curve of Triaxial Test with Equal
Principal Stress Ratio

Figures 5.4, 5.5, 5.6, 5.7 and 5.8 show the corresponding ε
p
v − q and ε p − q curves

of specimens with equal principal stress ratios k = 0.3, 0.42, 0.5, 0.6 and 0.7

5.5 Three Dimensional Surface of Stress Strain

By drawing the shear strain ε−, average normal stress p and generalized shear stress
q under three stress paths together, the stress–strain curve in the whole stress field
(p, q) can be obtained, as shown in Figs. 5.9, 5.10 and 5.11. The three-dimensional
surface graph is more vivid and intuitive than the two-dimensional graph, and can

Fig. 5.4 Stress strain curve at k = 0.3

Fig. 5.5 Stress strain curve at k = 0.42
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Fig. 5.6 Stress strain curve at k = 0.5

Fig. 5.7 Stress strain curve at k = 0.6

Fig. 5.8 Stress strain curve at k = 0.7
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Fig. 5.9 Total stress–strain curve of equal principal stress ratio

Fig. 5.10 General path full stress–strain curve of conventional

fully describe the constitutive relationship of soil. From the comparison of the stress–
strain curves under the equal principal stress ratio path, the conventional path and the
equal p path, it can be seen that the peak value of the surface under the conventional
path is the largest, and the equal p path is the smallest. The peak value of the surface
under the path is the smallest, and the peak value of the surface under the equal
principal stress ratio path is between the two, which indicates that the shear strain of
the soil sample is the largest at themaximum failure stress, reflecting the compressive
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Fig. 5.11 Total stress–strain curve with equal p-path

strength of the soil. At the same time, the surface under the conventional path is the
steepest, that is, the strain changes fastest with the stress, and the equal p. The surface
under the path is gentle, and the surface under the equal principal stress ratio path
is between them. From the above comparison, it is obvious that the influence of
different stress paths on the stress–strain relationship of soil is significant, and after
the treatment of this book, this difference can not only be observed qualitatively,
but also be given quantitatively, which provides a reliable basis for the study of the
influence of stress paths on the constitutive relationship in the future.

5.6 Yield Trajectory

It is considered that the yield trajectory can be drawn directly from the test data. The
volume yield line with plastic volume strain as hardening parameter and the shear
yield line with as hardening parameter are drawn from the constitutive model shown
in Eqs. (3.1) and (3.2). The specific method is to find out the corresponding points
of and with equal values from the and values corresponding to any pointM (p, q) on
the test curve, and draw the corresponding yield trajectory contour of H = ε

p
v and

H = ε p work hardening law from the p and q values of these points, as shown in
Figs. 5.12, 5.13 and 5.14.

It can be seen from Figs. 5.12, 5.13 and 5.14 that on the one hand, in the range
of yield line, the conventional path is the largest, the equal p path is the smallest,
and the equal principal stress ratio path is in the middle [2–5]. The results show that
the anti-failure ability of the soil under the conventional path is the strongest. The



5.6 Yield Trajectory 137

Fig. 5.12 Yield path of equal principal stress ratio

Fig. 5.13 Yield trajectory of conventional path

anti-failure ability of the soil under the equal p path is the smallest, which reflects
the compaction of the excavated soil again [6, 7]. On the other hand, no matter the
volume yield line or the shear yield line, the slope of the conventional path is the
largest, and the slope of the equal p path is the smallest, and the slope of the equal
principal stress ratio path is between them. This result is consistent with the analysis
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Fig. 5.14 Yield trajectory of equal p path

result of full stress–strain curve of soil in Sect. 5.5. It is further proved that the effect
of stress path on soil constitutive relation can not be ignored.

5.7 Establishment of Numerical Model

5.7.1 Constitutive Model

The sand is similar to expansive soil. The stress–strain relationship of sand is also
expressed by the following two functionals.

εv = f1(p, q, p(q)) (5.12)

ε = f2(p, q, p(q)) (5.13)

where, εv and ε are volume strain and octahedral shear strain, respectively. p and
q are mean normal stress and general shear stress, respectively. p (q) is stress path
function. f 1 and f 2 are two arbitrary nonlinear functions.

The stress–strain relationship reflects the coupling relationship between volume
strain and shear strain and the cross effect of p and q. It not only considers the
dilatancy and shrinkage of soil, but also reflects the effect of stress path on the
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constitutive relationship. Because the model parameters in this book are obtained by
experimental simulation according to the actual stress path of soil [8–12]. Therefore,
the effect of stress path on the constitutive relationship has been considered. So the
above formula can be simplified as

εv = f1(p, q) (5.14)

ε = f2(p, q) (5.15)

The incremental formof the above two formulas is shown in the following formula.

dεv = ∂ f1(p, q)

∂p
dp + ∂ f1(p, q)

∂q
dq (5.16)

dε = ∂ f2(p, q)

∂p
dp + ∂ f2(p, q)

∂q
dq (5.17)

The coefficients ∂ f1
/
∂p, ∂ f1

/
∂q,∂ f2

/
∂p and ∂ f2

/
∂q of the above four equations

are functions of p and q, which can be determined by triaxial test. When the same
stress state (p, q) is reached through different stress paths in the test, the values of
the above four coefficients can be different, so as to reflect the influence of stress
path. The four coefficients can be obtained directly from the curve obtained from the
experiment.

5.7.2 Neural Network Learning and Prediction

RBF neural network is used for training [13–16]. The average normal stress p and
average shear stress q are input vectors. The volume strain εv and shear strain εε

are output vectors [17, 18]. The number of neurons in hidden layer is calculated by
empirical formula [19]. For each group of test samples, the test data p, q, εv and
εε with equal principal stress ratios k = 0.42, 0.5 and 0.7 are taken as the learning
objects. Then the trained neural network is used to predict the actual test data under
the path k = 0.6 to test the accuracy of the network model.

The predicted results for the path with equal principal stress ratio k = 0.6 are
shown in Fig. 5.15. It can be seen from the Fig. 5.15 that the predicted results of the
neural network are very close to the actual experimental data, which verifies once
again that the neural network has a powerful function in establishing the numerical
model of geotechnical constitutive relationship, and can truly reflect the stress–strain
state of the sample.
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Fig. 5.15 Comparison of network predicted value and experimental value

5.8 Validation of Numerical Model

The sand samples are verified by the same method as the expansive soil in Chap. 4.
The calculated data at k = 0.5 are compared with the experimental data, as shown
in Fig. 5.16. The solid line in the Fig. 5.16 is the test curve, and the dotted line is
the calculation curve. It can be seen from the Fig. 5.16 that the calculated results
are consistent with the test data, which indicates that the numerical model of sand
constitutive relationship established in this book is correct and can accurately reflect
the stress–strain relationship of sand under different stress paths.

Fig. 5.16 Comparison of calculated and experimental values
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Chapter 6
Triaxial Test and Numerical Modeling
of Clay

6.1 Sample Preparation

The 10 kg representative soil sample of foundation pit was selected, dried, crushed
and screened by 2 mm. The moisture content of air drying is 5.92%, and the required
water content is 33.4%. The required amount of water on the soil material sprayed
and mixed well. Then, it is put into a plastic bag after standing slightly. Finally, it
is put into a closed container for 24 h to make the water content uniform. The soil
material and retest its moisture content are taken out. The difference between the
measured moisture content and the required moisture content should be less than
±1%. Otherwise, the moisture content adjusted, until it meets the requirements.
According to the required dry density of 1.44 g/cm3, the required wet soil mass is
weighed. According to the sample height, it is compacted in 6 layers. The quality
of each layer is required to be equal. Each layer shall be compacted to the required
height. Roughen the surface. Then, the second layer of soil is added. This continues
until the last layer is hit. Both ends of the sample are placed in the sample barrel,
taken out and weighed. The density difference of the sample should be less than
0.02 g/cm3. The qualified standard of sample is 183.2–185.8 g after preparation,
otherwise it is a waste sample.

Through the above sample preparation process, it can be seen that the quality
control standards of remolded soil samples are moisture content, and dry density.
Both of them must meet the requirements at the same time before they are qualified.
In fact, in the process of sample preparation in strict accordance with the above
standards, after repeated, the waste sample rate is also high, the test samples used
in this book are qualified samples. According to the limit moisture content, specific
gravity of soil particles and other tests, the physical property indexes and shape
parameters of the sample are shown in Table 6.1.
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Table 6.1 Physical indicators and shape parameters of the test

17 mm
liquid
limit
(%)

10 mm
liquid
limit
(%)

Plastic
limit
(%)

Plasticity
index

Moisture
content
(%)

Dry
density
(g/cm3)

Proportion
of soil
particles

Sample
height
(cm)

Sample
diameter
(cm)

48.19 42.67 29.52 18.67 33.4 1.44 2.73 8 3.91

6.2 Sample Saturation

6.2.1 Pumping Saturation

The sample is put into the saturator, and then put into the anhydrous vacuum cylinder.
The vacuum cylinder is connected with the extractor for air extraction.When the true
void is close to 1 atmospheric pressure, continue to pump for 2 h.Then,water is slowly
injected into the vacuum cylinder to keep the vacuum stable. When the saturator is
completely flooded, stop pumping and release the vacuum in the vacuum cylinder.
The sample is allowed to stand under water for 24 h, and then the sample is taken
out and weighed.

6.2.2 Back Pressure Saturation

(1) After the sample pressure chamber is installed on the base, the valve chamber
is closed and the pore pressure is recorded. Firstly, the 20 kPa surrounding
pressure is applied to the sample. The pore pressure valve is opened. After the
pore pressure is stable, the reading is recorded. Then, the pore pressure valve
is closed.

(2) The back pressure is applied step by step. The surrounding pressure is applied
step by step at the same time, so as tominimize the disturbance to the sample. In
the process of applying back pressure, always keep the surrounding pressure
20 kPa higher than the back pressure. The increment of each stage of back
pressure and surrounding pressure is 50 kPa.

(3) During operation, firstly the ambient pressure is adjusted to 50 kPa, then the
back pressure system is adjusted to 30 kPa. At the same time, the ambient
pressure valve and back pressure valve is opened. Then the pore pressure valve
is slowly opened. After the pore pressure is stable, the readings of pore pressure
gauge and volume transformer tubemeasured and recorded. Then the next level
of ambient pressure and back pressure is applied.

(4) The pore pressure increment �u under the ambient pressure calculated at the
same level. compared itwith the ambient pressure increment 3�σ . If 3�u/�σ <
1, it means that the sample is not saturated. At this time, the pore pressure valve
is closed. Back pressure valve and ambient pressure valve are continuously
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applied to the next level of ambient pressure and back pressure, according to
the above provisions.

(5) When the sample reaches 3�u/�σ = 1 at a certain pressure level, keep the back
pressure unchanged and increase the surrounding pressure. If the increased pore
pressure in the sample is equal to the increment of the surrounding pressure, it
indicates that the sample is completely saturated. Otherwise, the above steps
are repeated until the sample is saturated.

6.3 Specimen Installation and Consolidation

The procedure of specimen installation and consolidation is as follows.

(1) The pore pressure valve and the measuring pipe valve are opened to make the
pressure chamber base filled with water and exhaust, and close the valve. The
boiled permeable plate is slid onto the base of the pressure chamber. Then
put the wet filter paper and the sample, and put a wet filter paper and the
permeable plate on the top of the sample.

(2) The rubber membrane is put into the membrane bearing cylinder. Its two ends
are screwed out of the cylinder. Inhale air from the suction hole to make the
rubber membrane close to the inner wall of the membrane bearing cylinder.
It is then placed outside the specimen. The gas is released. Both ends of the
rubber film are turned up. The membrane carrier was taken out. The rubber
band is used and the rubber membrane is fixed on the base of the pressure
chamber.

(3) The sample is gently pressed with a soft brush from bottom to top to remove
the bubbles between the sample and the rubber film.

(4) The drain valve is opened to allow water to flow slowly out of the sample cap
to remove bubbles from the pipe. The cap is placed on the top of the sample.
The bubbles are removed at the top. The rubber film is fasted on the sample
cap.

(5) Thewater surface of the drain pipe is lowered to 20–40 cmbelow the elevation
of the center of the sample. The excess water between the sample and the
rubber film is sucked out. Then, the drain valve is closed.

(6) The pressure chamber cover is installed. During installation, the piston should
be lifted to prevent collisionwith the sample.After the pressure chamber cover
is placed, the piston should be aligned with the center of the sample cap. The
screws should be tightened evenly. Then, the axial dynamometer should be
aligned with the piston.

(7) The vent is opened to fill the pressure chamber with water. When the pressure
chamber is almost full of water, the water inlet speed is reduced. When the
water overflows from the vent, the vent is closed.

(8) The water surface of the drain pipe is flush with the height of the center of the
sample. The water surface reading is measured. The drain valve is closed.
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(9) The water surface of the measuring tube is at the height of the center of the
sample. The metering valve is opened. The sensor is recorded. The initial
reading of the pore pressure gauge is noted. Then, the measuring pipe valve
is closed (required for consolidated undrained shear test, not required for
consolidated drained shear test).

(10) The pipe valve and pore pressure valve are closed. The ambient pressure
valve is opened to apply the required ambient pressure. The reading of each
dynamometer and displacement meter is adjusted (required for consolidated
undrained shear test, not required for consolidated drained shear test).

(11) The back pressure to the specimen is applied. After completion, the volume
transformer valve is closed. The surrounding pressure is increased. The differ-
ence between the surrounding pressure and the back pressure equal to the orig-
inal selected surrounding pressure. The stable pore pressure reading and the
volume transformer water surface reading are recorded, as the initial reading
before consolidation.

(12) The pore pressure valve is opened. The stable pore pressure reading is
measured and recorded. The initial reading of the pore pressure gauge is
subtracted. That is, the initial pore pressure u of the sample under the
surrounding pressure.

(13) The drain valve and start consolidation are opened. The water surface of
drain pipe and the readings of pore pressure gauge is measured and recorded.
During the whole test, the water surface of the drain pipe shall be placed at
the height of the center of the sample. The degree of consolidation should be
at least 95%.

(14) After consolidation, the drain pipe valve or body transformer valve is closed.
The readings of drain pipe or body transformer pipe and pore pressure gauge
are recorded. Then, the fine adjusting hand wheel is turned. When the reading
of the dynamometer starts to move, it means that the piston has contacted the
sample. The reading of the axial displacement meter is recorded, which is the
consolidation settlement�H. The height hc of the sample after consolidation
can be calculated. Then the reading of dynamometer and vertical displacement
meter are adjusted to zero.

6.4 Test Scheme

6.4.1 Triaxial Compression Test Scheme for Normally
Consolidated Soil

The triaxial compression test of normally consolidated soil is divided into four
groups. After loading, the sample is saturated by back pressure. After the speci-
mens are completely saturated, each group is consolidated under the corresponding
surrounding pressure. The completion of consolidation is based on more than 95%
dissipation of pore water pressure and stable displacement. After consolidation, start
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the testing machine to shear the sample. The triaxial compression test scheme of
normally consolidated soil under four stress paths is shown in Table 6.2. The four
effective stress paths in p-q coordinate system are shown in Fig. 6.1.

6.4.2 Conventional Triaxial Compression Test Scheme
for Drained Shear of Over Consolidated Soil

The same remolded clay sample is used as the over consolidation sample. After
loading, the sample is saturated with back pressure. After the specimen is fully
saturated, it is consolidated under a higher ambient pressure σc. After unloading to a
lower confining pressure σ3, it absorbs water and expands until it is stable, forming
over consolidated specimen. The preparation scheme of over consolidated specimen
is shown in Table 6.3.

After the water swelling of the sample is stable, the testing machine is started
to shear the sample. The confining pressure (DCTC stress path) remains unchanged
during the shear process. The shear strain rate is 0.014%/min. In the process of
shearing, the reading of the dynamometer and the axial displacement meter is
recorded. And at the same time the reading of the drainage pipe is recorded. The
test was finished when the axial strain was more than 25%. The shearing process
lasted about 30 h. Because the shear strain rate is a little higher, double drainage is
used.

6.4.3 Elastic Deformation Parameter Test Scheme

1. Elastic volume mod determination

In this book, elastic bulk modulus K of soil is defined as the ratio of average normal
stress to elastic strain of soil under three-dimensional equal pressure [1–3]. In order
to obtain K, the isotropic consolidation test is carried out. It is assumed that pure
shear does not cause elastic strain, and the change of elastic strain�εev is completely
caused by the increment of average normal stress �p. When the confining pressure
is increased to 200, 300, 400 and 600 kPa, the consolidation is carried out. After
the consolidation is completed, the samples are unloaded to 50 kPa respectively.
After the free expansion of the samples is stable, the samples are compressed again.
Finally, the εv–lg p curve (εv is the volume strain) is obtained at 800 kPa. Assuming
that the rebound line is a straight line, the following expression can be obtained.

εv = εvl + kv log10 p (6.1)
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Fig. 6.1 Effective stress path of normally consolidated soil

Table 6.3 Ultra-solid sample preparation scheme

The sample number Early solidification pressure σ c
(kPa)

After unloading the pressure σ 3
(kPa)

OCR

1 400 50 8

2 400 100 4

3 600 50 12

4 800 50 16

5 800 100 8

6 1200 150 8

where, εv1 is the volume strain corresponding to pa on the rebound line. The pa is
the atmospheric pressure (pa = 1.3 kPa). kv is the slope of rebound line, dεv = dεev ,
dεev=0.43dp/p. The bulk modulus of elasticity K is as follows.

K = dp

dεev
= p

0.434kv

(6.2)
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From the εv–lgp curve, the correspondingK value of spring back is obtained,when
p is 200 kPa, 300 kPa, 400 kPa and 600 kPa, respectively. The relationship between
K /Pa and P/Pa is drawn on a double logarithmic curve, which is approximately a
straight line and can be written as

K = K1 pa

(
p

pa

)n

(6.3)

where, K1 and n are test constants, K1 is Pa The corresponding K value. K value and
n value are obtained by linear regression.

2. Determination of elastic shear modulus

In this book, elastic shear modulus G of soil is defined as the ratio of generalized
shear stress to elastic shear strain [4–6]. In order to obtainG, the conventional triaxial
compression tests of consolidated drained shear with loading and unloading cycles
at σ 3 of 50, 200 and 400 kPa are carried out, and the q curve is calculated by εs =
ε1− εv/3 (εsis shear strain). The springback slope is different under different σ 3. If
we neglect this effect, then G(σ3) = dp/dεes , if we plot it on lg(G/pa)− lg(σ3/pa)
graph and assume that it is a straight line, then

lgG = lg(G1 pa) + n lg

(
σs

pa

)
(6.4)

where, G1 and n are test constants.
The following formula is obtained from Eq. (6.4).

G = G1 pa

(
σs

pa

)n

(6.5)

In general triaxial compression test, σ3 = p− 1
3 (σ1−σ3) = p− 1

3q, so there is

G = G1 pa

(
p − 1

3q

pa

)n

(6.6)

The curve of lg(G/pa)–lg(σ 3/pa) is obtained by averaging the rebound line and
the recompression line. The values of G1 and n are obtained by linear regression.
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6.5 Test Results and Analysis

6.5.1 Results and Analysis of the Three-Axis Compression
Test of Normal Solidified Soil

The relationships betweenσ 1–σ 3–ε1 and εv–ε1 of normally consolidated soil samples
under four stress paths are shown in Fig. 6.2 and Fig. 6.3 respectively. It can be seen
that the remolded clay samples show strain strengthening characteristics under the
four stress paths. In the initial stage, the principal stress difference increases with
the increasing rate of axial strain (its stiffness) from DCTC-DPTC-UCTC-DRTC.
After yielding, the growth rate of principal stress difference with axial strain (its
stiffness) gradually flattens from stress path DCTC-DPTC-UCTC-DRTC. In view of
the strain strengthened specimen, the principal stress difference corresponding to the
axial strain of 15% is generally taken as its strength value [7, 8]. It can also be seen
from the Figs. 6.2 and 6.3 that the strength value of the sample is the largest under
the increasing p drainage stress path. The strength under the equal p drainage stress
path is about 1/2 of that. The strength of conventional triaxial undrained stress path
is about 1/2 of that. The strength value under the path of reducing p drainage stress is

Fig. 6.2 Normal solidified soil σ 1–σ 3–ε1 relationship
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Fig. 6.3 Relationship between εv–ε1 of normally consolidated soil

about 1/3 of that. The results show that the strength of the specimen decreases from
DCTC-DPTC-UCTC-DRTC.

For the volume strain, it shows pure shear shrinkage under increasing p and
equal p drainage stress paths. The volume shrinkage increases with the increase of
consolidation pressure. The volume strain amplitude under the increasing p stress
path is about twice that under the corresponding equal p-stress path. However, the
volumetric strain shows pure dilatancy under the p-stress path, and the volumetric
expansion decreases with the increase of consolidation pressure. That is to say, the
specimen with higher consolidation pressure has less expansion.

The above phenomena show that the effect of stress path on the stiffness, strength
and volume deformation characteristics of normally consolidated soil is considerable
and can not be ignored [9, 10].
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6.5.2 Results and Analysis of Three-Axis Compression Test
of Ultra-Solidified Soil

For the convenience of comparative analysis, the stress–strain curves of over consol-
idated soil samples and corresponding normally consolidated soil samples are drawn
together [11, 12]. Figures 6.4, 6.5, 6.6, 6.7, 6.8 and 6.9 show the comparison of stress–
strain curves of clay samples under different consolidation conditions. Figure 6.4
shows the case of OCR= 8. Figure 6.5, Fig. 6.6 and Fig. 6.7 show the shear confining
pressures of 50 kPa, 100 kPa and 150 kPa respectively under different OCR condi-
tions. Figure 6.8 and Fig. 6.9 show the conditions under which the pre consolidation
pressure σ c is 400 kPa and 800 kPa respectively and OCR is different.

Generally speaking, the normally consolidated soils show the characteristics of
strain strengthening and shear shrinkage, while the over consolidated soils show the
characteristics of strain softening and shear dilatancy.

Fig. 6.4 Stress–strain relationships under the same OCR (OCR = 8)

Fig. 6.5 Stress strain relationship under different OCR (σ3 = 50 kPa)
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Fig. 6.6 Stress strain relationship under different OCR (σ3 = 100 kPa)

Fig. 6.7 Stress strain relationship under different OCR (σ3 = 150 kPa)

Fig. 6.8 Stress strain relationship under different OCR (σ3 = 400 kPa)
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Fig. 6.9 Stress strain relationship under different OCR (σ3 = 800 kPa)

It can be seen from Fig. 6.4 that under the condition of fixed OCR, the volume
strain of the specimen is not sensitive to different consolidation pressures (including
pre consolidation pressure σ c and consolidation pressure σ 3 during shear), and its
shear resistance is closely related to the consolidation pressure.

It can be seen from Figs. 6.5, 6.6 and 6.7 that the shear resistance of the spec-
imen increases with the increase of OCR under the condition of fixed consolidation
pressure σ 3. With the increase of OCR, the hump phenomenon becomes more and
more obvious. The shear strength of specimens with different OCR tends to a stable
value. That is, the strength is on the critical state line. For the volume strain, with
the increase of OCR, the specimen changes from shear shrinkage (normally consol-
idated soil) to shear dilatation (over consolidated soil). The larger the OCR is, the
more obvious the dilatancy is.

It can be seen from Figs. 6.8 and 6.9 that the shear strength is related to the consol-
idation pressure and OCR under the premise of fixed pre-consolidation pressure σ c.
For the volume strain, OCR is still the decisive factor, that is, the specimen with
larger OCR has larger dilatancy.

In conclusion, for volume strain, OCR is the decisive factor. The volume strain
is not sensitive to consolidation pressure. For the shear capacity, the consolidation
pressure is the decisive factor, and the influence of OCR can not be ignored. OCR
determines whether it is strain hardening or strain softening. It also determines the
degree of strain softening. However, the specimen will eventually reach a unified
critical state with approximately the same residual strength.

The above conclusion is obtained by comparing the stress–strain relationship
of normally consolidated soil and over consolidated soil under the stress path of
conventional triaxial compression test (DCTC stress path). This conclusion does not
consider the influence of other stress paths.
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6.5.3 Test Results of Elastic Deformation Parameters

In order to obtain the elastic bulk modulus K, the isotropic isobaric consolidation
test is carried out [13, 14]. The σ 3 is added to consolidate at 200 kPa, 300 kPa,
400 kPa and 600 kPa, respectively.After the consolidation is completed, it is unloaded
to 50 kPa respectively. After the free expansion and stability of the sample, it is
compressed again respectively, and finally to 800 kPa. The εv–lg p relationship is
shown in Fig. 6.10. In order to obtain the elastic shear modulus G, conventional
triaxial compression tests of consolidated drained shear with loading and unloading
cycles under confining pressures of 50, 200 and 400 kPa are carried out. The rela-
tionship between σ1–σ3–ε1 is shown in Fig. 6.11. Some specimens after failure are
shown in Fig. 6.12.

Thus, the elastic bulk modulusK of the sample is measured, as shown in Eq. (6.7).
The elastic shear modulus G of the sample is measured, as shown in Eq. (6.8).

K = 158.161pa

(
p

pa

)
0.7301 (6.7)

G = 327.11pa

(
p − q/3

pa

)
0.8885 (6.8)

Fig. 6.10 Relationship of εv–lg p
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Fig. 6.11 Relationship of σ1–σ3–ε1

Fig. 6.12 Partial specimens after failure
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6.5.4 Analysis of Test Results

By comparing the stress–strain curves of remolded clay under different stress paths
and stress histories, the following conclusions can be drawn.

Under the four stress paths, the normally consolidated soil samples show strain
strengthening characteristics. In the initial stage, the principal stress difference
increases with the increasing rate of axial strain (its stiffness) from DCTC-DPTC-
UCTC-DRTC.After yielding, the growth rate of principal stress differencewith axial
strain (its stiffness) gradually flattens from stress path DCTC-DPTC-UCTC-DRTC.
The results show that the strength of the specimen is the largest under the increasing
p drainage stress path. The strength under the equal p drainage stress path is about 1/2
of that. The strength of conventional triaxial undrained stress path is about 1/2 of that.
The strength value under the path of reducing p drainage stress is about 1/3 of that.
That is to say, the strength of the specimen decreases from DCTC-DPTC-UCTC-
DRTC. For the volume strain, it shows pure shear shrinkage under both increasing
p and equal p stress paths, and its volume shrinkage increases with the increase of
consolidation pressure [15–17]. The volume strain amplitude under the increasing p
stress path is about twice that under the corresponding equal p stress path. However,
the volumetric strain shows pure dilatancy under the p-stress path, and the volumetric
expansion decreases with the increase of consolidation pressure. That is to say, the
specimen with higher consolidation pressure has less expansion. These phenomena
show that the effect of stress path on the stiffness, strength and volume deformation
characteristics of normally consolidated soil is considerable and cannot be ignored.

In the aspect of the influence of stress history on the constitutive relationship of
soil, the over consolidation ratio is the decisive factor for the volume strain, while the
volume strain is not sensitive to the consolidation pressure. For the shear capacity, the
consolidation pressure is the decisive factor. The effect of over consolidation ratio can
not be ignored. The over consolidation ratio determines the strain hardening or strain
softening, and the degree of strain softening. However, the specimen will eventually
reach a unified critical state with approximately the same residual strength.

6.6 Numerical Modeling of Clay Constitutive Relation

With the expansion of soil engineering and scale, the establishment of soil elasto-
plastic constitutive model which can reflect the stress path correlation has become an
important problem to be solved. Similar to Chaps. 4 and 5, this chapter attempts to
extend the numerical modeling method of geotechnical constitutive relationship to
the field of cohesive soil. Based on the triaxial compression tests of normally consol-
idated soil under the stress paths of increasing p drained shear, equal p drained shear,
conventional undrained triaxial shear and decreasing p drained shear, the elastic–
plastic constitutive models of clay under these four stress paths are established.
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Compared with the classical constitutive model, the numerical modeling method
shows the advantages.

1. Yield surface analysis under four stress paths

In this section, the double yield surface theory is used to establish the yield surface.
The total strain is measured by triaxial compression test, and the plastic strain is
separated from the total strain by elastic bulk modulus and elastic shear modulus.
Then, the plastic shear strain and the plastic volumetric strain (where the plastic
volumetric strain takes the consolidation starting point as the starting point) are
taken as hardening parameters respectively. By drawing its contour on p-q plane, the
trajectories of shear and volume yield can be obtained. Based on this, the shear yield
trajectories (Fig. 6.13) and volume yield trajectories (Fig. 6.14) under four stress
paths are plotted.

Fig. 6.13 Shear yield trajectory of normally consolidated soil under four stress paths
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(a) DCTC Stress path (b) DPTC Stress path

(d) DRTC Stress path(c) UCTC Stress path

=18.8P

Fig. 6.14 Volume yield trajectory of normally consolidated soil under four stress paths

It can be seen from Figs. 6.13 and 6.14 that the basic change trend of shear yield
trajectory of specimens under four stress paths is relatively consistent. However,
from the stress pathDCTC-DPTC-UCTC-DRTC, the rising rate of plastic shear strain
increases gradually. For the volume yield trajectory, it begins to deflect slightly to the
right and then slowly to the left under the DCTC stress path. It deflects monotonously
to the left under the DPTC stress path. Under the stress path of UCTC, it deflects
slightly to the right at the beginning and then to the left rapidly. This shows that the
volume yield trajectory is not different from the effective stress path trajectory. This
is because along the undrained effective stress path, the total volume of the specimen
remains unchanged. The increase of the elastic strain is equal to the decrease of the
plastic strain. However, this change is small, so the volume yield trajectory depends
largely on the plastic volumetric strain after consolidation. At the beginning of the
DRTC stress path, it deflects monotonously to the left, and near the failure, it dilates
and deflects to the right.
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Therefore, the following important conclusions can be drawn. The comparison
of shear and volume yield trajectories of normally consolidated soils under different
stress paths shows that the stress path has a significant effect on the evolution of strain
hardening of clay. In the traditionalmodelingmethod of soil elastoplastic constitutive
model, it is inaccurate to describe the stress–strain relationship of soil by assuming
the fixed form of yield surface. As shown in Figs. 6.13 and 6.14, the yield surface of
soil under different stress paths is significantly different.

2. Establishment of elastic–plastic constitutive model of clay

Based on the basic framework of numerical modeling method (see Chap. 3), the
triaxial test data sets (p, q, εv, εs) of clay under four stress paths are fitted by Gauss
method to obtain the stress–strain relationship of the whole stress field (p, q). The
relationship surface of εs-(p, q) under four stress paths is shown in Fig. 6.15, and the
relationship surface of ε εv-(p, q) is shown in Fig. 6.16.

It can be seen from Fig. 6.15 that the ascending slope of the specimen’s εs-(p, q)
surface under the four stress paths is different. The stress path from DCTC-DPTC-
UCTC-DRTC is steeper. This is consistent with the change of shear yield trajectory.
For the εv-(p, q) surface, the peak value under DCTC stress path is higher than that
under DPTC stress path. The volume strain of DRTC is negative. This means that the

Fig. 6.15 Relationship of εs-(p, q) for normally consolidated soil under four stress paths
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Fig. 6.16 Relationship of εv-(p, q) for normally consolidated soil under three stress paths

whole deformation process is volume expansion. It can also be seen from Figs. 6.15
and 6.16 that the stress range of the stress–strain curve surface is quite different under
different stress paths. This is consistent with the range of four effective stress paths
in the p-q coordinate system shown in Fig. 6.1.

Figures 6.15 and 6.16 and their comparative analysis show that the numerical
modeling method can comprehensively describe the deformation characteristics of
soil under different stress paths.
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Fig. 6.17 Relationship between theoretical prediction and measured σ 1–σ 3–ε1

3. Verification of numerical constitutive model

In order to verify the correctness of the numerical constitutive model, the corre-
sponding stress–strain calculation programs are compiled for the four loading stress
paths [18–20]. Figure 6.17 shows the comparison between the calculated value and
the measured value of the relationship ofσ 1–σ 3–ε1 under the four stress paths, and
Fig. 6.18 shows the comparison between the calculated value and the measured value
of the relationship of εv–ε1. It can be seen from the Fig. 6.18, the model prediction
is in good agreement with the experimental results. The numerical modeling method
can better reflect the axial deformation and volume deformation characteristics of
soil in a large strain range [19–23].
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Fig. 6.18 Relationship between theoretical prediction and measured εv–ε1
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Chapter 7
Influence of Stress Path and Stress
History on the Constitutive Relation

The influence of stress history and stress path on soil constitutive relationship is well
known. However, the mechanism and degree of its influence are not very clear. This
chapter is based on the principle of interaction between plastic volumetric strain and
plastic shear strain. Based on the triaxial compression tests of remolded clay under
different stress paths and stress histories, the influence mechanism of stress history
and stress path on the constitutive relationship of clay is clarified. In addition, in order
to explore the effect of stress path on the effective shear strength parameters of clay.
Under the premise of ensuring that the initial state, stress history, drainage conditions,
loading rate, test instruments and failure criteria of the samples are consistent, the
triaxial compression tests of the same normally consolidated remolded clay under
different stress paths are carried out. The test results show that the effective shear
strength parameters of remolded clay under different stress paths are quite different,
and this is qualitatively analyzed.

7.1 Mechanism of the Effect of Stress Path on Soil
Constitutive Relation

In metal plastic deformation, the stress–strain relationship is related to the stress
path, which is manifested in loading, unloading and reloading [1–3]. However, in the
plastic deformation of soil, a large number of triaxial tests and engineering practice
have confirmed that the stress–strain relationship is not only related to the stress
path in loading, unloading and reloading. Moreover, the stress path dependence is
obvious under monotonic loading. In soil engineering, the main stress paths of soil
are quite different in some cases. Especially, for underground engineering, slope
and deep foundation pit engineering, the surrounding soil is in the stress state of
decreasing confining pressure in the process of excavation, which is the so-called
stress reduction path. Compared with the increasing p stress path of the foundation,
it has directional difference. In addition, the constitutive relationship of soil under
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cyclic loading and large stress transition is one of the hot topics in soil mechanics. In
fact, cyclic loading or large stress transition is a special stress path. Under these stress
paths, the yield surface rotates, showing the characteristics of rotational hardening.

However, what is the mechanism of stress path dependence of soil deformation?
At present, there are different explanations [4, 5]. Some researchers think it is caused
by anisotropy, and some attribute it to the cross action of p and q. In this section, based
on the triaxial compression test results of clay under different stress paths, according
to the principle of ε

p
v interaction, it is proved that the stress path correlation is the

comprehensive expression of ε p
v interaction. In addition, the mechanism of rotational

hardening under cyclic loading and large stress transition is analyzed, and it is clearly
pointed out that the root of yield surface rotation is stress path dependence.

7.1.1 Test Work

In order to explore the mechanism of stress path dependence of soil deformation,
consolidated drained shear triaxial compression tests of clay under different stress
paths are carried out. The preparation, saturation, installation and consolidation
process of clay samples are shown in Sects. 6.1–6.3, and the physical properties
of samples are shown in Table 6.1.

The consolidated drained shear triaxial compression test is carried out in three
groups. In the shear process, the first group of specimens adopts one of the increasing
p stress paths (DCTC path). In the second group, the equal p stress path (DPTC path)
is used. In the third group, one of the p-stress reduction paths (DRTC path) is used.
The triaxial compression test scheme of normally consolidated soil under three stress
paths is shown in Table 6.2. The three effective stress paths in p-q coordinate system
are shown in Fig. 6.1.

The isolines of plastic volumetric strain and plastic shear strain are taken as volume
and shear yield locus, respectively. The volume and shear yield trajectories under the
above three stress paths are plotted by the method of drawing yield surface directly
using triaxial test results proposed by Huang Wenxi, which are shown in Figs. 6.13
and 6.14.

7.1.2 Stress Path Dependence Is a Comprehensive
Expression of the Interaction Between Plastic Bulk
Strain and Shear Strain

According to the principle of ε
p
v − ε

p
s interaction, the average normal stress p does

not directly act on the plastic shear strain [6, 7]. It is the effect of plastic volumetric
strain on plastic shear strain. Similarly, the effect of generalized shear stress q on
plastic volumetric strain is not direct. It is realized by plastic shear strain. The details



7.1 Mechanism of the Effect of Stress Path … 169

C

BA

O
p

C
q

(a) Shear yield locus

q F

G

O
p

D

E

(b) Volume yield locus

Fig. 7.1 Shear and volume yield trajectories with or without ε p
v interaction

of the ε
p
v −ε

p
s interaction is shown in Fig. 3.1. The change of plastic volumetric strain

leads to the rise and fall of shear resistance, which affects the plastic shear strain.
The plastic shear strain acts on the volume strain through dilatancy or shrinkage. In
addition to direct compression, the average normal stress can restrain the dilatancy.

It can be seen from the above analysis that the effects of p and q on the plastic
shear strain and plastic volume strain respectively actually reflect the interaction of
ε
p
v − ε

p
s . It can be directly observed from Figs. 6.13 and 6.14 that all shear and

volume yield trajectories are not parallel to the p-axis or q-axis and are generally
curves. In order to clarify the correlation between yield trajectory and stress path,
shear and volume yield trajectories with or without ε p

v −ε
p
s the interaction are plotted

in Fig. 7.1a, b, respectively.
If there is no ε

p
v − ε

p
s interaction, the shear and volume yield trajectories must

be straight lines, as shown by lines AB and DE in Fig. 7.1. If the yield trajectory is
a curve, as shown by AC and DFG in Fig. 7.1, there must be ε

p
v − ε

p
s interaction.

According to the triaxial compression test results, as shown in Figs. 6.13 and 6.14,
the trajectories of shear and volume yield under three stress paths are not parallel to
the p-axis or q-axis, which are curves. This confirms the interaction between ε

p
v and

ε
p
s in the plastic deformation of clay.
It can be seen from the above analysis that the effect of stress path on yield

trajectory, as shown in Fig. 7.1, includes both the effect of ε
p
v on ε

p
s and the effect of

ε
p
s onε p

v . Therefore, the correlation of stress path is the comprehensive expression of
ε
p
v − ε

p
s interaction.

It can also be seen from Figs. 6.13 and 6.14 that under the three stress paths,
the absolute values of the average slopes of the shear and volume yield trajectories
are not the same, and they gradually increase with the stress path changing order
DRTC-DPTC-DCTC. At the same time, the maximum shear stress corresponding to
the maximum strain is different under the three stress paths. The above two cases are
the manifestation of the effect of stress path on yield surface.
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7.1.3 Mechanism of Rotational Hardening

In the past few decades, the study of soil properties under cyclic loading or large stress
transition has been developed rapidly [8–10]. Some elastoplastic constitutive models
have been proposed, which has become one of the hot spots in soil mechanics. In
metals, the induced anisotropy leads to the translation of the yield surface, which can
be easily described bymotion hardening. However, more andmore experimental data
show that under the condition of large stress transition, the soil properties change,
resulting in the rotation rather than translation of the yield surface. Some researchers
think that the rotation of soil yield surface is the manifestation of anisotropy.

According to the triaxial compression test results of clay under three stress paths
given in Sects. 5.2.1 and 7.1.2, the results show that the plastic deformation of
soil is indeed related to the stress path, and even for monotonic loading paths in
different directions. There are significant differences between the corresponding
yield surfaces, which are shown in two aspects. The absolute value of the average
slope of the shear and volume yield trajectories changes with the change of the stress
path direction. The volume and shear yield trajectories are in the stress field (p, q) The
range of expansion and contraction also varies with the stress path. This fact means
that when the direction of monotonic loading stress path changes, the corresponding
volume and shear yield surface will rotate as a whole, accompanied by the change
of yield surface size in stress space. This phenomenon is the performance of soil
rotation hardening.

According to the analysis results in Sect. 5.2.2, the stress path correlation is a
comprehensive expression of the interaction between plastic volumetric strain and
plastic shear strain. In fact, due to the change of the direction of the stress path,
the mode of interaction between the corresponding plastic volumetric strain and
plastic shear strain also changes, from one monotonic path to another, resulting in
the rotation of the yield surface. Because the yield surface of soil should always
contain the origin in the stress space, it can only be allowed to rotate, not to translate.
Both cyclic loading and large stress transition are special stress paths, which are also
the comprehensive expression of the interaction between plastic volumetric strain
and plastic shear strain. Therefore, the rotation of yield surface under cyclic loading
and large stress transition is also caused by stress path dependence.

The above demonstration of stress path dependence and rotational hardening
mechanism is another confirmation of the interaction principle between plastic bulk
strain and plastic shear strain. In cyclic loading, Bauschinger effect occurs when
the stress changes from compressive stress to tensile stress. For soil unloading, Li
Guangxin pointed out that when the load is reduced to a certain extent, it will yield
and produce plastic deformation. Based on the previous analysis, the above two cases
may be the result of stress history.

Based on the triaxial compression test results of clay under different stress
paths, according to the principle of ε

p
v − ε

p
s interaction, it is theoretically proved

that the correlation between soil plastic deformation process and stress path is the
comprehensive performance of ε

p
v − ε

p
s interaction.
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Triaxial compression tests of clay under monotonic loading paths in different
directions show that when the stress path direction changes, both the volume and
shear yield surfaces rotate in the stress space, accompanied by the expansion and
contraction of the stress range of the yield surface. This phenomenon can be called
rotational hardening, which is actually the reflection of stress path dependence on
the yield surface.

A large number of experimental evidences show that rotational hardening occurs
under cyclic loading or large stress transition. Because both cyclic loading and large
stress transition are special stress paths, they are composed of monotonic loading
paths. Therefore, the rotation of yield surface under cyclic loading or large stress
transition is still the result of stress path, which is essentially the manifestation of
ε
p
v − ε

p
s interaction.

7.2 Research on the Mechanism of the Influence of Stress
History on the Constitutive Relationship of Clay

The elasto-plastic deformation of soil shows diversity and complexity, with nonlin-
earity, compression, dilatancy and stress path dependence. However, in the conven-
tional triaxial compression test, a large number of test results show that the stress–
strain curve of soil can be divided into two basic types. One is the strain strengthening
type represented by the normally consolidated soil. The other is the strain softening
curve of over consolidated soil with hump. In the whole shear deformation process,
the volume of the former shrinks continuously. The latter is in a state of volume
expansion until it reaches the critical state, except for a slight volume contraction at
the initial stage.

Drucker et al. Proposed a framework of critical state soil mechanics based on
their theoretical and experimental work in Cambridge University. That is to say, no
matter what type of test and initial state of soil, there is a critical state line in (e,
lnp, q) space, which is projected onto the (e, lnp) plane and parallel to the normal
consolidation line. The initial state of soil is divided into “wet” and “dry”, and
shear deformation occurs along this line without volume change. In other words,
the concept of critical state is that the volume of soil tends to be constant when the
strain is large. The shear resistance and void ratio do not change further, and the
strain continues to increase. For normally consolidated soil and over consolidated
soil, when the drained shear triaxial compression test is carried out under the same
confining pressure, the deformation path is different. But they finally enter the same
critical state, which is confirmed by parry. Similarly, if they have the same initial
void ratio, the ultimate shear strength will be approximately the same in undrained
shear conventional triaxial compression test.

The two basic types and critical states of soil stress–strain curves have been
confirmed by a large number of triaxial compression tests. However, there is no clear
answer to the mechanism of their production. Therefore, based on a series of drained
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shear triaxial compression tests of normally consolidated and over consolidated soils,
this paper attempts to use the interaction principle between plastic volumetric strain
and plastic shear strain (referred to as ε

p
v − ε

p
s interaction principle) to clarify the

generation mechanism of two types of soil stress–strain curves and the connotation
of critical state. That is, the influence mechanism of stress history on the constitutive
relationship of clay.

7.2.1 Control of Plastic Volumetric Strain on Stress–strain
Curve

According to the principle of ε
p
v − ε

p
s interaction, the effect of the plastic body stress

ε
p
v on the plastic shear strain ε

p
s is exerted by changing the shear capacity, as shown

in Fig. 3.1. In the process of soil deformation, there are two main factors causing
volume change: the direct compression of the mean normal stress and the inhibition
of the dilatancy. The other is the dilatancy of soil. Under the action of shear strain,
the volume can shrink or expand. When the volume shrinks, the internal friction is
increased and the shear resistance is increased. On the contrary, volume expansion
leads to the decrease of shear resistance. It can be seen from Fig. 3.1 that the change
of shear resistance results from the change of plastic volumetric strain. Therefore, the
change of plastic volumetric strain directly controls the rise and fall of shear capacity.
In this way, if the condition of shear shrinkage is satisfied, the volume shrinkage
occurs, the shear resistance increases, and the stress–strain relationship shows strain
strengthening. When the dilatancy condition is satisfied, the volume expands and the
shear resistance decreases, except for slight shrinkage at the initial stage. The stress–
strain curve belongs to strain softening type. In the conventional triaxial compression
test with constant confining pressure, the normally consolidated soil satisfies the
condition of shear shrinkage. The volume strain increases monotonously during the
deformation process. The stress–strain curve is approximately hyperbolic. However,
for over consolidated soil, the stress–strain curve shows a strain softening type with
a hump. Therefore, it can be concluded that the change of plastic volume strain,
that is, the irrecoverable volume deformation, determines the type of stress–strain
relationship curve.

7.2.2 Conditions of Dilatancy and Shrinkage

Shear deformation can cause volume change, whether shrinkage or expansion, which
is called dilatancy. Reynolds describes the volume expansion observed when gran-
ular materials are subjected to shear. The term dilatancy is used for the first time.
According to the principle of ε

p
v − ε

p
s interaction, dilatancy and shrinkage are the

two modes of action of plastic shear strain on plastic volumetric strain, as shown in
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Fig. 3.1. The conditions of these two modes of action depend on two factors. One is
the compactness of soil itself. The other is the restraining effect of external restraint
pressure (mean normal stress p) on dilatancy. In fact, the compactness of soil is also
relative to the external constraint pressure. With the increase of constraint pressure,
the compactness of soil can be improved.

Casagrande introduced the concept of critical void ratio for the first time in the
study of granular soil liquefaction. Under a certain constraint pressure, when the soil
shear deformation finally reaches failure, the volume does not change. And the void
ratio maintains a constant value, which is called critical void ratio. Similarly, for a
specific void ratio, the volume remains constant at failure. At this time, the constraint
pressure also remains unchanged, which is called critical constraint pressure. With
the introduction of critical void ratio and critical confining pressure, the conditions
of dilatancy and shrinkage can be determined quantitatively. A relative constraint
pressure parameterpratio is introduced,pratio =P/Pc, wherep is the constraint pressure
of the soil at that time and pc is the critical constraint pressure corresponding to the
void ratio of the soil.When pratio >1, the soil shrinks.When pratio <1, the soil expands.
Similarly, the critical void ratio can be used to judge. In a word, under the action of
shear strain, the condition of dilatancy or shrinkage is determined by the void ratio
and external constraint pressure.

7.2.3 Critical State

According to the principle of ε p
v −ε

p
s interaction, the interaction between plastic volu-

metric strain and plastic shear strain always runs through the deformation process
of soil before it enters the critical state [11, 12]. The three basic deformation char-
acteristics of soil compression, dilatancy and stress path correlation are the concrete
reflection of this interaction. When the soil enters the critical state, the void ratio
tends to be constant, that is, to reach the critical void ratio. So that the volume strain
ε
p
v will remain unchanged. And the corresponding constraint pressure p also reaches
the critical value, then dp = 0. The total strain εv is decomposed into the sum of
elastic and plastic volumetric strains.

εv = εev + ε p
v (7.1)

where, εev is the elastic strain; ε
p
v is the plastic volumetric strain.

dp = Kdεev (7.2)

where, K is the bulk modulus of elasticity. dεev is the increment of elastic strain.
Since the total strain εv is constant, there is the following formula.

dεv = dεev + dε p
v = 0 (7.3)
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As dp = 0, it can be seen from Eq. (7.2),

dεev = 0 (7.4)

It is obtained from Eqs. (7.3) and (7.4),

dε p
v = 0 (7.5)

Equation (7.5) shows that the plastic volumetric strain remains unchanged.
According to the principle of ε

p
v − ε

p
s interaction, the interaction between plastic

bulk strain and plastic shear strain will not occur in the critical state. In this way,
the correlation of the compressibility, dilatancy and stress path disappears, and the
critical state degenerates into a pure shear deformation process in which both the
elastic and plastic volumetric strains are constant. Since the stress path dependence
disappears, the deformation process has nothing to dowith the previous stress history.

According to the conclusion of Sect. 5.1.1, the change of plastic volume strain
controls the rise and fall of shear resistance. In this way, when the plastic volume
strain remains constant, the shear resistance will not change, that is, the residual
shear strength f q is a constant. It is uniquely determined by the stress state variable
p and void ratio e at that time.

q f = f (p, e) (7.6)

Equation (7.6) is the expression of critical state line in space e-p-q. In this way, the
existence and uniqueness of the critical state line in space are proved theoretically.

7.2.4 Test Work

The preparation, saturation, installation and consolidation of clay samples are shown
in Sects. 6.1–6.3. See Table 6.1 for the physical properties of the sample. The conven-
tional triaxial compression tests are divided into two groups. The first group is over
consolidated specimen, and the test scheme is shown in Sect. 6.4.2. In order to
compare with over consolidated samples, the second group of samples are normal
consolidated samples, and the test scheme is shown in Sect. 6.4.1.

Figures 6.4, 6.5, 6.6, 6.7, 6.8 and 6.9 show the comparison of stress–strain curves
of clay samples under different consolidation conditions. Among them, Figs. 6.5, 6.6
and 6.7 show the case when the consolidation pressure σ 3 is fixed and OCR changes.

It can be seen from Fig. 6.5, Fig. 6.6 and Fig. 6.7 that under the same confining
pressure and σ 3 of 50 kPa, 100 kPa and 150 kPa, respectively, the stress–strain curves
of normally consolidated soil (OCR = 1) and overconsolidated soil with different
OCR show obvious differences. When the overconsolidation ratio is greater than
8, the relationship between principal stress difference and axial strain has obvious
hump. After the peak, the stress–strain relationship decreases and the slope of the
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curve becomes negative. At the same time, the volume expands continuously and
becomes more serious with the increase of OCR, which is called strain softening
curve. However, for normally consolidated soils, the stress–strain relationship is
a strain hardening curve. The principal stress difference increases monotonically
with the axial strain, which is approximately hyperbolic, and the volume shrinks
continuously.

The confining pressure p of normally consolidated soil is greater than the critical
confining pressure pc corresponding to its void ratio. According to the condition
pratio = p/pc > 1 given in Sect. 7.2.2, the volume of soil will shrink. According
to the analysis conclusion in Sect. 7.2.1, the change of plastic volumetric strain
directly controls the rise and fall of shear capacity. Therefore, under this condition,
the stress–strain curve of soil is strain enhanced. Similarly, if the current confining
pressure of heavily over consolidated soil is less than the critical confining pressure
corresponding to its void ratio, the dilatancy occurs and the shear resistance decreases
continuously, thus the stress–strain curve presents strain softening type. The above
analysis results are fully confirmed by the conventional triaxial compression test
stress–strain curves of normally consolidated and over consolidated soils shown in
Figs. 6.5 and 6.7. In this deformation process, the plastic shear strain acts on the
plastic volume strain through dilatation or shrinkage, which leads to the expansion
or shrinkage of the volume, and then the change of the volume strain acts on the
shear strain by changing the shear resistance. So it is a ε

p
v − ε

p
s interaction process.

It should also be pointed out that in this process, the dilatancy forms a bad cycle and
accelerates the softening process.

It can also be observed from Figs. 6.5, 6.6 and 6.7 that the final shear stress of
both normally consolidated soil and over consolidated soil with different OCR tends
to the same value under the same confining pressure. This means that the soil has
entered a critical state. According to the analysis in Sect. 7.2.3, the critical state is a
pure shear deformation process, in which the interaction between plastic volumetric
strain and plastic shear strain disappears completely. The effect of stress history no
longer exists, so that the critical state has nothing to dowith its previous stress history.
The stress–strain curves of different OCR in Figs. 6.5, 6.6 and 6.7 show that both
shear stress and volume strain are significantly different, but they tend to the same q
value, which confirms the above analysis.

According to the principle of ε
p
v − ε

p
s interaction, the change of plastic strain

controls the rise and fall of shear resistance in the process of soil deformation, which
determines the type of soil stress–strain curve. When the volume shrinks, it is strain
strengthened. When the volume expands, it is strain softening.

Theoretical analysis shows that the critical state is actually a pure shear defor-
mation process. There is no interaction between plastic bulk strain and plastic shear
strain, and the correlation of compressibility, dilatancy and stress path disappears,
so it has nothing to do with the previous stress history.
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7.3 Effect of Stress Path on Effective Shear Strength
Parameters of Remolded Clay

With the expansion of the scope and scale of soil engineering, underground engi-
neering, slope engineering, deep foundation pit engineering and other stability prob-
lemswill encounter the influence of stress path on shear strength, especially the influ-
ence of shear strength parameters [13, 14]. Many studies have shown that the shear
strength and total shear strength parameters are related to the stress path. However,
there are different understandings about whether the effective shear strength param-
eters are related to the stress path. Some test results show that the effective shear
strength parameter is independent of the stress path. However, some test results show
that it is related to the stress path. It should be noted that these tests are consolidated
undrained shear triaxial compression tests. The value of shear strength is affected
by the measurement accuracy of pore pressure and the value standard of test failure.
The undisturbed soil is affected by its initial state and stress history. Therefore, it is
an appropriate way to solve this problem to explore the influence of stress path on
the effective shear strength parameters on the premise of excluding other factors.

This section discusses the influence of stress path on the effective shear strength
parameters of clay. On the premise that the initial state, stress history, drainage condi-
tions, loading rate, test instruments and failure criteria of the samples are consistent,
the drainage shear tests of the same normally consolidated remolded clay under
DCTC stress path and DPTC stress path are carried out, and the effective shear
strength parameters under the two stress paths are obtained. The test results show
that the effective shear strength parameters of remolded clay under different stress
paths are quite different, and this is qualitatively analyzed.

7.3.1 Test Work

1. Sample preparation

See Sect. 6.1 for the specific preparation process of the sample. From the sample
preparation process, there are two standards to control the quality of remolded soil
samples. One is moisture content, the other is dry density. Both of them must meet
the requirements at the same time before they are qualified. In fact, in the process of
sample preparation strictly in accordance with the above standards. After repeated
many times, the waste sample rate is also high, the test samples used in this book are
all qualified samples. See Table 6.1 for the physical properties of the sample.

2. Drainage conditions

The shear strength is affected by the failure criterion of triaxial compression test.
The widely used criteria include the maximum principal stress difference (σ1 −
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σ3)max (when the specimen shows strain strengthening, the principal stress differ-
ence corresponding to the axial strain of 15% is taken as the standard) and the
maximum effective principal stress ratio (σ1

′ − σ3
′)max. During the drained shear

triaxial compression test, the pore water pressure U remains at 0, and the total stress
is equal to the effective stress. Therefore, (σ1 − σ3)max and (σ1

′ − σ3
′)max will occur

at the same time or at the same axial deformation. The strength of the sample is
not affected by the two values. In order to eliminate the influence of test failure
value standard on shear strength value, drained shear condition is adopted in triaxial
compression tests under DCTC and DPTC stress paths in this book.

3. Triaxial compression test

The triaxial compression tests were carried out with sj-1a triaxial apparatus produced
by Nanjing electric power automation equipment factory. See Sects. 6.2 and 6.3 for
the process of saturation, installation and consolidation of remolded clay samples.
The consolidated drained shear triaxial compression test was carried out in two
groups. DCTC stress path was used in the first group. DPTC stress path was used in
the second group. The triaxial compression test schemes under the two stress paths
are shown in Table 6.2, and the two effective stress paths in p-q coordinate system
are shown in Fig. 6.1a, b respectively.

4. Test results

The relationship between principal stress difference and axial strain under DCTC
and DPTC stress paths is shown in Fig. 6.2a, b respectively, and the relationship
between volume strain and axial strain is shown in Fig. 6.3a, b, respectively.

It can be seen from Fig. 6.2a, b that the specimens under DCTC and DPTC
stress paths show strain strengthening characteristics, but the shear strength of the
specimens under DCTC stress path is much greater than that under DPTC path. It can
be seen fromFig. 6.3a, b that the volume strain shows pure shear shrinkage under both
DCTC and DPTC stress paths, and its volume shrinkage increases with the increase
of consolidation pressure, but the amplitude of the volume strain under DCTC stress
path is about twice that under DPTC stress path. The significant difference of stress–
strain relationship and shear strength between DCTC and DPTC confirms the strong
dependence of constitutive relationship and shear strength on stress path.

It can be seen from the above test process that the initial state, stress history,
drainage conditions, loading rate, test instruments and test failure criteria of the
same kind of normally consolidated remolded clay under the stress paths of DCTC
and DPTC are consistent. The influence of these factors on the shear strength of
the remolded clay is eliminated. The difference of stress–strain relationship and the
shear strength of remolded clay under these two stress paths can only depend on the
influence of stress path.
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Table 7.1 Stress values at failure point of specimens under DCTC and DPTC stress paths

Stress path σ 3 (kPa) σ 1 (kPa) p (kPa) q (kPa)

DCTC (σ 3 = 100 kPa) 100 295.40 165.13 195.40

DCTC (σ 3 = 200 kPa) 200 560.59 320.20 360.59

DCTC (σ 3 = 300 kPa) 300 820.77 473.59 520.77

DCTC (σ 3 = 400 kPa) 400 1058.38 619.46 658.38

DPTC (p = 100 kPa) 55 189.73 99.91 134.73

DPTC (p = 200 kPa) 124 351.04 199.68 227.04

DPTC (p = 300 kPa) 202 495.37 299.79 293.37

DPTC (p = 400 kPa) 275 649.88 399.96 374.88

7.3.2 Treatment and Analysis of Test Results

1. The stress value at the failure point of the specimen

As the specimens under DCTC and DPTC stress paths show strain strengthening
characteristics, according to the above-mentioned failure criteria of triaxial compres-
sion test, the principal stress difference corresponding to the axial strain of 15% is
taken as the shear failure criteria of specimens. The stress values of failure points of
specimens under DCTC and DPTC stress paths are shown in Table 7.1.

2. Determination of effective shear strength parameters

According to the stress value of failure point inTable 7.1, the failure stress circle under
DCTC and DPTC stress path is drawn, respectively. And the shear strength envelope
is made with the dip angle of effective internal friction angle ϕd . The intercept on
the longitudinal axis is the effective cohesion cd , and the results are shown in Table
7.2.

3. Qualitative analysis of test results

It can be seen from Table 7.2 that the effect of stress path on the effective shear
strength parameters is significant. The effective internal friction angle under DPTC
stress path is about 1/4 lower than that underDCTCstress path. The effective cohesion
of the specimen is 0 under DCTC stress path, and it can not be ignored under DPTC
stress path.

The effective internal friction angle of the specimen under DPTC stress path is
lower than that under DCTC stress path. The reason is that the lateral unloading

Table 7.2 Values of ϕd and
cd under different stress paths

Stress path ϕd (°) cd (°)

DCTC 27.5 0

DPTC 20.3 28.7
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caused by the decrease of confining pressure in the process of shear leads to the
decrease of soil shear capacity.

The reason for the cohesion of the specimen under DPTC stress path is that the
drainage boundary condition is double-sided drainage and the loading rate is slow.
The stress path increases by 1σ and decreases by 3σ. The confining pressure drop
at failure is about half of the consolidation pressure (Table 7.1). Therefore, there is
over consolidation effect in the process of drainage shear, resulting in cohesion.

This section discusses the influence of stress path on the effective shear strength
parameters of clay. Under the premise of ensuring that the initial state, stress history,
drainage conditions, loading rate, test instruments and failure criteria of the samples
are consistent, the drained shear triaxial compression tests of the same kind of
normally consolidated remolded clay under DCTC andDPTC stress paths are carried
out. According to the test data, the effective shear strength parameters of remolded
clay under two stress paths are obtained. The test results show that the effective shear
strength parameters of remolded clay under different stress paths are quite different.
Qualitative analysis shows that the reason for the lower effective internal friction
angle of the specimen under DPTC stress path is that the lateral unloading caused by
the decrease of confining pressure in the shear process reduces the shear resistance
of the soil. The reason for the cohesion of the specimen under the DPTC stress path
is the over consolidation effect in the drainage shear process. After excluding the
influence of other related factors on the effective shear strength parameters, these
differences are caused by the different direction of stress path.
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Chapter 8
Content Induction and Research
Prospects

8.1 Content Induction

According to the principle of numerical modeling, based on the triaxial tests of
expansive soil, sand and clay, this book establishes the numerical model of elastic–
plastic constitutive relationship of expansive soil, sand and clay. These models are
verified, including the following work.

(1) The numerical model of constitutive relation of expansive soil is established.
Based on the engineering background of Lin huaigang earth dam, the phys-
ical property test, mineral chemical composition test and triaxial drained
and undrained tests under different initial conditions (water content and bulk
density) of expansive soil are carried out. Triaxial drainage test includes two
different water content and bulk density. Four groups of test curves under
confining pressure of σ3 = 50 kPa, 100 kPa, 200 kPa and 300 kPawere carried
out for each soil sample. Triaxial undrained test also includes two different
water content and bulk density. Four groups of test curves under confining
pressure of σ3 = 50 kPa, 100 kPa, 200 kPa and 300 kPa were carried out
for each soil sample. Finally, according to the double yield surface model,
RBF neural network is used as the inversion tool to establish the constitutive
model of expansive soil directly on the test results. The results show that the
numerical model can well simulate the stress–strain relationship of expansive
soil samples under different initial conditions, which provides an effective
tool for this kind of practical engineering.

(2) Verification of the numerical model of constitutive relationship of expan-
sive soil. The established constitutive model of expansive soil is substituted
into the finite element program to calculate the stress–strain relationship of
triaxial specimen. The shape and load of the specimen are axisymmetric. The
results show that the neural network model can well reflect the stress–strain
relationship of the specimen.

(3) The surface of constitutive relation of expansive soil with different water
content is drawn. It is found that there are great differences between them
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both in shape and value. In addition, there is an optimal water content for a
specific expansive soil, and the strength of expansive soil decreases when the
water content is greater than or less than this value. This book quantifies the
magnitude of this difference. The important influence of water content on the
properties of expansive soil is explained.

(4) The numerical model of sand constitutive relation is established. The triaxial
compression test and hydrostatic pressure test of medium dense sand under
equal principal stress ratio path, conventional path and equal p path are carried
out. The equal principal stress ratio path includes k= 0.3, 0.4, 0.5, 0.6 and 0.7.
The conventional path includes confining pressure σ3 = 100 kPa, 200 kPa,
300 kPa, 400 kPa and 500 kPa. The equivalent p-path includes five paths with
mean normal stress p = 100 kPa, 200 kPa, 300 kPa, 400 kPa and 500 kPa.
Based on the numerical modeling method of expansive soil in Chap. 3, the
constitutive model of sand under the path of equal principal stress ratio is
established. The results show that the numerical model can well simulate the
stress–strain relationship of sand samples under different stress paths, which
provides an effective tool for practical engineering.

(5) Verification of numerical model of sand constitutive relationship. The estab-
lished constitutivemodel of sand is substituted into the finite element program
to calculate the stress–strain relationship of triaxial specimens along the path
of equal principal stress ratio. The shape and load of the specimen are axisym-
metric. The results show that the neural network model can well reflect the
stress–strain relationship of the specimen.

(6) The total stress–strain relationship and yield locus of sand under different
stress paths are obtained. According to the test data, the stress–strain curve
and yield trajectory of sand in the whole stress field (p, q) under the above
three stress paths are drawn. By comparing them, it is found that they reflect
the changing trend of stress and strain with different stress paths. It is proved
that the stress path has a significant effect on the constitutive relation of rock
and soil.

(7) Triaxial compression tests of normally consolidated soils under four stress
paths, i.e. enhanced p drained shear (DCTC), equal p drained shear (DPTC),
conventional undrained triaxial shear (UCTC) and reduced p drained shear
(DRTC), are carried out. Through the comparative study of stress–strain
curves under different stress paths, the following conclusions can be drawn.
Under the four stress paths, the normally consolidated soil samples show
strain strengthening characteristics. In the initial stage, the principal stress
difference increases with the increasing rate of axial strain (its stiffness)
fromDCTC-DPTC-UCTC-DRTC.After yielding, the growth rate of principal
stress difference with axial strain (its stiffness) gradually flattens from stress
path DCTC-DPTC-UCTC-DRTC. The strength of DCTC is the largest, and
that of DPTC is about 1/2 of that of DCTC. The strength under the stress path
of UCTC is about 1/2 weak. The strength of DRTC under stress path is about
1/3 of that. That is to say, the strength of the specimen decreases fromDCTC-
DPTC-UCTC-DRTC. For volume strain, it shows pure shear shrinkage under
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DCTC and DPTC stress paths, and its volume shrinkage increases with the
increase of consolidation pressure. The volume strain amplitude under DCTC
stress path is about twice that under DPTC stress path. However, the volu-
metric strain shows pure dilatancy under the DRTC stress path, and its volu-
metric expansion decreases with the increase of consolidation pressure. That
is to say, the specimen with higher consolidation pressure has less expan-
sion. These phenomena show that the effect of stress path on the stiffness,
strength and volume deformation characteristics of normally consolidated
soil is considerable and cannot be ignored.

(8) Conventional triaxial compression tests of over consolidated soil are carried
out. Through the comparative study of stress–strain curves under different
stress history conditions, the following conclusions canbedrawn. In the aspect
of the influence of stress history on the soil constitutive relation, the over
consolidation ratio is the decisive factor for the volume strain. The volume
strain is not sensitive to consolidation pressure. For shear capacity, consolida-
tion pressure is the decisive factor. The effect of over consolidation ratio can
not be ignored. The over consolidation ratio determines the strain hardening
or strain softening. And it determines the degree of strain softening, but the
specimen will eventually reach a unified critical state, with roughly the same
residual strength.

(9) The numerical modeling method of geotechnical constitutive relationship is
extended to the field of cohesive soil. The elastoplastic constitutive models
of clay under DCTC, DPTC, UCTC and DRTC stress paths are established.
And the stress–strain relationship in the whole stress field (p, q) is given. It is
visualized as a spatial strain surface in the stress field (p, q). In particular, the
elastic–plastic constitutive models of clay under DRTC stress path and UCTC
stress path are established, which provide practical constitutive equations
for soil excavation engineering and corresponding soil engineering under
undrained conditions. Through the visualization of stress–strain relationship
and numerical simulation, it is shown that the numerical modeling method
can more comprehensively describe the deformation characteristics of soil
under different stress paths.

(10) By comparing the deformation of normally consolidated soil under four stress
paths, it is found that there are significant differences in stress range, peak
strain, shape of strain surface and variation trend of volume yield trajectory.
The shear yield trajectory is similar. These differences are caused by stress
path dependence. The comparison of shear and volume yield trajectories of
normally consolidated soils under different stress paths shows that the stress
path has a significant effect on the evolution of strain hardening of clay. At the
same time, in the traditionalmodelingmethod of soil elastoplastic constitutive
model, it is not accurate to describe the stress–strain relationship of soil by
assuming the fixed form of yield surface. The reason is that the yield surface
of soil is significantly different under different stress paths.
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8.2 Research Prospects

The research of this book shows that the geotechnical numerical modeling method
can truly reflect the stress–strain relationship of different soils under different initial
conditions and different stress paths. Compared with the traditional plastic potential
theory, it has strong advantages and provides a new and effectiveway for geotechnical
modeling. After all, this work is only in the exploratory stage, and there are still many
places to improve and supplement.

(1) In the process of the test, the indoor triaxial test is carried out instead of the field
test. The conventional triaxial shear testing machine is used instead of the true
triaxial shear testing machine. There is no suction test device in expansive soil
test. The maximum value of confining pressure in expansive soil test is only set
at 300 kPa, so the deformation characteristics under high confining pressure can
not be obtained completely.Moreover,when the confining pressure is increased
by 100 kPa in the test, the variation range is too large, resulting in a small data
density, which can not accurately reflect the stress–strain relationship of each
point in the whole stress field. The accuracy of the drainpipe reading is low in
the test. And it all depends on the naked eye reading of the observer, there is a
reading error. At the same time, the lag time of drainage reading of expansive
soil is relatively long. Limited by the test time, it can not be read after the value
is stable, which also causes errors. The above shortcomings lead to incomplete
and inaccurate test data. We hope to make improvements in the future when
conditions permit, so as to get more real data.

(2) In numerical modeling, both BP neural network and RBF neural network have
their own limitations in mathematical model. Due to the complexity of the
constitutive relationship of rock and soil, the network structure and input–
output function need to be further improved to improve the accuracy and
operation speed of the network. A new inversion tool is used for numerical
modeling.

(3) In the verification process of the model, the structure of the stiffness matrix dep
is asymmetric, which increases the difficulty of solving. For the verification
of the numerical model, only the finite element calculation of the sample is
carried out. In the future, the symmetrical stiffness matrix can be used for foun-
dation settlement calculation, slope stability calculation, dam crack prediction
calculation and other practical engineering calculation.

(4) When using the model of this book for numerical analysis, we can consider
combining themodel of this bookwith large commercial numerical calculation
software (such as ANSYS, ABAQUS) With its good pre-processing and non-
linear computing ability, the numericalmodelingmethod canbebetter extended
to other fields of geotechnical engineering, so as to form an expert system for
different geotechnical media to analyze different practical projects. At present,
the author is still working on this aspect.

(5) When the stress path changes greatly, the constitutive relationship of soil will
change significantly. Therefore, the cyclic loading or unloading path test of clay
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should be added in the future to obtain the samples of clay unloading model.
The elasto-plastic constitutive relation under the corresponding path is estab-
lished, so that the constitutive model can be applied to simulate the seepage
stress coupling problems under the repeated cyclic loading or unloading path
in engineering. For example, the consolidation problems under the conditions
of dam unloading and impoundment, foundation pit excavation and so on.

To sum up, although there are still some shortcomings in the present geotechnical
numerical modeling method, there are still many shortcomings. There are essential
differences between numerical modeling method and plastic potential theory. The
numerical modeling method has the advantage that the plastic potential modeling
method can not match, and it can accurately reflect the stress–strain relationship of
soil under different initial conditions and stress paths. With the continuous improve-
ment and development, geotechnical numerical modeling method will have a broad
prospect, and will make greater contribution in the actual geotechnical engineering.


